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Faltings extension and Hodge-Tate filtration
for abelian varieties over p-adic local fields
with imperfect residue fields

Tongmu He

Abstract. Let K be a complete discrete valuation field of characteristic 0, with not necessarily perfect
residue field of characteristic p > 0. We define a Faltings extension of Ok over Z, and we construct
a Hodge-Tate filtration for abelian varieties over K by generalizing Fontaine’s construction [Fon82]
where he treated the perfect residue field case.

1 Introduction

11 Let K be a complete discrete valuation field of characteristic 0, with residue field
k of characteristic p > 0. Let K be an algebraic closure of K, let G be the Galois group
of K over K, let Cbe the p-adic completion of K. We denote by C(r) the r-th Tate twist.
For an abelian variety X over K, we denote its Tate module by T, (X). When k is perfect
and X has good reduction, Tate [Tat67] constructed a canonical Gg-equivariant exact
sequence

(1.1.1) 0 — H'(X,0x) ®k C(1) — Homg, (T,(X),C(1))
— H’(X, Q) /x) ® C — 0.

In the same paper, Tate also computed the Galois cohomology groups of C(r). He
proved in particular that H'(Gg, C(r)) = 0 for any r # 0, which implies that the
sequence (1.1.1) has a Gg-equivariant splitting, and that H°(Gg, C(r)) = 0 for any
r # 0, which implies that the splitting is unique. Tate conjectured that for any proper
smooth scheme X over K, there is a canonical Gg-equivariant decomposition (called
the Hodge-Tate decomposition)

H¢(Xg Qp) ®q, C = G%Hi(x’ Q) ®k C(i = n).

Then subsequently, Raynaud used the semistable reduction theorem to show that any
abelian variety over K admits a Hodge-Tate decomposition ([sga72, IX 3.6, 5.6]).
Afterwards, Fontaine [Fon82] gave a new proof for general abelian varieties. He con-

structed a canonical map H°(X, Q) - Homg, (6,1 (Tp(X), C(1)), by computing
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Qb? Jo, and pulling back differentials. The conjecture of Tate was finally settled by
Faltings [Fal88, Fal02] and Tsuji [Tsu99, Tsu02] independently.

When k is not necessarily perfect, Hyodo proved that there is still an exact sequence
(1.1.1) for abelian varieties with good reduction, following the same argument as in
[Tat67] ([Hyo86, Remark 1]). But the sequence does not split in general ([Hyo86,
Theorem 3]). In this paper, we will construct the exact sequence (1.1.1) for general
abelian varieties by generalizing Fontaine’s method to the imperfect residue field case.

We remark that Scholze [Schl3] has generalized the conjecture of Tate to any
proper smooth rigid-analytic variety X over C. He proved that there is a canonical
filtration (called the Hodge-Tate filtration) Fil* on H,(X,Q,) ®q, C, such that

Fil' (H (X, Q) ®q, C)/ Fil"™ (H (X, Q) 8g, C) = H (X, Q¢) ®c C(i—n).
1.2 For any abelian group M, we set
Tp(M) = Homz(Z[1/p]/Z,M) and V,(M) = Homgz(Z[1/p], M).

In Section 4, we construct a Faltings extension of Ok over Z p-Itisa canonical exact
sequence of C- Gg-modules that splits as a sequence of C-modules (c¢f. Theorem 4.4),

121) 0—C(1) — Vo (Q_so,) — C®o, (0 ®0, Vo yz,)" — 0,

where (=) denotes the p-adic completion. Based on Hyodo’s computation of Galois
cohomology (cf. Theorem 3.8), we will show that the connecting map of the above
sequence

Gk

1.2.2) 8: (C®o, (g ®ox Qoyyz,)") " — H' (G, C(1))

is an isomorphism (cf. Corollary 4.5).
Following Fontaine, we deduce from the above sequence and its cohomological
properties a canonical K-linear injective homomorphism (cf. Theorem 5.6)

(1.2.3) p: H(X, Q;/K) — Homg, [6,(T,(X), vp(ng/oK)).

The arguments are essentially the same as in [Fon82].
Our main result can be stated as follows (cf. Theorem 7.4 and Paragraphs 7.5, 7.6).

Theorem 1.3  For any abelian variety X over K, there is a canonical exact sequence of
C- Gx-modules

(13.0) 0 — H'(X, 0x) ®x C(1) - Homy, (T,(X), C(1))
¢
— H*(X, Q) /x) ® C— 0

satisfying the following properties:
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(i) AnyC-linear retraction of 1 in (1.2.1) induces a C-linear section of ¢. More precisely,
we have a commutative diagram

¢
Homz,, (T, (X),C(1)) ——— H(X,Qy ;) ®k C

\lp

Homz, (T5(X). V(R _0,)):

where p is induced by the map (1.2.3), and m is induced by any retraction of 1 in
1.2.1).
(i) The connecting map & associated with (1.3.1) fits into a commutative diagram

s

1
H(X, Q)

|

Homz,, (T)(X). Vp(Qp_0,)) — = Homz, (Tp(X).C ®0oc (O ®0x oy /z,)")-

HY (Gk,H'(X,0x)®k C(1))

where p is the map (1.2.3), ' is induced by —v of (1.2.1), and the unlabeled arrow
is induced by 87! (1.2.2) and v of (1.3.1).

