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1. Introduction

We consider the one-dimensional scalar surface growth model (SGM)

Ut + Vggae = _arx(vm)za (11)
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which is a model of epitaxial growth of monocrystals, with v being the height

of a crystalline layer. For more applicational motivations see [11,11,18,19, 23],

and for certain stochastic aspects see [1-4, 7]. The analytical results for the SGM

share striking similarities with the 3D incompressible Navier—Stokes equations,

which has been explored in the recent years by the authors of [5,6,15,16, 24].
The Cauchy problem associated with (1.1),

{Ut + Vgzaxer = _am:c(vx)2 in R x (0> OO) = Q+7 (1 2)

v(0) = v on R,
admits the following notion of an energy weak solution.

DEFINITION 1.1. Let vg € La(R). We say that a function v € Lo (0, 00; L2 (R))
such that v, € L2(0,00; L2(R)) is an energy weak solution to (1.2) provided

(i) (distributional formulation)

_/Ooo/]R (Vo1 — Vaz e — Vadaa) = /RUO¢(O) (1.3)

for every ¢ € C°((—1,00) x R),

(ii) (energy inequality) for almost every ¢t > 0

1 2 e 1 2
f/v(t) —|—/ /vm < 7/1}0. (1.4)
2 Jr 0o Jr 2 Jr

REMARK 1.2. Any energy weak solution v of (1.2) can be modified on a set of
measure zero so that the energy inequality holds for any ¢ > 0 and

(iii) v(t) is weakly continuous into Ls, i.e. for any w € Ly
/v(t)w is continuous on [0, c0),
R

(iv) (time-truncated distributional formulation) for every ¢ >0 and ¢ €
C5°((—=1,00) x R)

[0+ | t [ (o= vass = 26.0) = [ w0, (15)

(v) llo(t) = vollLym) — 0 as t — 0%,

Remark 1.2 is proven in appendix 6.1.
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In this note we are interested in local regularity properties of weak solutions
to (1.1). Throughout the paper we will use the notation z = (z,t) and we will
denote a biparabolic cylinder centred at z by

Qr(2) = (x —rx+7r)x (t—7rit.

We will use the following shorthand notation for
(a) cylinders:

Q-(2)=Q, aswellas Q1(0,0) =Q,
where there is no danger of confusing cylinders with different centres, and for
(b) the function spaces:
(t - T47t; Lp(l' -+ T))a

Lpg(Qr) :=Lg
= L,(t —r*t; W;f(x —rx+r)).

WE(Qy)

We will also apply the convention that any Sobolev spaces and Lebesgue
spaces are considered on R unless specified otherwise. Moreover, we write
[ “llg:=1"lze [ := [z We are now ready to introduce

DEFINITION 1.3. Function v is a suitable weak solution to (1.1) on @ provided

(Vi) v € L2 oo(Q) and vge € L22(Q),

(vii) v satisfies (1.1) in the sense of distributions on @, i.e. [ [(v(¢r — Przza)
—02¢y) = 0 for every ¢ € C5°((—1,1) x (—1,0)),

(viii) (local energy inequality) for any nonnegative ¢ € C§°(Q) and almost any
te(—-1,0)

s+ [ [ ko

t el 2 2 5 3 2
< / / <2(¢t - ¢mxwz)v + 2‘”x| ¢$z - gvm¢m - ‘U$| v(bxﬂC) :
—1J-1
(1.6)

In view of the definition of @, the test function ¢ € C§°(Q) may not vanish at
t = 0, it vanishes only in the neighbourhood of the parabolic boundary.
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REMARK 1.4. As in (iv), we can modify a suitable weak solution v on a set of
measure zero such that the generalized distributional formulation

/ wwov)+ [ tl / 11 (000 = Verdaa — [0a000) =0 (L.7)

holds for all ¢ € C§°(Q) and t € (—1,0), and that the local energy inequality
(1.6) holds for every ¢t € (—1,0).

Definition 1.3 admits the obvious generalisation to an arbitrary cylinder Q,(z).
The definitions of weak energy solution and of suitable weak solution are not
artificial. Indeed, integration by parts yields the cancellation

[ 00000 = = [ (0200 =0,

which enables the following existence result.

THEOREM 1.5. Given vg € La(R) there exists an energy weak solution to the
Cauchy problem (1.2) that is a suitable weak solution on every cylinder Q. (z).

For the sake of completeness, the proof of theorem 1.5 is given in appendix 6.1.

