Ergod. Th. & Dynam. Sys. (2015), 35, 1880-1901 (© Cambridge University Press, 2014
doi:10.1017/etds.2014.4

Positive topological entropy for monotone
recurrence relations

LI GUO, XUE-QING MIAO, YA-NAN WANG and WEN-XIN QIN

Department of Mathematics, Soochow University, Suzhou, 215006, China
(e-mail: qinwx@suda.edu.cn)

(Received 18 September 2013 and accepted in revised form 6 January 2014)

Abstract. We associate the topological entropy of monotone recurrence relations with
the Aubry—Mather theory. If there exists an interval [pg, p1] such that, for each w €
(po, p1), all Birkhoff minimizers with rotation number w do not form a foliation, then
the diffeomorphism on the high-dimensional cylinder defined via the monotone recurrence
relation has positive topological entropy.

1. Introduction

In this paper, we study a criterion of positive topological entropy for a class of dynamical
systems which generalizes the class of monotone twist maps on the two-dimensional
cylinder. In fact, we discuss diffeomorphisms defined on the high-dimensional cylinder
via monotone recurrence relations; see [1, §10].

Let 1 <r eN be a natural number indicating the range of interactions between
particles. Let h € C2(R"+!, R) satisfy some hypotheses specified in §2. For each
configuration X = (x;) € RZ, define the formal Lagrangian W(x) = Y, _, h;(x), where
hix)=h(x;, ..., Xj4r), i €Z.

A monotone recurrence relation is defined by finding a stationary point of W:

j
W = > 9hi(x)=0, jel (1.1)

i=j—r

We call & the generating function of the monotone recurrence relation (1.1). Indeed, for
r =1, h is the generating function of a monotone twist map; see [6] or [1, §2]. From the
point of view of physical applications, the generating function / describes the interaction
of a particle with its neighborhood and the Lagrangian W denotes the energy of a system
of particles.

By the twist condition of 7 we can define (see §2 for details) a diffeomorphism ¢y,:
R?" — R?" from monotone recurrence relation (1.1). Furthermore, by the periodicity

https://doi.org/10.1017/etds.2014.4 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.4

Positive topological entropy for monotone recurrence relations 1881

condition of i we define on the 2r-dimensional cylinder S' x R*~! a diffeomorphism
¢n, which is a generalization of monotone twist maps.

The main aim of this paper is to discuss a criterion of positive topological entropy
for ¢p.

It is well known that if a diffeomorphism possesses a transversal homoclinic point, then
it has a horseshoe and hence positive topological entropy. If homoclinic points are not
transversal, further criteria are provided in [8] along with analogous results for heteroclinic
points; see also [16], where topologically crossing homoclinic points are considered.

Another way of obtaining positive topological entropy (see [24, Theorem 7.2]) is to
construct an invariant set restricted to which the system is semi-conjugate to the full shift
of N-symbols; see also [14].

A practical approach to create positive topological entropy is to use the concept of anti-
integrability [3]. For example, it was shown [11] by applying the implicit function theorem
that a billiard system generically admits a set of non-degenerate anti-integrable orbits
corresponding bijectively to a topological Markov chain of arbitrarily large topological
entropy.

We remark that the anti-integrable limit method is applicable to those which are far
from integrable systems. However, the diffeomorphisms we are considering may be close
to integrable systems. For example, consider the standard map on the cylinder

(x,y)—= (x+y+ksin2rx, y+ ksin2mx).

The case with large k corresponds to an anti-integrable limit [3], while small k corresponds
to a nearly integrable system. What we are concerned with is, roughly speaking, under
what conditions the generalized standard map with k not necessarily large defined on the
high-dimensional cylinder carries positive topological entropy.

To guarantee positive topological entropy for monotone recurrence relations,
Angenent [1] provided a criterion by showing the existence of two solutions of (1.1)
exchanging rotation numbers.

Assume x! = (x,i) and x* = (x,%) are two solutions of (1.1). It is said they exchange
rotation numbers if

2 2 1
xn n

s lim >, lim M <wp and  lim 2 <wy (12)

n—>+o00 n n—>—00 n n—>+40o0 n n——o0 n
hold for some wy < w;. For a more general definition, see [1, §6].

A criterion presented in [1] shows that if there exist two solutions of (1.1) exchanging
rotation numbers, then the diffeomorphism ¢, defined by (1.1) has positive topological
entropy; see [1, Theorem 7.1].

For exact area-preserving monotone twist maps Angenent [2] has obtained the following
beautiful theorem.

PROPOSITION. Let A be the annulus S' x [0, 1], and f : A — A be an area-preserving
twist homeomorphism of A. Let pg < p1 be the rotation numbers of [ restricted to the
boundaries. If the topological entropy hip(f) of f vanishes, then f must have an
invariant circle of rotation number w, for any w € (pg, p1)-
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In fact, what Angenent proved in [2] is that if one of the invariant circles of f is missing,
which is equivalent to the existence of a Birkhoff region of instability, then the topological
entropy is positive.

As mentioned in [2], although there is an alternative way of proving the above
proposition by using a result of [10] on the existence of non-Birkhoff periodic orbits,
Angenent gave an ‘elementary’ proof by combining the criterion in [1] and a theorem of
Birkhoff providing finite orbit segments which stay close to the boundaries of a Birkhoff
region of instability.

In fact, for monotone twist maps, Mather’s connecting theorem [17] provides a general
way of constructing two orbits exchanging rotation numbers in a Birkhoff region of
instability.

A compact region on the cylinder is called a Birkhoff region of instability of an exact
area-preserving twist map f if it is f-invariant and its boundaries consist of two invariant
circles and no other invariant circles in between. Let pg and p; denote the rotation numbers
of f restricted to the lower and upper boundaries, respectively.

According to the Aubry—Mather theory, for each w € (pg, p1), there is an invariant set
¥4, called the Aubry—Mather set, such that every orbit in X, has rotation number w. If
w is irrational, then X, is a Cantor set. Mather’s connecting theorem [17] says that given
any two Aubry—Mather sets X, and X, inside a Birkhoff region of instability, there is
a trajectory a-asymptotic to X, and w-asymptotic to X,,. This immediately leads to
the existence of two orbits exchanging rotation numbers and hence positive topological
entropy by Angenent’s criterion [1].

In the present paper, we shall investigate an analogous problem of positive topological
entropy for diffeomorphisms defined on the high-dimensional cylinder via monotone
recurrence relation (1.1).

We remark that for diffeomorphisms on the high-dimensional cylinder there is no
analogue of the Birkhoff region of instability. However, we know that for monotone
twist maps the existence of a Birkhoff region of instability implies the non-existence of
invariant circles with rotation number w € (pg, p1), which is equivalent to po(#,) # R
(see the penultimate paragraph of [6, §4]) for each w € (pg, p1), Where .#,, denotes the
set of minimal energy configurations (also called global minimizers or simply minimizers)
with rotation number w and p( denotes the projection po(x) = xg.