Corollary1.4  For any abelian variety X over K, sequence (1.3.1) splits if and only if the
image of p (1.2.3) lies in Homg, (6,1(Tp(X), C(1)). In fact, when it splits, the splitting
is unique.

Remark 1.5 Caraiani and Scholze [CS17] constructed a relative version of Hodge-
Tate filtration for proper smooth morphisms of adic spaces. And recently, Abbes
and Gros [AG20] constructed a relative version of Hodge-Tate spectral sequence
for projective smooth morphisms of logarithmic schemes. Unlike these works that
rely on advanced theories and results, our proof for abelian varieties uses only basic
algebraic geometry and p-adic Galois cohomology computation of Tate and Hyodo.
For instance, we do not use Faltings’ almost purity theorem.

2 Notation

2.1 Let K be a complete discrete valuation field of characteristic 0, with residue field
k of characteristic p > 0. Let K be an algebraic closure of K, let G be the Galois group
of K over K. Let C be the p-adic completion of K, v, the valuation on C such that
vp(p) =1, ||, the absolute value on C such that |p|, = 1/p. We fix a complete discrete
valuation subfield K, of K such that Ok, /pOk, = k (by Cohen structure theorem, cf.
[Gro64, 07y 19.8.6] ). We remark that K/Kj is a totally ramified finite extension. We
fix elements (u;);er of Ok, such that the reductions (u;);e; form a p-base of k. For
each i € I, we fix elements (W;, ) mso of O such that Wf,m+1 =w;mandw; o = u;. We
denote by (e;) e the standard basis of @;¢;Z.
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2.2 For any discrete valuation field L of characteristic 0, with residue field of
characteristic p, we denote by

= (Qo,/z,)"

the p-adic completion of the module of differentials of O over Z,.
For any algebraic extension L over L, we set

QL (0;)) = colim O R
b, (01) = colim &,

where L, runs through all finite subextensions of L’/L. We remark that QbL (Op) =
QBLI (O1) for any finite subextension L; of L'/L, and that O}, (01) = Q.
2.3 For any abelian group M, we define
T, (M) = lim M[p"] = Homs (Z[1/p]/Z, M),
X px
Vo (M) = lim M = Homg(Z[1/p], M).
X px
Being an inverse limit of Z-modules each killed by some power of p, T,(M)
is a p-adically complete Z,-module ([Jan88, 4.4]). If M is p-primary torsion, then
Vy(M) = T,(M) ®z, Q,, and thus it has a natural Q,-module structure. If M is a
Z,-module, then T,(M) = Homgz,(Q,/Z,, M), V,(M) = Homgz,(Q,, M). We set
Zp(1) = Tp( O%), a free Z,-module of rank 1 with continuous Gx-action. For any Z, -
module M and r € Z, we set M(r) = M ®z, Z,(1)®", the r-th Tate twist of M. Let X
be an abelian variety over K. We set T,(X) = T,(X(K)) and V,(X) = V,(X(K)).

3 Review of Hyodo’s Computation of Galois Cohomology Groups

of C(r)

Lemma 3.1 Let B/ A be a finite extension of discrete valuation rings, whose fraction
field extension and residue field extension are both separable. We assume that A is
henselian, or that B/ A is totally ramified. Let R be a subring of A. Then the canonical
map B®a Q) —~ Qyp s injective.

Proof  After replacing A by its maximal unramified extension in B, we can assume
that B is totally ramified over A. Hence, B is of the form A[X]/(f(X)) for some
irreducible polynomial f € A[X]. Let x be the image of X in B. Then we have

Qyn = (B®a Qyp ® BAX)/B(daf(x) + f'(x)dX),

where d,f € A[X] ®4 Q) /r is obtained by differentiating the coefficients of f. Since
f'(x) # 0, the canonical map B ® 4 Q;/R - Q;/R is injective. [

Lemma 3.2 ([Hyo86, 4-4])  There is an isomorphism of Ok, -modules

(®ie10k,)" — QBKO, e; —> dlogu;, Viel.
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Proof  As (u;);e form a p-base of the residue field of Og,, we have QbK 1z, ®Zy
Ly |pZy = Q}(/FP = @jcrk, where e; corresponds to dlogu;. Since Ok, is flat over Z,,

and k is formally smooth over F,, Ok, /p" Ok, is formally smooth over Z, /p"Z,, for
each n > 1 ([Gro64, 0;y 19.7.1], [Sta20, 031L]). In particular, Q}D /z, ® Zp|p"Zy is a
Ko

projective Ok, / p" Ok, -module. Hence, we have an exact sequence
1 LS
0— QOKO/Zp ® Zp/pr — QOKO/ZP ® Zp/anp
1 -1
- QOKQ/ZP ®Zp/pn ZP —0,

from which we get isomorphisms ®;c;0k, /p" Ok, — QBKO /2, ® Z,[p"Z, by induc-
tion. The conclusion follows by taking limit over n. |

Proposition 3.3 ([Hyo86, 4-2-1])  There is an exact sequence of Og-modules
A 0 A1 1
0— (eaiEIOK) — QOK — QOK/OKU — 0,

where 0(e;) = dlogu; forany i€ I.