1.1. Supercriticality

Our equation (1.1) enjoys invariance under the scaling
oMz, t) = v(dx, M) (1.8)

and its total energy

B() = sup [ o) +2 [ " [ lenetoias

vanishes on small scales, i.e. E(v)) =A"'E(v) — 0 as A — co. In this sense
equation (1.1) is supercritical. Hence one expects that standard methods, e.g.
a perturbation of linear theory, do not provide a satisfactory answer to well-
posedness in the large of (1.2). Observe that the small-scale decay of E occurs at
the same rate A~! as in the case of 3D Navier-Stokes equations under its scaling.
This essentially leads to certain similarities between (1.1) and 3D Navier—Stokes
equations, as discussed in the literature.
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1.2. Result

We provide regularity statements in relation to the quantity

1
R(Z

We note that I(z, R) is invariant with respect to the scaling (1.8) and it has
been studied in the previous work [16], where Holder continuity of v in Qr/2(2)
has been deduced from smallness of I(z, R). In our main result, i.e. theorem 1.6,
we improve integrability of a suitable weak solution for which I is bounded on
small scales, and we show local smoothness if I is small.

We will denote by C, any positive constant that depends on some parameter .

THEOREM 1.6. Let v be a suitable weak solution of the SGM (1.1) on Q.
(i) (higher integrability) If there exists M < oo such that

1
sup  —s lvg|® < M, (1.10)
Qr(z)c@ B* Jonu(2)
then there exists 6o = do(M) > 0 such that v, € Liossy 1045 (Q%) with
3 ’ 3
3
T0+30 2
/ ‘Ugc'logéo < Cy (/ |UI|13T’>
1 Q
2
(L CCum ([[v]l2,005@ + 1Yz l2,2:0)) (1.11)

(i) (e-regularity) Given ~v € (0,1) there exists € > 0 such that if

1(0,1) z/ lvg|® <e, (1.12)
then

o2 (.8) = 02, 8)| < G2 (o =yl + £ = 1Y) for (w0), (,5) € Q.
(1.13)

Let us note that:

e The higher integrability result (1.11) does not follow from regularity of a
suitable weak solution by interpolation, etc.

e Our result holds for an arbitrary v € (0, 1), unlike in the case of Navier—
Stokes equations (compare [13] and theorem 3.1 in [14]), thanks to lack of
pressure-related difficulties.
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e Ozaniski and Robinson [16] showed that smallness of I implies Holder conti-
nuity of v (rather than of v, ), which is not sufficient to further bootstrap the
regularity of v and exhibits a mismatch between an assumption involving v,
and a result for v. Part (ii) fills this gap, as (1.13) guarantees smoothness.
Indeed, using for example the regularity condition of [15], one has

COROLLARY 1.7. Under assumptions of theorem 1.6 (ii), v € C*°(Qy/s)-

e One can also provide respective partial regularity results based on
theorem 1.6. In particular, denoting by

S :={(z,t) € R x (0,00): v is not infinitely differentiable
on any neighbourhood U 3 (z,t)}

the singular set of a suitable weak solution v, one can deduce from part
(ii) that P1(S) =0 and that dp(SNK)<7/6 for every compact K C
R x (0,00), where P! denotes the one-dimensional biparabolic Hausdorff
measure and dp stands for the box-counting dimension. This improves the
conclusion of Ozanski and Robinson [16], who showed these estimates with
S replaced by the set of points where v is not Holder continuous (a subset

of 5).

The remaining part of this note is devoted to proof of theorem 1.6.

2. Auxiliary tools

Here we gather two tools needed further: a Campanato-type estimate for a linear
equation and a multiplicative inequality.

2.1. The linear equation
Consider

where 5 € R is a parameter. We will use (2.1) as a limiting system in our blowup-
type proof of the e-regularity result (i.e. theorem 1.6 (ii)). In fact, one of the main
purposes of this work is to demonstrate that (2.1) is a more optimal linearisation
of the SGM (1.1) than the biharmonic heat equation u; + typqe = 0 (which was
used by Ozaniski and Robinson [16]). In fact, if one of the v,’s in (v;)? in (1.1) is
replaced by a constant (3, then the nonlinearity becomes 3 v;.., which motivates
(2.1). In this section, we discuss a Campanato-type estimate for (2.1), which will
be later used in closing the blowup-type argument (in §5.1.3).
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LEMMA 2.1 Campanato-type estimate for the linear equation. Suppose that
u € Ly o(Q1) with ug € Ly o(Q1) satisfies (2.1) in the sense of distributions.
Then for any 0 € (0,1/2), p > 1,

1/p
(ﬁg iz — <um>e|”) < e(1+ B) 0lluall s a0 (2.2)

where ¢ > 1 is a universal constant and (uy)g := er Uy -
Proof. See appendix 6.2. (]

REMARK 2.2. Observe that there is no lowest-order term ||ullz,,(q,) present
on the right-hand side of (2.2), which the simplest energy estimate would dic-
tate. Instead (2.2) follows from an introduction of time-dependent oscillations
in estimates, inspired by [10], see also [22].

