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Abstract  We calculate the centralizers of elements, finite subgroups and virtually cyclic subgroups
of Houghton’s group Hj,. We discuss various Bredon (co)homological finiteness conditions satisfied by
H,, including the Bredon (co)homological dimension and FP,, conditions, which are analogues of the
ordinary cohomological dimension and FP,, conditions, respectively.
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1. Introduction

Houghton’s group H,, was introduced in [11] as an example of a group acting on a set S
with H'(H,,, A ® Z[S]) = A"~! for any abelian group A.

In [5], Brown used an important new technique to show that the Thompson-Higman
groups F, ., T, , and V,, , were FP,. In the same paper he showed that Houghton’s
group H,, is interesting from the viewpoint of cohomological finiteness conditions; namely,
he showed that H,, is FP,,_; but not FP,,. Thompson’s group F' was previously shown by
different methods to be FP, [6], thus providing the first known example of a torsion-free
FP,, group with infinite cohomological dimension.

There has been recent interest in the structure of the centralizers of Thompson’s
groups. In [22] the centralizers of finite subgroups of generalizations of Thompson’s
groups T and V were calculated and this data was used to give information about Bre-
don (co)homological finiteness conditions satisfied by these groups. The results obtained
in [22, Theorems 4.4 and 4.8] have some similarity with those obtained here. In [2] a
description of centralizers of elements in the Thompson-Higman group V,, were given.

In §2 we give the necessary background on Bredon (co)homological finiteness condi-
tions. An analysis of the centralizers of finite subgroups in Houghton’s group is contained
in §3. As Corollary 3.7, we obtain that centralizers of finite subgroups are FP,_; but
not FP,,. This should be compared with [13], where examples are given of soluble groups
of type FP,, with centralizers of finite subgroups that are not FP,,, and also with [21],
where it is shown that in virtually soluble groups of type FP., the centralizers of all
finite subgroups are of type FP .
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In §4 our analysis is extended to arbitrary elements and virtually cyclic subgroups.
Using this information, elements in H,, are constructed whose centralizers are FP; for any
0 <i<n—3.In§5 the space that Brown constructed in [5] in order to prove that H,
is FP,,_1 but not FP,, is shown to be a model for E H,,, the classifying space for proper
actions of H,. Finally, §6 contains a discussion of Bredon (co)homological finiteness
conditions that are satisfied by Houghton’s group. Namely, we show in Proposition 6.1
that H,, is not quasi-FP, and in Proposition 6.3 that the Bredon cohomological dimension
and the Bredon geometric dimension with respect to the family of finite subgroups are
both equal to n. See §2 for the definitions of quasi-FP,, and of Bredon cohomological
and geometric dimension.

Fixing a natural number n > 1, define Houghton’s group H, to be the group of per-

mutations of S = N x {1,...,n} that are ‘eventually translations’, i.e. for any given
permutation h € H,, there are collections {z1,...,2,} € N* and {mq,...,m,} € Z"
with
h(i,x) = (i + mg,z) forall z € {1,...,n} and all i > z,. (1.1)
Define a map ¢ as follows:
d):Hn%{(ml,...,mn)GZ": Zmi:O}gznfl, (1.2)
¢ h—= (my,...,mp). (1.3)

Its kernel is exactly the permutations that are ‘eventually zero’ on S, i.e. the infinite
symmetric group Sym_, (the finite support permutations of a countable set).

2. A review of Bredon (co)homological finiteness conditions

Throughout this section G is a discrete group and F is a family of subgroups of G that
is closed under taking subgroups and conjugation. The orbit category, denoted by O G,
is the small category whose objects are the transitive G-sets G/H for H € F and whose
arrows are all G-maps between them. Any G-map G/H — G/K is determined entirely
by the image of the coset H in G/K and H — 2K determines a G-map if and only if
+ 'Hr < K.

An OrG-module, or Bredon module, is a contravariant functor from O#G to the cate-
gory of abelian groups. As such, the category OxG-Mod of O xzG-modules is abelian and
exactness is defined pointwise: a short exact sequence

M — M — M"
is exact if and only if
M'(G/H) - M(G/H) - M"(G/H)

is exact for all H € F. The category of OxG-modules can be shown to have enough
projectives. If 1 and (25 are G-sets, then we denote by Z[§2;, {25] the free abelian group
on the set of all G-maps 7 — (2. If H € F, the OzG-module Z[—, G/K] defined by

Z|-,G/K|(G/H) = Z|G/H,G/K]
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is free and such modules serve as the building blocks of free O G-modules. More precisely,
any free OxG-module is a direct sum of such modules.

An OrG-module M is said to be finitely generated if it admits an epimorphism from
some free O rG-module

&P zl-.¢/H]—M
iel
with I a finite set.