Proof  The sequence of modules of differentials of Ox /O, /Zy,
0 — Ok ®OK0 QbKn/Zp - QigK/Zp — QbK/OKo —0

is exact by Lemma 3.1. Passing to p-adic completions, as (), Joy, is killed by a power
k/ Ok,

of p, we still get an exact sequence [Sta20, 0BNG]. The conclusion follows from

Lemma 3.2, and the isomorphism Ok ®0o,, (®ie10k,)" 5 (8i10k)" as O is finite

free over Ok, . u

Lemma 3.4 ([Hyo86, 4-4])  Let Mo = Uier,ms0 Ko(Wim) € K. Then there is an iso-
morphism of O y,-modules

M ®OK0 (®ieIOK0)A SN Q%DKO(OMO)’ p—m ®e; —> legWim, Viel,meN.

Proof  For an integer N > 0 and a finite subset J € I, let Ly = U;c; Ko(win). Then
by Lemma 3.2, (®;¢/0,)" is isomorphic to Q{S,LO by sending e; to dlogw;y if i € ],
and to dlog u; if i ¢ J. The conclusion follows by taking colimit over J and N. ]

Lemma 3.5 ([Hyo86, 4-7])  With the same notation as in Lemma 3.4, let M be a finite
extension of M. Then there is a canonical exact sequence of O p-modules

0 — OM ®OM0 Q}DKO(OMO) - QEKO(OM) - Q%DM/OM() - 0

Proof = We notice that O, is a henselian discrete valuation ring with perfect
residue field. Let M,, be the maximal unramified subextension of M/M, and let
f € Op, [X] be the monic minimal polynomial of a uniformizer @ of O,;. Then we
have Oy = Op,, [X]/(f(X)). For asufficiently large finite subextension L; of My, /Ky
such that f € O, [X], L, = L;(®) is totally ramified over L,. The same argument as in
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Proposition 3.3 gives us a canonical exact sequence
A1 Al 1
0 — O, ®o,, QOLl — QOLZ — QOLZ/OLl — 0.
By taking colimit over L,, we get an exact sequence
Al Al 1
(3.5.1) 0— Oy ®0,, QOKO(OM‘") — QOKO(OM) — QOM/OM.,, — 0.

A similar colimit argument shows that (AZIOKO (Om,,) = Om,, ®0y, Q{‘Jxo (O, )- The
conclusion follows from (3.5.1). [ ]

Proposition 3.6 ([Hyo86,4-2-2])  There is an exact sequence of Og- Gg-modules that
splits as a sequence of Oz-modules,

361 0—K/a(l) - O (0g) — K 80, (9110k)" — 0,

where a={x e K |v,(x)>-1/(p-1)}, and 9(p~™* ® ({,)n) = dlog (i for any k € N
and any ((,)n € Z(1). Themap K ® 0 (:e10k)" — QBK(O?)’ sending p™™" ® e; to
dlogwim for any i € I and m € N, gives a splitting of the sequence.

Proof ~ With the same notation as in Lemma 3.4, let M run through all finite
subextensions of K/M,. We get from Lemma 3.5 an exact sequence of Oz-modules

(3.6.2) 0 — Og 8oy, Qo,, (Oum,) — Qo, (O) — Qy_so,, — 0.

We identify its first term with K ®, (®;e0x)" by Lemma 3.4. Let Q, be the
algebraic closure of Q, in K, Z, the integral closure of Z, in ( Q,. By Fontaine’s
computation [Fon82, Théoréme 1'], we have an isomorphism of Z ,-modules

QTP/aO(U;QIZ/ZP, pF®(L)n—dlogly, VkeN, V({)neZy(1),

where a9 = {x€Q, | v,(x) >-1/(p-1)}, and we have an isomorphism of O-
modules

K/a(1) — QIOF/OM(,’ pF®((n)n—> dlogl, YkeN, VY({)ne€Zy(1),
where a = {x € K| v,(x) > -1/(p — 1)} Hence, the composition of

K/a(l) = O0g ®z, Q- — Qoy_z, — Qo (Og)

gives a splitting of (3.6.2). Thus, we obtain the splitting sequence (3.6.1) of O%-
modules. We notice that the Galois conjugates of {,,, w;y, are of the form (}, {;ﬁwim,
respectively, which implies that (3.6.1) is Gx-equivariant. [ ]

3.7 és (AIIOK(OK) if’ p-divisible, we have an exact sequence 0 — TP(QIOK(OF))
- V,(Qp, (0g)) = Qpy, (Og) — 0. After inverting p, we get an exact sequence

(3.71) 0 — C(1) — K ®0, V,(Q0, (0%))
— E@o? be(of) — 0,

where we identified K ®0, TP(QIOK(O?)) with C(1) by (3.6.1).
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Theorem 3.8 ([Hyo86, Theorem 1 and Remark 3])
(i)  The composition of
(3.8.1) K @0, Ob, — (K ®0_ Qb (03)% - H'(Gx, C(1)),

where ¢ is the canonical map and § is the connecting map associated with (3.71),
is an isomorphism. Moreover, for any integer q, the cup product induces an
isomorphism

(A1H'(Gk, C(1)))" — H(Gk, C(q)).