2.2. Multiplicative inequality

In the proof of theorem 1.6 (ii) (i.e. our e-regularity result) it is sufficient to
use standard interpolation. However for the proof of theorem 1.6 (i) we need the
following more precise inequality. Recall @+ := R x (0, c0).

PROPOSITION 2.3. Let U = Q,(z) or U = Q4. There exists a constant C >0
(independent of U) such that

2 3
Hfr”L%,%(U) < CHf||z2m(U)||frz||22,z(U) (2'3)

for every f € Lo oo (U) with frn € Lao(U) such that, in the case of U = Q,(2),
[ is compactly supported in (x —r,x + r).

We note that the compact support requirement may be relaxed to the condition
that f and f, vanish at at least one point in space (at almost every t) or the
condition that they vanish in the sense of spatial average.

Proof of Proposition 2.3. From the Gabushin inequality
2 3
[tzllio < Cllull3 [[uezll3

(cf. theorem 1.4 of [12], p.12, or the original [9]) and therefore also on an interval
I, provided u is compactly supported there (it actually suffices that v and u,
vanish somewhere on I, cf. [12], corollary 1.1, p. 21). Hence by density argument,
we have the same result at almost every ¢ for u(t), where u € Wg:g(U ). Taking
both sides to power 10/3 and integrating in time yields (2.3). O
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3. Caccioppoli inequality

Let g € C§°(—1, 1) be a nonnegative and even cut-off function, such that ¢y = 1
on (—1/2,1/2), and, given zp € R and R > 0 let

Pao,2(%) = po((z — 20)/R).

We introduce the ¢g-related mean of a function f

ro+R ro+R -1
e T ( / %,R) . (3.1)
Io*R CE()*R

REMARK 3.1. If v is a suitable weak solution on Qg then 0y(v).,,r € Ls/3(to —
R* o) (in particular (v),, r(t) is a continuous function of ¢). Indeed, abbrevi-
ating ¢ := ¢, g, we have for every v € C§°(to — R*,ty) via the distributional
formulation (vii)

:Cw

to 1
/ <’U>10,R(t)w/(t)dt‘ = LZotR ’/ U@wl / U?g@www — VpPrazt)
¢ fajO—R Y 1J/Qr Qr

o—R*
2
S 059 HUI||L10/3,10/3(QR) ||’(/}HL5/2(’507R41’50)

+ CSOHUIHLm/a,m/a(QR) HwHLmn(to*R‘l,to)

< C@,R,’U||w||L5/2(tofR4,to)a (32)
where we used (2.3) and (vi) in the last line.

We will also use a smooth nonnegative time cut-off function xo € C*°(R) such
that xo(t) =0 for t < —1 and xo =1 for t > —1/16. Let

Xto.r(t) := X0((t —t0)/R*),

then x;, r(t) =0 for t <tog— R* and x4 r(t) =1 for t >ty — (R/2)% We
now set the space-time cutoff by writing

N0, R (%, 1) = Xto,R(t) Puo,R(T)- (3.3)

Finally, given a function f, R > 0 and o € R we will write

[, t) := f(a,t) = (f())ao.R- (34)
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PROPOSITION 3.2 Caccioppoli inequality. Let v be a suitable weak solution to
(1.1) on Qr(z0) = (to — R*,to] x (zo — R, 20 + R), then

ro+R
~12 ~ 2
sup / |’U| nzo,Rdx"_/ |'U:z:x| Nz0,R
te(to—R4,to) Jzo—R QRr(z0)

<= / o+ 2
CR? Qr(zo0) ’ R Qr(20)

The main issue in the proof consists of replacing v with the time-dependent
oscillation ¢ in the local energy inequality.

0, (3.5)

Proof. Without loss of generality we can assume zyp =0 and R = 1. The case
of general zy and R > 0 follows then from dilations and shifts, due to scale
invariance of (3.5). We will write 7 := ng 1 for brevity. For brevity we will skip

the variable under the integrals below; instead every integral * [ _11’ is taken with
respect to  and we will write argument ‘(¢)’ to point out that the integral is
taken at a given time t. Letting c(t) := (v(t))o,1 we have v = 0 + ¢(t), and so the
local energy inequality (1.6) with ¢ := 7 gives

;/1(17 / / 00| *n

N N 5. 2
/ / ( nxmzz)(v + 0)2 + 2|vz|277:vm - g”iﬂm - ‘”UI|2(’U + C)n$$>

for every t € (—1,0) (recall Remark 1.4). Rearranging this inequality so that all
terms involving ¢ are moved to the right-hand side yields