We denote by Z the O zG-module taking all objects to Z and all arrows to the identity

map. Analogously to ordinary group cohomology, we define the Bredon cohomological
dimension of a OrG-module M to be the shortest length of a projective resolution of M
by OxG-modules, and the cohomological dimension of a group G to be the shortest
length of a projective resolution of the OxG-module Z #. These two integers are denoted
pdF M and cdx G. If F = Zin (the family of finite subgroups), then the notation cd G
is used and if F = ¥%yc (the family of virtually cyclic subgroups), then the notation
cd G is used.
" The Bredon geometric dimension of a group G, denoted by gdr G, is defined to be the
minimal dimension of a model for Ex G. Recall that a G-CW-complex is a CW-complex
with a cellular rigid G-action, where a rigid action is one where the pointwise and setwise
stabilizers of all cells coincide. A model for Ex G is defined to be a G-CW-complex X
such that

XH o pt if HeF,
|0 ifH¢F

By an application of the equivariant Whitehead theorem [16, Theorem 2.4], this is unique
up to G-homotopy equivalence. In the case where F = Jriv, the family consisting of only
the trivial subgroup, a model for E 2, G is the universal cover E G of an Eilenberg-Mac
Lane space K(G,1). An n-dimensional model for Ex G gives rise to a free resolution of
OxG-modules C, by setting C,,(G/H) = K,,(X*), where K,, denotes the cellular chain
complex of a CW-complex. Immediately we deduce that cdr G < gdr G.

A theorem of Liick and Meintrup gives an inequality in the other direction.

Theorem (Liick and Meintrup [19, Theorem 0.1]). gdr G < max{cdr G, 3}.

If F = Zin, we denote the geometric dimension by gd G and if F = ¥%yc, we denote
it by gd G. Dunwoody has shown that ¢cd G = 1 implies that gd G = 1 [8], and hence
cdG = gd G unless cdG = 2 and gd G = 3. Brady et al. showed in [3] that this can
indeed h;ppen. o

There are many groups for which good models for EG are known; [18] is a good
reference for these.

The FP,-conditions are natural generalizations of the FP, conditions of ordinary
group cohomology. An OrG-module M is FP,, if it admits a projective resolution by
O zinG-modules that is finitely generated in all dimensions less than or equal to n. A
group G is FP, if Z g, is FP,,.

The following lemma details an alternative algebraic description of the condition FP,,
that is easier to calculate.

https://doi.org/10.1017/50013091514000285 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091514000285

772 S. St. John-Green
Proposition (Kropholler et al. [14, Lemmas 3.1 and 3.2]).

(1) G is FP,, if and only if G has finitely many conjugacy classes of finite subgroups.

(2) An OxG-module M is FP,, (n > 1) if and only if G is FP, and M (G/K) is of type
FP,, over the Weyl group WK = NgK/K for all finite subgroups K < G.

Corollary. The following are equivalent for a group G:

(1) GisEP,;

(2) G is FP, and the Weyl groups WK = NgK /K are FP,, for all finite subgroups K ;
(3) G is FP, and the centralizers Cq K are FP,, for all finite subgroups K.

Proof. By the previous proposition, (1) and (2) are equivalent. To see the equivalence
of (2) and (3), consider the short exact sequence

00— K— NgK —>WK — 0.

K is finite and hence FP,, so WK is FP,, if and only if N¢ K is FP,, [1, Proposition 2.7].
K is finite, so Cg K is of finite index in NgK [23, 1.6.13] and, as such, C¢K is FP,, if
and only if NgK is FP,,. Hence, WK is FP,, if and only if CoK is FP,,. O

The condition that a group G has only finitely many conjugacy classes of finite sub-
groups is extremely strong. In [22] the weaker condition quasi-FP,, is introduced.

Definition 2.1.

(1) G is quasi-FP, if and only if there are finitely many conjugacy classes of finite
subgroups isomorphic to a given finite subgroup.

(2) Gisquasi-FP,, if and only if G is quasi-FP, and WK is FP,, for every finite K < G.

Many results about finiteness in ordinary group cohomology carry over into the Bredon
case. For example, in [22; § 5] versions of the Bieri-Eckmann criterion for both FP, and
quasi-FP, OrG-modules were shown to hold (see [1, § 1.3] for the classical case).

3. Centralizers of finite subgroups in H,

First we recall some properties of group actions on sets before narrowing our focus to
Houghton’s group.

Proposition 3.1. If G is a group acting on a countable set X and H is any subgroup
of G, then the following hold.

(1) If x and y are in the same G-orbit, then their isotropy subgroups G, and G, are
G-conjugate.

(2) If g€ Ce(H), then Hy, = H,, for allz € X.
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(3) Partition X into {X,}._,, where t € NU {occ}, via the equivalence relation ~,
where x ~ y if and only if H, is H-conjugate to H,. Any two points in the same
H-orbit will lie in the same partition and any ¢ € Cg(H) maps X, onto X, for
all a.