(ii) The K-module H'(Gy, C) is free of rank 1. Moreover, for any integer q, the cup
product induces an isomorphism

H'(Gg, C) ok (AN'H' (G, C(1)))" — H(Gg,C(q -1)).
(iii) For any integers r and q such that r + q or q — 1, we have H1(Gg, C(r)) = 0.

Remark 3.9 By Proposition 3.3, we have an isomorphism
(3.9.0) K®o (®ie10x)" — K®o, Qb,, 1®e;—> 1o dlogu;, Viel.
By composing it with (3.8.1), we get an isomorphism
K ®o, (@:ic0x)" — H'(Gk,C(1)), 1®e; — [fi],
where f; isal-cocycle sendingeach o € Gxtoo(1® (dlogwim)m) —1® (dlogWim )m

in view of (3.7.1).

4 Faltings Extension

Lemma 4.1 Let M = Ujc; mso K(Wim) € K. Then there is an isomorphism of O -
modules

®ictM/Oy —> Qi‘)m/ow p "ei—> dlogwi,, Viel,meN.
Proof For any N > 0, we set My = U;; K(w;in). Since (u;) form a p-base of the

residue field k, the elements of the form [];; W_mki where 0 < k; < pV with finitely
many nonvanishing, are linearly independent over k. Therefore, Oy, = O[T ]ic1/

N
(Tip - u;), where T; maps to w;y. Hence,
Qo j0x = ©ietOmy /PN Oty = ierp ™ Orty /Oy

where p~Ne; corresponds to dlogw;y. The conclusion follows by taking colimit
over N. |

Proposition 4.2 With the same notation as in Lemma 4.1, there is an exact sequence
of Ox-modules

— 9 —
0 — @i/ K/O0x — Qlof/OK — K/b(1) — 0,
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where 0(p~"e;) = dlogwi, for any i€l and meN, and b={xeK | v,(x)>
~Vp(Dmym,) —1/(p-1)}, where M, is the fraction field of the Witt ring with
coefficients in the residue field of M, and © yy, uy, is the different ideal of M/ M,.

Proof = We notice that Oy, is a henselian discrete valuation ring with perfect residue
field. Thus, the sequence of modules of differentials of /O /Ok,

(4.2.1) 0 — O ®o, %M/OK — %E/ox - %f/om —0

is exact by Lemma 3.1. We identify its first term with ®;e/K/Ox by Lemma 4.1. By
Fontaine’s computation ([Fon82, Théoréme 1']), we have an isomorphism of O%-
modules

K/b(1) — Qlof/oM’ p_k ® (Cn)n—>dlogls, VkeN, V({)neZy().
The conclusion follows from (4.2.1). [

Lemma 4.3  The canonical map
K ®0, (®ic10k)" — (C®0, (®ie10c)")

is an isomorphism.

Proof It follows from the following descriptions
C®o. (®ie1Oc)"
(4.3.) = {(x,-) e[IC|V¥N >0, 3finite J < I, |xi[, < 1/N, Vi ¢ ]},
i€l
K ®o, (®ie10k)"

(4.3.2) ={(x) e [TK|¥N >0, 3finite J € I, Jxil, <1/N, Vi ¢ J}. .

i€l

Theorem 4.4  There is a canonical exact sequence of C- Gx-modules that splits as a
sequence of C-modules,

(44D 0—C(1) — VP(QEE/OK) — C®o, (0% ®oy Qigx/zp)A — 0,

where 1(1® ((n)n) = (dlog (), for any ({u)n € Zy(1). There is an isomorphism of C-
Gy-modules

(4.4.2) C ®0o¢ (@iE[Oc)A = C ®0c (Of ®ox Qi‘_)K/ZP)A’

I1®e;—1@1®dlogu;, Viel,

and the map C @, (®ie10¢)" - VP(Qt%/o ), sending1 ® e; to (dlog Wim ) m for any
%/ Ok
i €I, gives a C-linear section of v.
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Proof ~ We consider the sequence of modules of differentials of Oy /Ox/Z,, where
L/K is a finite subextension of K/K, and pass to p-adic completions. Since QloL Joy 18
killed by a power of p, we still get an exact sequence [Sta20, 0315, 0BNG]

Al Al 1
Or ®0, QOK — QOL — QOL/OK — 0.
By taking colimit over all such L, we get an exact sequence
AL @ AL Bt
(4.4.3) O ®ox Qop, — Qo (0f) — QOE/OK — 0.
Combining with Propositions 3.3, 3.6, and 4.2, we get a commutative diagram:

(4.4.4)
0 —— O ®0; (®ie1Ok)" — K ®0, (®ic1O)" — ®ie1 K /O — 0

Ox ®ok Ry, 10k, K /a(1) K/b(1) 0,

where the rows and columns are exact, and the middle column splits. We set D =
Ker(f3) = Im(«). We see that O ®, (®ie10k)" — D is injective, whose cokernel is
killed by a power of p. Now for any n > 0, by applying Homgz, (Z,/p"Z,, -) to (4.4.3),
we get an exact sequence of Ox/p" Ox-modules

(445 0— D[p"] — Qb (0g)[p"] — Qby_jo,[p"] — D/p"D
— O, (0%)/p" (b, (0%) = 0.