1 1 t 1
5/ ﬁz(t)n(t) +/ / |@m\277
1 —-1J-1
t 1 1 2 2 5 3 2
_/ / <2(nt - na:a::rz)’l) + 2|’Ua:| Nex — 5%7790 - |’UZD‘ U”I“W)
—1J-1

<—cto) [ oo -2 [ e

—1

+/_t1 /_11 %(m — Naaae) (260 + ¢%) — /t /1 cloz[*112
= —c(t) /1 v(t)n(t) + il / / / fm (2cv — ¢?)
/ / N)zzect — / / clve*nea, (3.6)
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where we substituted v = © + ¢(¢) and used the fact that fil Nezze = 0 for the
last line.
In order to deal with the second and the third term of the last line of (3.6),

let us observe that for every ¢

c(t) /_11 n(t) = f o / ©o _/ (3.7)

by the definition of ¢(t) and the fact that n(x,t) = xo(t)@o(z). Therefore, first
integrating by parts and then using (3.7)

022(t)/11 n(t) +/: /11 %nt(%”*g)
t 1 ' ) -
Lo [ [

Using the above identity in the last line of (3.6), we obtain

s [ oy [ [ o
B / / (;m = eaa) 0 + 2000 P = 2050 - |77>
<=t) [ om0+ [ [ (@i @ammaie
[ [ =1 .

We will show that I vanishes. To this end let us observe that we can use
¢(x,t) := c(t)n(x,t) as a test function in (1.7). Indeed, via Remark 3.1 d;(cn) €
Ls/3,50(Q) and ¢(t) is continuous. This gives I = 0, and so (3.8) reduces to

1 1

5 |Um| n

[ eonos [ [
t 5 )

/ / <2(77 nﬁcmrx)v + 2|Ux|277mc - gﬁgnx - |ﬁx2@77xx)
—1J—1

N
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for every t € (—1,0). Thus

sup / / 62l < / (6% + 00 + [6f? + 122 ?101)
te(—1,0)
C/ 0+ |0]* + |0g|* + [02]°)
C/ ‘vz|2+|vm‘ )

as required, where we used the spatial Poincaré-Sobolev inequality (for functions
with vanishing ¢-related means) in the last line

O
4. Higher integrability

Here we prove part (i) of theorem 1.6. First we derive a reverse Holder inequality
from the Caccioppoli inequality (3.5). Indeed, (3.5) gives

zo+R
sup / (01120 5+ / 1Oz (67:0.7)|2
te(to—R4,to) xo—R QR(ZO)

<q | wPeG [
TR Jopo)  Rlone
2
C . o o
< ([ p) 5[ e (4.1)
Rs Qr(20) R Qr(zo0
Recall that by assumption (1.10)

sup

lug|® < M.
Qr(20)CQ R? Qr(20)

Thus, (4.1) yields

ro+R
sup / (01120 P+ / 1Oz (671:0.7)|2
te(to—R4,to) xo—R QR(ZO)

2
1+ M3 :
S T VN (1.2)
Rs Qr(20)
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for every Qr(z0) C Q. Let us use multiplicative inequality (2.3) for 01,, r to
compute

3/5
0 - 4/5 . 6/5
(/Q 250 |'Uw|10/3> < C||U77zo7R||L/2,OO(QR(z0))Ham:v<v77zo,R>||L/212(QR(ZO))
RrR/2(Z

ro+R
. 2
< sup / |07z, R]"dx
tE(to—R4,t0) zo—R

+ / O (61:0.2) 2
Qr(z0)

where we used (4.2) in the last line. In other words, we obtain the reverse Holder
inequality

for every Qr(z0) C Q. Applying the Gehring Lemma (see proposition 1.3 in [10],
for example) gives part (i) of theorem 1.6.
5. e-regularity

In this section, we prove part (ii) of theorem 1.6. It relies on quantifying decay

of
Y(r,0) = (f o = (021 -

as r — 07, where (f), := JCQT f. The needed decay lemma is stated and proved

in § 5.1. Then we conclude our proof of the part (ii) of theorem 1.6 in § 5.2,
using the Campanato characterisation of Holder continuity.

5.1. Decay estimate

LEMMA 5.1 Decay Lemma. For any M >1 and 0 € (0,1/4) there exists
eo(0, M) > 0 such that for any suitable weak solution v to the SGM (1.1) on
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Ql; Zf

[(vp)1| < M and Y (1,v) < e, (5.1)
then
Y(0,v) < 6ecMOY(1,v),
where ¢ is the universal constant from lemma 2.1.

In §5.1.1-5.1.4, we prove lemma 5.1: we first compare nonlinear problem (1.1)
to a linear one (2.1) using the blow-up technique, and then we use quantitative
decay for a linear system, by means of lemma 2.1.

