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A DICHOTOMY FOR COUNTABLE UNIONS OF
SMOOTH BOREL EQUIVALENCE RELATIONS

N. DE RANCOURT AND B. D. MILLER

ABSTRACT. We show that if an equivalence relation E on a Polish
space is a countable union of smooth Borel subequivalence rela-
tions, then there is either a Borel reduction of F to a countable
Borel equivalence relation on a Polish space or a continuous em-
bedding of E; into E. We also establish related results concerning
countable unions of more general Borel equivalence relations.

INTRODUCTION

A homomorphism from a binary relation R on a set X to a binary
relation S on a set Y is a function ¢: X — Y with the property that
(p x @)(R) € S. More generally, a homomorphism from a sequence
(R;)ier of binary relations on X to a sequence (S;);cr of binary relations
on Y is a function ¢: X — Y that is a homomorphisms from R;
to S; for all ¢ € I. A cohomomorphism is a homomorphism of the
corresponding complements, a reduction is a homomorphism that is
also a cohomorphism, and an embedding is an injective reduction.

A Polish space is a second countable topological space that admits
a compatible complete metric. A subset of a topological space is Borel
if it is in the smallest o-algebra containing the open sets. A function
between topological spaces is Borel if preimages of open sets are Borel.

Following the usual abuse of language, we say that an equivalence
relation is countable if each of its classes is countable. A Borel equiv-
alence relation E on a Polish space is smooth if there is a Borel re-
duction of E to equality on a Polish space, hypersmooth if it is the
union of an increasing sequence (E,)nen of smooth Borel subequiv-
alence relations, and o-smooth if it is a countable union of smooth
Borel subequivalence relations. A well-known example of a hyper-
smooth Borel equivalence relation on (2")N that is not Borel reducible
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to a countable Borel equivalence relation on a Polish space is given by
cEyd < 3n € NVm >n c¢(m) =d(m).
Our primary result here is the following analog of the Kechris-Lou-

veau dichotomy for hypersmooth Borel equivalence relations on Polish
spaces (see [KLI7, Theorem 1] or Theorem [6.10)):

Theorem 1. Suppose that E is a o-smooth Borel equivalence relation
on a Polish space. Then exactly one of the following holds:

(1) There is a Borel reduction of E to a countable Borel equivalence
relation on a Polish space.
(2) There is a continuous embedding of E; into E.

A o-ideal on a set X is a family Z of subsets of X that is closed under
containment and countable unions. When X is a Polish space, we say
that such a o-ideal is weakly ccc-on-Borel if there is no uncountable
family of pairwise disjoint Borel subsets of X that are not in Z. Given
sets X and Y, the horizontal section of a set R C X x Y at a point
y of Y is given by RY .= {x € X | x R y}, and the vertical section of
R at point z of X is given by R, ={y € Y |z R y}. An assignment
x — T, sending each point of X to a o-ideal on X, is Borel-on-Borel if
{z € X | R, € Z,} is Borel for all Borel sets R C X x X, and strongly
Borel-on-Borel if {(z,y) € X XY | R;,) € Z,} is Borel for all Polish
spaces Y and Borel sets R C (X xY) x X. A Borel equivalence relation
E on a Polish space X is idealistic if there is an E-invariant Borel-on-
Borel assignment x — Z, sending each point in X to a o-ideal on X for
which [z]g ¢ Z,. We say that F is ccc idealistic if each Z,, can be taken
to be weakly ccc-on-Borel, strongly idealistic if the assignment x — Z,
can be taken to be strongly Borel-on-Borel, and strongly ccc idealistic
if x — Z, can be taken to be a strongly Borel-on-Borel assignment of
weakly ccc-on-Borel o-ideals.

Recall that the orbit equivalence relation induced by a group action
' ~ X is the equivalence relation E¥ on X given by x Ef y <=
Jy € I' x = v-y. The Feldman-Moore theorem ensures that ev-
ery countable Borel equivalence relation on a Polish space is the orbit
equivalence relation induced by a Borel action of a countable discrete
group (see [EMTT, Theorem 1)), and the proof of [Kec92, §1.11.i] shows
that every Borel orbit equivalence relation induced by a Borel action of
a Polish group on a Polish space is strongly ccc idealistic. By [KLI7,
Theorem 4.1], the equivalence relation E; is not Borel reducible to a
ccc-idealistic Borel equivalence relation on a Polish space.

Much as the Kechris—Louveau dichotomy can be used to show that
a hypersmooth Borel equivalence relation on a Polish space is Bor-
el reducible to a ccc-idealistic Borel equivalence relation on a Polish
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space if and only if it is Borel reducible to the orbit equivalence relation
induced by a Borel action of Z on a Polish space, Theorem (1| yields:

Theorem 2. Suppose that E is a o-smooth Borel equivalence relation
on a Polish space. Then the following are equivalent:

(1) There is a Borel reduction of E to a ccc-idealistic Borel equiv-
alence relation on a Polish space.

(2) There is a Borel reduction of E to the orbit equivalence relation
induced by a Borel action of a countable discrete group on a
Polish space.

A subset of a topological space is F, if it is a countable union of
closed sets, and a binary relation R on a Polish space X is potentially
F, if there is a Polish topology on X, generating the same Borel sets as
the given topology, with respect to which R is F,. Standard change of
topology results and the Lusin—Novikov uniformization theorem (see,
for example, [Kec95|, §13 and Theorem 18.10]) easily imply that count-
able Borel equivalence relations on Polish spaces are potentially F,.

Kechris—Louveau have asked whether a Borel equivalence relation £
on a Polish space is Borel reducible to a ccc-idealistic Borel equivalence
relation on a Polish space if and only if there is no continuous embed-
ding of E; into E. Much as the Kechris—Louveau dichotomy yields a
positive answer to this question in the hypersmooth case, Theorem
yields the extension to the o-smooth case, and the underlying argument
can be used to obtain a further generalization:

Theorem 3. Suppose that E is an equivalence relation on a Polish
space that is a countable union of subequivalence relations that are Bor-
el reducible to strongly-ccc-idealistic potentially-F),, equivalence relations
on Polish spaces. Then exactly one of the following holds:

(1) There is a Borel reduction of E to a ccc-idealistic Borel equiv-
alence relation on a Polish space.
(2) There is a continuous embedding of By into E.

As the proof of the Feldman-Moore theorem ensures that countable
Borel equivalence relations on Polish spaces are countable unions of
finite Borel subequivalence relations, it is not difficult to see that a
Borel equivalence relation on a Polish space is o-smooth if and only
if it is a countable union of subequivalence relations that are Borel
reducible to countable Borel equivalence relations on Polish spaces, so
Theorem [1] also yields:

Theorem 4. Suppose that E is an equivalence relation on a Polish
space that is Borel reducible to a ccc-idealistic Borel equivalence relation
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on a Polish space. If E is a countable union of subequivalence relations
that are Borel reducible to countable Borel equivalence relations on Po-
lish spaces, then E 1s Borel reducible to a countable Borel equivalence
relation on a Polish space.

An equivalence relation F on a set X has countable index over a
subequivalence relation F' if every F-class is a countable union of F-
classes. Generalizing Theorem {4| in the spirit of [Kit08, Theorem 1.1],
we show:

Theorem 5. Suppose that E is an equivalence relation on a Polish
space that is Borel reducible to a ccc-idealistic Borel equivalence rela-
tion on a Polish space and F is a class of strongly-idealistic potentially-
F, equivalence relations on Polish spaces that is closed under countable
disjoint unions and countable-index Borel superequivalence relations.
If E is a countable union of subequivalence relations that are Borel re-
ducible to relations in F, then E is Borel reducible to a relation in F.

The saturation of aset Y C X with respect to an equivalence relation
Eon X is given by [Y]gp ={x € X | Jy € Y x F y}, the diagonal
on X is given by A(X) = {(z,y) € X x X | z = y}, the product of
equivalence relations £ and F' on X and Y is the equivalence relation
on X xY given by (z,y) E X F (2/,y') <= (¢ E2' and y F' /), the
Friedman—Stanley jump of E is the equivalence relation on XY given
by © ET y <= [z(N)]g = [y(N)]g, and we use E” to denote the
binary relation on X" given by z E" y <= [z(N)]g N [y(N)]z # 0.
Theorem [3] yields:

Theorem 6. Suppose that E is an equivalence relation on a Polish
space that is Borel reducible to a ccc-idealistic Borel equivalence re-
lation on a Polish space and F' is a strongly-idealistic potentially-F,
equivalence relation on a Polish space. Then the following are equiva-
lent:

(1) The equivalence relation E is a countable union of subequiva-
lence relations that are Borel reducible to F' x A(N).
(2) There is a Borel reduction of E to (F x A(N))™.
(3) There is a Borel reduction of E to a countable-index Borel su-
perequivalence relation of F' x A(N).
(4) There is a Borel homomorphism from (E,~E) to ((F x A(N))™,
~(F < AN))7).
In particular, if there is a Borel reduction of E to (F x A(N))", then
there is a Borel reduction of E to (F x A(N))*.
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In we introduce basic notation and definitions. In §2] we review
the compact-open topology. In §3, we establish several preliminaries
concerning Borel equivalence relations. In §4, we characterize the ex-
istence of small definable cores for appropriate families of finite sets.
In §5| we consider approximations to embeddings of E; into itself. In
§0, we establish a pair of technical dichotomies, and provide an alter-
nate proof of the Kechris-Louveau dichotomy. And in §7 we derive

Theorems from a single common generalization.

1. NOTATION AND DEFINITIONS

Given a set Z and a function f: X xY — Z, define f¥: X — Z and
fo: Y = Z by f¥x) = fi(y) = f(z,y) forallz € X and y € Y.

The restriction of a binary relation R on a set X to aset Y C X
is the binary relation on Y given by R [ Y := RN (Y x Y). When
considering properties of R | Y that depend on the ambient space, it
will be understood that this ambient space is Y. For instance, if X
is a topological space, then we will say that R [ Y is meager, or R is
meager on Y, if it is meager when viewed as a subset of Y x Y.