Now if the generating function £ satisfies conditions (H1)—(H4) in §2, then we have
the corresponding Aubry—Mather theory for monotone recurrence relation (1.1) [9, 12,
13, 15, 19]: for each w € R, there exists a Birkhoff minimizer with rotation number w.
Let .#,, denote the set of all Birkhoff minimizers with rotation number w of monotone
recurrence relation (1.1). Then the generalization of Angenent’s theorem in [2] to
monotone recurrence relation (1.1), which is the main conclusion of this paper, can be
stated as follows.

THEOREM A. If there exist pg < p| such that, for each w € (pg, p1), po(My) # R, then
the diffeomorphism ¢y, defined by (1.1) has positive topological entropy.

We should emphasize that there are at least two essential differences between monotone
twist maps and monotone recurrence relations with long range of interactions (or the
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corresponding high-dimensional cylinder diffeomorphisms). First, if a monotone twist
map has an invariant circle, then the cylinder is divided into two connected components,
each of which is invariant. There is no such property for high-dimensional cylinder
diffeomorphisms.  Second, Aubry’s lemma [4] implies that each minimal energy
configuration for twist maps is Birkhoff, but we do not have such a property for general
monotone recurrence relations. In fact, it was observed in [9] that there are minimizers
that are not Birkhoff.

The idea of constructing two solutions of (1.1) exchanging rotation numbers is borrowed
from [23], in which the gradient flow is investigated in configuration space with bounded
action. We should mention that the method in [23] depends heavily on Aubry’s lemma that
two minimizers cross at most once, which we do not have for general monotone recurrence
relations.

In order to make the approach of [23] work for monotone recurrence relations, we shall
first establish the following result: for monotone recurrence relation (1.1), each minimizer
with bounded action is Birkhoff (Theorem 3.15). We remark that by proving such a
conclusion we in fact give as a byproduct an affirmative answer to a question of Blank
in the case of monotone recurrence relations; see the last paragraph of [9, §1]. Note that a
similar question for elliptic partial differential equations on the torus has also been posed
by Bangert; see [7, §8].

Based on this result, we construct in configuration space with bounded action two
solutions of (1.1) exchanging rotation numbers using the method of Slijepcevi¢ in [23]
and hence arrive at the conclusion by Angenent’s criterion in [1].

2. Preliminaries

We say thatx = (x,,) € RZisa stationary configuration if X is a solution of (1.1). We denote
by S the set of all stationary configurations, S the set of all configurations x such that
9;W(x) >0 for each i € Z, and S~ the set of all configurations x satisfying 9; W(x) <0
for eachi € Z.

A partial order ‘<’ in RZ is defined as follows. For x = (x,) and y=(m) € RZ, we
say that x <y if x, <y, for all n € Z. We say that x <y if x <y and x #y. We say that
x Ly if x, < y, for all n € Z. Two configurations x # y are said to be strictly ordered if
XKLyory < Xx.

We say that X <4 y (X <, ¥, X >4 ¥, X >4, ¥), if there exists ng such that x,, <y, for
each n < ng (x, <y, for each n > ny, etc.).

Let {0k | k, | € Z} denote the translational group on RZ defined by

(0k,1X)i = Xi—k + 1.
A configuration X = (x,) is said to be (p, g)-periodic if o, ,X =X, where ¢, p € Z.

Definition 2.1. A configuration x € RZ is said to be Birkhoff if for all k, [ € Z, either
Ok 1X > X OI 0} |X = X Or 0} | X K X.

Each Birkhoff configuration x = (x,) has a rotation number w = lim,_,  x,/n.
Furthermore, it follows that

|Xp —xx —(n —k)w| <1 foralln, k eZ. (2.1)
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We assume that the generating function % satisfies the following hypotheses.

HD ARG + 1, ... &1+ D=0, .., &41).
(H2) maxi<i<j<r+1 10;, jhllsup < K.
(H3) A is bounded from below and h(&q, . .., &41) = oo if |&, — &1| — oo.
(H4) Twist condition:
orxhér, ..., 641) <—-A<0 forall2<k<r+1,
Oikh(El, ... &) <O fork #i.
If we denote A j(X) = h(xj, ..., xj1,), then the twist condition implies that

Oixhj <O0fork#i and 0;xh; <—-A<Ofork=i+1,...,i+r7, (2.2)

which will be frequently used in this paper. Let

j
AKjpe o Xjo o X)) = =W @) == Y 3jhi(x), jeL.

i=j—r
Then (1.1) is equivalent to
A(Xj_,,...,xj,...,x./+r):0, jEeZ.

The twist condition (2.2) ensures that the function A is strictly increasing with respect to
all its variables except possibly x;. Soif (x;_,, ..., xj, ..., xj43,—1) is given, we can
solve (1.1) for xj4,. In this way we define a continuous map ¢, from R? to R¥ by

Oh(Xjry ooy Xjgr—1) = (Xjmp 1y o oo s Xjpr)e (2.3)

Similarly we can solve (1.1) for x;_, if the other variables are given. Thus ¢ is a
diffeomorphism of R?" onto itself. Taking into account the periodicity condition (H1) of &,
we consider R /Z which is homeomorphic to the high-dimensional cylinder S! x R? 1,
Furthermore, we have

on(xXi—r +1, .. X1+ D =op(Xi—ry oo, Xigr—1) + 1,

from which we define a map @, :S' x R¥”~! — §1 x R¥~! a generalization of
monotone twist maps on the cylinder.

We denote by B = [ip — r, i1] an arbitrary finite connected component of Z with i > iy,
int(B) = [io, i1] the interior of B, B = [io — r, i1 + r] its closure, 3B = B \ int(B) the
boundary of B, 8B~ =[ig —r,i9 — 11, 3BT =[i; + 1, i1 + ], and |B| the number of
elements in B. Let

W) = hi(x),
ieB
which is a function of coordinates of x with indices in B. Denote by supp(v) the support
of v = (vy), i.e., supp(v) = {n | v, # 0}.

Definition 2.2. A configuration x is called a minimizer if Wp (x) < Wg(x + v) for all finite
connected component B C Z and all v with supp(v) C int(B).
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We remark that if x is a minimizer, so is oy X for all (k, ) € 72. Meanwhile, the set
of all minimizers is closed with respect to the product topology. Each minimizer is a
stationary point of W. We denote by .#), 4 the set of (p, g)-periodic Birkhoff minimizers,
and by .#,, the set of Birkhoff minimizers with rotation number w. Then from the Aubry—
Mather theory for monotone recurrence relations [9, 12, 13, 15, 19], we know that under
conditions (H1)-(H4), the following conclusions hold.

