Journal of the Inst. of Math. Jussieu (2002) 1(2), 175-277 © Cambridge University Press 175
DOI:10.1017/S1474748002000051 Printed in the United Kingdom

A STABLE TRACE FORMULA. I. GENERAL EXPANSIONS

JAMES ARTHUR

Department of Mathematics, University of Toronto,
Toronto, ON, Canada

(Received 20 June 2000; accepted 8 November 2000)

Abstract  This is the first of three articles designed to stabilize the global trace formula. The results
apply to any group for which the fundamental lemma (and its variants for weighted orbital integrals)
is valid. The main purpose of this paper is to establish a series of expansions that are parallel to the
expansions in the trace formula. We shall also formulate the local and global theorems required to
interpret the terms in these expansions. The proofs of the theorems will be given in the subsequent two
articles. The expansions of this paper will then yield both a stable trace formula, and a decomposition
of the ordinary trace formula into a linear combination of stable trace formulae.
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Introduction

This paper is the first of three articles designed to stabilize the trace formula. The goal is
to stabilize the global trace formula for a general connected group, subject to a condition
on the fundamental lemma that has been established in some special cases. The role
of this paper will be to investigate the underlying structure of the process. We shall
establish a series of expansions that are parallel to the expansions on each side of the
trace formula. In the subsequent articles, we shall show that these expansions provide
both a stable trace formula and a decomposition of the ordinary trace formula into a
linear combination of stable trace formulae.

We ought to stand back for a moment in order to recall some of the reasons for studying
the trace formula and its stabilization. In fact, it might be a good idea to begin with
a brief historical introduction to the problem of stabilization. We will then be in good
position to outline the contents of the paper. More detailed descriptions of the results
will be given later, in the remarks that introduce individual sections.

Suppose that G is a connected reductive group over a number field F. One can form
the group of points in G with values in the adele ring A of F'. This gives a locally compact
group G(A), in which G(F') embeds diagonally as a discrete subgroup. Automorphic rep-
resentation theory is the study of the regular representation of G(A) on the Hilbert space
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L?(G(F)\G(A)). Automorphic representations of G(A) are the irreducible constituents
of this representation, and are thought to carry fundamental arithmetic information.
One can investigate their properties by applying methods of harmonic analysis to the
decomposition of L?(G(F)\G(A)).

The trace formula is an analogue for the quotient G(F)\G(A) of the familiar Poisson
summation formula. In general, the decomposition of L?(G(F)\G(A)) into irreducible
representations has both continuous and discrete spectra. The general trace formula is
therefore quite complicated. It is the identity given by two different expansions of a certain
linear form I(f), where f is an appropriate test function. The geometric expansion is a
linear combination of distributions

I(F) =Y W Iwg = a™ () I (v, ), (0.1)
M Y

parametrized by conjugacy classes « in Levi subgroups M of G. The spectral expansion
is a linear combination of distributions

1(5) = 3 W we / M () Ing (e, f) d, 0.2)

M

parametrized by representations 7 of Levi subgroups M. One can try to gain information
about the terms in (0.2) by studying the terms in (0.1).

Some of the terms in the two expansions are easy to describe. For example, suppose that
M = G, and that v is a semisimple elliptic conjugacy class in G(F'). The corresponding
term on the geometric side is then equal to the product of the volume

a®(7) = vol(G,(F)\G4(A)),

with Harish-Chandra’s invariant orbital integral
fo) = Ia(r.) = | fla )z, f € OX(G(A)).
Gy (ANG(A)

As is customary, we have written G for the connected centralizer in G of a representative
of ~y. Similarly, suppose that M = G again, and that 7 is an irreducible representation
of G(A) that does not occur in any of the continuous spectra. The corresponding term
on the spectral side is then equal to the product of the multiplicity

a%(n) = m(n)
of 7 in the discrete spectrum, with the character
fG(ﬂ-) = IG(W7 f) = tI‘(ﬂ'(f)), f € CSO(G(A))’

of 7. If G is anisotropic over F', or equivalently if G(F)\G(A) is compact, these are the
only terms. For in this case, M = G is the only Levi subgroup. Moreover, the elements in
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G(F) are all semisimple elliptic, and the entire spectrum is discrete. The identity between
(0.1) and (0.2) reduces to Selberg’s original trace formula

Zvol(Gw(F)\Gy(A))/G ) flata)de =) m(n) te(n(f).  (0.3)

T

The analogy with the Poisson summation formula is clear. Unfortunately, it is not possible
to remain within the category of anisotropic groups, even if one were interested only in
these groups. However, the identity (0.3) is very useful for suggesting how one might go
about applying the general trace formula.

If G is allowed to vary, the arithmetic data wrapped up in the associated families of
automorphic representations are not independent. In fact, it is believed that there are
fundamental relationships among automorphic representations of different groups. These
are summarized by Langlands’s principle of functoriality, a far reaching conjecture that
includes a non-abelian generalization of class field theory. The trace formula seems to
be the most powerful tool for attacking those aspects of functoriality that are at all
accessible. The general strategy is to use the structure theory of algebraic groups to
transfer conjugacy classes v between different groups. One would then hope to define
corresponding relationships among terms in the geometric expansions. Since the geomet-
ric expansion (0.1) equals the spectral expansion (0.2), for any given G, this ought to
imply relationships among the terms in the spectral expansions.

The strategy was carried out by Jacquet and Langlands [19, § 16] for the groups D* and
GL(2), where D is a quaternion algebra over F. Langlands then considered the problem
for general G. By studying how to transfer the geometric terms in (0.3), he was lead
to some remarkable new ideas. Langlands published his results in the monograph [28],
where he outlined a general program for transfer that has subsequently become known
as the theory of endoscopy. He also gave a solution of the problem, subject to some
conjectural local conditions, for the semisimple elliptic terms in the trace formula that
are strongly regular. These are the geometric terms in (0.3) for which the centralizer of
v in G is a torus. Kottwitz [22] later extended Langlands’s results to elliptic singular
terms. At the same time, Shelstad had been working on the local foundations of the
theory of endoscopy. The culmination of her work appeared in the paper [35], where she
solved the local problems for archimedean fields.

