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We investigate the sectoral and the distributional effects of a food subsidy program,
where food consumption in the economy is subsidized by taxing the manufacturing good
producers. In a two-agent model comprising of farmer and industrialist households,
agents consume food to accumulate health. Simulations indicate that while the subsidy
program increases food output and agents’ health both in the short run and the long run,
manufacturing output and aggregate real GDP appear to fall in the short run and increase
only in the long run. The program does not make both agents better off and exhibits social
welfare gains for a limited range of subsidies.
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1. INTRODUCTION

Developing countries like Egypt and India have rolled out widespread schemes
which provide subsidized grains to millions of peoples.! These programs aim
to meet the urgent need for effective policies to improve the nutritional status
of the currently undernourished.> While existing studies have primarily investi-
gated the optimal forms of food subsidies—cash or kind (Gentilini (2015)), or
have quantified the costs and benefits from different existing schemes (Banerjee
et al. (2018)), or have analyzed the international trade, technology improvements,
and the agriculture subsidy nexus (Ramaswami (2002) and Tokarick (2008)), this
paper analyzes the effects of a food subsidy program on output and welfare by
incorporating a role for nutrition in health accumulation over time.

A standard assumption is that expenditure on poverty programs can be treated
as a side payment from the rich to the poor to compensate partly for the
uneven growth which typically favors the rich (Kotwal et al. (2014)). We build
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a two-agent model to capture how different agents respond differently to a food
policy.® This allows us to investigate cross-sectoral trade-offs. It brings in a new
dimension to the literature, where most theoretical studies on the impact of a food
subsidy program have primarily focussed on a one (agriculture) sector economy,
as in Besley and Kanbur (1988) and Dutta and Ramaswami (2004).

Our paper also incorporates health in a novel way. We allow food to affect
health accumulation of workers. Greater food intake increases investment in
health, which in turn increases labor capacity of agents in the economy. This
specification draws motivation from Fogel (2004), who postulates two routes
through which improvements in nutritional status could contribute to economic
growth. First, better nutrition increases labor force participation rates by bring-
ing in extremely undernourished individuals into the labor force, and second, it
improves the productivity of workers. We posit that a food subsidy program would
have an immediate effect on the productivity of workers, through the second
route.* There is a vast empirical literature on the positive relationship between per
capita income and health indicators, like life expectancy at birth, infant mortality
rate, height, to name a few.> Across countries and over long time horizons, health
has a significant positive impact on output per worker, improves labor produc-
tivity, and hence leads to higher economic growth (Arora (2001), Mayer (2001),
Bloom et al. (2004), and Weil (2014)). Healthy individuals live longer, work more
efficiently, and face lower economic costs of illness. Investments in health inter-
ventions may be important for equitable income distributions and also to escape
poverty traps (Chakraborty et al. (2016)).

In our model economy, there are two household-producers—a farmer and an
industrialist. We allow for different subsidies to these households to be able to
track their effects on the economy. The subsidy program imposes an income tax
on the industrialist, and thereby the immediate effect is to lower her production
of the manufacturing good and accumulation of capital. While the subsidy pro-
gram unequivocally improves the health status of all beneficiaries, these effects
contribute to economic growth after a long lag. Over time as health accumulates,
it manifests in higher economic growth and eventually increases manufacturing
output and aggregate real GDP.

Our simulations suggest that there may be no subsidy combination in which
both agents together are better off. This highlights that the government needs
to be prudent in choosing the level of subsidies to agents as different subsidy
combinations have differential effects across households. This finding is robust to
the distribution of farmer and industrialist households in the economy. For most
range of subsidies, social welfare is lower in the subsidy program.

We feel that the paper has a couple of contributions to the literature. First, we
model nutrition in a growth framework. While there is extensive empirical doc-
umentation on this channel, its implications have not been captured sufficiently
in theory. We show that food intake and nutrition improve labor productivity.
Second, we emphasize the sectoral and the distributional trade-offs of the subsidy
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program. The program improves health, which by itself, is an important outcome.
It, however, does not guarantee increase in output or welfare.

In the next section, we model the income tax regime and present the simulation
results in Section 3. Finally, Section 4 concludes the paper.

2. THE MODEL

The economy comprises of a government and two households: a farm house-
hold and an industrialist household. As in Jiny and Zengz (2007), the farmer and
the industrialist are household producers. They maximize their own utilities sub-
ject to their own budget constraints, where the two households work in different
occupations. The government provides a subsidy on food consumption to both
households by levying an income tax on the industrialist.

Households consume food for two reasons: to enhance utility and to improve
health. We feel that the second purpose is a novelty of the paper. There is a vast
existing literature that discusses the effects of food consumption on health out-
comes. Better calorie intake is associated with better health outcomes (see Strauss
and Thomas 2008). In fact, Deolalikar (1988) stipulates that the stock of health
(measured as weight-for-height) is a cumulative outcome of nutrition intake. The
effect of nutrition on labor productivity is significant in the medium term to long
term. In our framework, we assume a similar role of food—as an input in health
investments.

It is hard to calculate how much of food intake is for pleasure and how much
goes into health investments. While there are some very clear “bad foods” like
sweets or aerated drinks, most food products, like fruits, chocolates, proteins
(fish, meat, pulses), to name a few, are hard to categorize by their purpose of
consumption. Even when people consciously eat healthy food items, they choose
those which give them pleasure. Thus, we assume that the same quantity of food
gives agents utility as well contributes to health accumulation—food serves dual
purposes.

It is important to highlight that in our economy agents do not get utility from
health. While this would not have any impact on our analysis in terms of the sec-
toral effects, the welfare effects may be sensitive to this assumption. If agents
cared about being healthy, health benefits from a food subsidy program may out-
weigh any potential welfare losses due to lower consumption of goods. But do
people get utility from health? It seems plausible in developed nations where cit-
izens tend to choose their location of work or stay, their social networks, their
habits and cultural activities in accordance with their preference for a healthy life.
We believe that such considerations are not widely seen in the emerging or less
developed economies. In these economies, consumption of food, durables, and
non-durables far outweighs health considerations. Hence, in our model for devel-
oping economies, it is not too unrealistic to abstract from incorporating health in
the utility function.
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Barro (2013) introduces the role of health in economic growth. He assumes that
health investments are similar to educational investments or capital investments
and do not require different inputs. In our model, health investments require food
while capital investments require manufacturing goods.