LEMMA 2.3. M), 4 # 9 for p,q € Z (q #0) and M, # ¥ for each w € R.

Definition 2.4. Forx,y € RZ, we call a connected component D C Z the crossing domain
of x and y if D is the minimal connected component such that x <y or x > y always holds
on each component of Z\ D.

We say that x = (x,,) and y = (y,) cross on B C Z if there exist i, j € B such that
x; >y and x; < y;. They do not crosson B if x, — y, >0 orx, —y, <Oforalln € B.
So the crossing domain D is the minimal connected component of Z such that x and y do
not cross on each component of Z\ D.

We need to study the following gradient dynamics:

i
G=—Wm® ==Y 08hjx. i€l (2.4)

j=i-r

with initial conditions in Banach space

%:{XGRZ

Xl =>" |2x|2|| < oo}.

nez
Condition (H2) ensures the existence of a unique solution x(z) of (2.4) with x(0) € 2 for
all ¢ € R so that we can define a flow {¢'};cr on 2" from (2.4). The periodic condition
(H1) makes it possible to consider {¢'} in 2" /(1), where 1 denotes an element in .2 with
all its components equal to 1. Moreover, ¢’ commutes with oy ;:

@' (ox x) = 0r1(¢p'x) forallt € R, andk, ! € Z. (2.5)

The twist condition (H4) guarantees the monotonicity of ¢’ for ¢ > 0, as described in the
following lemmas.

LEMMA 2.5. Assume that X(t) and y(t) are two solutions of (2.4) with x(0) < y(0). Then
x(t) <y(t) forallt > 0. Furthermore, if X(0) < y(0), then x(¢t) <K y(¢t) forall t > Q.

LEMMA 2.6. Assume that X(t) and y(t) are two solutions of (2.4) with x(0) =x = (x;)
and y(0) =y = (y;) satisfying x; < y; for i > io (or i <io) and that xj,—,(t) < yiy—k (1)
(or Xiy1k () < Yigrk(®)) for all k € {1,2,...,r} and t € [0, T]. Then x;(t) < y;(t) for
i >iog(ori<ig)andt [0, T].

LEMMA 2.7. The solution x(t) of (2.4) with x(0) € S~ (or x(0) € ST) is increasing (or
decreasing) fort > 0.
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We remark that the conclusions of Lemma 2.5 are standard results for gradient systems
like (2.4) with twist condition (H4); see [15, Lemma 4.3], [19, Theorem 6.2], or [12,
Lemmas 1 and 2]. The conclusions of Lemma 2.6 describe the monotonicity of rays, the
proof of which is exactly the same as that of Lemma 2.5; see [22] for the proof of nearest
neighbor coupling case. The proof of Lemma 2.7 is also the same as Lemma 2.5 and hence
omitted here.

Definition 2.8. We say that a configuration x = (x;) € RZ has bounded action if there
exists C > 0, such that |x; — x;_1| < C forall i € Z.

Let
Be={x=x)eR?||x; —xi_1|<C,i€Z} and @:U%}C.
C>0

LEMMA 2.9. The product topology is equivalent to the topology induced by the norm || - ||
on B¢ for each C > 0.

Proof. It suffices to show that if X", x* € %¢ and X" — x* pointwise, then || x" — x*|| = 0
as n — oo. Suppose that lim,, .« x}' = x;" for all i € Z. We may assume that |x; — x| <
1. Since X", Xx* € %, we have

X! —xf|<2C i |+ 1 foralli€cZ.

The convergence of the series Y ;_,(2C |i| + 1) /211 implies that for every ¢ > 0 there is

igp > 0 such that
2C il + 1
E — <g/2.
2lil

lil>io
Meanwhile, there exists N € N such that forn > N,
Ix' —x/ | <e/6 forall |i | <ip.

It follows that for alln > N,
n * | n * |

[x' — x] [x' — X!
X" —x =) —r—t > —r <e/2+e/2=e. O

i |>ig i |<io
LEMMA 2.10. Forl e N, %, NS~ (or ; N ST) is forward-invariant for ¢' (t > 0).

Proof. Assume that x(¢) is a solution of (2.4) with x(0) =x € %;. It suffices to show
that x(t) € %, for all t > 0 since S~ and S are forward-invariant for ¢’ with ¢ > 0 by
Lemma 2.7. Indeed, x € % implies that —] <x;11 —x; <[ foralli € Z, ie.,0_; _x <
X < o_1X. From (2.5) and Lemma 2.5 we have

@' (o_1,—1x) <P'(X) <P (0_1,%) = — <x;11(t) — x;(t) <[ fort >0,
implying that x(¢) € %, for all t > 0. O
Therefore, we consider in §4 the dynamics of (2.4) in ¢ with product topology. We
know from Tychonov’s theorem that each E C % is compact provided po(E) is bounded
and E is closed.

A criterion for positive topological entropy has been presented by Angenent; see
[1, Theorem 7.1].
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PROPOSITION 2.11. Let the monotone recurrence relation (1.1) have two solutions
satisfying (1.2). Then the map ¢y, defined by (1.1) has positive topological entropy.

3. Minimizers with bounded action
In this section, we investigate some properties of minimizers, especially those for
minimizers with bounded action.

We remark that the twist condition (H4) is weaker than that in [20] in that we require
9; kh <0 while in [20] it is assumed that 9; x4 =0, for i #1, k #1, and i #k. So we
cannot simply apply directly the conclusions of [20], especially the dichotomy theorem
for minimizers. Nevertheless, inspired by the ideas of Mramor and Rink in [20, 21] and
Bangert in [5, 6] (we even borrow most of the notation from [20]) we obtain the conclusion
we need that a minimizer with bounded action is Birkhoff.

LEMMA 3.1. Assume that x = (x,)) and y = (y») € RZ have bounded action. Then there
exists a constant d > 0 such that for each finite connected component B C 7Z, it follows

that
(Wa(x) — We(Y)| <d Y |xx — il
keB
Moreover, if X =y on int(B), then
(Ws(x) — W) <d Y |xx — wxl- 3.1)
keoB

Proof. Assume that x, y € ¢ for some C > 0. Then

l'da
|WB(x)—WB(y)|sZmi(x)—hi(yn:Z/O TohiGsx+ (1= )y) ds

ieB ieB
i+r 1
) :/ i (sx + (1 — ¥ ds - [x — wil-
X . JO
i€B k=i

Taking into account the fact that sx + (1 — s)y € Z¢ and hypothesis (H1), we obtain a
constant d > 0 depending on C and r such that |9xh; (sx + (1 — 5)y)| < d, and hence

(Ws(x) = We(¥)| <d Y lxk — il
keB

where d = (r + 1)&. O

Definition 3.2. For x,yeRZ, define M, m eRZ by M; =max{x;, y;} and m; =
min{x;, y;}. We call

W (x,y) = Wp(x) + Wg(y) — Wg(M) — Wg(m)
the crossing energy of x and y on B.
Leta =M —x,8=m—x.Thenw; >0, 8; <0and o;8; =0foralli € Z.