We notice that the inverse system (D[p"]), is Artin-Rees null, and that (QBK (9%)
[p"])x satisfies Mittag-Leffler condition. Therefore, by taking the inverse limit of
(4.4.5), we get an exact sequence of O¢-modules

(4.4.6) 0 — Tp(Qp, (0g)) — Tp(Qp_so,) — D" — 0.

By applying T}, () to the middle column of (4.4.4), we get T, (QIOK (0%)) =4(1).On
the other hand, we notice that &;;K/Og is p-divisible, and that ((®;;K/O%)[p"])»
satisfies the Mittag-Leffler condition. Therefore, by applying T,(-) to the right
column of (4.4.4), we get an exact sequence of O¢-modules

(4.4.7) 0 — (®ier0c)" — Tp(Qy_jo,) — (1) — 0.
As Q%DK/OKO is killed by a power of p, the map (Ox ®0, f)bK)A — D" becomes

an isomorphism after inverting p. Afterwards, we get from (4.4.6) a canonical exact
sequence of C-modules

(4.4.8) 0 — C(1) = Vp(Qp_jo,) — C @0, (O 80, Q)" — 0,
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and from (4.4.7) an exact sequence of C-modules

(4.4.9) 0 — C®o, (®ie10c)" — VP(Q{‘J?/OK) — C(1) — 0.

The latter gives a splitting of (4.4.8) and an isomorphism C ® .. (&,;0¢)" = C ®0,.
(Og ®ox (AZIOK)A by sending 1 ® e; to 1 ® 1 ® dlogu; by diagram chasing. We notice
that the Galois conjugates of (,,, w;,, are of the form (7, (,’;wim respectively, which
implies that (4.4.8) is Gg-equivariant. Hence, (4.4.8) gives us the exact sequence
(4.4.1) of C- Gx-modules that splits as a sequence of C-modules. [ |

Corollary 4.5  The canonical map K ® o, Q}DK - (C®p, (0O ®o, Q{DK/ZP)A)G’( is
an isomorphism, and the connecting map of the sequence (4.4.1)

(4.5.1) 8:K®o, Oy, — H'(Gk, C(1))

is an isomorphism that coincides with (3.8.1). In particular,

(4.5.2) VP(QBF/OK)GK = 0.

Proof By (3.9.1), (4.4.2), and 4.3, we see that the canonical map K ®¢, Q{OK -

(C®o, (O ®o, QbK)A)GK is an isomorphism. Now (4.5.1) follows from Theorem
3.8(i) and Remark 3.9. And (4.5.2) follows from the fact that C(1)°¥ = 0. n

Definition 4.6.  We call sequence (4.4.1) the Faltings extension of Ok over Z,.

5 Fontaine’s Injection

5.1  For any proper model X of the abelian variety X over Ok (i.e., a proper
Ok-scheme whose generic fiber is X), we identify X(O) with X(K) by valuative
criterion. Pullback of Kéhler differentials defines a map

1) H(X,Q%0,) — MapGK(X(f),Qlof/oK), w— (u— u* ).

We notice that H°(X, le/K) =Ko, H'(X, Q;/OK), and that any differential form
over X is invariant under translations. Hence, we can take an integer r > 0 big enough,
such that for any w € p"H°(X, Qée/ok) and u;,u; € X(0g), (1 +u2) 0 =ujw+
uj w (cf. [Fon82, Proposition 3]). Therefore, (5.1.1) induces a homomorphism of O-
modules

P1 :p"HO(%, Q%{/OK) —> Homz[GK](X(E),Qb?/OK), w —> (u — u*(U).

We can also assume that p"H’ (X, Q% /OK) has no p-torsion for further use.
5.2 The functor V,(-) gives us an injective homomorphism

(5.21)  ps: Homypg, (X(K), Q{WOK) — Homgg, (Vp(X), VP(QbE/OK)),

since X(K) is p-divisible (cf. [Fon82, 3.5, Lemme 1]).
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5.3 The composition p, o p; induces a homomorphism of K-modules
(5.3.1) H(X, Q) = K®o, p"H (X, Q% /0,)
— Homyg,1(V,(X), Vp(Qlof/O,())-

As the category of Og-proper models of X is connected, this composition does not
depend on the choice of the model and number r (¢f. [Fon82, Proposition 4]). We
conclude by the following lemma that (5.3.1) is injective.