Differences in occupations stem from differences in asset ownership (see
Motiram and Singh (2012), Blanden (2013) and Azam (2013)). We assume that
the industrialist is born with capital, while the farmer is not. As the farmer does
not own capital, he cannot participate in the production of manufacturing goods.
We assume that the industrialist does not want to participate in labor intensive
work required for agricultural goods production. In practice, differences in assets
between farmers and industrialists are not limited to only ownership of capital
goods. There could be differences in access to good schools, or to high-skilled
worker networks, or even to work locations with modern facilities like electricity
and the Internet. Typically industrialists own better quality assets and the farmers,
working in rural settings, find it difficult to acquire them (see Honohan (2006),
Honohan (2008), and Bhattacharya and Patnaik (2016)). The question is whether
a policy on health improvements is able to achieve economic and welfare gains
in the presence of these resource differences between farmers and industrialists.
This paper does not find so.

The production structure is as follows. The farmer supplies his own labor to
produce two agricultural goods, a food crop and a cash crop.® The industrialist
produces the manufacturing good using her own labor, cash crop, and capital. As
explained earlier, the same quantity of food gives utility and health benefits. The
manufacturing good is separately used for two purposes: a part of the manufac-
turing good is consumed by agents for utilitarian purposes and the other part is
used to produce capital for the next period. The usage of the manufacturing good
is standard in the literature.

2.1. The farm household

The representative farm household has a fixed number of Ly members, each born
with Hy; units of health at time ¢. Time is continuous. Each member derives utility
from consumption of food (x,,), manufacturing goods (x,,), and leisure (x;). The
farm household’s instantaneous utility function is

Ui =Ly [¢1 Inxg + @2 In X, + 3 In xy],

where 0 < ¢y, ¢, ¢3 < 1 and ¢; + ¢ + ¢3 = 1. For the sake of simplicity, we use
log linear, homothetic preferences.’

The same unit of food consumption also adds to farmer’s health.® Similar to
Kelly (2017), an individual’s health accumulates as

Hy=NH}x, " —8Hp, 0<y <1, 1)

where N is the health technology parameter. Instantaneous investment in health is
based on a Cobb—Douglas interaction between the existing stock of health and the
consumption of food, where y is the weight on health. In each period, the stock
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of health depreciates at the rate of §, > 0, which can be attributed to aging. We
look into the aspect of nutrition and health, unlike Kelly (2017) who analyzes the
role of medical goods in health investments. Here, more food intake implies faster
health accumulation.

The farm household produces a food crop and a cash crop using labor in a
CRS technology, that is, Q,, = ALy, Q. = CL,,, where subscripts a and ¢ denote
food and cash crops, respectively, Q is for output, L for labor inputs, A and C
are respective food crop and cash crop productivity parameters. The household
employs its total health stock for leisure and labor as per the labor allocation rule

LfHﬁ =Ly +Ls+ folt~

The revenue from sale of the agricultural goods provides the farmer’s income,
which he spends on food and manufacturing goods. Therefore, the farm house-
hold’s budget constraint is given by

(1 - Sl)pratxat + fomt :ApatLat + Cpct (Lfot — Ly — folt)a (2)

where s; is the per unit subsidy on food consumption given to the farmer by
the government, and p,, and p. are the relative prices of food and cash crops,
respectively. Here we have used the farmer’s labor allocation rule to substitute
out for L. The manufacturing good is the numeraire. We term (1 — s;)p,; as the
“effective price” of food consumption for the farmer.

The household maximizes its discounted lifetime utility subject to the law of
motion for health accumulation (1) and the per period budget constraint (2). The
Hamiltonian is

Hy =Lye " [¢1 In X0 + P2 In X, + 3 In 3]
+ Wi [ApatLat + Cpcz(Lfoz — Ly — folz) -- Sl)LfPatxat - fomt]
+ [N xir = 81y |

where p is the discount rate, and 1, and u,, are the co-state variables. The choice
variables are X, X, X;; and L, and the state variable is Hy. The optimization

yields:
$1Lre ! Hy,\"
e NO =y (2) = = sOLipapas 3)
Xat Xat
fre "
= @)
Xmt
pre !
= Clipas )
Xit
Apat = CPcr, (6)
Hy vl )
na | YN x_ — 8 | + CLe 1P = — fhos- 7
at
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Equations (3), (4), and (5) are the first-order conditions with respect to food,’
the manufacturing good and leisure, respectively. The optimal choice of labor
gives (6), that is, prices of the two agricultural goods are proportional to each
other. The farm household’s Euler equation is (7). Substituting (4), (5), and (6) in
the farm household’s budget (2) gives his demand functions for consumption of
the manufacturing good and leisure:

_ $opaHp Xat

Xt = . [A (I —s1) Hﬁ] )]
_ ¢3Hy 2 T s

X = @+ oA |: (1 Sl)Hﬁ:| 9

2.2. The industrialist household

An industrialist (or a manufacturing) household has L; members, each born with
Hi, units of health in time period ¢. The industrialist gets utility from consumption
of food (y,), the manufacturing good (y,,), and leisure (y;). Her felicity function
has the same form as that of the farmer. Her health accumulation equation is

Hy=NH] vy " — 8uH. (10)

The industrialist produces the manufacturing good (Q,,,) using labor (L,,;), the
cash crop (g.), and capital (K,) in a CRS technology

Q =M nthctl<1 - IB’ 0<a,,3 < 1. (11)

Sale of the manufacturing good is the only source of income for the industrial-
ist. She pays a per unit tax, 7, € (0, 1), on her income and spends her after-tax
income on consumption of food and the manufacturing good, on purchase of cash
crops, and to accumulate capital. Like the farmer, she also gets a per-unit subsidy,
52, from the government on her food consumption. The industrialist’s household
budget is

(I = s2)Liparyar + Liym + PerGer + kt + &K =1 - TI)MLa[th 1 o ﬂ’ (12)

where & is rate of capital depreciation and her labor allocation rule is L;H;; =
Ly + Liy;,. Her “effective price” of food consumption is (1 — s7)p,,. The indus-
trialist household’s Hamiltonian is given by

ﬁi =Lie " [¢1 Inya + ¢2 Inyu + ¢31n ylt]

| (1 = T)MLiHy — L) oK)~
- (1 - SZ)Lipazyat - Liymt — PetYer — 8sz]

o [ NHY ey = 83 .
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where A, and A, are the co-state variables. Here, v, Yur» Yir, and ¢; are choice
variables, and H;, and K, are state variables. The first-order conditions with respect
to consumption of food, manufactures, and leisure are

Lieipt H; Y
pilie ™ + N —y)hy (y—t) = (1 —s2)Lir1Pars (13)
at at
ot
A, (14)
Ymt
¢3Lie™"" _ ari(1— Tt)th. (15)
Vit (Hit —yu)

The cash crop input is optimally chosen so as to equate its marginal revenue to its
marginal cost:

Onm
Bl — ) =" =pa. (16)
ct
The first-order conditions with respect to the state variables give two dynamic
equations:
: O
Mi=—=ry |(I—a—=B)A —1)— =8|, a7
K,
. (1 — ©)Qm Hi\"™
A=Ay ———— + Ay [YN| — — 8 |- (18)
(Hir — yir) Yat

2.3. General equilibrium

The food crop market clearing condition states that the demand for food by the
two households must equal its supply by the farmer

Lyxa + Liya = ALy 19)

Similarly, the cash crop and the manufacturing goods market clearing condi-
tions are

gt = C(Lfot — Lot — Lgxy), (20)

K + 8K + Lpxins + Liyns = Opr- (21)

The government spends its tax revenue on providing food subsidies. Its budget
constraint is

T Omi = S1LiParXar + S2LiParYar- (22)

The farmer’s demand functions (3)-(4), (6), (8)—-(9), manufacturing pro-
duction function (11), industrialist’s optimization conditions (13)-(16), the
goods market clearing conditions (19)—(20), the government budget constraint
(22), and industrialist’s labor allocation rule L;H;=L,;+ L;y;, constitute
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the fourteen equations of the static system. The 14 dependent variables
{Det> Pats Xats Xmts Xits Yat> Ymes Yie> Lat> Get> Lints Omes T» 1} can be solved as func-
tions of six “independent” variables (A 1 Mgy 21, Kpy Hi, Hﬁ). The evolution of
these independent variables is determined by the dynamic equations (1), (7), (10),
(17), (18), and (21).

2.4. The steady state

Here, we first derive the dynamic system in terms of the normalized variables and
then derive the steady state of the economy. The normalized variables are

Xur e Pt " e Pt " Ay " H;
Xl _ T X2 i —— It= 55 > 2t — T -
" H, " aHy "7 huHp e " Hy
Hiy —yu Yat Ymt K, Om
Whl - Hﬁ ’ I//al‘ - Hft ’ yfml‘ - Hﬁ ’ I//kl - Hﬁ ’ I//(]l‘ - Hﬁ s

In Appendix A, we reduce the static system to six equations in six normalized
variables {1//qt, Wits Wars Pat> Tt X2t}~ These variables can be written as functions
of five “independent” normalized variables (V1,, Y21, Yiss Yirs X11), Whose evolu-
tion is determined by the dynamic system. We enumerate the steps to derive the
dynamic system in normalized variables in Appendix B.

PROPOSITION 1. There exists a unique steady state for the economy.
We prove this in Appendix C.
COROLLARY 1. In long run, the food to health ratio is same for both agents.

In the steady state, y;; = 0 which implies,

z—; =xi- (23)

COROLLARY 2. The farmer’s normalized food consumption at the steady
state, X1, is increasing in his subsidy, s|, and independent of s».

Proof. It follows from (A.17) that dx; /ds; > 0. |
It follows,

PROPOSITION 2. The steady-state growth rate of farmer’s health
(Hf,/HﬂE g) depends on the farmer’s subsidy, parameters of the preference
function, discount rate, and health accumulation function parameters, g =
Ny — 6.

We prove this in Appendix D.

COROLLARY 3. The long-run growth rate of sectoral outputs is g. The
relative price of food is constant in the steady state.

In the steady state, the normalized variables ¥ * are constant. Hence, H;;, Q,,, and
Qur grow at the same rate as Hy,.
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PROPOSITION 3. There exists an upper limit on sy.

Proof. Substituting the agricultural goods’ relative price expression (6), the
demand functions (9) and (16), and the food market clearing condition (19) in the
cash crop market clearing condition (20) gives

Ow | Lia ¢ (@2 +s1¢3)Lyxu

-7 +
PO e T Cly = it s T a0y

In the steady state, this relationship in normalized variables is

1/’_; . Ly _ 033 ALy — (¢ + s103)Ls X}
)2 C 2+ @3 (2 + ¢3)

As x{ is increasing in s, (Proposition 2), the RHS of the above equation is nega-
tively related to s;. The LHS of the above equation must be positive, which limits
the value of 5. Intuitively, an increase in farmer’s subsidy increases his food con-
sumption and leisure. This increase may be so high that the farmer may choose to
not supply any food or cash crop to the industrialist. Thus, there is an upper limit,
denoted by 5y, at which

(03] AL (2 +s193)Lr xi (51)
f -
2+ ¢3 (2 + ¢3)
where x;(-) derived from (A.17). [ |

B —1)

0

We resort to numerical simulations to characterize the steady-state properties.
Let us first define the conditions for stability in a multi-variable dynamic system:

DEFINITION. Consider the following linear differential equation system:
O =A3); H=y—)",

where y is a vector of n variables, with m < n is the predetermined number of state
variables, initial value y(0) is given, y* is the steady state of the system, and A is
an n x n matrix. Suppose that I(< n) is the number of the eigenvalues of A have
negative real parts. Then, there exists an I-dimensional subspace L of " such that
that starting from any y(0) € L, the differential equation has a unique solution with
¥(t) — 0. Further, if | = m, the system is saddle-path stable, with unique optimal
trajectory. If | < m (or | > m) the system is unstable and y(t) does not converge to
the steady state (or the system is indeterminate and multiple optimal trajectories
exist). |

We derive the linearized system of dynamic equations around the steady state
in Appendix E. For any initial values of Ko, Hyo, and H,o, we get two initial val-
ues of normalized variables o and ;. Through numerical simulations, we find
that the steady state is saddle point stable. We get two real negative eigenvalues
of the transition matrix, which imply that the economy has a unique path to the
steady state. Simulations show that very high values of manufacturer’s subsidy
(s) may make one of the eigenvalues imaginary with negative real part. In this
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case, the system would spiral to the steady state and the dynamics will be asymp-
totically stable. We do not consider such range of subsidies which yield imaginary
eigenvalues.

3. NUMERICAL SIMULATIONS

We base our numerical simulations on India, which is the latest developing coun-
try to have implemented a large food subsidy program. The effects of the food
subsidy program, however, would be relevant for other developing countries.

The structural parameters for India are fixed in accordance with the existing
literature. As in Gabriel et al. (2012), we set the discount rate, p, at 0.02 and the
annual depreciation rate of physical capital, &, at 0.1. We calculate the preference
parameters using data from the RBI Handbook of Statistics and the CSO database,
which gives detailed input-use data by sectors for the period 1999-2007.