5.1.1. Proof of Lemma 5.1. The Setup Suppose that lemma 5.1 is false. Then

there exist numbers 6 € (0,1/4), M > 1, a sequence ¢, — 0 and a sequence of
suitable weak solutions v(*) such that

'(vg(gk))l‘ <M, Y(1,0W)=¢,, and  Y(0,0%) > 6cMbey, (5.2)
We let
) =t (v(k) — [w®)y = (8,0"), x) ,

where we set [f]; := f?l<f(t)>071dt, with (f(t))o,1 denoting the p-related mean

(recall (3.1)). Since ¢ is even we have [u(®)]; = (ug(vk))l = 0; u® also normalises
(5.2), i.c.

Y(1,u®)=1 and Y(0,u®) > 6cM8. (5.3)

5.1.2. Proof of Lemma 5.1. Uniform estimate on the rescalings u*) Here we
show that

1w 70,11l Lo, o (@1) + 1020 (00,0 s 2 (1) < Cra- (54)

uniformly in k. (Recall (3.3) for the definition of 7 1.)
Letting Gy := (vg(ck))l, we see that u(®) satisfies the following perturbed SGM:

O™ + ulh) , + e (ul)? + 26,ul), = 0 (5.5)
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in @1 in the sense of distributions. Moreover, the local energy inequality (1.6)
for v(¥) gives that

[ rwso [ [ s
5k/ /< — Gazar) (W) +2(ulf)) 24,

- S0 - ()P,

—m/“/’ )20, — (P20, (5.6)

for any nonnegative ¢ € C§°(Q1) and every t € (—1,0). Here, as before, we
skipped the variable under the integrals below, and every integral f 711, is taken
with respect to x and we wrote argument ‘(¢)’ to point out that the integral
is taken at a given time ¢. Unless specified otherwise, we will apply the same
convention in what follows. Letting

k) = (k) <u(k)(t)>0’1

we can use the above inequality to obtain the following Caccioppoli inequality
for 4(¥) | analogously to how (3.5) was proven

1
sup / ﬂ(k)(t)Qﬁo,l(f)+/ a8 [P0,
te(—1,0)J -1 Q1

<enC mw|+%0/’ +cmm/|m“F (5.7)

for each k. Recalling that e, < 1, |Gk| = ’(v;k))l‘ < M (see (5.2)) and observing

that (5.3) gives
/|m@P:/imWP 2y (1,uy? = 2
1 1

4% 00,11l £y (@) + 1022 (@F10,1) | £a 0 Q1) < Cr-

we obtain
Comparing this with (5.4), we see that it suffices to show that
SUPye(—1,0) (u® ()1 < Car. We will write

c(t) == (u® ()01,
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for brevity. Similarly as in (3.2) we have for every ¢ € C5°(—1,0)

0
/ = z IL33(Q1) L3(—1,0) z IL3,3(Q1) L3/2(—1,0)
: c(t)y'(t)dt| < ClluP |17, | onllvll +ClluP| 11l
< Ol (=100

where we used (5.3). Thus, c(t) is continuous with ¢/(t) € Lg/»(—1,0). Since
f_ol c(t)dt = [u®]; = 0 there exists tg € (—1,0) such that ¢(ty) = 0, and hence

/t: d(s)ds

for every t € (—1,0), as required. We thus obtained (5.4).

le(®)] = le(t) — c(to)| =

< HC/||L3/2(71,0) <C

5.1.3. Proof of Lemma 5.1. Blowup limit equation Here we extract a sequence
of u®) converging to a limit u that satisfies a linear equation and that
Y(6,u) < 6¢M8. Indeed, from (5.3), the interpolation inequality || f||z,, ,,(v) <

C’Hf||§2)m(U)Hf||§V22,§(U) applied to u*)ny 1 and (5.4) we obtain

/ ulP? =2, / ()10 < Oy (5.8)
1 Q12

This and the fact that |8x| < M allow to extract a subsequence (which we
relabel) such that

u® =y in W;g(Ql/g) and Br — B
for some u € W;:;(Ql/g) and (€ [-M, M]. Since also g, — 0, we can take
k — oo in the distributional formulation of perturbed SGM (5.5) to obtain that

u is a distributional solution to the linear equation

Ut + Upgze + 2ﬁuz1)w =0 in Q1/2-

Applying lemma 2.1 and using the fact that er |ug® <2 for every 6 < 1/2
(a consequence of the weak convergence and (5.8)), we obtain

1/3
Y (6,u) = (][ |ux—(uz)0|3> < e(1+ 208)0lus | a(0r) < 6cMO,  (5.9)
Qo

as required.
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5.1.4. Proof of Lemma 5.1. Compactness and contradiciton Here we will show
that (on a subsequence)

ulF) — in  L3(Q12). (5.10)

This will conclude the proof of lemma 5.1 since the strong limit (5.10) implies
Y (0,u®) — Y (0,u), and so the inequality in (5.3) yields

5.9
6cMO <Y (0,u) (<) 6cM0, (5.11)

a contradiction. In order to justify (5.10) we will use an Aubin-Lions argument.