The theory of endoscopy is based on the notion of a stable distribution. Two strongly
regular elements in a local factor G(F,) of G(A) are said to be stably conjugate if they
are conjugate over an algebraic closure G(F,). Stable conjugacy reduces to conjugacy in
the groups D* and GL(2) above, but is usually a weaker equivalence relation. In general,
if 4, is a stable conjugacy class of strongly regular elements in G(F,), one defines the
stable orbital integral

£5(6) = va,G('Vv)» fo € CZ(G(Fy)),

where 7, is summed over the finite set of G(F,)-conjugacy classes in the stable class §,,
and fy, () is the orbital integral of f, at 7,. A distribution on G(F,) is said to be
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stable if it lies in the closed linear span of the stable orbital integrals £&(6,). It is easy to
explain the rationale for such a definition. The natural way to transfer elements between
a pair of groups G and G’, related for example by inner twisting, is through invariant
theory. But invariant theory works in this context only over an algebraically closed field.
One can therefore transfer only stable conjugacy classes. We should then expect only to
be able to transfer stable orbital integrals and stable distributions.

On the other hand, the geometric expansion (0.1) is not generally a stable distribution
on G(A). That is, I(f) is not generally a tensor product of stable distributions on the
local components G(F,). For example, suppose that G is anisotropic, and that ~ is a
strongly regular elliptic element in G(F). If v =[], v, is an element in G(A) such that
each component v, is stably conjugate to v in G(F,), then 7' need not be G(A)-conjugate
to an element in G(F). In other words, the orbital integral at the stable conjugate 4" of
~ need not occur in (0.3), even though the orbital integral at v does. It follows easily
that the left-hand side I(f) of (0.3) is not generally a stable distribution.

Given this background, we can pose the general problem informally as a question. Can
one write I(f) as the sum of a stable distribution together with an explicit error term?
At this point of the discussion, we assume for simplicity that the derived group of G is
simply connected. Langlands’s study of the regular elliptic terms lead him to attach a
family of quasisplit groups {G’} to G. These objects are known as endoscopic groups for
G, or more properly endoscopic data for G, since they come with extra structure. For
any G’, Langlands also defined a conjectural correspondence

f=1lr-=r=1I%

from functions f € C°(G(A)) to functions f' € C°(G'(A)), where f’ is determined only
up to the values taken by its stable orbital integrals. For example, the quasisplit inner
form G* of G is the largest of its endoscopic groups. In this case, the transfer f* of f is
defined by the stable orbital integrals of the local components f, of f. In particular, if S*
is a stable distribution on G*(A), and S* is the corresponding linear form on the space
of stable orbital integrals on G*(A), the distribution f — S*(f*) on G(A) is stable.
The general problem of stabilization can now be stated more precisely as follows. Given
G, find a decomposition A
I(f) = Z UG, GI)S/(f/)7 (0.4)
o
for stable distributions S’ = S¢ on the endoscopic groups G’ for G. The coefficient
1(G,G") comes with a simple formula [21, Theorem 8.3.1], and equals 1 if G’ = G*. The
decomposition one seeks can therefore be written as

I(H) =8+ Y, G G)S(f).

G/ A£G

The distribution f — S*(f*) is to be regarded as the stable part of I(f), while the
summands with G’ # G* can be considered the error terms. The essential point is that
S’ is assumed to depend only on the group G’, rather than the group G from which
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G’ arises as an endoscopic datum. Given the conjectural local correspondence f — f/,
the construction of the decomposition (0.4) is then a well-defined problem. One would
assume inductively the existence of the distribution S’ for each elliptic endoscopic datum
G’ # G. If G is quasisplit, in which case we take G* = G, we simply define

SEUH =1 = Y uG.GNS(f)
G'#G*
The problem in this case is to show that the right-hand side is stable. If G is not quasisplit,
all of the terms on the right-hand side of (0.4) are given by the inductive definition. The
decomposition (0.4) then takes the role of an identity to be proved.

There seems to be no direct way to establish (0.4). One has first to establish correspond-
ing decompositions for each of the terms in the geometric expansion (0.1). Langlands and
Kottwitz treated the terms with M = G and -y semisimple, as we have already mentioned,
and in the process laid down foundations in Galois cohomology. In §§6 and 7, we shall
describe the decompositions that would have to be established for the remaining terms.

The reason for trying to establish a decomposition (0.4) is to gain information about
the coefficients a®(7) in the spectral expansion. Such information would take the form
of identities that relate the spectral coefficients with corresponding coefficients for endo-
scopic groups. In fact, we should expect decompositions for each of the terms in (0.2) that
are completely parallel to the decompositions of the terms in (0.1). These will also be
described in §§6 and 7. We shall formulate the various problems as a series of theorems,
corresponding to each of the terms in the trace formula. The theorems that apply to the
distributions Ips (7, f) and Ips(m, f) are essentially local in nature, and will be stated in
§6. The theorems that apply to the coefficients a™ () and a™(7) are global, and will
be stated in §7. Taken together, the theorems represent a stabilization of all the terms
in the trace formula. They are our main results, and will not be proved until the last of
the three articles.