LEMMA 3.3. Forx,y € RZ and an arbitrary finite connected component B C 7, we have
W5 (x,y) = 0. Moreover, if X and 'y cross on a connected component By C Z such that
|Bi| <r + 1, then Wg(x, y) > 0 for each B D Bj.
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Proof. Note that y =x 4 o + S. Then it follows from (2.2) that

Wpx,y) =Wpx+a+pB)— Wpx+a) - Wpx+B) + Wp(x)

Ird d
ZZA [Ehi(X‘F(x—i-lﬂ)—Ehi(X-‘rl,B):I dt

i€eB
Zflfl d dh(X+ + 1) ds dt
- i s s
; o Jo dt ds'
ieB
i+r 1 1
=2 Z/ / 3 khi (X + sa +1B) ds dt - (o Br)
ieB jk=i Y0 V0
i+r 1 1
ZZZ/ / i, jhi(x + sa +tB) ds dt - (i Bj + «;jB;)
ieB j=i V0 70
i+r
ieB j=i

implying that W§(x, y) > 0.

From the above proof, it follows that Wg (x, y) > 0 whenever there exist i € B and
Jeli+1,i+2,...,i+r}suchthat;8; <Oora;B; <O0,ie,xandy cross on some
By C Bwith |By| <r + 1. O

LEMMA 3.4. Let B C Z be a finite connected component and X and 'y be two solutions
of (1.1). Then x Ky on int(B) if X <y on B.

Proof. Assume that the conclusion is not true, i.e., «; =0 for some i € int(B). Then,
by (2.2),

i i ld
0= Z aihj(y)—aihj(x)z Z /0 Ea,-hj(ty—l—(l—t)x)dt

j=i—r j=i=r
i jtroa
= Z Zf Oikhj(ty + (1 — 0)x) dt - (yx — xx)
jmi—rk=; 0

i+r

1
= Z/o 9 khi(ty + (1 — 0)x) dr - o
k=i
i—1 1
+ 2 f djihjty + (1 —nx)dt - aj.
= 0
Jj=i—r

From the assumption o; = 0 and again the twist condition (2.2) and oy > 0 for k # i, it
follows that oy =0 forall k=i —r,i —r + 1, ...,7 4+ r. By induction, we derive that
X =Yy on B, in contradiction to the assumption X <y on B. ad

Lemma 3.4 immediately leads to the following conclusion.

LEMMA 3.5. Assume thatx,y € S andx <y. Then x K.
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Definition 3.6. Letx, y € RZ and B C Z. Define
MEB(x)=M onint(B) and MB(x) =xonZ \ int (B),
m®B(x) =m onint (B) and m8(x) =xon Z \ int (B),
M®B(y) =M onint(B) and MB(y) =yonZ\ int (B),
m®B(y) =m onint (B) and m®(y) =y on Z \ int (B).
Note that M = max{x, y} and m = min{x, y}. Then it is obvious that
M =max{MBx), mB(y)} and m =min{M?x), m5(y)}. (3.2)

LEMMA 3.7. Assume that x and y are minimizers. Then for each finite connected
component B C Z, it follows that

Wex,y) < WeMB(x), mB(y)) and Wg(x,y) < WsMB(y), mB(x)). (3.3)

Proof. Because both x and y are minimizers, it follows that for each finite connected
component B C Z,

Wp(x) + Wg(y) < Wg(MB(x)) + Wg(m® (y))

and

Wa(x) + Wg(y) < Wg(MP(y) + Wa(m” (x)).
Subtracting Wp (M) + Wp(m) on both sides of the above two inequalities, we obtain (3.3)
by (3.2). O

LEMMA 3.8. Assume that X and 'y are minimizers. Let ko < k1 be integers such that x; < y;
foralli € [kg —r, ko — 11U [k1 + 1, k1 + 7). Then either x Ky or x =Yy on [ko, k1].

Proof. Let B =[ko —r, ki]. Then int(B) = [ko, k;] and B =1[ko—r, k; +r]. The
assumption implies that M B (y) =M and m®B(x) =m on B. From Lemma 3.3 it follows
that

Wa(x) + Wg(y) = Wp(m) + Wp(M) = Wg(m” (x)) + W (M* (y)).

On the other hand, we have W5 (x) < Wg(m®(x)) and Wp y) < WpM B (y)) since both x
and y are minimizers. Thus

We(x) = Wp(m®(x)) and Wg(y) = We(M®(y)),
implying that both m 5 (x) and M58 (y) are minimizers because
Wp(x) = We(mP(x)) and Wp(y) = Wp (M5 (y)),

for each finite connected set B’ O B. Consequently, it follows from Lemma 3.5 that x =
m®B(x) and M8 (y) = y and hence x <y on B, implying by Lemma 3.4 thatx < yorx =y
on int(B) = [ko, k1]. O

Lemma 3.8 immediately leads to the following conclusions which we state without
proof.

LEMMA 3.9. Ifthe crossing domain of two minimizers X and y is bounded and non-empty,
then X <, y implies X >, y, or X >, y implies X <, y.
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LEMMA 3.10. If the crossing domain of two minimizers X and'y is unbounded, then there
exist at most two disjoint connected components By and By with |B1| >r and |By| > r
such that x and 'y do not cross on By and on Bj.

We say that x = (x,,) and y = (y,) are w-asymptotic («-asymptotic) if |x,, — y,| = O as
n— 400 (—o0). Forn € Z, define B(n,r)={i+n|i€Zand —r <i <r}.
Definition 3.11. Two configurations x = (x,) and y = (y,,) are called almost w-asymptotic
(a-asymptotic) if there exists a subsequence {n;} C Z™ (Z™), such that

lim [xn4r — ymes1] =0, 1€ BO, 7).
k— 00

x and y are said to be almost asymptotic if they are both almost e-asymptotic and almost
w-asymptotic.

LEMMA 3.12. Assume that X = (x,) and 'y = (y,) are minimizers with bounded action,
and that one of the following three conditions is satisfied.:

(1) xandy are almost asymptotic;

(2) x<qy (or >4)y and x and 'y are almost w-asymptotic;

(B) x <y (or>4)yandx andy are almost a-asymptotic.

Then x and y are strictly ordered.

Proof. Assume that x and y are almost asymptotic. Then there exist {n;} C Z* and {71} C
7.~ such that

lim |xnk+l - )’nk+l| =0 and lim |xﬁk+l - yﬁk—i-ll =0, [1€B@O,r). (G4
k—+400 k—+o00

We claim that both M = max{x, y} and m = min{x, y} are minimizers.