Lemma 5.4 ([Fon82, 3.5, Lemme 1])  There is a proper model X of X such that p, is
injective.

Proof We follow closely the proof of [Fon82, 3.5, Lemme 1], which does not
essentially use the assumption that the residue field k is perfect. We briefly sketch
how to adapt Fontaine’s proof.

(a) Let u be the origin of X and let d be the dimension of X. We first take a closed
immersion X — P, and then we take an open immersion P} — I%K described
later (all the morphisms are over Og). Let X be the scheme theoretic image
of the composition X — Pf , which is thus a proper model of X. Let u be
the special point of the scheme theoretic image of u. It is a k-point. After a
linear transformation of coordinates, we can at first choose an open immersion
Pk — P, suchthat Oy 3 isa (d +1)-dimensional regular local ring (cf. [Fon82,
3.6, Lemme 3]).

(b) The mgy z-adic completion of the local ring Oxz is isomorphic to Og
[Th,..., Ts], denoted by Ox 3. The my z-adic completion of Qiﬁx;/ox is a free
Oz z-module of rank d, denoted by Qi?r Ok The invariance of differential
forms over X and the fact that p"H®(X, Q% o, ) € H*(X, Q)¢ ) imply that the
canonical map p"H’(X, Qée/ox) - be—/ok is injective (cf. [Fon82, 3.7]). We
remark that the canonical map be,;/OK - be,;/ox is injective, as Qlox,;/ox
is of finite type over the Noetherian local ring O 3.

(c) We have the following commutative diagram

r P1 —
p"HO(X, Q;/OK) ———— Homyq (X (K), Qéﬁ/OK)

Ql

P ~
Ox w/Ox —1> Map(HomOK_ cont (Oggﬂ, O?), Qé?/OK ).,

’

where we identify the set of continuous O -algebra homomorphisms from Oxa
to O with a subset of X(0) = X(K). To show the injectivity of py, it suffices
to show that of p]. More precisely, we need to show that for any nonzero formal
differential form Z;’lzl a;(T,..., T;)dT; where a; € Og[ Ty, ..., T;], there are
X1...,Xq € mg such that Z?:] a;(x1,...,x4)dx; is not zero in Qlof/o,('

(d) Ford =1, suppose a(T) = Xy ax T¥ where a; € O not all zero. Let ko be the
minimal number such that v, (ay, ) is minimal. For a sufficiently large integer N,
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we take x = @/P" € m, where @ is a uniformizer of O, such that v, (ax, x*°) <
vp(axx®) for any k # ko. Let M = Ujes, mso K(Wim) € K. The annihilator of dx
in QBM(X) /o, 18 generated by pN xP" 71, As Oy is a henselian discrete valuation
ring with perfect residue field, Lemma 3.1 implies that the annihilator of dx in
Qb?/OM is also generated by pNxPN_l. When N is big enough, a(x)dx is not
zero in QbE/OK (¢f. [Fon82, 3.7, Lemme 4]).

(e) As Ok is an infinite domain, there are formal series f3i,.. ., B4 € Ox[ T] with-
out constant term, such that ¥ a;(Bi, ..., B4) - B € Ox[T] is still nonzero.
Hence, the general case reduces to the case d = 1 (¢f. [Fon82, 3.7, Lemme 5]). m

5.5 As X(K) is p-divisible, we have a canonical exact sequence

0 — T,(X) — Vp(X) — X(K) — 0.
After applying the functor Homy g, (-, Vj (Qbf Ok )), we get an exact sequence
0 — Homgg,q (X(K), V5 (Qp_j0,)) — Homzpe, (Vo(X), Vo (Qo.j0,))
— HomZ[GK] (TP(X)’ VP(QBE/OK))'

Let f: X(K) - VP(QIOK/OK) be a Gg-equivariant homomorphism. For any finite

extension L/K, we denote by G; = Gal(K/L) the absolute Galois group of L. Then f
maps X(L) to V,, (Qbf/o,( )€~ We notice that the kernel of the surjection Qbf/o,( -

Qbf/oL is killed by a power of p, which indicates that the map VP(QEK/OK) -
Vy (Qlof /OL) is an isomorphism. Now, by applying (4.5.2) to L, we get

Vp(Qlof/oK)GL = Vp(Qiof/oL)GL =0.

Hence, f(X(K)) = Urx f(X(L)) = 0, which indicates that we have an injective map
(cf. [Fon82, 3.5, Lemme 2])

p3 - Homzg, (VP(X)’ VP(QE)?/OK)) — Homyg,) (TP(X)’ VP(QE‘)?/OK))-

Remark that any element in the image of p3 o p; o p; is Z,-linear. All in all, we have
generalized Fontaine’s injection ([Fon82, Théoréme 2] ) to the imperfect residue field
case.

Theorem 5.6  There is a canonical K-linear injective homomorphism

(5.6.1) p: H'(X, QY ) — Homy, (6, (T,(X), VP(Q{DE/OK)).