In the utility function, ¢; 4 ¢, is the weight on consumption goods hence the
remaining weight, ¢s, is

$3=1 <
3= Y’

where C/Y is the ratio of private final consumption expenditure to GDP, aver-
aged over the years 1999-2007. We get ¢3 =0.4. As the households consume
two goods, food and the manufacturing good, their weights are calculated as per
their share in value added:

o Vs XC¢— Vu ), C
\vyrv) Yy P vyl ) T Y

where V4 and V), are the average agriculture and manufacturing value added for
the period 1999-2007. We obtain ¢; = 0.36 and ¢, = 0.24.

The value of manufacturing output equals the sum of expenditure on its inputs,
that is, wage payments, capital payments, and the spending on cash crop interme-
diates. Similar to the methodology in Verma (2012), wage payments are estimated
by compensation to employees, and the capital payments by the sum of consump-
tion of fixed capital and operating surplus. The estimation of expenditure on cash
crops inputs is a more involved process. Dholakia et al. (2009) tabulate the input—
output (I-O) tables for the years 1999 and 2003 for India. They report that the
cash crop constitutes about 8.7% of the total intermediate input costs. Together

we get,
Wage
o Compensation
Wage Fixed Operating 8.7% of
Compensation Capital Costs = Surplus Intermediates Costs

which gives o = 0.19. Similarly, we calculate the share of cash crop and capital:
B=025and 1 —a — B =0.56.
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We look into the health and nutrition literature to estimate the parameter y.
Scientists have documented the importance of both diet and exercise in improv-
ing health outcomes, such has to increase metabolism or lower obesity (Curioni
and Lourenco (2005) and Bo et al. (2008)). In our health investment function, diet
could be captured by food intake and exercise by initial health levels. Healthier
individuals exercise more. Practitioners put a greater emphasis on healthy diet in
comparison to exercise—around the order of 80% on food intake and 20% on
exercise (Lawler (2017), Leal (2018), and Edwards (2018)). Based on National
Health expenditures accounts of the USA, Kelly (2017) estimates expenditures
on medical goods. In her model, healthcare alone contributes to health invest-
ment and she estimates 67% (or 33%) of expenditure on health investment is due
to her choice variable, healthcare (or non-controllable factors). We assume the
initial stock of an individual’s health is a proxy for Kelly’s non-controllable fac-
tors. Based on nutrition studies or on the USA health expenditure accounts, the
estimated y comes out to be in the range of 0.2-0.33. In absence of any similar
India-specific studies, we assume the parameter to be somewhere in between,
that is, y = 0.25. Further, based on Kelly (2017), Mitnitski et al. (2002), and
Rockwood and Mitnitski (2007), we assume aging is equivalent to a per period
depreciation in health and in accordance with their estimates we set the health
depreciation rate, §;, at 0.04.

We assume the productivity parameters atA=C =M = 1. We set N =0.137 to
match the growth rate of GDP in our model with the 8.67% annual growth rate cal-
culated from data. The farmer’s household is assumed to be twice as large as the
manufacturer household, Ly = 600, L; = 300. Since we are interested in analyzing
the effect of the subsidies, we conduct our numerical experiments for different
values of s; and s, € [0, 1).

For our model, we find that the highest feasible value for the farmer’s subsidy
is 3.8%. The industrialist’s subsidy could be as high as 63%. We look at the effect
of the subsidies first on the steady state of normalized variables; second on the
growth rates and the time trends of sectoral outputs and prices; and finally, on the
welfare of agents.

3.1. Effect on taxes

An income tax on the manufacturer’s income is imposed to finance the food

subsidy program. Hence, the steady-state income tax rate increases with the subsi-

dies, that is, T* = 7*(sy, 52). We plot the steady-state tax rates for different subsidy
+ +

combinations in Figure 1. The x-axis denotes the farmer’s subsidy (s;) and the
y-axis captures the variable of interest, here tax rates. We plot separate curves for
different values of industrialist’s subsidies (s;). As one moves from the black solid
line to the purple dotted line, the entrepreneur’s subsidy increases. In the absence
of a subsidy program, tax rate is zero which is depicted by the blue square. We
follow this graph color key for all plots.
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FIGURE 1. Effect of subsidies on tax rate, 7*.

On a practical aspect, the model cautions about the magnitudes of the subsidy.
There is a range of feasible subsidies as well as a range of implementable ones.
For example, in our model a 3.5% subsidy on food consumption to the farmer
and a 1% subsidy to the manufacturer is equivalent to an income tax rate of 60%,
which is clearly an exorbitant number (Figure 1). We estimate the burden of the
program to be about 1-6.5% of GDP. This is clearly more than, say, the Indian
government’s allocation of 1% of GDP for the food subsidy program for the year
2018 (India Budget 2018). Our estimated fiscal burden of the food subsidy pro-
gram is consistent with Kozicka et al. (2017), who estimate it to be at least 1.6%
of GDP.

To compare food subsidy costs across developing countries, we look at the
study Ter-Minassian et al. (2008). They report that in order to address concerns
of food security some countries have lowered import taxes on agricultural goods,
while others have increased public outlays in food subsidy programs. In 2007—
2008, the median fiscal costs of such “tax decreases” was around 0.1% of GDP
and median costs of “increasing subsidy” was 0.2%. More than 22 countries
incurred fiscal costs by increasing the food subsidies. In particular, countries
like Burundi, Egypt, Jordan, Maldives, Morocco, and Timor-Leste approximately
spent over 1% of GDP on food subsidies, with Maldives allocating the highest
share, 3.6% of GDP, to their food subsidy program (Demeke et al. 2009). These
numbers from developing economies’ food subsidy experiences are comparable
to our estimates based on the Indian data.

3.2. Effect on agricultural outputs

To understand the effect of the subsidy program on agricultural outputs, we first
look at their effects on the demand for food, x; and .
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FIGURE 2. Effect of subsidies on normalized food output.

As shown in Proposition 2, x; =lim,_, o (xu,/Hf,) = x{(s1, s2). Further, simu-
+ 0

lations show that the normalized industrialist’s food consumption falls in s; and
rises in s7, ¥ = ¥} (s1, s2). For given prices, an increase in the industrialist’s sub-
-+

sidy lowers her effective price on food, (1 — s2)p;. However higher subsidies,
s1 and s,, also increase the tax rate and hence lower her after-tax income. The for-
mer price effect would increase demand for food, while the latter income effect
would lower demand for food. The subsidy s; affects only through income so it
unequivocally lowers /. In contrast, the effect of s, is theoretically ambiguous—
there is a positive effect through effective prices and a negative effect due to lower
after-tax income. Simulations yield that in log linear preferences the effective
price effect dominates.