1 2
Applying (5.4) and the interpolation inequality || f|| ;760 < C|fIZ, _IIf]
3,3 o0

3
2,0
W3

to the function u(®)ng 1, we obtain that
||u(k) ‘|W3‘7,/36’0(Q1/2) < CM (5'12)

On the other hand, for every ¢ € C5°(Q1/2)

/621/2 u® 9,0| = | /621/2 (UE)) (hpz — 20k¢) — ek /Qw (ugck))z o

< Cullblwzoia,m) (1880 2y 0 @) + 16812, 2001 0)

,3

< Cumlelwzoq, 2

3,3

where we used (5.4) and (5.8) in the last line. Hence
k
Hug )HL%(—1/16,0;(W§(Bl/2))*) < Cum. (5.13)

This, (5.8) and (5.12) allow us to use the Aubin-Lions lemma (see Section
3.2.2 in [25], for example) to extract a subsequence of u(®) that converges

5’0(6;)1/2) for any fixed ¢ € (0,7/6). (Recall that W§7;6’O(QT) =
Ls(t —r,t; Wéfd(z —r,x +7)).) Taking § := 1/6 gives (5.10), as required.

7
strongly in Wy’s

5.2. Concluding e-regularity proof

Here we finish the proof of part (ii) of theorem 1.6 by iterating lemma 5.1.
Indeed we have the following.
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COROLLARY 5.2. Given v € (0,1) and M > 1, there exist €9,0 € (0,1/2) with

the following property. If v is a suitable weak solution to the SGM (1.1) on Q1
such that
[(va)o| <M, Y(1,0) <eg
then
01 (v)gr-1| < M and  Y(6%,v) <OY (1 v) (5.14)
for every k > 1.
Proof. We fix 6 € (0,1/2) so small that

6cMO 7 < 1. (5.15)

(Recall that ¢ is the universal constant from lemma 2.1.) Let gy be sufficiently
small so that lemma 5.1 holds and

g0 < 0°M /2. (5.16)

The case k=1 follows from our assumptions and lemma 5.1. For k£ > 1 we
proceed by induction. Suppose that (5.14) holds for &’ < k. Then

0" [(va)or| < o |(va)gr — (v )gr—1] + 0" |(va)gr—1]

]é e o)

< a“fg (s — (02)ges] + O M
ok —1

1/3
A (72 v, — (’Ux)gk1|3> + M/2
ok—1

= 0FBY(0F 1 v) + M/2 < O07°Y (1,0) + M/2 < 0 %go + M/2 < M,
(5.17)

= 0k +9k ‘('Uz)‘gk—1|

where we used Jensen’s inequality, the fact that 6 < % (so that in particular
67 <1 and 6% < 1), the inductive assumption (for &' =1,...,k — 1), and the
choice (5.16).
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It remains to show that Y (#*T1 v) < 7Y (6%, v). To this end let us rescale
oF(x,t) := v(0%x, 07F1).
In particular, v* is a suitable weak solution of SGM (1.1) on @1, and
‘(v’;)1| = 0% |(va)ge| <M and Y (1,0%) = 08V (6%, v) < Y (1,v) < e,

where we used (5.17), the assumption (5.14) (for ¥’ = 1,..., k) and the fact that
6 < 1. Thus, lemma 5.1 gives Y (0, v*) < 6c¢M6 Y (1, %), from which we conclude

Y (05 v) = 07FY(0,0%) < 6eMOF Y (1,0%) = 6¢MOY (0%, v) < 07 Y (0%, v),
via the choice (5.15). O

We can now conclude the proof of part (ii) of theorem 1.6. Without loss of
generality we assume that @ = Q1(0,0). Recall that we need to show that for
any v € (0,1) there exists € > 0 such that I(Q) = fQ |vz|® < e implies that

¥
02 1) = va (9, 5)| < G/ (Jo =yl + [t = s[1) " for (), (v, 5) € Q-
(5.18)
We first deduce from corollary 5.2 that

1/3
(][ ‘1}1 — (Uﬂﬂ)Qr(y,S)P) < 0751/37"7 (5.19)
Qr(y,s)

for every (y,s) € Q1/2, 7 € (0,1/2), where (v2)q, (y,5) = fq.(y.) Va-
Indeed, let £9,0 € (0,1/4) be given by corollary 5.2 applied with M := 1, and
let £ :=£3/16 and

u(z,t) :=v(y +x/2,s +t/16).
Given r € (0,1/2) let K € N be such that
oK < < 0%

By assumption (1.12) and Jensen’s inequality

13 1/3
|(ua)1| < (f Iuwl‘”’) =23 (/ |vm|3> <231(Q)"*
1 Q1/2(yvs)

< 21/331/3 < 1= 1\47

https://doi.org/10.1017/prm.2020.84 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.84

On regularity properties of a surface growth model 1887
and so corollary 5.2 gives
Y (05, u) <OFY(1,u) < 0 Fe.