6 Weak Hodge-Tate Representations

Definition 6.1 For any C- Gg-module V of finite dimension, let

(6.11) 0=VeVigVheg-eV,=V
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be a composition series of V, i.e., V;11/V; is an irreducible C- Gg-module for any i.
The set of factors { V;11/V; }o<i<n does not depend on the choice of the composition
series by Schreier refinement theorem. We call the multiset

(6.1.2) wt(V) = {ri | Vin/Vi 2 C(r;), 0<i<n}

the multiset of weak Hodge-Tate weights of V. If all the factors are Tate twists of
C, i.e., dimc V equals the cardinality of wt(V'), then we call V a weak Hodge-Tate
C-representation of Gkx. We denote by €’the full subcategory of finite-dimensional C-
Gg-modules formed by weak Hodge-Tate representations.

Proposition 6.2  Let V be a finite-dimensional C- Gx-module.

(i) For any short exact sequence of finite-dimensional C- Gg-modules 0 - V' —
V - V" -0, we have wt(V) = wt(V") uwt(V"). In particular, € is a closed
under taking subrepresentation, quotient and extension.

(ii) For the dual representation V* = Homc(V, C), we have wt(V*) = —wt(V).

Proof  The first assertion follows from the basic properties of composition series.
The second assertion follows from the basic fact C(r)* = C(-r). |

Proposition 6.3  For s € N and r € Z, the subrepresentations and quotients of C(r)®°
in € are direct summands of C(r)®* of the form C(r)®" for some t € N.

Proof  After twisting by —r, we can assume that r = 0. For any subrepresentation V
of C®, we set W = C®*/V. Consider the following commutative diagram

0— = VO QrC——=CH» — > WOk QrC

L]

0 Vv Cc®s w 0.

We see that the first and third vertical maps are injective, because K-linearly inde-
pendent Gg-invariant elements are also C-linearly independent. But the middle map
is identity, which shows that V = Vo* @ C, W = W @ C. Then any splitting of
0 — VO — K® — WSx - 0 induces a splitting of 0 > V — C® — W — 0, which
completes our proof. ]

Proposition 6.4  Fors, t € Nand integers ry, ry such that ry — r, # 1 or 0, any extension
of C(12)® by C(r1)®" in C'is trivial.

Proof  After twisting by —r,, we can assume that r, =0 and r; = r # 1 or 0. Given

an exact sequence 0 > C(r)®" - V — C® - 0, take Gg-invariants; then we obtain
an exact sequence

0= (C(r)$t)GK — L, VYOr K%, HI(GK)C(T,)@t) -0,

from which we get an isomorphism V% - K®. Hence, V = C(r)® & C®*. |
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7 Hodge-Tate Filtration for Abelian Varieties

7.1  We keep the following simplified notation in this section:
— e’ .
G =Gk, Q= Qo
Kr=K®o, Oy, «— K ®o, (®ie10x)" (by (3.9.1));
Cr = C®o. (Og ®ox Qoyyyz,)" < C B0 (®ie10c)” (by (4.4.2));
E = Homg, (T,(X),C), E(1) = Homy, [6)(T,(X), C) ® C(1) € E(1).

We remark that the Tate module T,(X) of the abelian variety X is a finite free
Z,-module. By applying the functor Homg, (T,(X),~) = E®c — to the Faltings
extension (4.4.1), we get an exact sequence of C- Gg-modules

(71.1) 0 — Homg, (T,(X), C(1)) — Homz, (T,(X), V,(Q))
— HOII‘IZP(TP(X), C[) — 0.

We also write itas 0 - E(1) = E®c V,(Q) - E®c C; - 0.
We choose a C-linear retraction of 1 in (4.4.1) and denote by

(7.1.2) 7 : Homgz, (T, (X), V,(Q)) — Homg, (T,(X),C(1))

the induced C-linear homomorphism.
We denote by p the composition of

H®(X, QY ) - Homy, 11 (T,(X), V5 (Q)) = E(1) — E(1)/ES(1),

where p is the Fontaine’s injection (5.6.1).

Lemma 7.2  'The canonical map
E° @k K; — (E®¢ C))°

is an isomorphism.

Proof Since E is a finite-dimensional C-vector space, the complete absolute value
on C extends to a complete absolute value on E uniquely up to equivalence. We fix
such an absolute value and still denote it by | |,. Following (4.3.2) and (4.3.3), the
conclusion follows from the following descriptions

Eec Cr={(x:) e []E| YN >0, 3finite ]  L|xil, <1/N, Vi ¢ ]},
iel
E® @ Ky = {(x:) e [JEC| YN >0, 3finite J € L|xi[, <1/N, Vi¢J}. m

iel

Lemma 7.3 The map p is injective, and its image lies in the G-invariants of
E(1)/E€ (1). Moreover,  does not depend on the choice of . Hence, we have a canonical
K-linear injective homomorphism

pi HO(X, Q) — (EM/EC (D))"
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Proof We take a K-basis {h;} of E°. For any we H(X, Q) thanks to
Lemma 7.2, we denoteby 3 h; ® a; € E© ®k K; the image of w in Homz, (T (X), Cr)
via Fontaines injection p (5.6.1) and (7.1.1). Take any lifting f8; € V,,(Q) of «; in the
Faltings extension (4.4.1). Consider the element

p(w) =Y h; ® Py e Homz, (Tp(X), V,(Q)) = E®c V,(Q).