The food subsidies to an agent increase their own demand for food. The cross
effects of subsidies on the other agent’s food demand is weak. Adding both
agents’ food demands,

0.\"
=" — L * L[ *
(Hf £ X1 + wa
we get that subsidies increase food output, (Q./Hf)*(s1, s2). We show this in
+ +
Figure 2.
Higher taxes in the subsidy program lower the marginal product of the cash
crop and hence its demand. Thus, subsidies have a contractionary effect on the
cash crop output, Q./Hy(s1, 52).

3.3. Effect on capital and manufacturing output

Subsidies affect manufacturing production primarily through income taxes. In
the steady state, subsidies unequivocally increase taxes, and lower the marginal
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FIGURE 4. Effect of subsidies on normalized capital, ;.

products of labor, capital and the cash crop. This disincentivizes production of
the manufacturing good. We show in Figure 3 that the higher the subsidy, lower
is the normalized manufacturing output, w;‘ = ‘ﬁ; (s1, 7). Lower after-tax income

also depresses capital accumulation and hence leads to lower levels of steady-
state normalized capital, that is, ¥ = ¥ (s1, 52). We plot these subsidy effects in

Figure 4.
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FIGURE 5. Effect of subsidies on relative price of food, p}.

3.4. Effect on relative prices and GDP

As shown in Figure 5, the relative prices of food are negatively related to the
two subsidies, that is, p¥ = p*(sy, s2). To understand this, recall that the subsidies

increase the demand for the food crop and reduce the supply of the manufac-
turing good. The nominal price of both the food crop and the manufacturing
good increases. Our simulations suggest that the increase in the nominal price
of the manufacturing good is higher than that of the food crop, which implies
that the price of the food crop relative to the manufacturing good falls with sub-
sidies. Thus, both subsidies lower p. Further, since p} is proportional to p}, as
in equation (6), the steady-state relative price of the cash crop also falls with
subsidies.

In the steady state, the subsidy program has an overall negative effect on the
normalized aggregate real GDP, shown in Figure 6, ¥y = ¥y (s1, 52). Similar to

Ghate et al. (2016), we normalize aggregate real GDP as

#1
e Ye Y ph(Lexy L) + v
Wy = lim — = lim = 7 ,
t—00 Hft t—00 Hﬁ‘ 7¢]+1¢2

*
a
where we assume that the price index is a composite of prices of final goods, each
weighed by their relative shares in the utility function. Food and manufacturing
consumption have a total weight of (¢; + ¢») in the utility function of which ¢ is
the weight on food. The fall in relative price, p;, and manufacturing output, ¥, is

more than the increase agents’ food demand, Ly x; + L;;. Subsidies, thus, lower
normalized real GDP.

https://doi.org/10.1017/51365100519000580 Published online by Cambridge University Press


https://doi.org/10.1017/S1365100519000580

810 PAWAN GOPALAKRISHNAN AND ANURADHA SAHA

600
550
500 |
450 |
400 |
350 |
300 |
250 |
200 |
150 | LR 4
100

— S, = 0.01
= 5,=0.31
wnnn Sp=0.61
Il No Food Subsidy

Y,/H;

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
$1

FIGURE 6. Effect of subsidies on normalized real GDP, 11’33-

3.5. Growth effects and time trends

So far, we have focussed only on the effects of subsidies on long-run levels of
the normalized variables. We now look at the effect of subsidies on the short-run
and the long-run growth rates. The eigenvalues of the transition matrix determine
the rate of growth in the short run. Numerically, we get that both subsidies lower
these eigenvalues, ¢ and ¢,. The long-run growth of the economy depends posi-
tively on normalized food consumption, (x,/Hy)*, which increases with s; and is
independent of s,.

Subsidies may have opposing effects on the levels of normalized variables and
their growth rates of the economy. To analyze the net effects of subsidies on
selected macroeconomic variables, we plot their time trends. Since all our simu-
lations are based on annualized parameters, each time period corresponds to one
year.

We focus on the trajectories of the manufacturing output, food output, the rel-
ative price of food and the real GDP. As expected these variables grow over time.
Omts Qur> Par» and Y, are positively sloped and convex in time ¢. The key ques-
tion is to determine how do these subsidies affect the path of these variables.
To answer this, we plot the percentage deviation of the trajectory in a subsidy
program from the trajectory in a no-subsidy program in Figure 7. We choose
three combination of subsidies. In Figure 7, the solid black line depicts the low-
est subsidy combination s; = 0.01, s, = 0.15. The dashed purple line maintains
s at 0.01 and increases s, to 0.5. The dotted black line increases s; such that
s1 = 0.025, s, = 0.15. The initial values of the state variables in the simulation are
set at Hfo =2,H;y=0.0357, Ky = 121.10.10

Consider the black solid line. The subsidy program initially lowers manu-
facturing output but soon the deviation reduces. Around time period 450, the
manufacturing output is higher in presence of the subsidy program. The subsidy
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FIGURE 7. Effect of subsidies on trajectories of manufacturing output, food output, relative
price of food, and real GDP.

program increases food output for all time periods. With respect to relative food
price, it initially increases in the program but falls over time. Finally, the subsidy
program has a u-shaped effect on real GDP. Initially when the program increases
relative price of food, it also increases real GDP. Then again post time period 150,
when increase in food output is more than the fall in manufacturing output, the
program again raises the real GDP. However, in the interim for about 140 years,
the real GDP is lower in the subsidy program.

Subsidies, therefore, affect output trajectories in three ways—through short-
run growth effects, through long-run growth effects and through long-run level
effects. Initially, subsidies lower short-run growth rates, captured by ¢; and &3,
which slows growth of these variables in the presence of the program. The initial
effect of the subsidies is to slow down capital accumulation which also lowers
GDP. Over time as health accumulation of the agents improve, the subsidy pro-
gram increases the long-run growth rate of the economy.!! Along the balanced
growth path, real GDP is higher in the presence of the subsidy program. But are
the short-term costs worth the gains in the long run? To assess the impact of the
subsidies over an agent’s lifetime, we look at the welfare effects.

3.6. Effect on welfare

‘We calculate the discounted life-time welfare as follows:

o0
Wy =Lf/ e [ InXgr + ¢ In X, + 3 Inxy] dt.
0
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FIGURE 8. Effect of subsidies on farmer’s welfare.

The food subsidy program increases the farmer’s demand for food, and lowers
his leisure and the relative price of food. Lower food prices reduces his income
which results in lower consumption of the manufacturing good. As we show in
Figure 8, the welfare of the farmer falls with both s; and s,. It appears that the
negative effects on manufacturing consumption and leisure affect welfare more
than the positive effects of higher food consumption.