(4) Let G act faithfully on X with the property that, for all g € G and X, C X as
in the previous section, there exists a group element g, € G that fixes X \ X, and
acts as g does on X,. Then Cg(H) = Cy X --- x Cy, where C, is the subgroup of
Cq(H) acting trivially on X \ X,,.

Proof. (1) and (2) are standard results.
(3) This follows immediately from (1) and (2).

(4) This follows from (3) and our new assumption on G. Let ¢ € Cg(H) and ¢, be the
element given by the assumption. Since the action of G on X is faithful, ¢, is necessarily
unique. That the action is faithful also implies that ¢ = ¢; ---¢; and that any two ¢,
and ¢, commute in G because they act non-trivially only on distinct X,. Thus we have
the necessary isomorphism Cg(H) = Cy X -+ x C4. O

Let @ < H, be a finite subgroup of Houghton’s group H,, and let Sg = S5\ S? be
the set of points of S that are not fized by Q. The finiteness of @ implies that ¢(Q) =0
since any element g with ¢(q) # 0 necessarily has infinite order. For every ¢ € @ there
exists {z1,...,2n} € N" such that

q(i,z) = (i,2) ifi> z,.

Taking z to be the maximum of these z, over all elements in @, it follows that @ must
fix the set {(i,2): 7 > 2.} and, in particular, Sg C {(i,z): i < 2.} is finite.

We need to see that the subgroup @ < H, acting on the set S satisfies the conditions
of Proposition 3.1 (4). We give the following lemma in more generality than is needed
here as it will be useful later on. That the action is faithful is automatic since an element
h € H,, is uniquely determined by its action on the set S.

Lemma 3.2. Let Q < H, be a subgroup that is either finite or of the form F x Z
for F a finite subgroup of H,,. Partition S with respect to @ into sets {S,}._, as in
Proposition 3.1 (3) applied to the action of H,, on S and the subgroup Q of H,. Then
the conditions of Proposition 3.1 (4) are satisfied.

Proof. Fix a € {1,...,t} and let h, denote the permutation of S that fixes S\ S,
and acts as h does on S,. We wish to show that h, is an element of H,,.

There are only finitely many elements in ) with finite order so, as in the argument
just before this lemma, we may choose integers z, for € {1,...,n} such that if ¢ is a
finite-order element of @, then ¢(i,z) = (i,2) whenever i > z,. If @) is a finite group,
then one of the following statements holds.
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e S, is fixed by @, in which case
{(l,2): 1= 24, x €{1,...,n}} C S,

s0 ha(i,2) = h(i,z) for all ¢ > z,. In particular, for large enough i, h, acts as a
translation on (4, ) and is hence an element of H,.

e S, is not fixed by @, in which case
Sy CH(i,2): i < 24, x €{1,...,n}}.

In particular, S, is finite and h, (4, 2) = (i, ) for all ¢ > z,. Hence, h, is an element
of H,.

It remains to treat the case in which Q = F' x Z. Write w for a generator of Z in F' x Z.
By choosing a larger z, if needed, we may assume that w acts either trivially or as a
translation on (¢,2) whenever i > z,. Hence, for any x € {1,...,n}, the isotropy group
in Q of {(i,2): ¢ > z,} is either F or Q.

If S, has isotropy group @ or F, then for some x € {1,...,n}, one of the following
statements holds.

e We have
SaN{(i,x): i = 2z} ={(4,2): 7 > 25},

in which case h,(i,z) = h(i,x) for ¢ > z,. In particular, for large enough i, h, acts
as a translation on (i,z) and hence is an element of H,.

e We have
Se N{(t,x): 1= 2} =0,

in which case hy(i,z) = (i,z) for i > z,. In particular, for large enough i, h, fixes
(i,x) and hence is an element of H,,.

If S, is the set corresponding to an isotropy group not equal to F' or @), then
So CH{(G,x): 02 24, z€{1,...,n}}.
It follows that h, fixes (i,x) for i > z,, and hence h, is an element of H,. O

Partition S into disjoint sets according to the @-conjugacy classes of the stabilizers,
as in Proposition 3.1(3). The set with isotropy in @ equal to @ is S¢ and since S is
finite the partition is finite, and thus

S:SQusluuSt
Proposition 3.1 (4) gives that

Cu,(Q) = Hylga x C1 x -+ x Cy,
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where each C, acts only on S, and leaves S? and S fixed for a # b (where a,b €
{1,...,t}). The first element of the direct product decomposition is the subgroup of
C, (Q) acting only on S% and leaving S\ S fixed. This is H,|ge (H,, restricted to S?)
because, as the action of Q on S? is trivial, any permutation of S will centralize Q.
Choose a bijection S¢ — S such that, for all x, (i,z) — (i + m,, ) for large enough i
and some m, € Z; this induces an isomorphism between H,|se and H,.

To give an explicit definition of the group C, we need three lemmas.

Lemma 3.3. C, is isomorphic to the group T of Q)-set automorphisms of S,.