The test function f will actually be taken from a Hecke algebra on the subgroup

Gv =G(Fy) = [[ G(F)
veV

of G(A), where V is a finite set of valuations on F' that contains the ramified places.
This represents a slight departure from earlier papers [2,8]. It is also best to build the
invariant linear form 7(f) out of the canonical weighted characters of [11], rather than the
weighted characters in [8] that depend on normalizing factors for intertwining operators.
This simplifies the stabilization problem. In particular, it frees us from having to compare
normalizing factors attached to different endoscopic groups. In §2, we shall derive the
geometric expansion (0.1) from the earlier expansion of [8, §3]. In §3, we shall derive
the spectral expansion (0.2) from the expansion of [8, §4]. Sections 2 and 3 both depend
on some simple notions introduced in §1. These include an abstract basis I'(My, (v ),
which will be used in place of conjugacy classes on My, and which is better suited to
endoscopic transfer.

In §4, we shall recall the Langlands—Shelstad transfer factors A(d’,+). These objects
are defined for strongly regular conjugacy classes v in Gy and strongly G-regular stable
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conjugacy classes ¢’ in an endoscopic group GY,. They play the role of a transformation
matrix in the definition

F1(©E)=> A0y felv)

of the conjectural transfer mapping. Since V' contains the ramified places, the function
A(d,7) is really a global object. It is independent of the choice of base point that is
part of the definition of local transfer factors. From §4 on, it will be convenient to let G
stand for a slightly more general object, which we call a global K-group. The transfer
factors then satisfy adjoint relations (4.7) and (4.8) that allow us to invert the transfer
mappings f — f’.

The Langlands—Shelstad transfer conjecture asserts that for any f, f/(¢’) represents
the stable orbital integral of a suitable function on Gf,. Waldspurger [38] has reduced
this conjecture to the fundamental lemma. The fundamental lemma may in turn be
regarded as a variant of the transfer conjecture for unramified places. We shall impose
it, in a generalized form that applies to weighted orbital integrals, as a hypothesis on G
(Assumption 5.2). The hypothesis is known to hold in a limited number of cases, which
include the groups GSp(4), SO(5) and SO(4) of rank 2. In particular, it is valid for the
classical groups whose representations one would hope to classify in terms of those of
GL(4). After introducing the hypothesis in the first part of §5, we shall then describe
some consequences of the transfer conjecture.

The last three sections of the paper represent the first stage of the proof of the theorems.
In § 8, we shall deal with the unramified terms in the trace formula. These terms do not
appear explicitly in the expansions (0.1) and (0.2). They are actually buried in the
definitions of the coefficients a* (y) and a™(7) in §§2 and 3. They have nonetheless
to be stabilized. The unramified geometric terms are taken care of by the generalized
fundamental lemma. The fundamental lemma is thus required here in its own right, as
well as for the Langlands—Shelstad transfer conjecture. The stabilization of the unramified
spectral terms is not so deep. It is provided by the combinatorial identity of the paper [13].

The main results of the paper are contained in the final two sections. In § 10, we shall
establish the expansions mentioned at the beginning of the introduction. The argument
in this last section relies at a key point on the cancellation of certain terms obtained by
transfer from the original trace formula. We shall establish the required cancellation in
§9. The result, Theorem 9.1, is the global analogue of the local vanishing theorem [12,
Theorem 8.3]. It bears the same relation to the global trace formula as the latter does to
the local trace formula. Like its local counterpart, Theorem 9.1 depends ultimately on
some internal signs in the Langlands—Shelstad transfer factors. However, it is somewhat
more delicate, for reasons having to do with the rational global base point.

The expansions of § 10 are either geometric or spectral in nature. They can be divided
along another line as well. In common with the objects in §§6 and 7, the expansions of
§ 10 separate into two categories that we call ‘endoscopic’ and ‘stable’.

The endoscopic expansions are stated in parts (a) of Theorems 10.1 and 10.6. They
come from the right-hand side of (0.4), and represent a decomposition of the trace for-
mula into a linear combination of stable trace formulae. Parts (a) of the theorems in §§ 6
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and 7 apply to the constituents of these expansions. They assert term by term identities
between the endoscopic expansions and the corresponding expansions (0.1) and (0.2). In
particular, the theorems imply that the ‘endoscopic’ trace formula, obtained by identi-
fying the two endoscopic expansions, reduces to the ordinary trace formula. Of course
this is after the fact. The endoscopic trace formula will have a central role to play in the
proof of the theorems.

The stable expansions are restricted to the case that G is quasisplit. They are stated
in parts (b) of Theorems 10.1 and 10.6, and represent two different expansions of the
leading term SY(f) = SE" (f*) on the right-hand side of (0.4). Parts (b) of the theorems
in §§6 and 7 apply to the terms in these expansions. They imply a reduction of the stable
expansions to expressions

S(f) =Y W [Wg |7 > 6™ (8)Sa (6, f) (0.5)
M )
and
S(f) = 3 W e / DM (6)Sa1(, ) do (0.6)

that are completely parallel to (0.1) and (0.2). The theorems also assert that the dis-
tributions Sy (d, f) and Sy (¢, f) in these expansions are stable. The identity obtained
from the right-hand sides of (0.5) and (0.6) will thus be an explicit formula whose terms
are stable distributions. It is the stable trace formula we are looking for.

It would have been better to stabilize the more general twisted trace formula. This
ought to be within reach, given the results of Kottwitz and Shelstad [24] and Labesse
[25]. However, there are still a number of properties for twisted groups that remain
to be established. Rather than write a series of papers that depend on more than the
fundamental lemma, it seemed advisable at this time just to deal with the standard trace
formula.

1. Functions and distributions

Throughout the paper, F' will be a field of characteristic 0, and we shall often write
I' = Gal(F/F) for the Galois group of an algebraic closure F' over F. For the time being,
we take G to be a connected, reductive algebraic group of F. We write Ag for the F-split
component of the centre of G, and we set

ag = Hom(X(G)r,R).

Then ag is a real vector space, of dimension equal to that of the torus Ag. If ¢ belongs
to G, we shall write G, 4 for the centralizer of ¢ in G. This leaves the symbol G, free to
denote the connected component of 1 in G 4. A semisimple element ¢ in G(F) is said
to be elliptic (over F) if Ag, = Ag.