Given a topological space X and a property ¢ of elements of X, we
use V*r € X () to indicate that {z € X | p(z)} is comeager, and
F*r € X p(z) to indicate that {x € X | ¢(x)} is not meager.

The complete equivalence relation on X is given by I(X) = X x X.

We refer the reader to [Kec95| for basic descriptive set-theoretic back-
ground on Baire category and analytic sets.

2. THE COMPACT-OPEN TOPOLOGY

Let X and Y be topological spaces. We use C'(X,Y) to denote the
set of all continuous mappings f: X — Y. For A C X and B C Y,
let M(A,B) ={f € C(X,Y) | f(A) C B} (we will denote this set
by Mcx,vy(A, B) in case of potential ambiguity). We endow C(X,Y)
with the compact-open topology, that is, the topology generated by the
the sets of the form M (K,U), where K ranges over compact subsets
of X and U ranges over open subsets of Y.

We summarize below some classical properties of the compact-open
topology. Most of them can be found, for example, in [Eng89).

Proposition 2.1. Let X and Z be topological spaces and' Y C Z and
view C(X,Y) as a subset of C(X,Z). Then the compact-open topology
on C(X,Y) coincides with the topology induced by the compact-open
topology on C(X, 7).
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Proof. This immediately follows from the fact that, for K C X compact
and U C Z open, we have Moxy)(K,U NY) = Mex,2(K,U) N
C(X,Y). =
Proposition 2.2 (see [Eng89, Theorem 3.4.2]). Let X, Y, and Z be
topological spaces, with Y being locally compact. Then the composition
mapping C(Y, Z) x C(X,Y) — C(X,Z), given by (f,g) — foy, is
continuous.

Proposition 2.3. Let Y and Z be topological spaces, with Y being

locally compact. Then the evaluation mapping C(Y, Z) XY — Z, given
by (f,x) — f(x), is continuous.

Proof. Apply Proposition 2.2l with X being a singleton. b

Proposition 2.4 (see [Eng89, Theorems 3.4.3 and 3.4.8]). Let X, Y,
and Z be topological spaces, with X being locally compact and Y being
Hausdorff.
(1) For every f € C(X xY,Z), the mapping A(f): Y — C(X, 2),
gwen by y — fY, is continuous.
(2) The mapping A: C(X x Y, Z) — C(Y,C(X, Z)) hence defined
1s a homeomorphism.
Proposition 2.5 (see [Eng89, Exercise 3.4.B]). Let X7, Xs, Y1, and
Y5 be topological spaces, with X1 and X being Hausdorff. Then the
mapping C(X1,Y1) X C(Xy,Ys) — C(X; x X5, Y] x Y3), given by
(f1, f2) = fi X fa, is a homeomorphic embedding.

Let X be a compact topological space and (Y, d) be a metric space.
The uniform metric on C'(X,Y") associated with d is given by d(f, g) ==

supex d(f(x), g(x))-

Proposition 2.6 (see [Eng89, Theorems 4.2.17 and 4.3.13]). Let X be
a compact topological space and (Y, d) be a metric space. Then dy is a
metric on C(X,Y’) that is compatible with the compact-open topology.

Moreover, if (Y,d) is complete, then so too is (C(X,Y),dw).

Proposition 2.7 (see [Eng89, Theorem 3.4.16 and Exercise 4.3.F]).
Let X and Y be topological spaces, with X being locally compact and
second countable.

(1) If Y is second countable, then C(X,Y") is second countable.
(2) IfY is completely metrizable, then C(X,Y") is completely metriz-
able.

In particular, if Y is Polish, then C(X,Y") is Polish.

Given topological spaces X, Y, and Z and A C C'(X, Z), we denote
by A7 the set of all f € C(X xY,Z) such that, forally € Y, f¥ € A.
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Lemma 2.8. Let X, Y, and Z be topological spaces, with X being
locally compact and Y being compact Hausdorff. Let U C C(X,Z) be
an open set. Then U™Y is an open subset of C(X x Y, Z).

Proof. Keeping the notation from the statement of Proposition we
have U~Y = A=Y (M(Y,U)), hence Proposition immediately gives
the desired result. X

Given a natural number n, a set X, and a sequence (Y;);en, wWe
identify (X x [],_, Yi) x Hl>nY with X X [Lien Yi

Lemma 2.9. Let X be a locally-compact second-countable topological
space, (Yn)nen be a sequence of compact Hausdorff spaces, and Z be a
completely metrizable topological space. Then there are compatible com-
plete metrics d,, on C(X x [1,., Yi, Z) such that diamy(A~lznY7) <
diam,,(A) for alln € N and A C C(X x [[,.,Y:, Z), where diam,
denotes the diameter relative to d,, for alln € NU{N}.

Proof. We first deal with the special case when X is a singleton. Fix
a compatible complete metric d on Z. For all n € N U {N}, iden-
tify X x [[,_,Y: with [[,_,Y; and let d,, be the uniform metric on

C(I1,-,.Y:: Z). Suppose now that n € N and A C C(]],., Vi, Z), and

i<n ~ v
observe that if f,g € A7iznYi then
du(f.9) = sup d(f(y),9(y))

USIPEN G

= sup sup  d(f"(u), g"(u))

vl >, Yiuell,., Vs
R v v
= sup dn(f",9")
veHiZnYE

< diam,(A),

so diamy( ATz Y7) < diam,, (A).

We now deal with the general case. Let Z’ = C(X, Z). By Proposi-
tio 4} for every n € NU{N}, the mapping A,,: C(X x[],_, Vi, Z) —
C( Y Z"), defined by A,,(f)(y) = fY, is a homeomorphism. More-

<n ~ U

over, it is easy to verify that, for every f € C(X x [[,cyYi, Z), n € N,

and y € [[;5,Y:, we have A,(fY) = An(f)?. It follows that, for ev-
ery n € Nand A C C(X x [[,_, Vi, Z), we have Ay(A~Tl=nY1) =
A (A) iz

By Proposition 7' is completely metrizable, so we can apply the

special case to find, for every n € NU {N}, a complete metric d], on
C(Il;<, Yi, Z') such that, for every n € N and A" C C([],., Y Z’)

<n ~ U

we have diamy((A)~1lizn ) < diam, (A’). We define, for every n €

<n
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N U {N}, the metric d, on C(X x [[,., Y:, Z) as the pullback of d;,
through A,,. Hence, for n € N and A C C(X x [],_,, Yi, Z), we have

diamy (A~ Tlizn ) = diamy (Ay(A7Hize )
= diamy(A,, (A) 7 Tizn Yo
< diam, (A, (A))
= diam,,(A),
which completes the proof. 5

Lemma 2.10. Let X be a zero-dimensional compact Polish space, €2 C
X be an open subset, Y be a topological space, and B be a basis of open
subsets of Y that is closed under finite intersection. Then the sets
of the form (., M(K;,U;), where n € N, (Kj)icn, is a sequence of
nonempty pairwise disjoint clopen subsets of X that are contained in
Q, and (U;)i<n is a sequence of nonempty elements of B, form a basis
of nonempty open subsets of C'(2,Y).

In the special case when 2 = X, the sets as above, but where we,
moreover, require that (K;)i<, is a partition of X, form a basis of
nonempty open subsets of C(X,Y).

Proof. Keeping the notation from the statement of the lemma and tak-
ing y; € U; for all © < n when n > 0, the mapping f: Q — Y, defined
by f(z) = y; for all z € K; and f(x) = yo for all ¢ J,_,, K, is an
element of (,_, M(Kj;,U;), which is hence nonempty. We now show
that these sets form a basis of open sets of C(Q,Y).

Let U be an open subset of C'(€2,Y") and f € Y. We can find k € N,
nonempty compact sets Lo, ..., Ly_1 C €2, and open sets Vy, ..., Vi1 C
Y such that f € (),_, M(L;,V;) € U. In particular, for every i < k,
we have f(L;) CV;. Fix i < k. For every = € L;, there exists W* € B
such that f(z) € W C V;. We can find a clopen subset C?¥ of X,
contained in (2, such that z € C¥ C f~1(W}). Since L; is compact, we

J
can find 29, ..., 2% € L; such that L; C U<, Ci*- Then

fe M@ W cu.
i<k j<l;
This shows that, by shrinking U/ if necessary, we can assume that the
L;’s are clopen in X and the V;’s are elements of B.

For every set s C k, let K = (s Li) \(Ujens Li) and Us = (N, Vi
Let S ={s C k| K, # 0} \ {0}. For every s € S, K, is contained
in one of the L;’s, and is therefore a subset of §2; clearly, the K,’s are
pairwise disjoint and clopen. Moreover, we have (), ¢ M (K, Us) =
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MNick M(L;,Vi). Thus the latter set is an open neighborhood of f of
the desired form that is contained in .

In the special case when 2 = X, a basic open subset (J,_,, M (K, U;)
of C(X,Y), where n € N, (K});<, is a sequence of nonempty pairwise
disjoint clopen subsets of X, and (U;);<, is a sequence of nonempty
elements of B, can be rewritten as | J,., M(K;,U;), where K, = X \
Uiz, Ki and U, = X. - =

Let X and Y be topological spaces and U be an open subset of
C(X,Y). We say that U is right stable when there exists a neighbor-
hood V of the identity in C'(X, X) such that Y oV = U.

Corollary 2.11. Let X be a zero-dimensional second-countable com-
pact topological space, 2 C X be an open set, and Y be a second-
countable topological space. Then C(2,Y) admits a countable basis of
open subsets whose elements are right stable.

Proof. Fix a countable basis B for Y that is closed under finite intersec-
tion. Then, by Lemma , the sets of the form ¢ = ,_,, M(K;,U;),
where n € N, (K;);<, is a sequence of nonempty pairwise disjoint
clopen subsets of X that are contained in 2, and (U;);~,, is a sequence
of nonempty elements of B, form a basis for C(€2,Y). Moreover, this
basis is countable. It remains to show that every such set is right sta-
ble. Keeping the notation as above, the set V :=,_,, M (K, K;) is an
open neighborhood of the identity in C'(2,Q) and U oV = U. X

3. PRELIMINARIES

Clearly the family of sets Y C X on which E has countable index
over F'is closed under containment and F-saturation.