Proof. An element ¢ € C, determines a Q-set automorphism of S,, giving a map
C, — T. Since the action of C, on S, is faithful, this map is injective. Any Q-set
automorphism « of S, may be extended to a @)-set automorphism of S, where « acts
trivially on S\ S,. Since S, is a finite set, a acts trivially on (¢, z) for large enough i
and any = € {1,...,n}, and hence « is an element of H,. Finally, since « is a Q-set
automorphism, gas = ags (equivalently a~lqas = s for all s € S and ¢ € Q) showing
that a € C, and so the map C, — T is surjective. O

Lemma 3.4. S, is Q-set isomorphic to the disjoint union of r copies of Q/Qq,
where @, Is an isotropy group of S, and r = |S,|/|Q : Qal.

Proof. S, is finite and so splits as a disjoint union of finitely many @-orbits. Choose
orbit representatives {si,...,s,.} C S, for these orbits. These s; may be chosen to
have the same @Q)-stabilizers: if Q,, # Qs,, then there is some ¢ € @) such that Qg., =
qQs,q 1 = Qs, (the partitions S, were chosen to have this property by Proposition 3.1).
Iterating this procedure, we get a set of representatives who all have isotropy group Qs, -
Now set @, = @5, and note that there are |Q : Q.| elements in each of the Q-orbits, so

r|Q : Qal =[S/ O

Recall that if G is any group and r > 1 is some natural number, then the wreath
product G ! Sym, is the semi-direct product

GSym, = H G x Sym,,,
k=1

where the symmetric group Sym, acts by permuting the factors in the direct product.
Recall also that for any subgroup H of a group G, the Weyl group W H is defined to
be WeH = NcH/H.

Lemma 3.5. The group C, is isomorphic to the wreath product WgQ@Q, ! Sym,.,
where Q, is some isotropy group of S, and r = |S,|/|Q : Qal.

Proof. Using Lemmas 3.3 and 3.4, C, is isomorphic to the group of @-set automor-
phisms of the disjoint union of r copies of Q/Q,.

To begin, we show that the group of automorphisms of the @-set Q/Q,, is isomorphic to
WgQq. An automorphism a: Q/Q, — Q/Q, is determined by the image a(Qq) = ¢Qq
of the identity coset and such an element determines an automorphism if and only if
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Figure 1. A representation of S,. The large circles are the sets {Qs1,...,Qs,} (in this figure
r = 3). Elements of Sym, permute only the large circles, while elements of [],_, WqQa leave
the large circles fixed and permute only elements inside them.

¢ 'Quq < Qu, or equivalently ¢ € NoQ,. Since two elements ¢, g2 € Q will determine
the same automorphism if and only if ¢1Q, = ¢2Q4, the group of Q-set automorphisms
of Q/Q, is the Weyl group W Q..

For the general case, note that if ¢ € C,, then ¢ permutes the Q-orbits {Qs1,...,Qs,},

so there is a map C, — Sym,. Assume that the representatives {si,...,s,} have been
chosen, as in the proof of Lemma 3.4, to have the same @-stabilizers. The map = is split
by the map

t: Sym, — Cy,

o= (1(0): g5k = qs4(k) for all ¢ € Q).
Each (o) is a well-defined element of H,, since

qSk = qsk — q—lq € st = Qsa(k) — 4Ss(k) = qso(k)'

The kernel of the map 7 is exactly the elements of C, that fix each Q-orbit but
may permute the elements inside the @-orbits; by the previous part, this is exactly
[1.-1WoQ,. For any o € Sym,, the element ¢(c) acts on [[,_, WoQ. by permuting the
factors, so the group C, is indeed isomorphic to the wreath product. (Il

The centralizer C'y,, () can now be completely described.

Proposition 3.6. The centralizer Cy,, (Q) of any finite subgroup Q < H,, splits as a
direct product
Cn, (Q) = Hylsa x Cy x -+ x Ct,

where H,|go = H, is Houghton’s group restricted to S% and, for all a € {1,...,t},
Ca = WQQCL l Symr

for Q, an isotropy group of S, and r = |S,|/|Q : Q.|. In particular, H,, has finite index
in CHn (Q)

https://doi.org/10.1017/50013091514000285 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091514000285

Centralizers in Houghton’s groups e
Proof. We have already proven that
Cp, (Q) 2 Hplge x Cp x -+ x Cy
and Lemma 3.5 gives the required description of Cj,. ]

Corollary 3.7. If Q) is a finite subgroup of H,, then the centralizer Cp, (Q) is FP,,_;
but not FP,,.

Proof. H, is finite index in the centralizer Cy, (Q), by Proposition 3.6. Appealing
to Brown’s result [5, Theorem 5.1] that H,, is FP,_; but not FP,, and that a group is
FP,, if and only if a finite index subgroup is FP,, [4, Proposition VIIL.5.5.1], we deduce
that Cp, (Q) is FP,,_1 but not FP,,. O

4. Centralizers of elements in H,,

If ¢ € H,, is an element of finite order, then the subgroup @ = {(g) is a finite subgroup and
the previous section may be used to describe the centralizer Cy, (¢) = Cp, (Q). Thus,
for an element g of finite order, Cy, (¢) = C x H,, for some finite group C.