We get a similar expression for the welfare of the industrialist

o0
Wi=L / ¢ [0 10 Yur + 2 10 Y + 63 In yi ]
0

As in the farmer’s case, a subsidy program lowers the manufacturer’s after-tax
income. While s has an obvious overall negative effect on W; through lower after-
tax income, the effect of s, is theoretically ambiguous. Simulations suggest that
s> has a positive effect on W;. For a given level of sy, a higher s, is equivalent to
returning some of the manufacturer’s taxed income back to her household. In fact,
for some subsidy combinations the industrialist may be better off in the subsidy
program. If s; is small and s, is at medium levels, the health benefits outweigh
the tax burden. We see this in Figure 9.

Finally, social welfare is calculated as

Wae = Wy + W,

Figure 10 plots the subsidy effects on social welfare. When s is low and s, is
at medium levels, the program’s positive effect on the industrialist’s welfare may
be more than its negative effect on the farmer’s welfare.'? In such a combination
of subsidies, the program may improve social welfare. However, the range of
subsidies for such an outcome is very limited. It is unlikely that a fiscal policy may

https://doi.org/10.1017/51365100519000580 Published online by Cambridge University Press


https://doi.org/10.1017/S1365100519000580

DYNAMICS OF FOOD SECURITY POLICY 813

x 104
1 -
—52=0_01
e, - 5,=0.31
0.5 N, wenn S,=0.61
Bl No Food Subsidy
0+
=
-0.5 |
-1 L
-1.5 . . . . . . . )
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
$4
FIGURE 9. Effect of subsidies on entrepreneur’s welfare.
4
10 x 10
—32=0.01
- Sp=0.31
9.5 wans Sp=0.61
l No Food Subsidy
9 [
g‘ 85 .
=
8 L
75 t
7

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
$q

FIGURE 10. Effect of subsidies on social welfare.

be able to correctly target these subsidies. In general, therefore, food subsidies
adversely affect the welfare of agents in the economy.

The effect of subsidies on social welfare may vary with the size of the house-
hold. To assess the effect of the household size, we plot social welfare as a
function of the relative size of the industrialist’s household in Figure 11. We find
that social welfare is lower in economies with more industrialist households. A
smaller proportion of farmers would produce less food and hence agents’ health
and growth rate would be lower. As noted earlier, there may be some combina-
tions (low s;, medium s,) which may increase social welfare. But for a larger
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range of subsidies, it is not so. The effect on welfare is more sensitive to changes
in s; than in s,.

4. CONCLUSION

Food subsidies are good politics, but bad economics. These are typically populist
moves which signal benevolence of the government (Kotwal et al. (2014) and
The Economist (10 February 2018)). In this regard, the literature has extensively
discussed two issues: what should be the form of these policies, and what are the
health effects from these policies. In contrast, this paper analyzes the effects of a
food subsidy program on output and welfare.

It is a well-established fact that improvement in nutritional intake improves
health and productivity of workers. The channel of health improvement to
economic growth crucially depends on participation in the labor market. This
mechanism is weak in the presence of a fragmented labor market. In our model
economy, labor is immobile across occupations and asset ownership favors indus-
trialist in terms of access to savings technology. In such a setting, while a food
subsidy program improves nutritional intake and hence health, it does so at the
expense of other goods. Manufacturing goods production and capital accumula-
tion gets adversely affected for a very long time period. It affects consumption
of manufacturing, and hence reduces welfare. In fact, the policy leads to a fall
in relative price of agricultural commodities which itself may hurt the farmer. In
terms of aggregate GDP, the subsidy effects are mostly negative in the short run
and positive in the very long run.
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The analysis highlights that quantitatively, the level of subsidies to different
agents as well as the tax burden, could be substantial.

We feel that the model can be extended to address more questions. The frame-
work could look at good nutrition and bad nutrition; where the former creates
healthy workers and the latter creates obese or malnourished workers. In such
an environment, the food subsidy program would incentivize good nutrition and
would exhibit larger health benefits. The paper highlights the need for policy
sequencing. The benefits of a food subsidy policy on health are unquestionable.
However, we need to improve the non-industrialist household’s (in our case, the
farmer’s) access to investment technologies, be it financial markets, improve-
ments in human capital or access to high skill networks, to witness a positive
impact on the economy. These potential gains may be higher if skill improvement
programs or financial inclusion schemes were introduced before or with the intro-
duction of food subsidy programs. Finally, there are questions on the effects of
the program in an open economy. The model predicts that the subsidy program
will lower prices of agricultural goods, which in a large open economy, would
have global effects on trade patterns. We leave these for future work.

NOTES

1. In 2013, the nine countries that recognized the right to food as a separate and stand-alone right
were Bolivia, Brazil, Ecuador, Guyana, Haiti, Kenya, South Africa, Nepal, and Nicaragua (Knuth and
Vidar 2011).

2. FAO et al. (2017) document that there are about 815 million undernourished people in the
world. See Barrett (2002) for an overview on food insecurity and food assistance programs around the
world.

3. Yaniv et al. (2009) conducted a similar empirical study to assess the effects of fat tax and thin
subsidy across weight-conscious and non-weight conscious individuals.

4. Increasing labor force participation rates would not only require better nutrition but also ability
to meet minimum job requirements, in terms of educational ability or access to job market networks.
Thus, the effect of better nutrition on labor force participation, as implied by the first route, may be
weak.

5. See Weil (2014) for an overview.

6. Instead of cash crop, this second output may also be considered as low-skill services. This
output forms an additional link between the food and the manufacturing sectors. It provides the farmer
an alternate form of employment.

7. Alternate utility functions, like Stone—Geary preferences with subsistence consumption of food,
or CRRA or CES preferences could also be used for this problem. Stone—Geary preferences (such as
U=L[¢ In(c, —a)+ ¢, Inc, + (1 — ¢, — ¢,) Inc], where ¢; is the consumption bundle of good j
and a is minimum level of food consumption required for survival) would affect transition dynamics
but the system would asymptote to the steady state, exactly the same as in our main model. CRRA
or CES preferences, on the other hand, bring in cross-price effects. For one thing, that adds another
layer of interaction between sectors through demand functions, and for another yields non-closed form
expressions for manufacturing and leisure demand functions. However, even in these preferences the
key predictions would not alter. As long as food and manufacturing goods are imperfect substitutes,
the subsidy program would adversely hit the manufacturing sector more than it would benefit the
agriculture sector—thus the sequence of effects of the subsidy program would follow.