Indeed, if M is not a minimizer (the proof for the case that m is not a minimizer is
similar), then there exist a finite connected set A C Z and v € R% with supp(v) C int(A)
such that forall B D A,

Wg(M +v) = Wgp(M) -, (3.5)

for some § > 0. Let By =[ng —r, ng] NZ. Then A C By for k large enough. From
Lemma 3.3 and (3.5) it follows that

WBk M +v)+ WBk (m)+6< WBk (x) + WBk (y)-
Meanwhile, it is easy to check by (3.1) and (3.4) that
lim Wg (M) — Wg (MP(x)) = lim Wg,(m) — Wp,(m®*(y)) =0,  (3.6)
k—+o00 k——+o00
implying the existence of N € N such that for all kK > N,
(Wa (M +v) = Wy (MPH(x) + V)| <8/3 and  |Wp, (m) — Wg (m™(y))] < /3.
Consequently, taking large k, we have
Wi, (MPE(x) + v) + W (mPh(y)) < Wp, (X) + W, (y),

in contradiction to the assumption that both x and y are minimizers.
Therefore, both M and m are minimizers and hence either x = M or y = M, implying
that x and y are strictly ordered.

https://doi.org/10.1017/etds.2014.4 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.4

Positive topological entropy for monotone recurrence relations 1891

Assume that condition (2) is satisfied. Assume also that x <, y and x and y are almost
w-asymptotic. Then there exists {n;} C Z™ such that

lim |xnk+l - Ynk+l| = Oa le B(O’ r)'
k——+o00

Let By = [—ng, nxg] N Z. Then we have by (3.1) that
lim Wg, (M) — Wp, (MP(y)) = lim W, (m) — Wg, (m® (x)) =0.
k—+o00 k— 400

The rest of the proof is similar to that of case (1). The proof for condition (3) is similar to
condition (2) and is omitted. O

LEMMA 3.13. Ifthe crossing domain D of two minimizers X and y with bounded action is
unbounded, then there exists gy > 0 such that Wg( . 4r)(x, y) > &g for each n € D.

Proof. If this is not true, then there exists a sequence {nx} C D such that
. c _
k_lflfoo Wiy ar) X ¥) = 0.

Without loss of generality we may assume that ny — +00 as k — +o0o. Choosing
Iy € Z such that (o_p, 1, X)0 = X, + Ik € [0, 1], we deduce from Tychonov’s theorem that
there are convergent (in the sense of product topology) subsequences of {o_,, ; X} and
{o—n..;, ¥}, not relabeled, such that
lim o_, ,x=Xx and lim o_, ,y=Y.
k——+00 k—+00

Note that X = (x,,) and y = () are minimizers and that

Wg(nk,élr) x,y)= Wg(OAr) (O—np 1k X5 O—n 1, Y)-

It then follows that WE(O, 4 (x,y)=0.

If Xx#Yy, then x, — y, changes sign at most once for n € B(0, 4r). Indeed, from
Lemma 3.3 we know that for each connected component B C B(0, 4r) with |B|=r,
Xn — yn does not change sign for all n € B. As a consequence of Lemma 3.8, we conclude
that x, — y, changes sign at most once for n € B(0, 4r). This implies the existence of a
connected component By C B(0, 4r) such that |B1| > 3r and X and ¥ do not cross on By,
ie,X<yory<xon B;. From Lemma 3.4 we derive that X < ¥ or X > ¥ on int(B;)
since X # y on B;. Consequently, for k sufficiently large, we have O—p  , X K O_p, 1y OF
O—n;, 1} X > 0_p, 1,y Onint(B1) and hence x < y or X 3> y on infinitely many intervals with
length no less than r, in contradiction to Lemma 3.10.

If x =Yy, then x,,; 41 — yn,+1 — 0 as k — +-o0 for each [ € Z, implying that x and y are
almost w-asymptotic. If x <, y or X >, y, then Lemma 3.12 leads to the conclusion that
x and y are strictly ordered. Otherwise we may take a sequence {n;} C D with n; — —o0
as k — 400 and [} € Z such that

lim W¢ X,y) =0, lim o_, yx=x, and lim o_/ yy=Y.
k—+o0 B(";w‘"’)( Y k—+o00 ol k—+o0 noli Y =Y

If X' £y, then we obtain a contradiction as above. If X' =y/, we derive that x and y
are almost «-asymptotic, and hence, by the fact that x and y are almost w-asymptotic
shown above and by Lemma 3.12, that x and y are strictly ordered, which contradicts the
assumption. O
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LEMMA 3.14. The crossing domain of two minimizers X and y with bounded action is
bounded.

Proof. Assume that the crossing domain D of x and y is unbounded. For each bounded
connected component B C Z, we have by Lemma 3.7 that

W5(x, y) < W5 (MB(x), m®(y)). 3.7

Note that both x and y have bounded action, i.e., there is a constant C > 0 such that |x, —
Xn—1| < C and |y, — yp—1]| < C for n € Z. Then |x,, — y,| < 2rC for n € 9 B since x and
y cross on 3B~ and on d B by Lemma 3.10. From (3.1) we have

Wi (MP(x), m®(y)) = Wp(M® (x)) — Wg (M) + Wg(m® (y)) — Wp(m)
<2d ) |xa—yal <2d-2r-2rC,
nedB
and hence the right-hand side of (3.7) is bounded independently of the choice of B. On

the other hand, we may choose B large enough so that the left-hand side of (3.7) is large
enough because of Lemma 3.13. This is a contradiction. O

THEOREM 3.15. If X is a minimizer with bounded action, then X is Birkhoff.

Proof. Assuming that k, [ € Z, we compare X with oy ;X. According to Lemmas 3.14
and 3.9, we may assume that oy ;X <4 X and oy ;X >, X (the cases o ;X >, X and 0y ;X <,
x can be treated similarly). Without loss of generality we may assume that k > 0 (k =0 1is
trivial and k < 0 is analogous).

There exist ig, i1 € Z such that

(0kx); <x;fori <ip and (ox x); > x; fori > iy,

i.e.,

Xi—k +1<x;jfori <ip and x;>xj4y —[fori>i; —k,
implying

n € N+ (o' ;X); = xj_nk + nl is non-increasing for i < iy
and

neNH— (Ufk _/X)i = Xj4nk — nl is also non-increasing fori > iy — k.

From Lemma 2.3 we obtain a periodic Birkhoff minimizer X € .# ; such that x;_; + [ =
x; fori e Z.