If ¢ € H, is an element of infinite order and @ = (g), then we may apply Proposi-
tion 3.1 (3) to split up S into a disjoint collection {S,: a € A C N}US? (S is the element
of the collection associated with the isotropy group Q). Assume that Sy is the set associ-
ated with the trivial isotropy group. Since ¢ is a translation on (i,z) € S = Nx{1,...,n}
for large enough i, and points acted on by such a translation have trivial isotropy, there
are only finitely many elements of S whose isotropy group is neither the trivial group
nor ). Hence, S, is finite for a # 0 and the set A is finite. From now on let A = {0,...,t}.
We now use Lemma 3.2 and Proposition 3.1 (4) as in the previous section: Cp, (Q) splits
as

CH"(Q) = CO X Cl X e X Ct X Hn|SQa

where C, acts only on S, and H,|gse is Houghton’s group restricted to S?. Unlike in the
last section, H,|se may not be isomorphic to H,. Let J C {1,...,n} satisfy

x € J if and only if (i,z) € S for all i > z,, some z, € N.

If z ¢ J, then, for large enough i, ¢ must act as a non-trivial translation on (4, z) and the
set (N x {x})NS? is finite. Clearly, |J| < n— 2, but different elements ¢ may give values
0 < |J| < n— 2. In the case |J| = 0, S? is necessarily finite and so H,|ge is isomorphic
to a finite symmetric group on S. It is also possible that S? = (), in which case H,|ge
is just the trivial group. If |J| # 0, then the argument proceeds as in the previous section
by choosing a bijection

89 5 NxJ

such that (i,z) — (i + m,,x) for some m, € Z whenever i is large enough and z € J.
This set map induces a group isomorphism between Hy|ge and H|; (Houghton’s group
on the set J x N).
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Lemma 3.5 describes the groups C, for a # 0, so it remains only to treat the case a = 0.
We cannot use the arguments used for a # 0 here as the set Sy is not finite. In particular,
Lemma 3.3 does not apply: every @-set isomorphism of Sy is realized by an element of
the infinite support permutation group on Sy, but there are @-set isomorphisms of Sy
that are not realized by an element of H,,.

The next three lemmas are needed to describe Cj and this description will use the
graph I'; which we now describe. The vertices of I" are those z € {1,...,n} for which ¢
acts non-trivially on infinitely many elements of N x {z}. Equivalently, the vertices are
the elements of {1,...,n}\ J. There is an edge from z to y in I" if there exists s € Sy
and N € N such that, for all m > N, we have ¢~™s € N x {z} and ¢"s € N x {y}.
Let mol" denote the path components of I" and for any vertex z of I" denote by [z] the
element of myI" corresponding to that vertex.

Let z € N be some integer such that, for all i > z, ¢ acts trivially or as a translation
on (i,z) for all x € {1,...,n}. Fix z for the remainder of this section.

For each path component [z] in wol", let S[w] denote the smallest @-subset of SO
containing the set {(¢,y): 7 > z, y € [z]}. Note that (i,y) ¢ S( for any y ¢ [x] and i >
since if (i,2) and (4, y) are two elements of Sy in the same @Q-orbit with ¢ > z and j > z,
then there is an edge between = and y in I: if (i,z) = ¢"(j,y) and ¢ acts as a positive
translation on the element (i, ), then let N = k and s = (i, ), and similarly for when ¢
acts as a negative translation. This gives a @)-set decomposition of Sy as

= I s

[ emol”
where ][ denotes disjoint union.

Lemma 4 1. Let [z] € mol. If C[x] denotes the subgroup of Cy that acts non-trivially
only on So , then there is an isomorphism

Co = Cl™ x5l
where [x1], [x2], ..., [z, are all elements of woI.

Proof. Ifc e C’o and [x] € moI, then let c[y denote the permutation of S such that c|
acts as ¢ does on So , and acts trivially on S\ S . We will show that c[,) is an element
of Cp. Since the action of Cy on Sy is faithful, it follows that the elements c,) and ¢y
commute and

€= Cla]Caa] """ Clas]s

which suffices to prove the lemma.

Let y € {1,...,n}. The element c[, acts trivially on (4,y) for i > z if y ¢ [z], and acts
as ¢ does on ( y) for i > z if y € [z]. Thus, c[;] is an element of H,. Since c[,) is also a
@-set automorphism of S, c[;} is a member of Cp. O

Lemma 4.2. Let [z] € mol", ¢ € Cy and let 2’ € N such that c acts either trivially
or as a translation on (i, x) for all x € {1,...,n} and i > z'. The action of ¢ on some
element (i,x) € S for i > 2’ then completely determmeb the action of ¢ on S[‘T
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Proof. Firstly, note that knowing the action of ¢ on some element (i,z) for i > 2’/
determines the action of ¢ on the set {(¢,2): i > 2’} since we chose 2z’ in order to have
this property.