Lemma 3.1. Suppose that X and Y are sets, E C E' are equivalence
relations on X, ' C F' are equivalence relations on'Y , and ¢: X =Y
is a homomorphism from (E,~E') to (F,~F"). If E' has countable
index over E, then F' has countable index over F on p(X).

Proof. 1t is sufficient to show that if ¢(z) = y and [z]g = U, cn[Tn]E,
then [y]piox) € Upenle(@n)]p. Towards this end, suppose that y' €
Y] Fr1p(x), and fix o' € X for which p(2') = ¢'. As ¢ is a cohomomor-
phism from E’ to F”, it follows that x E’ 2/, so there exists n € N for
which z,, F 2/, and since ¢ is a homomorphism from E to F', it follows
that ' € [p(z,)]F. b

The following fact will prove useful in complexity calculations:
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Proposition 3.2. Suppose that X is a Polish space, E is an analytic
equivalence relation on X, and F is a co-analytic equivalence relation
on X. Then exactly one of the following holds:

(1) The equivalence relation E has countable index over E N F.
(2) There is a continuous function ¢: 28 — X with the property
that (¢ x @) Y (E\ F) is comeager.

Proof. To see (2) = —(1), suppose that R = (p x @) ' (E\ F)
is comeager, appeal to Mycielski’s theorem (see, for example, [Kec95,
Theorem 19.1]) to obtain a continuous homomorphism : 28 — 2N
from ~A(2V) to R, and observe that ¢ o1 is a continuous homomor-
phism from ~A(2Y) to E'\ F, thus condition (1) fails.

To see =(1) = (2), suppose that there exists € X for which
F | [z]g has uncountably many classes, appeal to the straightforward
generalization of Silver’s perfect set theorem (see [Sil80]) to analytic
subsets of Polish spaces to obtain a continuous embedding ¢: 2¥ — [z]g
of A(2V) into F | [z]g, and observe that (¢ x ) Y E\ F) = ~A(2Y),
thus condition (2) holds. b

Given a binary relation R on a set X, let (R) denote the smallest
equivalence relation on X containing R.

Proposition 3.3. Suppose that X andY are Polish spaces, R C (X X
X) x Y is analytic, and F' is a co-analytic equivalence relation on X.
Then {y € Y | (RY) has countable index over (RY) N F'} is co-analytic.

Proof. If y € Y, then Proposition ensures that (RY) has countable
index over (RY) N F' if and only if there is no continuous function
@: 2N — X for which (o x )" ((RY)\ F) is comeager. But Proposition
and [Kec95, Theorem 29.22] imply that the set of y for which this
holds is co-analytic. X

Corollary 3.4. Suppose that X and Y are Polish spaces, E is an
analytic equivalence relation on X, F is a co-analytic equivalence re-
lation on X, and R C X x Y is an analytic set. Then {y € Y |
E has countable index over ENF on RY} is co-analytic.

Proof. Set S = {((w,z),y) € ExY | w,x € RV}. If y € Y, then
(SY) = (E | RY) UA(X), so (SY) has countable index over (S¥) N F if
and only if £ has countable index over £ N F' on RY, thus Proposition
yields the desired result. X

Corollary 3.5. Suppose that X and Y are Polish spaces, F' is a co-
analytic equivalence relation on X, and R C X X Y is analytic. Then
{y € Y | F has only countably many classes on RY} is co-analytic.
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Proof. If y € Y, then I(X) has countable index over F' on RY if and
only if F' has only countably many classes on RY, so Corollary [3.4] yields
the desired result. (Recall that I(X) denotes the complete equivalence
relation on X, as defined in §1]) =

We say that a property ® of subsets of a Polish space X is IT}-on-3]
if {y e Y | ®(RY)} is co-analytic for every Polish space Y and analytic
set RC X xY.

Corollary 3.6. Suppose that X is a Polish space, E is an analytic
equivalence relation on X, F is a co-analytic equivalence relation on
X, and A C X s an analytic set on which E has countable index over
E N F. Then there is a Borel set B O A on which E has countable
index over BN F.

Proof. By Corollary the property (of A) that £ [ A has countable
index over (ENF) | Ais IIj-on-X1, so the first reflection theorem (see,
for example, [Kec95, Theorem 35.10]) yields the desired result. X

Proposition 3.7. Suppose that X is a Polish space, E is an analytic
equivalence relation on X, F' is a Borel equivalence relation on X con-
tained in E, and A C X 1is an analytic set on which E has countable
index over F'. Then there is an F-invariant Borel set B O A on which
E has countable index over F.

Proof. Set Ay := [A]r. Given an analytic set A, C X on which F has
countable index over F', appeal to Corollary to obtain a Borel set

B, O A, on which E has countable index over F', and set A, | =
[By]r. Define B ==, cny An = U, en Br- =

Proposition 3.8. Suppose that X and Y are Polish spaces, E and
F are Borel equivalence relations on X and Y, ¢: X — Y s a Borel
reduction of E to F', and E' is a countable-index Borel superequivalence
relation of E. Then there is a countable-index Borel superequivalence
relation F' of F' for which ¢ is a reduction of E' to F".

Proof. Define Fy :== (¢ x ¢)(E").
Claim 3.9. The relation Fy is transitive.

Proof. Suppose that y; Fo y2 Fy y3. Then there exist (wy, ws), (z2, x3) €
E’ such that p(w;) = y; for all ¢ € {1,2} and p(z;) = y; for all
i € {2,3}. As ¢ is a cohomomorphism from F to F, it follows that
w1 B wy B w9 E' x3, s0 wy E' x3, thus y; Fy ys. b=

It follows that Fjy is an equivalence relation on ¢(X).

Claim 3.10. The function ¢ is a cohomomorphism from E' to Fy.
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Proof. Suppose that ¢(x1) Fy ¢(x2). Then there exists (wy,ws) € E’
such that ¢(w;) = p(z;) for all i € {1,2}. As ¢ is a cohomomorphism
from E to F, it follows that 1 £ wy E' we E x4, so x1 E' 5. =

Set Fj = (F U Fp), and note that Fy = F] [ ¢(X), so ¢ is a
cohomomorphism from E’ to Fj. As E’ has countable index over F,
Proposition ensures that Fj has countable index over F' [ ¢(X),
and since [y|r # [yl = [ylr Np(X) # 0 for all y € Y, it follows
that F{j has countable index over F.

Suppose now that n € N and F] is an analytic superequivalence
relation of F{ such that ¢ is a cohomomorphism from E’ to F), and F),
has countable index over F. As Proposition [3.3| ensures that this is a
I1i-on-X] property (of F!), the first reflection theorem yields a Borel
superrelation R,, of F for which ¢ is a cohomomorphism from E’ to
(R,) and (R,) has countable index over F. Set F, | = (R,).

Clearly F' = U,en £ = Unen Br is a Borel superequivalence re-
lation of F. To see that ¢ is a cohomomorphism from E’ to F’, and
therefore a reduction of E’ to F’, note that if p(w) F’ ¢(x), then there
exists n € N for which p(w) F ¢(z), so w E' x. To see that F’ has
countable index over I, note that [y]p = J, cn[y]r, for all y € Y and
F has only countably many classes on [y] foralln € Nandy € Y. ®

For equivalence relations E and F' on sets X and Y, we say that
a set R C X XY induces a partial injection of X/E into Y/F if
x Ea < yFy forall (x,y),(«,y) € R.

Proposition 3.11. Suppose that X and Y are Polish spaces, E and
F' are Borel equivalence relations on X and Y, and R C X XY 1is an
analytic set inducing a partial injection of X/E into Y/F. Then there
is an (E x F)-invariant Borel set S O R inducing a partial injection
of X/E into Y/F.

Proof. Set Ry := R. Given an analytic set R, € X X Y inducing a
partial injection of X/F into Y/F, appeal to the first reflection theorem
to obtain a Borel set S, 2 R, inducing a partial injection of X/FE into

Y/F, and set R,y = [Sp|pxr. Define S =, .y Bn = U, en Sn- X
As a first corollary of this result, we have the following:

Proposition 3.12. Suppose that X and Y are Polish spaces, E is a
Borel equivalence relation on X, F' is a strongly-idealistic Borel equiv-
alence relation on Y, and A C X is an analytic set on which E is
Borel reducible to F'. Then there is an E-invariant Borel set B O A
on which E is Borel reducible to F'.
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Proof. As the graph of any Borel reduction 7: A — Y of E | A to F'is
necessarily analytic (see, for example, the proof of [Kec95, Proposition
12.4]), the proposition follows from an application of Proposition [3.11]
to the graph of 7 followed by an application of [dRM| Proposition
2.8]. X

Recall that to every equivalence relation F on a set X, one associates
two binary relations £+ and E” on X as defined in the introduction,
before the statement of Theorem [G

Proposition 3.13. Suppose that X and Y are Polish spaces, E is an
equivalence relation on X, F' is a strongly-idealistic Borel equivalence
relation on Y, and there is a Borel reduction m: X — Y of E to a
countable-index Borel superequivalence relation F' of F. Then there is

a Borel homomorphism ¢: X — Y™ from (E,~E) to (F+,~F").
Proof. By [dRM|, Theorem 2.12

such that [yl = U, enlen(y)
0: X — YN given by ¢(z)(n)

—

, there are Borel functions ¢,,: ¥ — Y
r for all y € Y. Then the function
(pn om)(x), is as desired. X

—

Remark 3.14. Proposition [3.§] easily implies the generalization of the
converse of Proposition |3.13]|in which F' need not be strongly idealistic.

We will use Proposition [3.13] in conjunction with the following:

Proposition 3.15. Suppose that X and Y are Polish spaces, E and
F' are Borel equivalence relations on X and Y, and there is a Borel
reduction m: X — YN of E to F”. Then E is a countable union of
subequivalence relations that are Borel reducible to F'.

Proof. We can assume, without loss of generality, that X is a subset of
2N and that the Borel subsets of X are the Borel subsets of 2% contained
in X. Define ¢: X — YNXNN 1y

i k) — m(x)(@) if z(k) =0 and
p(@)(i,j k) {W(x)(j) it 2 (k) = 1.