8. This dual benefit of food contributes to the complexity of the model. We do not get closed form
solutions for most of our variables.
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9. In the presence of non-homothetic preferences, the farmer’s optimal choice of food would be
such that:

¢ Le™""

Hy 7
N(1 — — ) =0 —-s5)L ats
(i —ajxn) + N( V)l (x ) ( SOLf L1 Par

at
where as the economy grows, the health of agents as well as their food consumption grows. Hence, as
t — 00, X, — 00 or a/x, — 0, so the system asymptotes to the model with homothetic preferences.

10. The initial point of the economy is assumed to be close to the steady state, so that the linear
approximation closely matches the actual path. We choose v/, = 0.4v and g = 0.6v, where
and v are the steady-state values of manufacturer’s normalized health and normalized capital in the
no-subsidy program.

11. The long-run benefits of health improvements, through better nutrition and reduction in parasitic
and infectious disease, are well documented in Madsen (2018).

12. For s; < 0.0025 and s, = 0.01, the social welfare is higher in the subsidy program. Increase in
51 lowers social welfare. However as the curves cut each other, the effect of s, does not appear to be
uniform for different values of s;.
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TECHNICAL APPENDIX

APPENDIX A: THE STATIC SYSTEM

We use (4) and (8) to substitute for uy,p, in (3) to get:

hilye™” + N = y)us (ﬂy (I —s)L (s + ¢3) e

T AH /X)) — (1= 51) X

In terms of normalized variables, this can be rewritten as

zNa—wﬁﬁ_Fm+@xrwo
L A/ — (=)

We rewrite the manufacturing production function (11), the industrialist’s optimiza-
tion conditions (13)—(16), the food and cash crop market clearing conditions (19)—(20)
combined into one equation, and the government budget (22) in terms of normalized
variables:

at at

X2t

-1
— ¢1] = O(x1). (A.1)

1=\ o c\’
wat*ﬂ :Cl'(//;:tt (T‘L—t> klt *p where Cy EML(II (i) (A.2)

at A

Y. N1 —y) (1//ir>y
L—+— 22 ) =1 =s)Lipa A3
¢l Wat + 1;[/21 %1 ( S2) P ( )
Ve = P21 (A4)

a(l — Tr)‘/fqt
t = it A5
Y T = g + oLt A3
g = PE T (A6)

Par
(1 - t) t L

B P:r i = % 4{(]53 [$2A + ¢3(1 — s x1d — L xie — Livva (A.7)
fz@ =s1Lsx1 + s2Liva (A.8)

at
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The eight equations (A.1)—(A.8) can be solved to get { x2r, Vgi» Verr Vi Wars Wonts Pars Trs } @S
functions of the vector (Y, Y2, Yiss Yir, X1:)- This is the static system of the normalized

variables.
In the Appendices, we denote the steady-state variables without subscript 7. Thus, the

variables x* in the main paper are described as x in the Appendices. Differentiating this
static system around the steady state, we get the matrices:

M,Vp =M,V (A.9)
where Vp and V; are the matrices of dependent and independent variables
dwqt d 1/flt
d 1,0;,, d sz
VD = dl//m 5 Vl = dl//kt
dp dyri,
dr, dxu

The coefficient matrices M; and M, are

o 0 my —(-s)L 0 _ i
_¢1Li e 0 m? 0
a ) ,(// 12 14
My, 1 0 0 M5 a
mg 0 0 my 0
B —1) BA -0y BY,
m=|——> 0 L ——— = M, = >
1= Pa Pa pa > M= 0 o0 0 0 my |
T 147 ¥,
— 0 —sL ——! - :
” woon 0 0 0 0y
-  « 0 B B 0 0 o 0 0
L ¥y Iz Pa (I-1) ]
where the terms ) are entries for matrix M, in row a and column b:

(|)__¢1Li1ﬁ1 _ N1 —vy)y (ﬁ)y ) — _ ¢sLia(1 — o)UY,

I T ? T @ — oY+ L)

ay _ ¢3Li0quW1‘ﬁi @ _ N1 —y) (ﬂ)y

Mys = 3> my, = 3 )
(a(l = )y + ¢p3Lin) ¥ Va
2 _ _N(l Y)Y (ﬂ)y @ _ da(l — )Y, ¥l
my = > my = 3
oY \Va (a1 = )9y + psLivh)
mgi) _ a(l — T)l/fq , mgzﬁ) _ <¢3(1 —51) _ 1) L.
a(l =)y, + 3L G2+ P3

APPENDIX B: DYNAMIC SYSTEM IN
NORMALIZED VARIABLES

We use (4), (6), and (8) to substitute for py,p., in (7) to get:

Hi "™ ALi(r+¢3) e
. [VN <7> - ‘Sh} T A5~ (=) 3w
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This expression and the farmer’s health accumulation equation (1) in terms of normalized
variables yield

fo _ Hy
X2t 2y Hﬂ

X

(2 +d3)ALr X2

=—p— (L= PINx, 7+ = 2 =Y Gt ). (A.10)
" A= (=) o
The above equation together with (A.1) gives
Y(x1, ® ®
S = X1, O(x10) (Xlt). (A.11)

O'(x11)

Now, the difference in growth rates of health accumulation of the two agents gives
VYie/ Vi = Hy /Hy, — Hfz/Hfr and hence,

i N\ U=y
Vi _n ( L ) — Ny, 7. (A.12)
lpiz‘ l//m
Similarly, from the difference of growth rates of the co-state variables, {bz, V= )\1 A —
Aot/ Aas:
Y Vg ( Vi )“” Y
— =a(l—1) +yN —(l—a—-p0—-1)— =8, + 8. (A13)
sz ! l/lm v 1pm ! wkl ! g
Next, we rewrite the dynamic equations (17) and (21) in normalized variables,
@=—ﬁ+(1—a—ﬁ)(l—fx)@—l\’xllf"-ﬂ?h—@k, (A.14)
ll,lt l//kt
@ _ Vo $Lypa Vi

_Ya  OFPa 4 D —oli— — Ny +8,— 8. (A5
Ve V@t T TI00 mRlip N T b = b (A

Equations (A.11)—(A.15) constitute the dynamic system in normalized variables.