By a Levi subgroup M of G, we mean an F-rational Levi component of a parabolic
subgroup of G over F. For any such M,

W(M) = WY (M) = Normg(M)/M
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denotes the Weyl group of (G, Aps). We also follow the standard notation of writing
L(M) = LE(M) for the finite set of Levi subgroups of G that contain M, and £°(M)
for the complement of G in £(M). Similarly, F(M) = F¢(M) stands for the finite set of
parabolic subgroups

P =MpNp, MPEE(M),

over F' that contain M, and
P(M)=P%(M)={PeP(M): Mp =M}

is the subset of parabolic subgroups in (M) with Levi component M. We shall frequently
assume that we have fixed a minimal Levi subgroup My of G, in which case we write
Wo = W& =W (My), £L =LY% = L(My) and £° = LO(M,).

For the rest of the paper, F' will actually be a local or a global field. For purposes of
induction, it will be convenient to fix a pair (Z,¢) as in [12]. Then Z is a central induced
torus in G over F, whose quotient G/Z we shall denote by G. The second component ¢
is a character on Z(F) if F is local, and an automorphic character of Z(A) if F is global.
In the case of F' global, we shall write Viam (G, ¢) for the finite set of valuations of F' at
which G, Z or ¢ ramify. This set contains V,, the subset of archimedean valuations.

Suppose now that F' is global. We shall be concerned with the trace formula on G(A).
However, the introduction of the pair (Z, ¢) forces us to work in a slightly different setting
from [8]. For any connected reductive subgroup H of G over F, there is a canonical map
from agy to ag. There is also the usual canonical map Hg from G(A) to ag. If Ais a
subset of G(A), we shall write

A" = {2z € A: Hg(z) € image(ag — ag)}.
For example, G(A)Y = G(A)Mo = G(A). In the opposite extreme of H = 1, we have
G(A)' = {x € G(A) : Hg(z) = 0}.

This matches the notation of [8]. Observe that if H contains Z, G(A) contains Z(A).
For most of the paper, we shall in fact take H = Z.
Suppose that V' is a finite set of valuations of F'. For simplicity, we generally write

Gv =G(Fv) =[] G(F,)
veV
for the group of points in G with values in the ring

Fy = HE

veV

This notation can of course be applied to the quotient G = G/Z, and since Z is an induced
torus, the group Gy = (G/Z)(Fy) equals Gy /Zy [20, Lemma 1.1(3)]. We also write y
for the restriction of ¢ to the subgroup Zy of Z(A). If H C G is as above, we write
C (Gl‘f, Cv) for the space of ¢, L_equivariant Schwartz functions on G{/I. We shall usually
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confine ourselves to functions in the Hecke algebra H (G, (y/). This is a subalgebra of
C(GH ¢y ), which depends on a choice of maximal compact subgroup Ko, = Ky, of Gy,_.
We shall also generally assume that V' contains Viam(G, (), and H = Z. To emphasize
this special case, we write

In §§2 and 3, we are going to reformulate the global trace formula as an identity of linear
forms on H(G,V, (). As such, it will depend on a choice of maximal compact subgroup
of G(AY), where AV denotes the subring of elements in A that are equal to zero at each
veV.

Let

Kram H Kv
vE€Viam (G,€)

be a fixed, open maximal compact subgroup of G(Ame(G’O). We assume that each K,
is hyperspecial, and in good position relative to some underlying minimal Levi subgroup
My. If V is a finite set of valuations that contains Viam (G, (), KV = vav K, then is a
maximal compact subgroup of GV = G(A"). We shall generally reserve the symbol f for
a function on Gy . This leaves us in need of other notation for functions on G(A). Let
u" = u"*¢ be the function on GV, with support equal to KV Z", such that

u(kz) =¢(2)7Y, keKY, zeZ".

The map
f=f=fxd’, feMNG,V, (),

then sends functions in H(G,V,(¢) to functions in the space H(G, () = H(G(A)Z, ().
In particular, if Z =1, and f belongs to the space H(G,V) = H(GE), f=fxu is
a function in the space H(G) = H(G(A)!). We shall use similar notation if S is some
finite set of valuations that contains V. Then Kg = ]_[vE s_v Ky is a maximal compact
subgroup of G§ = [[,cs_yv G(F,), and uf = ug’C denotes the function on GY, with
support Kng, such that

ub(kz) =¢(2)7Y, ke KY, zecZ¥.

In this case,

f—fs=fxuf, feHGV,C),

is a map from H(G,V,() to H(G, S, (). In the study of the geometric side of the trace
formula, S will be a large finite set of valuations that depends on the support of a given

I
We need to define a certain subspace of H(G, S, ). The polynomial

d
det(1+t— Ad(z)) = Y Di(2)t", z€G,
k=0
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provides a morphism
D= (Dy,...,Dq): G = (G,)™, d=dimG,

over F from G to affine (d+1)-space. If X = (Xo, ..., X4) is a non-zero point in (G,)%+!,
set Xmin = Xg, where k is the smallest integer with X # 0. Then

D(z) = D()min, z € G,

is the generalized Weyl discriminant of G. The minimal & in this case is of course bounded
below by the rank of G. If S is a finite set of valuations that contains V., set

= Do

where o, is the ring of integers in F,. We shall say that a subset Cs of F3™' — {0} is
admissible if any point X in the intersection

Fd+1 N (CS X (OS)dJrl)’

has the property that | Xin|, = 1 for each v & S. Assume now that S contains Viam (G, €),
and that
Z(A) = Z(F)ZsZ(0%).

We shall say that a subset Ag of Gg is admissible if D(Ag) is admissible in Fg“. This
condition implies that

IDH)e =1, Y€ GF)N(As x K%), v¢S.