For all ¢,j5,k € N, let E; ;; be the equivalence relation on X given by
rEijry <= o)(i,j,k) F ()i, j,k). The fact that 7 is a coho-
momorphism from F to F” ensures that each E; ; is a subequivalence
relation of E. To see that the union of these equivalence relations is F,
suppose that x and y are distinct E-related points of X, and fix k € N
for which z(k) # y(k). By reversing the roles of x and y if necessary,
we can assume that x(k) = 0. As 7 is a homomorphism from E to
F" there exist 7,7 € N for which n(z)(i) F 7(y)(j), in which case

QD("L‘)(ZLL k) = 77(@(0 F W(Q)(]) = Qp(y)@?]) k)? thus x Eiyj,k: Y. X
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Remark 3.16. Conversely, a straightforward argument shows that if
is a countable union of subequivalence relations that are Borel reducible
to F' x A(N), then E is Borel reducible to (F x A(N))".

We also obtain a useful closure property of the class of strongly-
idealistic potentially-F,, Borel equivalence relations on Polish spaces:

Proposition 3.17. Suppose that X is a Polish space and E is a Borel
equivalence relation on X that has a countable-index strongly(-ccc)-
1dealistic potentially-F, subequivalence relation F'. Then E is strongly
(cce) idealistic and potentially F,.

Proof. By [dRM|, Theorem 2.12], there are Borel functions ¢,,: X — X
with the property that [z]g = |, cnlen(2)]r for all z € X.

To see that E is potentially F,,, appeal to standard change of topol-
ogy results to obtain a Polish topology on X, generating the same
Borel sets as the given topology, with respect to which F'is F, and ¢,
is continuous for all n € N. As E = [, oy(n x idx)"H(F), it is F,
with respect to any such topology.

To see that F is strongly (ccc) idealistic, fix a witness « — 7, to the
strong (ccc) idealisticity of F'.

Claim 3.18. Suppose that p: X — X 1s Borel. Then x — J,) is
strongly Borel-on-Borel.

Proof. Given a Polish space Y and a Borel set R C (X x Y) x X set
Si=A{((z, (w,y)),2) € (X X (X xV))x X | p(w) =z and (w,y) R z},
define ¥: X xY — X x (X xY) by ¢(w,y) = (p(w), (w,y)), and
observe that

{(w,y) € X XY | Ruwy) € Zpw)}
=7 ({(p(w), (w,9) | (w,y) € X x Y and Ruy) € Zyw)})
=97 ({(z, (0, y)) € X x (X xY) | p(w) = v and Ry € I, })
=y~ ({(z, (w,)) € X x (X X Y) | Stz € Lo},
which is Borel. X

If v € X, then Z, := (),,cny Ton(z) 18 @ (weakly-ccc-on-Borel) o-ideal
for which [z|g ¢ Z,. Clearly  — Z, is E-invariant, and Claim
ensures that it is strongly Borel-on-Borel. X

4. CORES

Given n € N and a set X, we use [X]" to denote the set of all subsets
of X of cardinality n. A partial transversal of an equivalence relation
F on X is aset Y C X whose intersection with each F'-class consists
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of at most one point. Given a superequivalence relation E of F, we
use [X]% p to denote the set of all partial transversals a € [X]" of F
that are contained in a single E-class. Define [X]=" := |J,.,[X]* and
[X]%EnF = Uzgn[X]ZEF

If X is a standard Borel space, then [X]" can be viewed as the
quotient of the set of injective sequences in X™ by the equivalence
relation of enumerating the same set, and equipped with the quotient
Borel structure. The latter is standard: If < is a Borel strict linear
ordering of X, then it is easy to see that the quotient mapping induces
a Borel isomorphism between {z € X" | z(0) < --- < z(n — 1)}
and [X]". We equip [X]=" with the disjoint union Borel structure.
Complexities of subsets of [X|j r and [X ]%"F will always be considered
relative to the ambient spaces [X]" and [X]|=", respectively.

We say that a,b € [X]=" are F-disjoint if [a]p N [b]p = 0. We
abuse notation by using [F]|=" to denote the equivalence relation on
[X]=" given by a [F|=" b <= |a]r = [b]p. If F is Borel, then so
too is [F]=". Finally, we say that a set C' C X is a core for a family
A C [X]|=" if it intersects every element of A. In this section, we
describe the circumstances under which suitable subfamilies of [X]="
admit sufficiently small definable cores.

The following result is essentially a special case of [CCCMI1I1, The-
orem 12] (although the formalism is quite different and condition (2)
appears in a slightly weaker form in [CCCMI11, Theorem 12], the proof
given there yields the result stated below):

Theorem 4.1 (Caicedo-Clemens—Conley-Miller). Let n > 1, X be a
standard Borel space, F' be a co-analytic equivalence relation on X, and

A C [X]=" be an analytic family of nonempty sets. Then exactly one
of the following holds:

(1) There is an F-invariant core C C X for A on which F has only
countably many classes.

(2) There is an uncountable Borel family P C A consisting of pair-
wise F'-disjoint sets.

The following result is essentially the analog of [CCM16, Proposition
2.3.1] in which bounded finite index is replaced with countable index,
and the idea underlying the proof of the former is essentially the same
as that underlying the proof of the latter:

Proposition 4.2. Let n > 1, X be a standard Borel space, E be an
analytic equivalence relation on X, F' be a Borel equivalence relation on
X contained in E, and A C [X ]}%"F be an analytic family of nonempty
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sets such that there is a core for AN|[[z]g]|=" that intersects only count-
ably many F'-classes for all x € X. Then there is an F-invariant Borel
core C C X for A on which E has countable index over F.

Proof. We proceed by induction on n. For the case n = 1, define
A= {x € X | {z} € A}, note that E [ A has countable index over
F | A, appeal to Proposition to obtain an F-invariant Borel set
C O A on which E has countable index over F', and observe that C' is
a core for A.

We now suppose n > 2. Given F C [X]=" and a € [X]=", we let
la, Flr = {[b]lr | b € F and a C [b]r}. We build, by reverse recursion,
analytic families Ay, C [X]3" and A, C [X]§ ; for every k < n and
an [-invariant Borel set B, C X for every 1 < k < n satisfying the
following conditions:

(1) For all k < n, A, ={a € Ap1 | aN Bry1 =0}

(2) For all k <n, Aj = {a € [X]} ¢ | e, Ac]r| > Ro}.

(3) Forall 1 <k <n, By is a core for A) on which E has countable
index over F'.

We start with A,, = A. For k < n, condition (2) uniquely defines
Aj, from Aj. Moreover, since [X]} 5 is analytic and Aj is the set of
a € [X]} p for which [F]=" [ {b € A | a C [b]r} has uncountably many
classes, Corollary ensures that A} is analytic. Similarly, for & < n,
condition (1) uniquely defines Ay from Aj,; and By, and ensures
that it is analytic. So it only remains to describe the construction of
the By’s. From now on, we fix 1 < k£ < n, assume that the A;’s and
the A}’s have been constructed for all £ < | < n and the B;’s have
been constructed for £ < [ < n, and describe the construction of By.
In the case when k = n, we clearly have A/, = (), so we can take
B, = 0. Thus we can assume that 1 < k < n. We begin with several
preliminary claims. The first of these, Claim [4.3] is also true when
k = 0, and will later be used in this case.

Claim 4.3. Let a € A} and x € X be such that a U {z} € [X|}j}.
Then [a U {z}, Ax]r is countable.

Proof. Suppose [a U {z}, Ag]r # 0. Then there is b € Ay such that
aU{z} C [b]p. By condition (1), we have b N By = 0. Since By
is F-invariant, we have [b]p N By1 = 0, hence (a U {z}) N Bgy1 = 0.
Since By is a core for Aj , ,, we deduce that a U {x} ¢ A ;. Hence,
condition (2) ensures that [a U {z}, Agi1]r is countable. Since A C
Ap11, we deduce that [a U {x}, Ax]r is also countable. I
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Claim 4.4. Let a € A} and M C [a|g be a set intersecting only count-
ably many F-classes. Then there exists b € Ay, such that a C [b]p and
M N blr\ [a]lr = 0.

Proof. By Claim for all x € M \ [a]p, the set [a U {x}, A]r is
countable. Since this set only depends on [z]r and M intersects only
countably many F-classes, we deduce that ,cpp q,.la YU {2}, Awlp is
countable. Since [a, Ag]r is uncountable, we deduce that [a, Ax]r \
Usern\a)p[@ U {z}, Ax]r is nonempty. An element of this set has the
form [b]p, where b € Ay, a C [b]p, and x ¢ [b]p for all z € M \ [a]p.
From this last condition, we deduce that M N [b]g \ [a]r = 0. X

Claim 4.5. For every v € X, there exists a core for Al N |[[x]g]* that
intersects only countably many F-classes.

Proof. Fix x € X. By the hypotheses of the proposition, there exists
a core D C X for AN [[z]g]=" that intersects only countably many
F-classes. Without loss of generality, we can assume that D is F-
invariant. We will show that it is also a core for A} N [[z]g]".

Towards this end, fix a € A, N [[x]g]®. Then F := {b\ [a]r | b €
A, and a C [b]r} is an analytic subset of [X]=" contained in [[x]g]=".
If ) € F, then there exists b € Ay, such that [a]r = [b]r; since b €
AN [[z]g]=", we have b N D # (), and since D is F-invariant, we also
have a N D # (). So, from now on, we will assume that () ¢ F. Hence,
we can apply Theorem to F. There are two cases.

Case 1: There is a core M C X for F on which F' has only countably
many classes. We can assume that M C [z]gz. We apply Claimto a
and M, which yields b € Ay, such that a C [b]p and M N [b]r\ [a]r = 0.
It follows that b\ [a]F is in F and does not intersect M, contradicting
the fact that M is a core for F.