APPENDIX C: EXISTENCE OF UNIQUE STEADY
STATE

At the steady state, t'pl = fﬁz = 1'0,- = fﬁk = x; = 0. We suppress the time subscript to denote
the steady-state values. The system of 13 equations (A.1)-(A.8) and (A.11)—(A.15) can be
solved to get the steady-state values of 13 variables: V1, ¥, Vi, Yk, X1, X2» Ygs Ve Yims
Yn, Yas Pas T- We get a unique value of yx; from equation (A.11) at x; = 0. It follows from
(A.1) and (A.11) that at the steady state both x; and x, are constants. Further,

P
= A.16
X2 L ( )
L [@2 4 )0 —s1) B
=N(1 - Iy | 2= PR T . A.17
p=N1=y)x |:A/X1*_(1_s]) b1 (A.17)
Note, a feasible solution such that xj,x >0 exists for A/yx(s;)+s;>1>

1A/ x1(s1) + 51
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At «ﬁi =0, ¥,/ = x1. At 1&. =0, we get that marginal product of capital is constant,

1- N, 7 +p—8+38
1=y _Nx A p— ot — e (A.18)
Yk l—a—-p
We follow a series of algebraic manipulations to get the steady-state expression for .
First, equations (A.7) and (A.8) together yield

C L,‘
% = é +s1Lexy + (SzLi - E) Vas (A.19)
L,
where c¢3= ¢2_{{¢3 (A + ¢3(1 —s)x1) — Lexa-
Second, substituting (A.18) and (A.19) into (A.15) with 1/'/k =0 gives
Do, e
1 3 C3 1- $Ly
h = — +s51L¢ — (8, — 8 —Ny;, V)— ——L—(A—-(1—3s ,
where ¢4 oL, [ﬂ +s1Lexa + Bes ( I3 k X1 ) 0+ 6 ( ( S1)X1)
1 1 1 =y
cs=@ [SZ—B—E (511_5k_NX1 )]
Third, at 1&2 =0, we get from equation (A.13)
1—1 1 _
Ad-ovgy, _ 1 [(1 —a—B)er + 8 — & — YNy, y] =6 (A.21)
¥ o

This expression together with equations (A.5), (A.7), and v, /y; = x; gives

1//11 :(l_r)l/fq.ﬁ. wh
V2Pa Pa Vi (1 =0)Yvn

L,‘ L,‘ 1
C7E£|:9+¢3 04], o5 = X1 |:_7+¢3C5:|.

¢ LB o Co B«
Note, each constant, c, is a function of subsidies. Finally, using equations (A.20) and (A.22)
in (A.3), we get a unique value of v,
¢1Lics + (1 — y)Nesx, "
(I —=s2)L; — ¢1Lics — (1 — )’)NCSXfy

We can retrace our steps to derive the steady-state values of the remaining normalized
variables.

=c7+ s (A.22)

where

wa:

APPENDIX D: LONG-TERM GROWTH

The variable x;, is food to health ratio for the farmer. In the steady state, (A.17) gives
constant x; and hence from (1) we get that Hﬁ /Hp; is constant. Equations (1) and (A.17)
together imply that the long-run growth rate of Hj is determined by s, p, prefer-
ence parameters (¢;, ¢, ¢3) and health accumulation function parameters (N, y, §,). The
steady-state growth rate of farmer’s health is

g=Nx;'""7V =6 (A.23)
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APPENDIX E: TRANSITION DYNAMICS

Differentiating the dynamic system (A.11)—(A.15) around the steady-state yields

Vi =MsVp + MV = [MsM;' My + My )V, (A.24)
where we have also used the matrix relation (A.9). The matrices are
[miy 0 0 0 my] T 0 0 m® 0 —N1—y)x "y
5 myy mgy 0 ms 0 m$) m m 0
My=| 1 0 0 my 0 My=|—goL; 0 m) 0 md
v 0 0 0 mY @

0 0 N(l-yp) " 0 0 Myy Mys
Lo o 0 0 0 Lo o 00 ms
(3)_(1—a—ﬂ)(1—f)¢1 ' (I —a—B)ygyn
myy wk ’ ms 1//]( >

2

3) ayn 1—01—f3] 3 o=,
my =(1— )1//[ -, moy) =——— 279

2! v Vi 2 vl

N\ —(1=y)

@ _ Ny =y (%) 3) [ gy (l—a—ﬂ)lﬁq]
m =70\~ > m = 1//-2 - + >

3 Va Va » ¥ Vi

oM _ Palp(A = =s1)x1) RO (I—a—-p)1- t)wqwl

"= G2ton B w2

m a(l =)y m (l—a-p)1- f)llfql/fz

myy Vn ’ my3 = ‘/’k

@ Ny =y (ﬁ)‘“‘”

"4 Vi Ya ’

RON [ $2Lgpa(A — (1 —s1)x1) ]

=—|—vYy+ + oLV |,
M3 = Yy RS $aLiv
_ N\ —(1=y)

@ L1 —s1)pa -y () <w1>

== 2T N —y) s omy =-NA-y)| -~ ,

37 (gt 93) VIV 4 "\ Va
_ OO (X1, x2) :
myg = =N —yyix; ", miy = =" L @) (. x2)
O'(x1)
where the last term m( ) s expanded as
ALy 1—3
() = X2 |:1 - £ X2 . (2 + P3)( ?1)2]
X1 N =y)xi*7 (A/x1— A —s1))

(P2 + ¢3)(1 —s1)ALs x2

T/ . - —(1— 2N -V
WO x) == —y)y Ny ™7 + (A—(1—s)x1)?
, (¢2 + ¢3)ALy
V()= —7—
201, x2) A—(1—=s)x
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The [-] term in (A.24) is the transition matrix. We computationally solve for the eigenvalues
of the transition matrix.

We find two negative real eigenvalues (¢, £>). As the system has two state variables,
two stable roots imply that the system is saddle path stable. The dynamics of the system
around the steady state is

Vi =n1€ - vy +npe®? vy,

where v, and v, are eigenvectors associated with ¢; and ¢, respectively. We know the
initial values vy and ;). Hence, we can solve for the values of n; and n, from the
equations

Yo — Y = mvi + navay

Yio — Vi = nyvy; + navy;.
Once we calculate n; and n,, we get initial values of the remaining variables in the dynamic
system:

Yio=Y1 +mun +movar, Yoo =Y +nivin +mavn, X0 = X1+ 11V, + vy,

We approximate the linear trajectories of the remaining variables around the steady
state. In (A.9), assuming dv, = v, — v for a variable v, to get

wqr Wu - WI Wq
vlht I//21 - 'ﬁz 1/fh
1;Z’ut =M1_IM2 1//kt - 1//1\' + ‘//a
Par 1ﬂi[ - wi Pa
T Xie — X1 T

It follows
Xar = XltHfr, H; = ‘l’itHfr, K, = ‘l’ktl'lft, O = thl'lfty Yar = 1//atHfta

$op
Ymt = ¢2‘//1rHﬁ, i =i — 1//ht)Hfr, Xt = 2l [A—=(—s)xil Hft,
¢+ P3
&3

= m [A—=A—=s)xidHy, Qu=ALy=Lixy + Liya,

ch = CL('I = C(Lfot + Lot — Lf-xli)'

Xit
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