According to Lemma 3.9 we have two cases, either X <, X or X <, X (X = X is trivial).
We assume that X <, x (the other case can be treated similarly), i.e., X; < x; fori <i_j; <
ip. Consequently, the sequence {x;_,x + nl} is non-increasing and bounded below by
Xi—nk +nl = x;. Thus

x;= lim x;_,x +nl
n—400

exists and X;_x + [ =X%; for i <i_j. From the periodicity of (X;);<; , we conclude that
both x and oy ;X are a-asymptotic to (X;);<;_, and hence x and oy ;X are o-asymptotic. It
then follows from Lemma 3.12 that x is Birkhoff. O

https://doi.org/10.1017/etds.2014.4 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.4

Positive topological entropy for monotone recurrence relations 1893

4. Foliation of Birkhoff minimizers

Following Moser [18], we say that .#,, forms a foliation if py(.#,) = R, otherwise we say
that it constitutes a lamination. In this section, we shall show that if there is an unbounded
solution of (2.4) in Z NS~ (or Z N ST), then we can construct a foliation ., for some
o € R. We should remark that the idea is borrowed from Slijepcevi¢ [23]. The proof
of Theorem 4.3 in [23] can be adapted, almost word for word, to the case of monotone
recurrence relations. So the proof of Theorem 4.5 is given only for completeness.

We should mention that the definition of strictly ordered curves in this paper is different
from that of rotational invariant circles of [23] in that we do not require translation
invariance. The second difference is that in the setting of twist maps [23], each stationary
solution intersects a circle configuration at most once (see [23, Lemma 2.1]), a property
like Aubry’s lemma which we do not have for monotone recurrence relations. The third
difference is that for high-dimensional cylinder maps induced from monotone recurrence
relations there is no concept analogous to Birkhoff’s region of instability for twist maps.
The difficulties resulting from these differences are overcome by using Theorem 3.15, the
main result of §3.

We always assume the product topology on % by Lemma 2.9.

Definition 4.1. The image ¢ of a continuous function y: R - Z¢c NS (C > 0) is said to
be a strictly ordered curve if y is strictly increasing, i.e., y (s1) < ¥ (s2) for 51 < 53, and
() |'s e R} =R.

LEMMA 4.2. Each element in a strictly ordered curve is a minimizer.

Proof. Assume that £ C ¢ N S is a strictly ordered curve, y its parametrization with y;
the jth projection, x = (x;) € £, and B C Z a finite connected component.

Assume that x* = (x);.z is a minimal segment such that x* = x; for i € 9B and
We(x* +v) > Wg(x*) for all veR? with supp(v) Cint(B). The existence of x* is
guaranteed by hypothesis (H3).

Let x=y(5) € £, where s =max{s e R| y;(s) < x;‘, j € B). The existence of § is
ensured by the facts that yy is surjective, y (s) € B¢ for s € R, and y is continuous. Note
that B is finite and X € €. Then there exists i € B such that ¥; = x. We distinguish two
cases.

(i) 1Ifi e 9B, then X; = x/ = x;. Since y is strictly increasing, then x =X, and hence
Xy =X, <x;forne B.

(i) If i € int(B), then 9; W(x*) =0 because x* = (x7);.5 is a minimal segment.
Consequently, for each i € int(B),

0=WE) — WX = Y dihj(x*") — ih;®

j=i—r
i 1 d
= Z / —3ih;(rx* + (1 — 1)X) dt
—~ Jo dt
Jj=i—r
i j+r 1
=> Zf i xhj(tx* 4+ (1 — T)R) dt - (x] — Xp).
j=i—r k=j 70
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Noting that xi* =Xx;, 0 xhj <O0fork #1i,and 9; th; <O fork =i + 1, we claim that
xl.*+1 = X;+1. Then by induction we derive that there exists j € d B such that x;’f =X;
and hence, by case (i), x, < x, forn € B.
Analogously we have x,, > x,' forn € B and hence x,, = x; forn e B, implying that x
is a minimizer since B is arbitrary. O

Remark. 1If there exists a strictly ordered curve ¢, then each x € £ is a minimizer with
bounded action, and hence it is Birkhoff by Theorem 3.15 and has a rotation number.
Since all elements in £ have the same rotation number w (otherwise they will intersect), it
follows that £ C .#,,, and po(.#,) = R since po(£) = R.

In fact, in order to define a strictly ordered curve, it is enough to assume that po(€) = R
and that y is strictly increasing.

LEMMA 4.3. Assume that y: R — B¢ NS is strictly increasing and {yp(s) | s e R} =R.
Then € = {y(s) | s € R} is a strictly ordered curve.

Proof. 1t suffices to verify the continuity of y. Choose an increasing sequence {s;} C R
such that s; — s as i — oo. Then y(s;) is an increasing sequence bounded above by
y(s) and hence y(s;) > x € S. Since x = (x,,) < y(s), we have xg = yy(s) due to the
assumption that yy is surjective. It follows from Lemma 3.5 that x = y (s). O

Assume that u(¢) (¢ > 0) is a solution of (2.4) with u(0) € - NS~ for some C € N.
Then from Lemma 2.7 we know that u(¢) is increasing for ¢+ > 0. Moreover, from
Lemma 2.10 we deduce that u(¢) has bounded action for all ¢ > 0. If {u(#)};>0 is bounded,
then y = lim;_, o, u(?) is an equilibrium state of (2.4), i.e., a solution of (1.1). If it is
unbounded, we can nevertheless obtain an equilibrium state of (2.4). In fact, we can
furthermore construct a strictly ordered curve from the unbounded solution u(¢). To this
end, we need a lemma which has been proved in [23, §4].

Let 9 =%Bc NS~ or 9 = %Bc NST for some C € N. We denote by .Z (I, ), where
I is an interval in R, the topological space of all increasing functions f : [ — & with the
induced product topology. Let A denote a family of subsets Z; C 2, s € I. Define

FN)={f|f:1—> 9, f(s) € Dy,s €l, and f isincreasing} C F(I, D).
LEMMA 4.4. If A is a family of compact sets, then F (A) is sequentially compact.

THEOREM 4.5. Assume that u(0) € Bc NS~ for some C € N and that u(t) (t >0) is a
unbounded solution of (2.4). Then there exist a sequence of times ty, and n, ly € Z, such
that limg_ oo Oy, 1, u(tx) = Z. Moreover, there exists a strictly ordered curve £ C Bc NS
such that z € £.

Proof. Tt follows from Lemma 2.10 that u(t) € A, i.e., luj+1(t) —u;(t)] < C foralli €
Z and t > 0. Taking into account the periodicity of &, we deduce the existence of b > 0
such that

0ihj ()| <b, |i;j()| <b, and i;(t)|<b foralli, j€Zandt>0. (4.1)
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Choose a sequence of times {#;} and {/;} C Z such that

ui) +h 12 6n) = y= () ask — oo. 4.2)

Furthermore, we take a subsequence of {#;} if necessary, not relabeled, such that |#;] —
ty]| > 2 fork € N, and

| (te1) — @i (t)| < 8 < 1/k  fori € [—k* —r, k* +r], (4.3)

where 8; > 0 is chosen such that for j € [—k% —r, k2],

A A b
|hj(ti1) — hju)| = [hj@(t) —hj@n)] < Wrral 4.4)
By simple calculations we obtain
K jtr
Z hjte) —hj@@) =Y > / dihj(u(r)) iii (v) dr
j=—k*—r j=—ki—ri=j tk

—k2—1 —k?