Let y € [z] such that there is an edge from z to y and so there is a natural number N
and element s € S([)z] such that ¢"s = (i,z) and ¢ Vs = (j, y) for some natural numbers i
and j. By choosing N larger if necessary, we can take ¢,j > 2’. The action of ¢ on (j,y)
is now completely determined by the action on (i, ) since

c(j,y) = cq N (i,2) = ¢ *Ne(i, 2).

For any y € [z] there is a path from z to y in I', so we have determined the action of
contheset X ={(j,y):j =27, ye[z]}. Use S([f} \ X, then, since S([)x} \ X is finite,
there is some integer m with ¢"'s = x € X. So ¢s = ¢q”™x = ¢~ ""cx, which completely
determines the action of ¢ on s. (|

Lemma 4.3. For any [z] € mol" there is an isomorphism

Proof. By Lemma 4.2 the action is completely determined by the action on some
element (7, x) for large enough 7, and the action on this element is necessarily by transla-
tion by some element m,(c). This defines an injective homomorphism Cy" — Z, sending
¢+ mg(c). Let qpy) be the element of C([)x] described in the proof of Lemma 4.1: g, is a
non-trivial element of C([)w], SO C’([)I] is mapped isomorphically onto a non-trivial subgroup
of Z. O

Combining Lemmas 4.1 and 4.3 shows that Cy = Z", where r = |m[).

Recall that the vertices of I' are indexed by the set {1,...,n}\ J. Since there are
no isolated vertices in I, |mol’| < |(n — |J|)/2] (where |-] denotes the integer floor
function). Recalling that 0 < |J| < n—2, the set {1,...,n}\ J is necessarily non-empty,
so 1 < |mol’|. Combining these gives

L< mol'| < [(n = [J])/2].

We can now completely describe the centralizer Cp,, (q).

Theorem 4.4.

(1) If g € H, is an element of finite order, then
Cu,(q) 2 Hplgae x Cp x -+ x C,
where H,|ge = H, is Houghton’s group restricted to S9 and, for alla € {1,...,t},
Co = WgQ4 1 Sym,

for Q, an isotropy group of S, and r = |S,|/|Q : Q.|- In particular, H,, is finite
index in Cy, Q.
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(2) If g € H,, is an element of infinite order, then either
Cu,(q) 2 Hy, xZ" x Cy x -+ x Cy

or
Cu,(q) 2 F XZ" xCy x---xCy,

where F' is some finite symmetric group, Hy, is Houghton’s group with0 < k < n—2,
and the groups C,, are as in the previous part. In the first case 1 <r < |[(n—k)/2]
and in the second case 1 < r < |n/2].

In Corollary 3.7 it was proved that for an element ¢ of finite order, Cpy, (¢) is FP,,—1
but not FP,,. The situation is much worse for elements ¢ of infinite order, in which case
the centralizer may not even be finitely generated. For example, when n is odd and ¢ is
the element acting on S =N x {1,...,n} as

(i, ) = (i + 1,z) ifez<(n—1)/2,
) Gx) = (-1, 2) if(n+1)/2<2xz<n—1andi#0,
TN 0,2) = 02— ((n=-1)/2) if(n+1)/2<e<n—1,

(i,m) — (i,n),

the only fixed points are on the ray N x {n}. The argument leading up to Theorem 4.4
shows that the centralizer is a direct product of groups, one of which is Houghton’s
group H;, which is isomorphic to the infinite symmetric group and hence is not finitely
generated. In particular, for this ¢, the centralizer Cy, (q) is not even FP;. A similar
example can easily be constructed for the case in which n is even.

All the groups in the direct product decomposition from Theorem 4.4 except Hj are
FP, being built by extensions from finite groups and free abelian groups. By choosing
various infinite-order elements ¢, for example by modifying the example of the previous
paragraph, the centralizers can be chosen to be FPy for 0 < k < n— 3. The upper bound
of n — 3 arises because any infinite-order element ¢ must necessarily be ‘eventually a
translation’ (in the sense of (1.1)) on N x {z} for at least two x. As such, the copy of

Houghton’s group in the centralizer can act on at most n — 2 rays and is thus at largest
Hn_g, which is FPn_g.

Corollary 4.5. If Q is an infinite virtually cyclic subgroup of H,,, then either
OHH(Q)ng x 7" XCl Xoee XCt

or

Cu, Q)2 F XZ" xCpx - xCh,
where the elements in the decomposition are all as in Theorem 4.4.

This corollary can be proved by reducing to the case of Theorem 4.4, but before that
we require the following lemma.