In fact, it lies in E(1). For any o € G,
a(p(w) =D h®B1) — (p(w) =Y hi®@P1) =Y hi® (B —a(Bi)) € E°(1).

Therefore, p(w) — ¥ h; ® f; is G-invariant modulo E®(1); i.e., it defines an element
in (E(1)/E®(1))¢. Moreover, this element does not depend on the choice of the lifting
1. Indeed, suppose f3; and f; two liftings of «;, then 8] — 8; € C(1), which shows that
(p(w) =X hi®pi) - (p(w) — ¥ h;® B)) € E°(1). In particular, 5 does not depend
on the choice of 7.

Now we show the injectivity of j. Suppose that p(w) - > h @i =Y h; ®y; €
E€(1). Then for any o € G,

Y h®(a(Bi+y) = (Bi+y1)) =0,

which implies that §; + y; € V,(Q)%=0 by (4.5.2). Hence, p(w) = 0, which forces w
to be zero, since p is injective. [

Theorem 7.4  There is a canonical exact sequence of C- Gg-modules

(7.4.1)
0 — H'(X,0x) ®x C(1) <> Homy, (T,(X), C(1)) <> H(X, Q) ®x C — 0.

Proof ~Wesetd = dim X = dimg H(X, Q) /¢ ). Then Tj(X) isa free Z,-module of
rank 2d. Lemma 7.3 implies that the weak Hodge-Tate weight 0 of E(1) has multiplic-
ity > d. Let X’ be the dual abelian variety of X, and we set E’ = Homz, (T, (X"), C).
Due to the fact that E' = E(1)* (by Weil pairing) and Proposition 6.2, the weak
Hodge-Tate weight 1 of E(1) has multiplicity > d. But dim¢ E(1) = 2d, which forces
these inequalities to be equalities. In particular, 5 : H°(X, Qﬁ(/K) - (E(1)/ES(1))¢
is an isomorphism. Since C(1) has only trivial extension by C®¢ (Proposition 6.4), we
see that C®? is a quotient representation of E(1). By duality again, we see that C(1)®¢
is a subrepresentation of E(1), and thus the canonical injection (E(1)/E®(1))¢ ®x
C — E(1)/E®(1) is an isomorphism. Therefore, we have a canonical surjection

E(1) — H°(X, Q/x) ® C.
By duality, H'(X,0x)®k C(1) = H(X', Q. )" ® C(1) canonically identifies

with a subrepresentation of E(1). Now (7.4.1) follows from the avoidance of C(1)®¢

and C®4. [

7.5  Let us complete the proof of the Main Theorem 1.3. We choose a retraction
of 1 in the Faltings extension (4.4.1). By our construction, we have the following
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commutative diagram

(75.1) Homy, (T, (X),C(1)) —~— HO(X, Q) @k C

\ip

Homgz,, (T}, (X), V,(2)),

where ¢ is the surjection in the Hodge-Tate filtration (7.4.1),  is induced by the
chosen retraction, and p is the Fontaine’s injection (5.6.1). Consider the following
diagram:

(75.2)
Homy, ¢1(T,(X), C(1))

é 5

HO(X, QY ) HY(G,H'(X,0x) @k C(1))

P

Homg, (T,(X),C(1)) =<—— Homgz, (T,(X), V,()) Homgz, (T,,(X), Cy),

where ¢ is the connecting map associated to (7.4.1), where -7’ is the surjection in
(71.1), and where we identify H'(X, Ox) with Homg 6](T,(X), C) by (74.1) and
identify H'(G, C(1)) with K; by (4.5.1), which gives the right vertical arrow. Let {h; }
be a K-basis of H'(X, Ox). For any w € H’(X, Q} /x ), we write -7’ (p(w)) = £ 1y ®
«; by 7.2, where &) € K. Let ; € V,,(Q) be the lifting of &; via the chosen splitting of
the Faltings extension. We see by the diagram (7.5.1) that p(w) — 3 h; ® B, is a lifting
of w via ¢. Thus, 8’ (w) is represented by the following 1-cocycle:

0 — Zhl ®(/31 —0(/31)), Vo eG.

We notice that «; € K; corresponds to a class in H'(G, C(1)) represented by the
following 1-cocycle:

o—o(B;)-B1, VoeG.

In conclusion, diagram (7.5.2) is commutative.

7.6 Now we can prove Corollary 1.4 to the main theorem. If the sequence (7.4.1)
splits, then the ¢ in (7.5.2) is surjective. Hence, 8’ is zero map, and so is 7’ o p. Thus,
the image of the Fontaine’s injection p lies in Homgz, (T,(X), C(1)). We easily see that,
conversely, if the image of the Fontaine’s injection p lies in Homz, (T,(X), C(1)), then
sequence (7.4.1) splits. Moreover, the splitting is unique by the avoidance of C(1)®¢
and C®,
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