Case 2: There is an uncountable family P C F consisting of pairwise
F-disjoint sets. Since D intersects only countably many F'-classes, we
can find ¢ € P such that cN D = 0. Fix b € A, such that a C [bp
and ¢ = b\ [a]F. Then b € AN [[z]g]="; hence bN D # (. But we have
seen that b\ [a]r N D = 0, so it follows that [a]r N D # 0. Since D is
F-invariant, we deduce that a N D # 0. 5

Claim allows us to apply the induction hypothesis to the family
..; this gives us the desired Borel set Bj, and completes the recursive
construction. We now let A == J Ay.

Claim 4.6. The relation E has countable index over F' on A.
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Proof. It ) ¢ A}, then condition (2) implies that [(), Ao]r is countable.
Observe that [A]rp = [0, Ao]r, so F has only countably many classes
on [A]r, and we are done. We can therefore assume that () € Aj.

Fix x € X; we will show that AN|[x]g intersects only countably many
F-classes. The hypotheses of the proposition give us a core D C X
for AN [[z]g]=" that intersects only countably many F-classes. Since
) € A}, Claim [4.3] ensures that, for every y € D, the set [{y}, Ao]r is
countable, hence the set | J[{y}, Ao]r intersects only countably many F-
classes. Since this set only depends on [y]r and D intersects only count-
ably many F-classes, we deduce that the set H = UJ,.p U[{y}, Aolr
intersects only countably many F'-classes.

It only remains to show that AN [z|g C H. Let z € AN [z]p. Then
there exists a € Ay N [[z]g]=" such that z € a. Since D is a core
for Ag N [[x]]=", there exists y € aN D. Then [a|r € [{y}, Ao]r, so
z € Ul{y}, Aolr, thus z € H. =

We can now complete the proof of the proposition: By Proposition
there exists an F-invariant Borel set B 2 A on which E has
countable index over F. This set is a core for Ay. By condition (1),
By is a core for Agiq \ Ay for every k < n. We deduce that C' =
B U (Uy<pen Br) is a core for A, and it is clear that C is a Borel set
on which F has countable index over F. X

Combining Proposition [4.2| and Theorem 4.1} we obtain:

Corollary 4.7. Let n > 1, X be a standard Borel space, E be an
analytic equivalence relation on X, F' be a Borel equivalence relation on
X contained in E, and A C [X]3" be an analytic family of nonempty
sets. Then exactly one of the folléwing holds:

(1) There exists an F-invariant Borel core C C X for A on which
E has countable index over F'.

(2) There exists an uncountable Borel set P C A of pairwise F-
disjoint subsets of a single E-class.

Proof. To see that the two conditions are mutually exclusive, suppose
that we are in case (2) and fix a core C for A. Then C contains
uncountably many pairwise F-inequivalent elements of [ JP. But |JP
is contained in an F-class, so F does not have countable index over F'
on C.

Suppose now that we are not in case (2). Then, for every x € X, The-
orem [4.1]applied to AN[[z]]=" yields a core for AN[[z]x]=" intersecting
only countably many F'-classes. Hence, we can apply Proposition [4.2]
which ensures that we are in case (1). X
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We now state and prove a technical consequence of Corollary
that will be useful later. Given sets X and Y, an equivalence relation
Fon X xY,andy € Y, we use F® to denote the equivalence relation
on X given by z FW 2/ <= (z,y) F (2',y).

Lemma 4.8. Let X and Y be Polish spaces, A C'Y be an analytic
set, B be an analytic equivalence relation on X XY, and F' be a Borel
equivalence relation on X XY contained in E such that:

(a) For everyy € A, X x {y} is contained in a single E-class.
(b) There exists n > 1 such that, for every y € A, the equivalence
relation F® has at most n non-meager classes.

Then at least one of the following conditions holds:

(1) There is an F-invariant Borel set C C X xY, on which E has
countable index over F, such that CY is non-meager for every
ye A

(2) There is a continuous mapping 1 : 2N — A such that X x (2N)
is contained in a single E-class and ((idx X)X (idx X))~ (F)
1S meager.

Proof. Let R be the set of (y,a) € A x [X X Y]]S,;?F with the property
that [a]p = {z € X x Y | [¢]% is non-meager}. The inclusion [a]r C
{z € X xY | [2]% is non-meager} can be written as

Vzead'r e X (z,y) F z,

so, by [Kec95 Theorem 16.1], the set of (y,a) € Y x [X x Y]E"F
satisfying it is Borel. Similarly, the reverse inclusion can be written as

Ve e X (I € X (z,y) F (2,y) = Fz€a (v,y) F 2),

so the set of (y,a) € Y x[X xY] E”F satisfying it is also Borel. It follows
that R is an analytic subset of Y x [X x Y]=", s0 A := projjy xyj<a (R)
is an analytic subset of [X X Y],SE"F

Suppose that () € A. Then there exists yo € A such that (yo,0) € R,
that is, [z]% is meager for all 2 € X xY. Let v: 2% — A be the constant
mapping with value yo and F” = ((idy x ) x (idx x ¢))7(F). Then,
for all (z,u) € X x 2V and o' € 2V, we have [(x,u)]% = [(z,v0)]%, so
[(x,u)]% is meager; by Kuratowski-Ulam’s theorem (see, for example,
[Kec95, Theorem 8.41)), it follows that [(z, )]s is meager, hence F” is
meager. It also follows from condition (a) that X x (2") is contained
in a single E-class, so 1 witnesses that we are in case (2).

So, from now on, we can assume that () ¢ A, and therefore apply
Corollary [£.7) to the family A. There are two cases.
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Case 1: There is an F-invariant Borel core C C X x Y for A on
which E has countable index over F'. We will show that C' witnesses
that we are in case (1). Let y € A; we will show that CY is non-
meager. By condition (b), the equivalence relation F'*) has at most n
non-meager classes; we fix a set a of representatives for these classes
and let a == a x {y}. Elements of a are clearly pairwise F-inequivalent
and pairwise E-equivalent by condition (a), so a € [X E"F Moreover,
[a]F is the union of all F-classes [z]r for which [z]% is non-meager, so
(y,a) € R, thus a € A. Since C is a core for A, we can find z € X
such that (z,y) € C' Na. It follows that [(z,y)]% is non-meager, and
since C' is F-invariant, we have [(z,y)]r C C, so CY is non-meager.

Case 2: There exists an uncountable Borel set P C A of pairwise F'-
disjoint subsets of a single E-class. Endow [X x Y]=" with any Polish
topology compatible with its standard Borel structure. We can assume
that P is homeomorphic to Cantor space. By Jankov—von Neumann’s
uniformization theorem (see, for example, [Kec95, Theorem 18.1]), we
can find a Baire measurable mapping f: P — Y such that, for all
a € P, (f(a),a) € R. The mapping f is continuous on a comeager
subset of P, so, by shrinking P if necessary, we can assume that f
is continuous on P. Since elements of P are nonempty, pairwise F-
disjoint, and contained in the same F-class, it follows that the sets
{ze X xY| [z]é(“) is non-meager}, for a € P, are nonempty, pairwise
disjoint, and contained in the same F-class. In particular, the mapping
f is one-to-one, so P := f(P) is homeomorphic to Cantor space. It is
clear that P C A; moreover, the sets {z € X XY | [z]% is non-meager},
for y € P, are nonempty, pairwise F-disjoint, and contained in the same
E-class. Since, for all y € P, the set {z € X x Y | [2]% is non-meager}
intersects X x {y} and X x {y} is contained in a single E-class, we
deduce that X x P is contained in a single E-class.

We now let ¢: 28 — P be a homeomorphism and show that
witnesses that we are in case (2), or equivalently, that F' | (X x P)
is meager. Suppose not. Then, by Kuratowski—Ulam’s theorem, there
exist z € X x P for which [z]r is non-meager in X x P and distinct
Yo,y1 € P for which [2]% and [z]% are non-meager, contradicting the
fact that the sets of the form {z € X x Y | [2]% is non-meager}, for
y € P, are pairwise disjoint. X

5. ALIGNED MAPPINGS

In this section and the next, we will often work with spaces of the
form (2™)™ where m,n € NU{N}. If m < m/, n < n/, s € (2™)",
and t € (2™)", then we write s C ¢ to indicate that s(j)(i) = £(5)(4)
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forall i < m and j < n. Let N, == {z € 2")" | s C x} for all
m,n € N and s € (2™)". The family {N; | m € Nand s € (2™)"}
forms a basis of clopen subsets of (2M)". If n € N, m,n’ € NU {N},
s € (2™", and t € (2™)", then we denote by s ~ t the horizontal
concatenation of s and t, that is, the element of (2™)"*" given by
(5 ~ )(j)(0) = (7)(0) for (i,5) € mx n and (s ~ £)(n+ J)(5) = t(j) (i)
for (7,7) € mxn'. When n/ = 1, we identify (2™)! with 2", so that, for
s € (2™)™ and t € 2™, the horizontal concatenation can be written as
s ~ t. Similarly, for m € N, m’,n € NU{N}, s € (2™)", and t € (2™)",
we denote by s @ t the wvertical concatenation of s and t, that is, the
element of (2™F™)" given by (s @ t)(5)(i) = s(5)(i) for (i,7) € m x n
and (s ®t)(j)(m+1) =t(4)(i) for (i,5) € m' X n.

For f: (2™)™ — (27)7 and g: (2™)" — (2¥)7, where m < m/, n <
n', p <p,and ¢ < ¢, we write f T g when, for all s € (2™)" and
t € (2™)", we have s Tt = f(s) C g(t). In the special case when
m,n,p,q € N, f: (2™)" — (2P)7, and g: (2M)" — (2V)9, we have f C g
if and only if g(N;) C Ny, for all s € (2™)™.

For m,n € NU{N} and k € N, let F;((2™)") denote the equivalence
relation on (2™)" given by s Fp((2™)") t < Vk <1 <n s(l) = t(l).
Note that this is equality when & = 0 and the complete equivalence
relation on (2™)" when k > n. In the special case when m = n = N,
we use I, to denote the corresponding equivalence relation. Observe
that ]El = UkEN]Fk'

For n € N, an n-dimensional aligned mapping is a continuous reduc-
tion : (2Y)" — (2M)" of (F1((2Y)"))r<n to itself. We denote by Al,
the set of all such mappings.