Lemma 4.6. Every infinite virtually cyclic subgroup @Q of H, is finite-by-Z.

https://doi.org/10.1017/50013091514000285 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091514000285

Centralizers in Houghton’s groups 781

Proof. By [12, Proposition 4], Q is either finite-by-Z or finite-by-D,, where Dy,
denotes the infinite dihedral group. We show that the latter cannot occur. Assume that
there is a short exact sequence

0=+ F Q5 Dy —0,
where F' is regarded as a subgroup of Q. Let a and b generate D, so that
Dy = (a,b|a®* =b* =1).

Let p,q € Q be lifts of a and b such that 7(p) = a and 7(q) = b; then p? € F. Since F is
finite, p? has finite order and hence p has finite order. The same argument shows that ¢
has finite order. pg € @ necessarily has infinite order as 7(pq) is of infinite order in Dq.

However, since p and ¢ are finite-order elements of H,,, by the argument at the begin-
ning of § 3, they both permute only a finite subset of S. Thus, pq permutes a finite subset
of S and is of finite order, but this contradicts the previous paragraph. O

Proof of Corollary 4.5. Using the previous lemma, write Q as Q = F X Z, where F
is a finite group. As F' is finite, the set Sp of points not fixed by F is finite (see the
argument at the beginning of §3). Let z € N be such that, for ¢ > z, F acts trivially on
(i,z) for all x and Z acts on (i, ) either trivially or as a translation. Applying Lemma 3.2
and Proposition 3.1, S splits as a disjoint union

S=S5%US,US;U---US,,

where S? is the fixed-point set, Sy is the set with isotropy group F and the S, for
1 < a < t are subsets of {(i,2): ¢ < z}, and hence are all finite. By Proposition 3.1,
Cp, (Q) splits as a direct product

C=Hplsge X Cy x Cp x -+ x C,

where H,|se denotes Houghton’s group restricted to S9. The argument of Theorem 4.4
showing that H,|ge is isomorphic to either a finite symmetric group or to Hj, for some
0 < k < n—2 applies without change, as does the proof of the structure of the groups C,
for 1 < a < t. It remains to observe that because every element in Sy is fixed by F,
any element of H,, centralizing Z and fixing S\ Sy necessarily also centralizes @, and is
thus a member of Cy. This reduces us again to the case of Theorem 4.4, showing that
Cy 2 Z" for some natural number 1 < r < [(n—k)/2], or 1 < r < |[n/2] if Hylge is a
finite symmetric group. O

5. Brown’s model for EH,,

The main result of this section will be Corollary 5.5, where the construction of Brown [5]
that is used to prove that H,, is FP,,_; but not FP,, is shown to be a model for E H,,.

Remark 5.1. Since the main objects of study in this section are monoids, maps are
written from left to right.
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Write M for the monoid of injective maps S — S with the property that every permu-
tation is ‘eventually a translation’ (in the sense of (1.1)) and write T for the free monoid
generated by {t1,...,t,}, where

(i, 2)t, = (i+1,2) ifx=y,
nh = (i,2) ifx#y.

The elements of T' will be called translations. The map ¢: H, — Z", defined in (1.2),
extends naturally to a map ¢: M — Z". Give M a poset structure by setting o < 3
if B = ta for some ¢t € T. The monoid M can be given the obvious action on the right
by H,, which in turn gives an action of H,, on the poset (M, <) since 8 = t« implies
that Sh = tah for all h € H,,. Let | M| be the geometric realization of this poset; namely,
simplicies in |M]| are finite ordered collections of elements in M with the obvious face
maps. An element h € H, fixes a vertex {a} € |M| if and only if sah = sa, which is
true if and only if h fixes Sa. Thus, the stabilizer (H,,), may only permute the finite set
S\ Sa and we may deduce the following proposition.

Proposition 5.2. Stabilizers of simplicies in | M| are finite.
We now build up to the proof that |M]| is a model for E H,, with a few lemmas.

Proposition 5.3. If Q < H, is a finite group, then the fixed-point set |M|? is non-
empty and contractible.

Proof. For all ¢ € @, choose {20(q), ---,2n(q)} to be an n-tuple of natural numbers
such that (i,z)q = (i,2) whenever i > z,(q) for all 4. ) then fixes all elements (i,z) € S
with i > maxg 2,(q). Define a translation t = #]"**° zld tnaxQ Z“(Q)’ t € M@, so that
{t} is a vertex of |M|? and | M| # 0.