= Y Z/ dihj(u(r)) it;(t) dt — Z/ li; (v)|? dt

j——kz—r 1=j
Jj+r

N Z Zf 8 (u(r)) iii (v) d.

j=kZ—r+1i=k2+1

From (4.1), (4.4), and the above calculations we deduce that

Tk+1
Z/ 19; W u(r))|? dt = Z/ lij(0)|* dt
]:_kz j__k2
2k2+ +1)-b —k%-1 K2 4r
B 2 b Y it w0l +br Y laalen) — i)l
i=—k2—r i=k2+1

4.5)
Now we have two cases.
(1) Assume that {ug(tx+1) — uo(tx) | k € N} is bounded, i.e., {lx — lx+1} is bounded.
Then there exist infinitely many k& such that Iy — I+ =1 > 0, and thanks to (4.3), for
eachi € [—k? —r, k2 + 1],

lui (teg1) —ui(tx) — 1| <8 < 1/k. (4.6)
Now (4.5) and (4.6) imply that

Z / 19 W ()2 dt <b+br2Ql +2) 2 by.
j=—k
As a consequence, we can choose ny € [—k% — r + k, k? + r — k] such that

—ng+k—1 tett

Z/ 18, W(0)* dt < by /k. 4.7

j=—nk—k
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It is easy to check by simple calculations that there is a constant b, > 0 such that for each
j € [—nx — k, —ny + k — 1] and for each ¢ € [t, tx11],

19, W ()| < by k™4, (4.8)

which will be verified in the appendix.
Taking [} € Z to replace /i, not relabeled for simplicity, such that

Uy (k) = t—n (1) + I € [0, 1], (4.9)

and zZF = o, .., u(tx) has a convergent subsequence, not relabeled, such that ¥ > zask —
00, it is easy to check by (4.8) that z is an equilibrium of (2.4).

To construct a strictly ordered curve, we need to verify the conditions of Lemma 4.4.
Note that u_j,, is a strictly increasing function from [0, +-00) to R. Let vt denote its
inverse function, i.e., u_p, (Vi (s)) = s for s € [u_,, (0), +00). Define vk by

YE(8) = 0n 0k (U_p, () + 5)) € D,

where
5 €0, (tr1) — U, (8] D [0, 1 — 1/k]

by (4.3). Note that by (4.9),
V() = U (t6) + 5 + Ik € [A—p (), A—p (k1) — A (i) + 11 C [0, 1+ 1]. (4.10)

Then y¥(s) belongs to a compact set of 2 by Tychononov’s theorem for each k and s €
[0, ]). Applying Lemma 4.4, we obtain a convergent subsequence, not relabeled, such
that y* — £ and &: [0, ) — 2 is increasing. We derive by (4.8) that &£(s) € ¢ N S for
each s € [0, ). Since &y(s) = yo + s is strictly increasing by (4.2) and (4.10), Lemma 3.5
implies that £ is strictly increasing.

Defining £(/) = lim_,; £(s), we derive £(I) = £(0) + 1 - 1. So we can extend £ to R —
PBc NS such that £ is strictly increasing and & is surjective by (4.10). As a consequence
of Lemma 4.3, £ = {£(s) | s € R} is a strictly ordered curve and z = £(0) € ¢£.

(ii) Assume that {ug(#x+1) — uo(tx) | k € N} is unbounded. Choose a subsequence of
{t+} if necessary, not relabeled, such that [, — [+ > k2 + 2, where [}, is the same as 4.2).
Take 8; < 1/k such that (4.4), with k> replaced by k3, holds true for j € [—k> —r, k3].
Then we have an inequality similar to (4.5) with k2 replaced by k3, and hence

K Tk+1
Zf 10, W @) dt < b+ br - 2rdy < badi,

j=—k3

where b3 > 0 is a constant and

A
dy = max i (1) — wi ()| < le — I + 1.
ie[—k3—rk3+r]

Note that

min i (t1) — i (t)] > le — e — 1> k2 4+ 1> 2k.
ie[—k3—rk3+r]
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Then for each n € [—k3, k3], we can choose 7 t,iﬂ] C [#, tx+1] such that un(t,iﬂ) -
un(t;) =2k and

i f )
Z / [0;W(u(r))|” dt < 4b3 k, 4.11)
t/

j:—k3 k
which will be verified in the appendix.
Therefore, we find ny € [—k> — r + k, k> + r — k] and the corresponding t; and t,iﬂ,
such that u,,,k(t,iH) — U_p, (1) =2k and
—ng+k—1 ¢ b3

> [ waenpa <22,

j=—ng—k “
which is similar to (4.7) and implies that
0, W(u()| < by k™%, (4.12)
for j € [-nx —k, —nx+k —1] and t € [z, t,éJr]], where b4 > 0 is a constant. Choose
7€, 1, 1 such that u_p, (f) — u_p, (t;) = k and define y5: [—k, k] = 2 by
Y (8) = ot WOk, () + 5)),

where I € Z such that yé‘ (0) € [0, 1] and vy is the inverse function of u_,,. By
Lemma 4.4 and the fact yé‘ (s) € [s, s + 1], the sequence y* has a convergent subsequence,
not relabeled, such that y¥ — &, where £: R — 2, and £(s) € S for s € R by (4.12).
Consequently, £={&(s) |s € R} is a strictly ordered curve, which can be verified
analogously to case (i). O

5. Proof of Theorem A
In this section we construct under the assumption of Theorem A two solutions of (1.1)
exchanging their rotation numbers.