It is clear that Al, contains the identity and is closed under com-
position. In the rest of the paper, Al, will be viewed as a subset of
C((2M)™, (2M)") and endowed with the subspace topology.

For all m,n € N, we let U = {¢ € Al, | id@m)» T ¢}. In other
words, a mapping : (2M)" — (2V)" belongs to U if and only if p € Al,
and o(N5) C N, for all s € (2™)".

Lemma 5.1. Fizn € N. Then (U)})men is a basis of neighborhoods of
the identity in Al, and the U ’s are closed under composition.

Proof. The fact that U], contains the identity and is closed under
composition is clear from the definition. Moreover, we have U], =
Al N seamyn M (N, N5), so Uy, is open.

To see that (U )men is a basis of neighborhoods of the identity,
take any neighborhood U of the identity in Al,. By Lemma [2.10]
we can assume that U = Al, N (),.; M(K;,U;), where (K;)icr is a

i€l
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finite partition of (2V)" into nonempty clopen subsets and (U; )¢y is a
sequence of open subsets of (2V)". Subdividing the K;’s if necessary,
we can assume that I = (2™)" for some m € N, and K, = N for all
s € (2™)". Since id@gvym € U, we have Ny C U for all s € (2™)"; it
follows that U’ C U. X

The following lemma is a special case of [CLM14, Proposition 2.6]:

Lemma 5.2. Let m,n € N and Q be a family of open subsets of (2N)"
which is downwards closed under inclusion and has the property that
UQ is dense in (2Y)". Then there exist m' > m and a reduction
P (2™)" = (27 of (Fe((2™)™))ken to (Fx((2™)™))k<n, with idgmyn
Y, such that Ny € Q for all s € (2™)".

Corollary 5.3. Let m,n € N and Q be a family of open subsets of
(2N which is downwards closed under inclusion and has the property
that |J 2 is dense in (2Y)". Then there exists an open mapping p € U™
such that o(Ns) € Q for all s € (2™)".

Proof. Fix m’ and ¢ as given by Lemma [5.2} Define ¢: (2M)" — (24)"
by p(s @ x) = Y(s) @z for all s € (2™)" and z € (2V)". Then ¢
satisfies the desired conditions. X

The next lemma gives an example of a situation where families €2
satisfying the hypotheses of Lemma [5.2] and Corollary naturally
appear. It will be used in conjunction with the latter in the proof of
our first dichotomy.

Lemma 5.4. Let X be a Polish space, E be a Baire measurable equiva-
lence relation on X, and € be the set of all open sets U C X for which
E U is meager or comeager. Then | JS) is dense in X.

Proof. Suppose not. Then we can find a nonempty open set U C X
such that no further nonempty subset of U belongs to (2. In particular,
E | U is non-meager, so, by Kuratowski-Ulam’s theorem, there exists
x € U such that the class [z]g N U is Baire measurable and non-
meager. So we can find a nonempty open subset V' C U such that [z]|g
is comeager in V. Hence V' € (), a contradiction. X

The following result is a version of Mycielski’s theorem for aligned
mappings. It is a particular case of [CLMI14, Proposition 2.10], al-
though one should note that the statement of the latter is missing the
hypothesis that ¢ is a reduction of (Fy((2™)"))k<n to (Fx((2™)™))k<n,
which holds in the special case we require.
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Proposition 5.5. Let m € N, n > 1, and R be a comeager bi-
nary relation on (2N)*. Then there is a homomorphism o € U from
~F, 1 ((2%)) to R.

6. TWO DICHOTOMIES

In this section, we prove our two technical dichotomies—Theorems
and [6.8—and use the second to prove the Kechris—Louveau di-
chotomy. We start by recalling the following well-known fact:

Proposition 6.1 (see [CLM14, Proposition 2.2]). Fiz k € N and a
Baire measurable set B C (ZN)N. If Fri1 has countable index over Fy,
on B, then B is meager.

Theorem 6.2. Let X be a Polish space, E be an analytic equivalence
relation on X, and (Ep,)nen be a sequence of Borel subequivalence rela-
tions of E. Then exactly one of the following holds:

(1) There exists a cover (By)nen of X with the property that B, is
an E,, -invariant Borel set on which E has countable index over
E, for alln € N.

(2) There is a continuous homomorphism p: (2NN — X from (E;\

IFn)nEN to (E \ Uign Ei)neN-

Proof. We first show that the two conditions are mutually exclusive.
Suppose, towards a contradiction, that both hold. For every n € N,
define B!, == ¢~ 1(B,). Then (B!).en is a covering of (2Y)N, so there
exists nyg € N such that B] is non-meager. By Proposition , Fro+1
does not have countable index over F,,, on B, , so neither does E;. As
¢ | By, is a homomorphism from (E; \ F,,) [ B}, to (E\ Ep,) [ By,
it follows that E does not have countable index over F,, on B,,, the
desired contradiction.

We now show that at least one of the two conditions holds. We begin
by fixing some notation, definitions, and conventions. For every k € N,
let Ry, =, E: and fix a Polish space Y}, and a continuous surjection
e Vi = E\ Ry.

Note that the mapping ((z,2'),y) — (z ~ y, 2’ ~ y) is a home-
omorphism from ~F,((2M)*1) x (2M)"=*k=1 to0 Ty ((2Y)") \ Fe((2Y)")
for all n € NU{N} and & < n. In the rest of the proof, we will
identify these spaces via this homeomorphism. As a consequence, for
instance, if k < m < n and g: Fr1((2%)") \ Fr((2Y)") — Y%, then it
is consistent with our earlier notation to use ¢ to denote the mapping
9" Frpa (2Y)™\Fr((2Y)™) = Yy given by ¢¥(z, ) = g(z ~ y, 2" ~ y)
for all (z,2') € Fr 1 ((2Y)™) \ Fr((2N)™) and y € (2N)»™.

Suppose that n € NU{N} and m < n.
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e For f € C((2Y)™, X), define f~" € C((2")", X) by f7"(z) =
f(a 1 m).

e For A C C((2Y)™, X), we abuse notation by using A~" to
denote the set of all f € C((2Y)", X) such that f¥ € A for all
y € (2Y)"™™. Note that if f € A, then f7" € A™".

e Fork <mand g € C(Fy1((2Y)™)\Fx((2¥)™), Y%), define g7 €
CFepn(2%))\Ee(27)7), Vo) by gz, 27) = g(ar [ m, o’ | m).

e For k < m and A C C(Fp1((2%)™) \ Fr((2Y)™), Y), we abuse
notation by using A~" to denote the set of g € C(Fp,1((2Y)")\
Fr((2Y)™), Y) such that g¥ € A for all y € (2V)"~™. Note that
if g € A, then g7 € A7,

By Lemma [2.9], we can find compatible complete metrics d" on
C((2%)", X) such that diam" (A~Y) < diam"(A) for all n € N and A C
C((2M)", X). Similarly, for all k¥ € N, we can find compatible complete
metrics d on C(Fj1((2Y)") \ Fx((2Y)"), Y) such that diam} (A~Y) <
diam} (A) for all n > k and A C C(Fry1((2M)") \ Fr((2Y)"), Y2). As it
should not lead to confusion, we will use d to denote these metrics and
diam to denote the corresponding diameters.

Using Corollary and the fact that Fp,1((2M)") \ Fr((2Y)") can
be identified with an open subset of the compact zero-dimensional
Polish space ((2M)*1 x (2M)F1) x (2N)"=*=1  we can fix countable
bases of nonempty open subsets of C'((2M)", X) and C(F,((2Y)") \
Fr((2M)"), Y;.) whose elements are right stable for all n € N and k < n.
These bases will not be given a name, but we will refer to them by
talking about basic open subsets of these spaces.

An approzimation is a triple of the form a = (n® U* (V{)k<na),
where n® € N, Y* C C((2V)"", X) is a basic open set with diam(U®) <
1/n? and V& C C(Fpy1((2M)™) \ Fr((2M)™), ) is a basic open set
with diam(Vy) < 1/n® for all k& < n®. Given approximations a and b,
we say that b extends a if n* < nb, Y* C (U*)~"", and VP C (V&)= for
all £ < n® We say that b is an immediate successor of a if it extends
a and n® = n? + 1.

A configuration is a triple of the form v := (n?, f7, (¢])k<nr), where
n” €N, f7: (2M)"" — X is continuous, and g : Fry1((2N)" )\ Fr((2Y)"")
— Y}, is a continuous mapping such that (f7(z), f7(2)) = 7 (g} (z, 2"))
for all (z,2') € Fry1((29)") \ Fx((2M)"") and k < n7. An immediate
consequence of this definition is that if v is a configuration, then f” is a
homomorphism from (Fj,1((2M)"" )\ Fr((2Y)""))rcnr to (E\ Ri)p<nr; in
particular, it is injective and its range is contained in a single E-class.
We say that a configuration 7 is compatible with an approximation a
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if " =n® fYeU”, and g, € V¢ for all k£ < n?. We say that a con-
figuration ~ is generically compatible with a set B C X if (f7)~1(B) is
comeager in (28)"".

For all n € N, the set of all configurations v such that n? =
can be identified with a subset Conf, of the space C((2V)", X)
[Tecn C(Frpa ((29)™) \ Fi((2¥)™),Y%). The latter space is Polish by
Proposition and Proposition ensures that Conf,, is closed, thus
Polish. For an approximation ¢ and B C X, define Comp(a, B) as
the set of all configurations that are compatible with a and generically
compatible with B. By definition, being compatible with an approxi-
mation is an open condition. Moreover, if B is Borel, then it follows
from [Kec95, Theorem 16.1] and Proposition that the set of all
~v € Conf,. that are generically compatible with B is Borel. Hence,
Comp(a, B) is a Borel subset of Conf,a.