If {m},{n} € IM|9, then let a,b € T be two translations such that

(recall that for a translation ¢, ¢(t) must be an n-tuple of positive numbers). Thus,
¢(am) = ¢(bn) and, since am, bn € M, there exist n-tuples {z1,...,2,} and {z},..., 2]}
such that am acts as a translation for all (i,2) € S with i > z, and bn acts as a translation
for all (i,x) € S with ¢ > 2}. Let
c=1

max{z1,2]} L tmax{zn,z;}
1 n

so that cam = cbn. Further pre-composing ¢ with a large translation (for example,
that from the first section of this proof), we can assume that cam = cbn € M® and
{cam = cbn} € |[M|®. This shows that the poset M is directed and hence the simplicial
realization |[M@| = |M|? is contractible. O

Proposition 5.4. If Q < H,, is an infinite group, then |M|%9 = {).
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Proof. Consider an infinite subgroup Q < H,, with |M|? # () and choose some vertex
{m} € |IM|@. For any q € Q, since mq = m, it must be that ¢(m) + ¢(q) = ¢(m) and
so ¢(q) = 0, and hence @ is a subgroup of Sym_, < H,. Furthermore, () must permute
an infinite subset of S (if it permuted just a finite set it would be a finite subgroup).
That mg = m implies that this infinite subset is a subset of S\ Sm, but this is finite by
construction. So the fixed-point subset |M|? for any infinite subgroup Q is empty. O

Corollary 5.5. | M| is a model for E H,,.

Proof. Combine Propositions 5.2, 5.3 and 5.4. O

6. Finiteness conditions satisfied by H,,

Recall from § 2 that a group G is FP, if and only if it has finitely many conjugacy classes
of finite subgroups. G satisfies the weaker quasi-FP, condition if and only if it has finitely
many conjugacy classes of subgroups isomorphic to a given finite subgroup.

Proposition 6.1. H,, is not quasi-FP.

Before the above proposition is proved, we need a lemma. In the infinite symmetric
group Sym,, acting on the set S, elements can be represented by products of disjoint
cycles. We use the standard notation for a cycle: (s1, sa, ..., S, ) represents the element
of Sym_, sending s; — s;41 for i < n and s, — s1. Any element of finite order in H, is
contained in the infinite symmetric group Sym_, by the argument at the beginning of § 3.
We say two elements of Sym_, have the same cycle type if they have the same number
of cycles of length m for each m € N.

Lemma 6.2. If q is a finite-order element of H,, and h is an arbitrary element of H,,,
then hqh™! is the permutation given in the disjoint cycle notation by applying h to each
element in each disjoint cycle of q. In particular, if q is represented by the single cycle
(81,---8m), then hgh~? is represented by (hsi,...,hsy).

Furthermore, two finite-order elements of H,, are conjugate if and only if they have
the same cycle type.

Proof. The proof of the first part is analogous to [24, Lemma 3.4]. Let ¢ be an element
of finite order and let h be an arbitrary element of H,. If ¢ fixes s € S, then hqgh™! fixes
hs. If q(i) = j, h(i) = k and h(j) = [, for i,5,k,1 € S, then hqgh~'(k) = I, as required.

By the above, conjugate elements have the same cycle type. For the converse, notice
that any two finite-order elements with the same cycle type necessarily lie in Sym, for
some r € N, so by [24, Theorem 3.5] they are conjugated by an element of Sym,.. |

Proof of Proposition 6.1. If ¢ is any order 2 element of H,,, then {idgy, ,q1} is a
subgroup of H,, isomorphic to Zy. Choosing a collection of elements ¢; for each i € N3,
so that g; has ¢ disjoint 2-cycles gives a collection of isomorphic subgroups that are all
non-conjugate, by Lemma 6.2. g

Proposition 6.3. cd H,, = gd H,, = n.
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Proof. As described in the introduction, H,, can be written as
Sym,, s H,—Z""!.

@Z”_l = n — 1 since a model for EZ"~! is given by R"~! with the obvious action.
gdSym_, = 1 by [20, Theorem 4.3], as it is the colimit of its finite subgroups, each of
which have geometric dimension 0, and the directed category over which the colimit is
taken has homotopy dimension 1 [20, Lemma 4.2]. Z"~! is torsion free and so has a
bound of 1 on the orders of its finite subgroups and we deduce from [17, Theorem 3.1]
that gd H, <n—1+1=n.

To deduce the other bound, we use an argument due to Gandini [9]. Assume that
c¢d H, < n—1. By [3, Theorem 2],

Cd@é@ann—l.

In [5, Theorem 5.1] it is proved that H,, is FP,,_; (but not FP,,). Combining this with [15,
Proposition 1], we deduce that there is a bound on the orders of the finite subgroups
of H,, but this is obviously a contradiction. Thus,

O

Remark 6.4. In [7, Theorem 1], it is proved that for every countable elementary
amenable group G of finite Hirsch length h, gd G < h + 2 (see the beginning of [10] for
a precise definition of Hirsch length for elementary amenable groups). From this we may
deduce that since the Hirsch length of H,, is h(H,) =n — 1,

@Hnén—i—l.

In [20, Corollary 5.4] it is proved that gd G > gd G — 1 for any group G. Thus, we
deduce that o

n—1<gdH, <n+1.

We finish with the following question.

Question 6.5. What is the exact geometric dimension of Houghton’s group H,, with
respect to the family of virtually cyclic subgroups?
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