It is clear that if Ag is admissible, so is the larger set obtained by taking Gg-stable
conjugates of elements in Ag. The same is true of the set AgZg. In particular, Ag is
admissible if and only if its projection Ag onto G'g = Gg /Zs is admissible. We shall write
Haam (G, S, ¢) for the subspace of functions in H(G, S, {) whose support is an admissible
subset of Gg.

There is an adelic variant of the notion of admissibility, which we can apply to subsets
A of G(A). We shall say that A is S-admissible, for a finite set S as above, if there
is an admissible subset Cs of F&™ such that D(A) is contained in Cg x (0%)%*+!. We
claim that any compact subset A of G(A) is S-admissible, for some S. To see this, we
first embed A in a compact set of the form Ay x KV, for a finite set of valuations
V' D Vieg(G, (). We then choose S D V such that |Xmin|, equals 1, for each v ¢ S, and
for every X in the finite set

Fd+1 n (D(Av) % (OV)d-H).

We now recall some simple objects from the paper [14] that will eventually be required
for the study of the geometric terms in the trace formula. For a finite set V, and H C G
as above, let D(G¥, () be the vector space of distributions D on G that satisfy the
following three conditions.

https://doi.org/10.1017/51474748002000051 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748002000051

A stable trace formula. I 185
(i) D is invariant under conjugation by G#.
(ii) D is (y-equivariant under translation by Zy .

(iii) D is supported on the preimage in G¥ of a finite union of conjugacy classes in
GHE =Gl /7.

Suppose that ¢ belongs to the set I's(G¥) of semisimple conjugacy classes in G¥.
We write D.(GH,(y) for the subspace of distributions D in D(G¥, () for which the
conjugacy classes in (iii) all have semisimple parts equal to c¢. This space could be zero.
However, it is easy to characterize the subset I'(GH, (y) of classes ¢ in I'.(GI) such
that D.(GH, () is non-zero. It consists of images of semisimple conjugacy classes in G
whose stabilizer in Zy lies in the kernel of {y . The original space obviously has a direct

sum decomposition

D(G{/Ia CV) = @DC(va CV)

over the classes ¢ in I'ys(G¥, (). We shall say that a distribution in D(G¥, (v) is unipo-
tent if it lies in the subspace Dunip (G, (v) = D1(GE, ¢v) of D(GEH, ¢y ). In general, one
can define the semisimple part of any D € D(G,(y) to be the union of those classes
¢ € I's(GH) for which the image of D in D.(G¥,(v) is non-zero. If V contains Vu, we
define D to be admissible if its semisimple part is admissible, in the sense defined above.

The space D(GH,(y) contains the familiar invariant orbital integrals. Suppose that
Y = [I,ey 7w belongs to GH, and that f is a smooth function of compact support on
G . The orbital integral of f at vy is defined as

felw) = (D)2 / ) da,

Gy NGINGY

for G, =[], G, and |D(y)|v =[], [P(7)]v, and for some choice of invariant measure
on the quotient G, N GH\GH. We can also define the (y-equivariant orbital integral at
vy . It is the distribution

f— ; Cv(2)falzyy)dz (1.1)

in D(GH,¢y). We shall write Do, (G, () for the subspace of D(GE, () spanned
by distributions of this form. If V' consists entirely of p-adic valuations, the theory of
Shalika germs implies that Do, (G, (v) equals D(GY, (v). If V contains archimedean
places, however, one can also take radial derivatives of orbital integrals. In this case,
Do, (GH, () is a proper subspace of D(GH, (/). The larger space is necessary for ques-
tions of endoscopic transfer.

To specify more general elements in D(G{f ,Cv) explicitly, one would have to intro-
duce more elaborate notation. Rather than do so, we prefer simply to fix some basis of
D(G{}’, Cv). This is the point of view of the paper [14]. It is not really much of a departure
from the usual practice. For example, even orbital integrals depend on implicit choices
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of invariant measures on conjugacy classes. For the duration of this paper, we shall write
(G, ¢y) for a fixed basis of the space D(G, (v ).

We assume implicitly that the elements in I'(G¥#,(y) have been chosen to satisfy
various natural compatibility conditions. (See [14].) For example, I'(G#, (y) is supposed
to be a subset of a basis I'(Gy, (v) of D(Gv, (v). Moreover, any element v in I'(Gy, (v)
is assumed to have a decomposition

Y= H Y, VYo € F(Gvan)a

veV

relative to fixed bases I'(G,, () of the spaces D(G,, (). It is also required that each
subset

FC(G‘I;'IaCV) :F(G\Ijch)ﬂDc(G\}/{7CV)a CGFSS(GgaCV)a

be a basis of D.(G¥, (y). In other words, the semisimple part of any element in I'(G¥, ¢y)
is a single class c¢. In addition, the elements in the set

Forb(GXI;a CV) = F(G{/Iv gV) N ’Dorb(G\}/Iv <V)

are required to be orbital integrals, and to be a basis of Dorb(G{}’ ,Cv). Tt follows from
this that there is a bijection between I',1, (G, () and the set I, (GH, (v) of conjugacy
classes in G"F,I whose semisimple part lies in I's(Gy, (v). We can therefore define a chain
of subsets

Forb(G\I}7 CV) D) FSS(G‘I;I? CV) D Frcg(G\I;'[y CV) D Frcg,cll(G‘I}Ia CV) (12)

of 'y (GH, (), corresponding to subsets of classes in I, (G, () that are, respectively,
semisimple, strongly regular, and strongly regular elliptic. In particular, the semisimple
part ¢ of a general element v in I'(G¥, () can be identified with a distribution in the
subset I’SS(G{}’, Cv) of F(G{}’, Cv). We assume, in fact, that v has been constructed in the
natural way from ¢, and from an element « in a fixed basis I; unip(GfV, Cv) of the space
Dunip(GEy, ¢v) of unipotent distributions for G¥,. A general element v € I'(G{/, (v)
therefore has a Jordan decomposition, which we write formally as