For a configuration v and ¢ € Al,~, we abuse notation by using yop
to denote the triple § := (n°, %, (92)pens ), where n® :==n?, f = flogp,
and g2 = gl o (¢ x ) | Frpr ((2%)"7) \ Fp((2Y)"") for all k < n°. It
follows from the definition of an aligned mapping that v o ¢ is a well-
defined configuration. Given configurations v, and m € N, we write
§ <m 7 if there exists ¢ € U"" such that § = v o p. It follows from
Lemma that <., is a quasi-ordering of the set of all configurations.

n
X

Claim 6.3. Let a be an approximation. Then there exists m € N such
that the set Comp(a, X) of all configurations that are compatible with
a 18 downwards closed under <,

Proof. Since U® is a basic open set of C((2Y)"" X), hence right sta-
ble, we can find p € N with the property that U® o Z/{I?a = U* Sim-
ilarly, for every k < n® since V} is a right-stable open subset of
C(Fryr ((29)™) \ Fr((2M)™"), Y), there is a neighborhood W of the
dentiey in C(Fi(24)) \EW(2%)"), g (21)") By (2 such
that V¢ o Wy, = V. By Prop081t10ns - H and the mapping
AL, — C(Frp ((27)™) \Fe((2" Fkﬂ ; given by
0 (o x ) | Fepr((29)) \]F (( Nyn™y | is contmuous hence we can
find my, € N such that (¢ x ¢) | Frq ((2M)™) \Fk((ZN)”a) is in W, for
all o € U} . Then m = max(p,mg, ..., Mpe_1) is as desired. 5

Claim 6.4. Let n > 1 and I': 2% — Conf,, be a continuous mapping
and define F: (2N = X by F(x ~y) = ffW(2) for all x € (2Y)"
and y € 2N. Then (F x F)™Y(R,_1) is meager in (2V)"T1 x (2N)n+1,

Proof. Suppose not. Then there exists i < n such that (F x F)~'(E;)
is non-meager. By Proposition [2.3] the mapping F is continuous, so
(F x F)~'(E;) is Borel. Hence, by Kuratowski-Ulam’s theorem, we can
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find (u,,z) € (2V)" x (2M)"~1 x 2¥ such that the set A := {y € 2V |
F(u) E; F(x ~y ~ z)} is non-meager in 2V. Let y,4’ € A be distinct.
Then 2 ~yFpo_1 2 ~y, 50 [Tz ~y) E\ Ro_y fF@(z ~9/), thus
-F(x ~y~2) E F(x ~y ~ z). Since E; is an equivalence relation,
this contradicts the fact that both F(x ~y ~ z) and F(x ~ ¢ ~ 2)
are Fj-related to F(u). X

We will recursively build a decreasing sequence (X, )a<w, of Borel
subsets of X. We start with Xy := X, and for limit ordinals X, we
let X, = ﬂa</\ X,. We now fix @ < w; and assume X, has been
constructed; we describe how to construct X,,;. We denote by S, the
set of all approximations a for which Comp(a, X,) # (. We say that
an approximation a is a-terminal if a has no immediate successor in

S.; we denote by T, the set of all a-terminal approximations.

Claim 6.5. Let a be an a-terminal approximation. Then there exists
an Epa-invariant Borel set B C X, on which E has countable index
over Ena, such that Comp(a, X, \ B) = 0.

Proof. Propositionensures that the function eval: (2Y)"" x Conf,. —
X, given by eval(x,v) = f7(z), is continuous. Fix m € N as given by
Claim [6.3| applied to the approximation a. Let B be the set of all
v € Comp(a, X,) such that (f7 x f7)"}(En«) | N, is either meager
or comeager for all s € (2™)". The continuity of eval and [Kec95)
Theorem 16.1] ensures that B is a Borel subset of Conf,.. For all
v € B and s € (2™)", Kuratowski-Ulam’s theorem implies that
each class of (f? x f7Y)7!(E,.) is either meager or comeager in N/,
so (fY x fV)7Y(E,.) has at most 2™ non-meager classes. Along with
the fact that f7((2M)"") is contained in a single E-class for all v € B,
this ensures that we can apply Lemma to the spaces X' = (2V)™*
and Y’ = Conf,., the set B C Y’ and the equivalence relations
E' = (eval x eval)"}(E) and E/, = (eval x eval)™!(FE,.). There are
two cases.

Case 1: There is an E! .-invariant Borel set B’ C (2V)™ x Conf ., on
which E' has countable index over E!., such that (B')Y is non-meager
in (2M) for all v € B. Lemma ensures that F has countable index
over E,. on eval(B’), and since the latter set is analytic, Proposition
3.7 yields an E,.-invariant Borel set B O eval(B’) on which E has
countable index over FE,.. Observe that (B')Y C (f7)~1(B) for all v €
B, so (f7)71(B) is non-meager, thus no v € B is generically compatible
with X, \ B. It remains to show that this holds of every configuration
~ that is compatible with a.
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We can assume, without loss of generality, that v € Comp(a, X,).
Let Q be the set of all open subsets U C (2V)" with the property that
(fY x f7) 1 (E,e) | U is either meager or comeager. By Lemma ,
U is dense in (2Y)"". Hence, we can apply Corollary 5.3 to find an
open mapping ¢ € U"" such that p(N;) € Q for all s € (2™)™". Now let
0 = ~vow. Then  <,, v; hence, by the choice of m, ¢ is compatible with
a. Moreover, since 7 is generically compatible with X, and ¢ is open
and one-to-one, it follows that 0 is generically compatible with X,
hence 6 € Comp(a, X,). The conditions on ¢ imply that if s € (2™)"",
then (f7 x fY)"Y(E,) | @(N;) is either meager or comeager, hence
(f° x fO)"YE,a) | N is either meager or comeager. It follows that
§ € B. Hence, (f°)~(B) is non-meager, and since ¢ is one-to-one and
open, we deduce that (f7)~!(B) is non-meager, thus v is not generically
compatible with X, \ B.

Case 2: There exists a continuous mapping I': 2% — B such that
(2" x T(2N) is contained in a single E'-class and the equivalence
relation ((idguyne X T') X (id@uyme x )7 (E.) is meager. We will
show that the approximation a is not a-terminal. Define F' := eval o
(idgiyne x T): (29" — X so that F(z ~ y) = ff®(x) for all
r € (2Y)" and y € 2. Our assumptions on I imply that F/((2N)""*1)
is contained in a single E-class and (F x F) }(E,.) is meager. If
n® > 1, then Claim implies that (F' x F)™'(R,._;) is meager, in
which case (F' x F)"!(R,a) is meager, and this obviously remains true
when n® = 0. For all y € 2%, T'(y) is generically compatible with X,
so Vy € 28z € (2" F(z ~ y) € X,, thus Kuratowski-Ulam’s
theorem ensures that F~!(X,) is comeager in (2V)"" 1.

Let C be a dense Gs subset of (2V)"" 1 x (2M)"*+1 contained in
(F7Y(X,) x F7Y(X,) \ (F x F)™Y(R,x). For all (z,2") € C, we
have (F(x),F(x')) € E \ Rja, so there exists u € Y. such that
Tne(u) = (F(z), F(2")). Hence, by Jankov-von Neumann’s uniformi-
sation theorem, we can find a Baire measurable mapping G: C' — Y
such that m,.(G(z,2")) = (F(z), F(2')) for all (z,2") € C. Since Baire
measurable mappings are continuous on a comeager set, by shrinking
C' if necessary, we can assume that G is continuous.

By Proposition [5.5 there exists a homomorphism ¢ € U™ +! from
~F o ((2N)"H1) to C. Since ¢ is aligned, it follows that if y € 2N,
then p(x ~ y)(n®) does not depend upon z. We denote this value by
¥(y), thereby obtaining a continuous mapping ¢: 2% — 2. For all
r e (2% and y € 2V, we hence write p(z ~ y) = (p¥ | n?)(z) ~

¥ (y), where we abuse notation by using ¢¥ [ n® to denote the aligned

mapping (2M)"" — (2M)"" given by (¢¥ | n%)(z) = ¢(x ~ y) | n%
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To see that ¢¥ | n® € U™, note that if s € (2™)"" and x € N, then
z ~Y € Noyim, 50 ©(x ~y) € Nyym, thus (¢¥ [ n*)(z) € N.
Define v == (n7, f7, (9] )k<nr), where n? == n® 4+ 1, f7: 2N)"" — X

is given by f7 = Fo, g/: Frp 1 (29)") \Fr((2M)"") — Y} is given by

gla ~ .7~ y) = g (7 [0 (), (97 [ n?)(@) for all k < ne,
(2, 2") € Frpr ((29)")\Fr((2M)™), and y € 2V, and g)la == Go (o x p) |
~F o ((2Y)""+1). The continuity of F' yields that of f7, Proposition
ensures that ¢; is continuous for all & < n® and the continuity of G
on (¢ x @)(~Fe((2Y)" 1)) yields the continuity of ¢).. Moreover, if
k<n® (z,2') € Fry (2N)") \ Fr((2M)™), and y € 2V, then

(g (@ ~y, 2" ~y))

And if (x,2') € ~F,«((2Y)""), then the definition of G ensures that
T (G(2(2), 0() = (F(o (@), F(p(@'))), that 15, ma (g (z, 7)) =
(f7(x), fY(«')). Hence, ~ is a configuration. Moreover, since ¢ is a ho-
momorphism from ~F,.«((2Y)"*1) to C and C C F~1(X,) x F71(X,),
it follows that f7 takes values in X,; in particular, v is generically
compatible with X,,.

For all y € 2N, define ¥ = (n®, (7)Y, ((9})Y)k<na). The formulas
defining v ensure that 47 = T'(1(y)) o (¢¥ | n?); since ¥ | n® € U,
it follows that 7¥ is a configuration and ¥ <, I'(¢)(y)). Since I'(¢(y))
is compatible with a, our choice of m ensures that +¥ is compatible
with a. In particular, if y € 2%, then (7)Y € U?, so f7 € (UY)™";
similarly, if & < n® and y € 2", then (¢])¥ € V¢, so g] € (V&)=
Recall that, by Lemma 2.8 (4*)™"" is an open subset of C'((2Y)"", X)
and (V&)™ is an open subset of C'(Fy1((2Y)"") \ Fr((2M)""),Y}) for
all k < n® Thus, we can find a basic open set U® C C((2")"", X)
with diam(U®) < 1/n” and f7 € U* C (U*)”™" and basic open sets
V2 C C(Frpr (29)") \ Fr((2Y)"7), Y3) with diam(V?) < 1/n” and g] €
VP C (VH)7™ for all k < n®. We can also find a basic open set V2, C
C(~Fna (2M)™), Yye) with diam(V8,) < 1/nY and gla € V.. Letting
nb = n?, it follows that b = (n® U’ (V?)pens) is an approximation
which is an immediate successor of a and with which v is compatible.
In particular, Comp(b, X, ) # 0, so b € S,, thus a is not terminal. &
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For all a € T,, let B2 be a Borel set as given by Claim [6.5] Define
Xot1 = Xa\ UaeTa B2. As there are only countably many approxima-
tions, this set is Borel. This completes the inductive construction.