LEMMA 5.1. Ifx,y € S, thenz = max{x, y} € S~.
Proof. Choose i € Z and assume that z; = x;. Thanks to 9; W(x) =0 and the twist

condition 9; yhj <0 for i # k, we obtain

i i 1
o W(z) = Z 8ihj(Z)—3ihj(X)= Z /0 %3ihj(tz+(1—t)x)dt

j=i—r j=i=r
i j+r 1
= > Z/ dixhj(tz+ (1 —0)X)dt - (zx — xx) <0,
j=i—r k=j 70
implyingze S™. O

LEMMA 5.2. Let wg < w1. Assume that w and v are Birkhoff minimizers with rotation
numbers wy and w, respectively, and that po(#,,) # R for each w € [wy, wi]. Then the
solution z(t) of (2.4) with z(0) = z = max{u, v} is bounded.
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Proof. We assume that z(¢) (t > 0) is unbounded. Applying Theorem 4.5, we choose
sequences fx, ny, and li, such that

xk = on ,Z({ty) >y ask — oo,

where y € £, a strictly ordered curve. Since u € .#,,, and v € .#,,,, we obtain by (2.1) that
there exist i_1, ig € Z, such that i_| < ip and z; = u; fori <i_; and z; = v; > u; for all
i > ip. Choose [} € Z such that vk = PN satisfies

vk >k jef{l,...,r} and vﬁ)e[x§)+N,x{B+N+1]f0rsomeN22.

io—j = Tio—j’
(5.1
We shall prove that vl{‘ > xf for i > ip and k € N by applying Lemma 2.6. To this end,
we need to verify the following two statements:
1) vl{i)_j > (O, 1, 2(1))ig—j, for j€{1,2,...,r} and for all 7 € [0, #]. Indeed, by
Lemmas 2.7 and 5.1, we know that z(¢) is increasing, i.e., z(¢1) < z(fy) for 0 <1 < fp.
Thus we deduce from (5.1) that

k k
Vig—j = Xig—j = (O, 1, 2(1))ig—j Tforallz € [0, #].

(ii) vf‘ > (o, 2)i for i > ip. Indeed, since z(¢) > v for t > 0 by Lemma 2.5, it follows

from (5.1) that
K _( Y N _
Vi, = O'nk,l,’(v)zo Z Xjy = (Unk,lkz( k))l() > (ank,lkv)l()'

Since v is Birkhoff,
vk > (0y, 4, V)i foralli € Z. (5.2)

If n; <0, then from (5.2) we have for i > iy,
vf > (O, 1k, V)i = Viepy + 1k = uj—py + Ik = (Op; 1,0 -

If nx > 0 (without loss of generality we may assume that ny > ig — i_1), then

U,'ko > xi]; + N> (ank,lkz)io + N = Zig—ny + lk + N = Ujy—ny + lk + N.
Combining
—1<vf - vf‘o — @@ —igwr <1 and —1=<uj_p —ujg—p, — (@ —ig)wo =<1,

which follow from (2.1) since vk and u are Birkhoff, we derive
vf‘ > viko—i—(i —ip)w1 — 1> ujg—p, + I + N+ (i —ipw; — 1
>ujp — 1= —ig)wo+ Ik + N+ (1 —ipw — 1
= (on, ;Wi + (0 —ip)(w1 —wp) + N =2
> (op,w);  foralli > ip.
So in either case we have

vk > (onw)i fori > o,

and hence, by (5.2),
vf‘ > (on,,2);  fori >io.
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Now we can apply Lemma 2.6 to obtain

V¥ > (0 2(00)); = x5 fori > o,

implying v¥ >, x*.

Due to (5.1), we can choose a convergent subsequence of {Vk}, not relabeled, such that
vk — v/ as k — 0o, and hence V' >, y.

Analogously, we can find translates u* of u, such that u* >, x* and u* — u’ with
u >,y

Note that w' and v’ are Birkhoff minimizers with rotation number wy and wi,
respectively. We have that y is Birkhoff by Theorem 3.15 and hence has rotation number
w with wyp < w < wp. This implies from Theorem 3.15 that the strictly ordered curve ¢
consists of Birkhoff minimizers with rotation number w, which contradicts the assumption

that po(#,) # R. O

Proof of Theorem A. Assume that u and v are Birkhoff minimizers with rotation number
wo and wg, respectively, with pp < wg < w1 < p1. Due to Lemma 5.2, the solution z(t)
of (2.4) with the initial condition z = max{u, v} is bounded. Lety =lim,;_, ;oo z(¢) and
assume that z; = v; for i > ip. Choose N € N and let v =09 nVv such that v;;_; > y; —«
and hence vj,—x > zjy—« (), forallk € {1,2, ..., r} and for all # > 0. Since v; > z; = v;
fori > ig, then from Lemma 2.6 we have v; > z;(¢) fori > ip and ¢ > 0, and hence v; > y;
for i > ip. Consequently, since y; > v; for i > ip, we derive
or= lim %< lim 2 < lim 2L =a).
I—+00 1 I—+00 1 i—>+00 1

Analogously we have lim;_, _~, y; /i = wp.

If we assume that 2 = min{u, v} € ST and Z/(¢) is a solution of (2.4) with z'(0) =7/,
then Z/(¢) is decreasing and bounded and we obtain a solution y’ = lim;_, o, 2'(¢) of (1.1)
with lim; , 1 o ¥/ /i = wp and lim; o y!/i = w1.

Therefore, we have constructed two solutions of (1.1). y and y’. exchanging rotation
numbers, i.e., satisfying (1.2), and hence we arrive at the conclusion by Proposition 2.11. O
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A. Appendix
In this appendix we verify (4.8) and (4.11). The notation is the same as in the proof of
Theorem 4.5.

Proof of (4.8). If we denote f(t)=[d;W())|>=li;(#)]>>0 for je[-ng—k,
—ny + k — 1], then

Tk+1
/k f(r)ydr <bi/k. (A.1)
173

Assume that f attains its maximum on [f, fx+1] at a. Then a + 1/\/E € [t, tr+1] (@ —
1/\/E € [, tr+1] is treated similarly) since #;+1 — tx > 2. We deduce by (4.1) that

|f' ()] =124 (0)iij(t)| <b" forsome b’ > 0and >0,
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and hence

min _ f(t) = f(a) = b'/Vk>0
tela,a+1/Vk]

(assume k large). Consequently, we have

tk+1 a+1//k
/ f(o)dre > / f@)ydr > (f(a) = b |NK) Nk = f(a)/Vk—D [k,
174 a

which implies (4.8) by (A.1). O
Proof of (4.11). Let kg be the integer part of dy /2k. We find ko + 1 points ty = 79 < 71 <
o < Ty < trg1 such that u, (ti41) — un (7)) =2k fori =0, 1, ..., ky — 1. Let
K s let1 !
gty= > oW, A =f g(n)dr, G(t)= f g(1) d,
j=—k3 175 t

where t € [19, T4,—1] and t' satisfies u, (t') — u, (t) = 2k. The function G is continuous on
[70, Tky—1]. If we assume that G(¢) > A/ ko for each ¢ € [19, Tiy—1], then

T
A> / " g()dT = G(10) + G(1) + - - + G(Tyy_1) > A,

0

a contradiction. Consequently, there exist t,i € [10, Tky—1] C [#, tk+1] and hence t,i I such

that
G(rp) <A/ky and  uu () — un(ty) =2k,
that is,
/t'é“ mdr<t <28 K oucapk
gr)ar = — = = =4ab3k,
1 ko " ko+ 1~ di
which verifies (4.11). O
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