Y = cq, cE Fss(657 Cv), S Furlip(G£V7<V)~ (1.3)

The distributions in D(G‘P/I ,Cv) are tempered as well as (y-equivariant. Therefore, any
element v in D(GE, () transfers to a continuous linear form

f_>fG(7>7 fEC(Glf/Ich)a

on C(G¥,¢v). The transfer actually depends on an implicit choice of Haar measure on
Zy, but this is obviously harmless. Suppose that v is an element in I Orb(C_v'{}{, Cv), and
that vy is a conjugacy class in G that maps to . The (y-equivariant orbital integral
at vy provides a distribution in D(G¥, ¢y ), and hence a continuous linear form

f—=falw), feC(GY. ().
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This of course depends on the choice of representative yy of v, as well as a choice of
invariant measure on the G¥-conjugacy class . On the other hand, we may as well
identify  with the distribution in I, (G, ¢v) to which it corresponds. The linear forms
fa(yv) and fa(7y) then differ by a scalar multiple. We obtain

fatw) = (w/Mfe(v), feCGY.¢v), (1.4)

where (7yy /) is the ratio of the invariant measure on 7y and the signed measure on 7y
that comes with 7. As we mentioned earlier, we shall usually restrict our attention to
functions f in the Hecke algebra H(G¥, (v).

What is the spectral analogue of the space D(G‘I}[, Cv)? There is some ambiguity in
the question, but one could argue plausibly that the answer is the space F(G, () of
generalized characters on G, with Zy-central character equal to (y. By a generalized
character, here, we mean a finite, complex linear combination of irreducible characters.
As with D(G¥, (v ), we identify an element 7 in F(G¥!, (y) with a linear form

f=faln), feHGT.(v),

on H(G‘F/I ,Cv), which in this case depends on an implicit choice of Haar measure on
Gt /Zy. The space F(GH,(y) already has a canonical basis. It is the set II(G¥,(y) of
irreducible characters with Zy -central character equal to (y. We write Hunit(G‘I}{ ,Cv) for
the subset of characters in IT(G¥, () that are unitary. Then, in partial analogy with
(1.2), we define a chain of subsets

Hunit(G\g)CV) D) Htemp(G\Ijv CV) D Htemp,ell(G}\;Ia CV) (15)

of characters in Iy (G, () that are, respectively, tempered, and tempered elliptic.

For each f in H(GH,(y), we have been regarding fg as both a linear function on
D(GH,(y), and a linear function on F(G¥, (y). The former is determined by its restric-
tion to the subset I'eg(GH, () of D(GH, (v), while the latter is determined by its restric-
tion to the subset ITiemp(GH, (v) of F(GH, (). Tt is known that either of the functions
is determined by the other, so the notation is consistent. In the usual fashion, we can
form the invariant Hecke space

I(GY.¢v) = TH(GE . ¢v) = {fa : f € HIGI, (v)}

of functions obtained from H (G, ¢y/). This space comes with the topology that makes
the surjective map f — fo from H(GE, (y) to Z(GEH, () open and continuous. There
is also the invariant Schwartz space

I(GV . Cv) = IC(GY , Cv) = {fa : f € C(GY,¢v)

which comes with a similar topology. However, we shall use the overlapping notation Z(+)
only if the context is clear. In either case, we can use the familiar notation

I(f) = 1(fe),
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for any invariant linear form I that lies in the image of the transpose of the map f — fg.

For later use, we also introduce the stably invariant Hecke space. Recall that a distri-
bution on G{,I is stable if it lies in the closed linear span of the strongly regular, stable
orbital integrals

Cov)y =Y falw)
v —év

Here, 0y is any strongly regular, stable conjugacy class in G | and 4y is summed over the
finite set of conjugacy classes in §y. Let SD(GH, (v) and SF(GH,(y) be the subspaces
of stable distributions in D(G¥, ¢v) and F(G¥, {v), respectively. Suppose that & belongs
to the set Areg(é{}( ) of strongly regular, stable conjugacy classes in G‘I_},. Then there is a
corresponding tempered distribution

F=190)=> fa(v), feCG.¢v),

where ~ is summed over those classes in the set Iyeg(GH) = Ieg(GE, () that map to
§, and fg(v) is the corresponding linear form in Ieg (G, (v). One of the requirements
in [14] on the choice of basis I'(GH,({y) is a simple compatibility condition on the
summands that insures an identity

FE(6v) = (0v/8) 14 (), (1.6)

where dy is any stable class in G¥f that maps to §. The ratio (dv/d) equals (v /7),
where 7y is the conjugacy class in dy that maps to the given class v in the sum. In
particular, the distribution § is stable. We have thus identified A,eq(GH) with a subset
Aveg (G, Cv) of SD(GH, (v). The stably invariant Hecke space is the space of functions

ST(GH,¢v) = STH(GH  ¢v) = {f€: f € H(GE ¢v)}

on Areg(G{}{, Cv). The stably invariant Schwartz space is defined in the same way.

Suppose that M is a Levi subgroup of G. Assuming that M contains H, we of course
take IT(M{,(v) to be the basis of F(M{,(y). We assume that we have also chosen a
basis I'(M{, (v) of D(M{f, (v ), as well as corresponding subsets (1.2), as above. Consider
the case that H = M, so that M = My and G = Gy. We recall that there is a
canonical map f — fu from H(Gy,(v) to Z(My, (v ), which factors through the map
f — fc. This map allows us to define induction operations. We obtain canonical linear
maps

p € D(My,C¢v) — u€ € D(Gv,¢v)
and

p e .}—(MV,CV) — PG S ]:(GV7CV)7

https://doi.org/10.1017/51474748002000051 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748002000051

A stable trace formula. I 189
such that

fa(u®) = far(p) (1.7)

and
fa(0%) = fu(p), (1.8)

for any f € H(Gvy,Cv). The choice of bases also determine adjoint restriction maps.
These are the unique linear maps

v € D(Gv,Cv) = vm € D(My,Cv)

and
e I(GVaCV) — T € ‘7:(MV7CV)7
such that
S amtnmbe() = > am(wba(p®) (1.9)
YEL(Gv,Cv) pelr(My Cv)
and

> enlmn)da(m) = Y em(p)da(p®), (1.10)
m€ll(Gv.,Cv) pEI(My ,Cv)
for any linear functions apy; € D(My,Cv)*, be € D(Gv,Cv)*, ey € F(My,(y)* and
de € F(Gy,(y)* such that the right-hand inner products converge.