As there are only countably many approximations and (Su)a<w, 1S
decreasing, there exists ap < wy such that Sy 11 = Sa,-

Claim 6.6. Every element of S, has an immediate successor in S, .

Proof. Let a be an approximation having no successor in S,,. Then a

is ap-terminal, so B is defined and Comp(a, X,, \ Bs, ) = 0. Since
Xaor1 © Xoo \ BE,, it follows that Comp(a, Xqg41) = 0, hence a ¢
Sagr1- But Spoi1 = Sag, SO @ & Sy,- 53

Let a® denote the unique approximation for which n® = 0 and

U’ = C((2M°, X). There are two cases.

Case 1: a® ¢ S,,. Then no configuration is simultaneously compat-
ible with a® and generically compatible with X,,. Observe that a con-
figuration v such that n” = 0 essentially consists only of a continuous
mapping f7: (2¥)° — X, and can therefore be identified with a point
27 € X. Every such configuration is compatible with a°, and such a
configuration is generically compatible with X, if and only if 27 € X,,.
It follows that X, = 0, s0 X = J,c0, Xo \ Xot1 = Uacay Uaer, Ba-
For all n € N, the set By, == U,.0, User, na—n Ba 18 a countable union
of E,-invariant Borel sets on which E has countable index over F,,, and
is therefore itself an F,-invariant Borel set on which E has countable
index over E,. As X =, . Bn, condition (1) follows.

Case 2: a° € S,,. Then Claim yields a sequence (a™),en of
elements of S,, such that a"' is an immediate successor of a™ for all
n € N. Tt follows that n®" = n for every n € N. As a" € S,,, there is
a configuration 4™ which is compatible with a". For all n € N, define
a continuous function f*: (2Y)N — X by f := (f7")7N. Similarly, for
all n € N and k < n, define a continuous function g : Fyi1 \ Fr — Yi
by g = (g7 )7N. If m < n, then f7" € U™ and f" € U C
U7 so fm, fm e (U)7N. As our choice of metrics ensures that
diam((U*")™N) < diam(U*™) < 1/m, it follows that d(f™, ™) < 1/m,
s0 (f™)nen is a Cauchy sequence and admits a limit f € C((2V)Y, X).
Similarly, for all k£ € N, the sequence (g ),>x is Cauchy, and therefore
admits a limit g, € C'(Fgyq \ Fy, Yi).

We now show that f satisfies condition (2). It is sufficient to show
that if £ € N and (z,2") € E; \ Fy, then (f(z), f(2')) € E\ Ri. As
(Ry)ien is increasing and Eq \ Fy, = ;s Fip1 \ Fi, we can assume that
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(x,2") € Fyq1 \ Fi. Observe that if n > k, then
(f"(x), f1(@") = (" ( I n), " (2" I n))
= m(g] (@ [, T )
= k(gi (z,27)).

By Proposition [2.3] we can take the limit on both sides of the equality
to obtain (f(z), /(') = me(gs(z. '), 50 (f(2), f(«') € B\ Ry, =

Before proving our second dichotomy, we note the following conse-
quence of [CLM14| Propositions 2.13 and 2.14]:

Proposition 6.7. Let C C (2M)Y be a comeager set and (R,)nen be a
sequence of F, binary relations on (2NN such that R, NEy\TF,, = 0 for
all n € N. Then there is a continuous homomorphism p: (2NN — C
fTOm (Fny NFn)nEN to (Fnu NRn)n€N~

Our second dichotomy is the following:

Theorem 6.8. Let X be a Polish space, E be an analytic equivalence
relation on X, and (E,)nen be a sequence of potentially F, subequiva-
lence relations of E. Then exactly one of the following holds:

(1) There is a cover (By)nen of X such that B,, is an E,-invariant
Borel set on which E has countable index over E,, for alln € N.
(2) There is a continuous homomorphism p: (2NN — X from (Eq,
(~Fn)nen) to (B, (U<, Ei)nen).-
Moreover, if E =, o En, then the mapping ¢ in the latter condition
1s an embedding of Eq into E.

Proof. The “moreover” part is immediate. Condition (2) in the state-
ment of the theorem is stronger than condition (2) in the statement of
Theorem [6.2} hence, as in Theorem|[6.2] the two conditions are mutually
exclusive. It remains to show that at least one of them holds.
Refining the topology on X if necessary, we can assume that the
E,’s are F,. We need to show that if condition (2) in the state-
ment of Theorem holds, then so too does condition (2) in the
statement of Theorem [6.8] Suppose that ¥: (2¥)Y — X is a con-
tinuous homomorphism from (E; \ F,,)nen to (B \ U,<,, Ei)nen. For
all n € N, define R, = (¢ x ¥)"Y(U,<,, Ei). Then R is F, and
R N (E; \ F,,) = 0. So Proposition yields a continuous homomor-
phism 7: (2Y)N — (2N from (F,, ~F,)nen to (F,, ~R) )nen, in which
cases the mapping ¢ = 1 o 7 satisfies condition (2). X

Following the usual abuse of language, we say that an equivalence
relation is finite if each of its equivalence classes are finite. A Borel
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equivalence relation E on a Polish space is hyperfinite if there is an
increasing sequence (E,),en of finite Borel subequivalence relations of
E whose union is E. As the Lusin—Novikov uniformization theorem
easily implies that every finite Borel equivalence relation on a Polish
space is smooth, it follows that every hyperfinite Borel equivalence
relation on a Polish space is hypersmooth.

We will need the following elementary result (see [CLM14, Proposi-
tion 5.1)):

Proposition 6.9. Suppose that X is a Polish space, (E,)nen s an
increasing sequence of smooth Borel equivalence relations on X, and
there is a cover (Bp)nen of X such that B, is a Borel set on which
UmeN E,. has countable index over E, for alln € N. Then UmeN E,,
is Borel reducible to a hyperfinite Borel equivalence relation on a Polish
space.

As a first application of our second dichotomy, we give a proof of the
Kechris—Louveau dichotomy:

Theorem 6.10 (Kechris—Louveau). Suppose that E is a hypersmooth
Borel equivalence relation on a Polish space. Then exactly one of the
following holds:

(1) There is a Borel reduction of E to a hyperfinite Borel equiva-
lence relation on a Polish space.
(2) There is a continuous embedding of By into E.

Proof. The exclusivity of the two conditions comes from the fact, men-
tioned in the introduction, that £, is not Borel reducible to a countable
Borel equivalence relation on a Polish space; this can, for instance, be
obtained as a consequence of [KLI7, Theorem 4.1], [Kec92, §1.11.i], and
Feldman—Moore’s theorem (alternatively, a more elementary proof can
be obtained from [CLMI4, Proposition 2.4] and [CLM14l, Proposition
2.5]). To see that at least one of the two conditions holds, write E
as the increasing union of a sequence of smooth Borel subequivalence
relations (E,)n,en. Refining the topology on X if necessary, we can
assume that the £),’s are closed. Hence we can apply Theorem and
use Proposition to complete the proof. X

7. PRIMARY RESULTS

The following fact is the main result of this paper:
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Theorem 7.1. Suppose that F is a class of strongly-idealistic potential-
ly-F, equivalence relations on Polish spaces that is closed under count-
able disjoint unions and countable-index Borel superequivalence rela-
tions. If E is an equivalence relation on a Polish space that is a count-
able union of subequivalence relations that are Borel reducible to rela-
tions in F, then at least one of the following holds:

(1) There is a Borel reduction of E to a relation in F.
(2) There is a continuous embedding of By into E.

Moreover, if every relation in F is also ccc idealistic, then exactly one
of these conditions holds.

Proof. To see that the conditions are mutually exclusive when every
relation in F is ccc idealistic, observe that if both hold, then there is a
Borel reduction of E; to a ccc idealistic Borel equivalence relation on
a Polish space, contradicting [KLI7, Theorem 4.1].

To see that at least one of the conditions holds, note that, by The-
orem , we can assume that there is a cover (B,,)nen of X by Borel
sets on which E has countable index over subequivalence relations that
are Borel reducible to relations in F. For each n € N, Proposition
yields a Borel reduction ¢,, of ' | B, to some F,, € F, and Proposition
allows us to assume that B,, is F-invariant. Then the F-invariant
Borel sets B,, = B, \ U,,.,, Bm partition X, so the functions ¢, [ B,
can be combined to obtain a Borel reduction of E to [, . Fn- X

Theorem [1| follows from Theorem and the previously mentioned
fact that every countable Borel equivalence relation on a Polish space
is strongly ccc idealistic and potentially F,.

Theorem [2| follows from Theorem , [KLI7, Theorem 4.1], the Feld-
man—Moore theorem, and the fact that every countable Borel equiva-
lence relation on a Polish space is ccc idealistic.

Theorem |3| follows from Proposition Theorem [7.1] and [KLI7,
Theorem 4.1].

Theorem [ follows from Theorem [f]and the fact that every countable
Borel equivalence relation on a Polish space is strongly ccc idealistic
and potentially F.

Theorem [5| follows from Theorem |7.1{ and [KLI97, Theorem 4.1].

Theorem [6] follows from Theorem [5], Propositions [3.13 .15, and
3.17, and the observation that if F'is a Borel equivalence relation on a
Polish space, then the class F of equivalence relations on Polish spaces
that are Borel isomorphic to countable-index Borel superequivalence
relations of F' x A(N) is closed under countable disjoint unions and
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countable-index Borel superequivalence relations, and if F' is strongly
idealistic and potentially F, then so too is F' x A(N).
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