Noting that r/0% € (6,1) and that |(ug), — (uz)ex| < 075V (65, u) (as in (5.17)

above), we obtain
\1/3
(][ ue — (uz)GKP) + 9_5Y(0K7U)

(f o - (uz)rﬁ)m

N

(OB 407008, u) < (073 +07°)97 K¢
(073 40750 Ve = Cel /37

for every r € (0,1), where C = C(v). (Recall that 6 is fixed depending on =, see
(5.15).) The claim (5.19) follows by writing the above inequality in terms of v.

Using (5.19), we obtain (5.18) by applying the following Campanato Lemma
with p = 3, R =1, cf. the original [8] or lemma A.2 in [16].

LEMMA 5.3 Campanato. Let R € (0,1], f € L11(Qr(0)) and suppose that there
exist positive constants v € (0,1], N > 0, such that

1/p
(f |f<y>—<f>Q,,,<z>|pdy> < N
Qr(2)

for any z € Qr/2(0) and any r € (0, R/2), where (f)q,(z) := er(z) f. Then f is
Hdlder continuous in Qp/2(0) with

[f(@,t) = f(y.5)] < eN(lz —y| + [t —s[V/*)?
fO’f’ a’ll (Z‘,t), (y78) € QR/2(O)
6. Appendices

6.1. Appendix on weak solutions

Proof of Remark 1.2. The distributional formulation (1.3) yields

[ Lo < [ (loma®lalons Ol + oo OlRysllon0li2) at.

In particular, for ¢(x,t) = p(z)x(t), where x € C§°((0,00)) and ¢ € C5°(R),
using (2.3), and the energy inequality (1.4)

o
/ /U<PXt
0o JR

< Cunllelyzrallxllz
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Le. vy € L5 ((0, 00); (WS/Q(R))*) Hence redefining v on a set of measure zero, we

have v € C((0,T); (WQE’/2 (R))*). Since also v € Ly o, we have weak Ly continuity
of v, via e.g. lemma 2.2.5. of [17], which shows (iii).

We now verify that the energy inequality (1.4) holds for every ¢ > 0. Choose
any t >0 and a sequence t,, — t* such that the energy inequality holds at
each t,. Since v(t,) — v(t) (by (iii)) we can take liminf, _,; of the energy
inequalities and use lower weak semicontinuity of the norm to write ||v(#)||? <
liminfy, s [[o(t)[|? < [|vol|? = 2 5 fi [vaal?.

As for (iv), given ¢ € C§°((—1,00) x R) we can multiply ¢ by a cutoff in time
(as in lemma 3.14 in [20], for example) to obtain (1.5) for almost every ¢ > 0.
Weak continuity (iii) guarantees that (1.5) holds for every ¢ > 0.

As for (v), note that (iv) implies weak convergence v(t) — vg as t — 0. More-
over |[v(t)|| — |lvol| since liminf, g+ [|v(¢)|| = [Jvo]| (from the weak convergence)
and limsup, o+ |v(t)]] < |lvo]] (from the energy inequality (1.4)), and so strong
convergence follows, cf. p. 106 in [21]. O

Proof of Theorem 1.5. Given [ > 0 let vy, € C5°(—I,1) be such that |vg,|| <
lvg|| and v — v strongly in L? as I — oo, and let 7; > 0 be such that 7; — oo
as | — oo. Let us denote by W2(—1,1) the completion of C§°(—I,1) in the W2
norm. By a straightforward modification of the arguments in theorem 4.3 in [24]
and theorem 2.4 in [16], for each [ there exists a suitable weak solution of the
initial-boundary value problem

615'[}[ + 81:9::1:;3”[ + 8;39;(@[)2 = 0 on (_l, l) X (0, T)
’UZ(O) = V0,1
v = 0yu; =0 on {—1,1} x (0,7,

namely there exists v; € Loo ((0,T}); La(—1,1)) N Ly((0, Ty); W2(—1,1)) such that,
after null-extending v; from (—I,1) to R, we have

/0(>O / (vt = (O22v)) baz — (0201)? basr) = /vo,l #(0) (6.1)

for every ¢ € C§°((—1,T;) x (—1,1)), and

/0°° /(&mw)% < /000/ (;(@ — Buwwz )V + 2(0501) % bus
)