The notions we have been reviewing come from [14] and earlier papers. We shall make
free use of any obvious variants of the notation. For example, the notation I'(Gy, (v),
D(Gv,Cv), F(Gy,Cv), etc., in the case above that H = M, is in obvious recognition
of the fact that H plays no role. As we noted earlier, we shall generally assume that V'
contains Viam (G, ¢), and that H equals Z. In this case, let ag; z denote the subspace of
linear forms on ag that are trivial on the image of az in ag. Then there is an action

Aim =7y, 7€ Mnmi(Gv,Cv), A€iag g,

of iag; 7 on it (Gv,Cv ), whose orbits can be identified with the set Hunit(G‘Z,, Cyv). We
have agreed to write H(G,V,¢) = H(G%Z, v ). This is the space of test functions we will
be using for our global study. We shall also write

I(G,V,¢) = Z(G¥. (v)

for the corresponding invariant space. In the next two sections, we shall single out subsets
I'(G,V,¢) and I1(G, V., () of Iy, (G, Cv) and it (GZ, Cv ), respectively, that also have
special global significance.
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2. Global trace formula: geometric side

The first main task of the paper will be to recast the global trace formula of [8] in
somewhat different terms. There are three reasons for doing so. The first concerns how
we make the trace formula invariant. We want to use the canonically normalized weighted
characters of [11], rather than the weighted characters of [8] that depend on a choice
of normalizing factors for intertwining operators. Secondly, it will be convenient to work
with test functions on a finite product Gy = G(Fy) of local groups, rather than on the
adele group G(A). Finally, we have to set things up for (~!-equivariant test functions,
in order to allow for future induction arguments. The result will be a formulation of
the trace formula that is quite natural, and that clearly displays the remarkable duality
between terms on the geometric and spectral sides.

Until further notice, F' will be a global field, (G, {) will be a fixed pair over F asin §1,
and V will be a finite set of valuations of F' that contains the ramified set Viam (G, ¢). The
formula of [8] is the identity provided by two different expansions of a certain continuous
linear form on H(G) = H(G(A)!). The formula we want will be an identity given by two
expansions of a continuous linear form on H(G, V,¢) = H(GZ, (y). We shall first describe
a formal process for passing from the former to the latter. The bulk of this section will
then be devoted to the explicit construction of the new geometric expansion. The next
section will be reserved for the construction of the new spectral expansion.

There is a natural projection

fr=J¢ fren(o),

from H(G) onto the space H(G,¢) = H(G(A)Z,¢). The image of f! is defined to be the
function

fa= [ Pl veGw?,
Z(A)"
where we have written
Z(A)* ={z€ Z(A): Hg(zx) = 0}.

Suppose that J is a continuous, Z(F)-invariant linear form on H(G). If le denotes the
translate of a function f! € H(G) by a point z € Z(A)*, the integral

J(Y) = / J(f1)¢(z) dz
Z(F)\Z(A)!

converges, and depends only on the image f¢ of f1 in #(G,¢). We write
J(f) = J5(fh).
We then define a linear form on H(G,V, () by setting
J(f)=J(f), feHG V),

where f = f x uY is the function in H(G,¢) defined in §1. We are using the symbol .J
here to denote three different objects: the original Z(F)-invariant linear form on H(G),
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the projection of this form onto the space of linear forms on H(G, ¢), and the projection
of the second object onto the space of linear forms on H(G,V, (). Since the three linear
forms act on three different spaces, there is no ambiguity in denoting them by the same
symbol.

We shall apply this general procedure to the basic linear form that is the foundation
of the trace formula of [8]. We need refer to [8] only for the non-invariant trace formula,
since we will be using a different process to make it invariant. The relevant formula
from [8] consists then of two different expansions of the continuous (non-invariant) linear

form
=Y LU= LN, fren(o), (2.1)

0€D XEX

on H(G) that appears in [8, (2.1)]. The two expansions are derived in §§3 and 4 of [8]
by refining the terms in the respective sums over o and x. Our aim here is to convert
these expansions into two expansions of an invariant linear form on H(G,V, ().

It is an immediate consequence of the general constructions in [1] that the linear form
(2.1) is Z(F)-invariant. The process above therefore provides a (non-invariant) linear
form

J(f)=J(f)=J(f"), feNG V),

on H(G,V,(), where f1 is any function in #(G) whose projection f¢ onto H(G, ) equals
f = fxuY. We then define an invariant linear form I = IS on H(G,V,¢) inductively

by setting
I(f) =)= DWW M (@ar (1)), (22)
MeLo
for certain maps
on s H(G,V,¢) = (M, V() (2.3)

constructed from the normalized weighted characters of [11]. To describe the maps pre-
cisely, suppose first that f belongs to the Schwartz space C(Gy,Cy). Then ¢p(f) is
defined to be the function on Iliemp(My , (1) whose value at a representation

T = ®7TU, Ty € Htcmp(Mvvcv)7

equals

tr(Mu (7, P)Ip(7, f)), P €P(M).
The operator

A—0
QeP(M) eV

My (7,P) = lim )~ (®MQA7TU, )) o(A)71,

with
Og(A) = vol(afy/2(A5) ™ ] Ale

a€Aq
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is defined as part of the theory of (G, M)-families [2, §6]. The relevant (G, M)-family
here is a tensor product of the (G, M)-families

Mo (A, 7y, P) = po(A, 7y, P)Jo(A, 7y, P), Q€ P(M), Aciay,

defined for m, in general position on p. 37 of [11]. It follows from [11, Lemma 3.1] that
¢ maps C(Gy, Cy) continuously to IC(My, ¢y ). If f and 7 are the restrictions of f and
T to G‘Z, and M‘% , respectively, we set

oufm = [ ouF.m)an
N,z

Our concern here is in the case that f belongs to the subspace H(G,V,() of C(GZ,(y).