- g(81v1)3¢1 - (azvl)2v1¢xz> (62)
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for every ¢ € C5°((—1,T) x (—1,1)) with ¢ > 0, and

t
o (6)]2 + 2 / 10sav(PI2dr < o2 < oo (6.3)
0

for almost every ¢ > 0. Here we wrote || - || = || - |, (r) for brevity. Consequently,
there exists v such that

v = in Loo((0,00); L
| w((0,50): La) 6
am:vvl_\vxm in LQ((0,00),LQ)
as | — oo and, via lower weak semi-continuity
t
o7 +2 [ (P < ao]? (65)

for almost every t > 0, in particular v € Lo (0, 00; La(R)) N Lo (0, 00; WE(R)).
The multiplicative inequality (2.3) controls via (6.5) the nonlinear term, and
thus for any ¢ € C5°((—1,00) x R) we can pass to the limit in (6.1). We obtained
v satisfying the definition of energy weak solution to the Cauchy problem (1.2).
Let us show that v is a suitable weak solution. Fix any bounded cylin-
der Q.(r) C (—=L,L) x (0,T). Identity (6.1), the energy bound (6.3) and the
reasoning as in proof of Remark 1.2 imply
ol s 0,750w2 5~ 2,097 < Cr.L ol (6.6)
with the only difference now being C(L), due to the Holder inequality
Vaz(O) Ly (—1,0) < (2L)%||vm(t)\|L2(_L,L). Applying the Aubin-Lions Lemma
3
(see for example theorem 2.1 on p. 184 in [25]) with X := H?*(—L,L), X =
Woo(=L,L), X1 :=(W2y(~L,L))*, ap:=2, a1 :=5/3, we see that (along a
subsequence)

v — v in Ly((0,T); WL (=L, L)).

Thus we can take lim;_,, on the r.h.s. of (6.2) and liminf; . on its Lh.s. to
obtain via l.w.s.c.

L L L L
2 1 2 2 5 3 2
/0 \/_L ’Umxd) < /0 \/_L (2(¢t - ¢mxmm)v + 2vm¢zx - gvz¢m - val¢zz(> )
6.7
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for any ¢ € C§°(Q). Applying a cut-off procedure in time, i.e. rewriting (6.7) for
¢(x,t)x(t), with x being a bump function around ¢, we obtain that

5 [rwro s [ [

t
1 2 2 9 3 5
< /0 / <2(¢t - d)mxzm)’l) + 2Ux¢mx - gUId)z - ’Uz’l)l(i)gm) (68)

for almost every t > 0. More precisely, for every Lebesgue point of f(t) :=
Jv(t)?¢(t), so the times t > 0 where (6.8) holds depends on the choice of ¢.
However, since v(t) is weakly continuous in Lo (by (iii), cf. Remark 1.2), the
same is true of v(t)/¢(t) and so we can extend (6.8) for all ¢ > 0. O
6.2. Proof of Lemma 2.1

We show now a Campanato-type estimate for the linear equation (2.1).
We may assume that u € C°(Q3/4). Otherwise first we use the standard

mollification u(¥) and then our claim follows from taking the limit ¢ — 0 in (2.2).
Let ¢ € C§°(Q3/4) be such that ¢ =1 on Q5/5, multiplying (2.1) by u¢ and
integrating by parts, we obtain

Q3/4 Q34 2 2
(6.9)
Thus

ltzelzs a(@ose) < Cs (Il o) + el iani@nn) - (6.10)

Since any space derivative d;'u (m > 0) satisfies (2.1) on Q374 and any mixed
derivatives 9F 0™ u (k,m > 0) can be expressed in terms of pure space derivatives
via (2.1) itself, we obtain

10F 07"l 2 2(@12) < Chm (||UHL2,2(Q3/4) + Huw||L2,2(Q3/4)) (6.11)

for any k>0, m > 2, by bootstrapping the inequalities of type (6.10) on a
sequence of decreasing cylinders. An embedding and (6.11) imply

ltallwzo v < €5 (102 @00 + 222 a@sra)) -
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Hence

1/p
<][ [ty — (ux)gp) < max |u, — (ug)e| = max Ju, — uz(20)]
Qo Qo Qe

< CQ||“$||W§C’?OQ(Q1/2)

< Cﬁa <||uHL2,2(Q3/4) + ||uCE||L2,2(Q3/4))

since by Darboux property there exists zp € Qp such that wu,(zo0) = (ugz)e.
It remains to estimate |[ul| L, ,(q,,,) in terms of |lu| L, ,(q,) above. To this end,
we introduce 4 in place of v in (6.9) and along the lines of our proofs of Cac-
cioppoli inequalities (3.5) or (5.7) (this case is easier, since problem is linear and
solutions are smooth). Next we repeat the above proof with .
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