The argument of [9, § 12] is easily modified to show that ¢y maps H(G, V, ) continuously

to the subspace Z(M,V, () = IH(MZ,(v) of IC(MEZ,(v).

We shall now derive a geometric expansion of I(f) from the geometric expansion
in [8, §3] of (2.1). We have first to describe the local and global ingredients of the new
expansion. We will then be able to apply the methods of [8, §3].

The local terms in the geometric expansion of I(f) are essentially the invariant dis-
tributions of [11, §3]. They are invariant linear forms Ins(v) = I§(y) on H(G,V,(),
which are parametrized by Levi subgroups M € £ and elements v € I'(MZ, (y). For any
feH(G,V,Q), Ini(7, f) is defined inductively by the usual formula

LELO(M)

where ¢ (f) is the map (2.3), and Jps (7, f) is the weighted orbital integral, defined for
v € Town(ME,Cv) as in [6], and for general v in [14].

The global terms in the geometric expansion appear as coefficients. They require rather
more discussion. We begin by recalling the global coefficients

a®(S,%), %€ (G(F))a.s,

of [8], which were defined in [5, (8.1)]. Here S D Viam (G) is a large finite set of valuations,
and (G(F))g,s is the set of what we called the (G, S)-equivalence classes in G(F'). (We
are using the dot notation 4 for elements in G(F'), since v will generally be reserved for
elements in Gy .) We recall that two elements 4 and 4, in G(F), with standard Jordan
decompositions ¥ = ¢& and 41 = ¢1dq, were defined to be (G, S)-equivalent if there is
an element § € G(F) such that 6116 = ¢, and such that 5t d is conjugate to &
in G.(Fs). For a general element ¥ = ca, the coefficient was defined in [5, (8.1)] by a
descent formula

a%(8,4) =i%(8, ¢)| Stab(c, &) ta% (S, &). (2.4)
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We write Stab(c, &) here for the stabilizer of & in the finite group (G +(F)/G.(F)),
which acts on the set of unipotent conjugacy classes in G..(Fs). The symbol i%(S, c) is as
in [8, (3.2)]. It equals 1 if ¢ is F-elliptic in G and the G(A%)-conjugacy class of ¢ meets
K*®, and is otherwise equal to 0. (We neglected to mention the second condition on ¢
explicitly in [5, (8.1)], although we included it in the proof.) The point of the descent
formula is to reduce the study of a®(.S, %) to the case of unipotent elements treated in [4].

As explained in [5] and [8], the finite set S has to be large in a sense that depends on
the semisimple part of . In this paper, we require a quantitative criterion for the choice
of S. It is provided by the next lemma, and the definitions of § 1.

Lemma 2.1. If % belongs to G(F), the coefficient a®(S,) is defined for any finite set
S such that ¥ is S-admissible.

Proof. Suppose that % is S-admissible. We must show that the definition of a“(S,+)
in [5] and [8] is valid for the given S. For the definition in [5], the requirements to verify
are the conditions (i)—(iv) on p. 203. The condition (i) follows from the definition of
S-admissible, while conditions (iii) and (iv) follow from [5, Lemma 7.1]. The condition
(ii), in the untwisted case we are considering in this paper, asserts that 4, belongs to K,
for each v ¢ S. This condition was removed in [8, §3] by simply setting a®(S,+) = 0 if
4 is not G(A®)-conjugate to an element in K. Therefore, a®(S,+) is defined whenever
4 is S-admissible. O

In this paper, we would like to index the coefficients by admissible elements in
I'(G%,(s), rather than by classes in (G(F))g,s. To help us make the transition, we
set

Ia(f$) = > %S fsc(), fs € Haam(G,S). (2.5)
YE(G(F))a.s

This is the term with M = G in the geometric expansion [8, (3.3)], and can be regarded
as the G-elliptic part of the expansion. (We use ‘elliptic’ to refer to the semisimple
components of the classes in G(F) that index the summands.) One consequence of the
descent formula (2.4) is that

a®(S,2%) = a®(S,%), z € Zs.,
where
Zso = Z(F)N ZsZ(0").
We can obviously embed Zg , as a discrete subgroup of Zg. The linear form I ( fé) on

Hadm (G, S) is then Zg ,-invariant. Applying a variant of the process at the beginning of
this section, we define a linear form

falf) = [ (I s € Huan(©5,0),
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on Haam (G, S, ), in which fé is any function in Haam (G, S) whose projection fgs onto
H(G, S,¢) equals fg. It follows from the Zg ,-invariance of (S, ) that

lalfs)= S a5 [ frelce)

YE(G(F)e.s
=Y IZEA a5 ) [ fale)
) Zs
where {#} stands for a set of representatives of Zg ,-orbits in (G(F))q,s, and
Z(F,y)={2€ Z(F): 2y =4} ={2 € Zg, : 2% =7}
The integral
| fatce) s
Zy

is easily evaluated in terms of fg. It vanishes unless 4 maps to an element g in
I (GZ,(s), which is to say that the conjugacy class of 4 in GZ = G%/Zs lies in
Forb(ég, (s), and in addition, the G(F,)-orbit of 4 meets K, for each v ¢ S. If the two
conditions hold, the integral simply equals

(¥/4s) fs.c(7s),

where (¥/4s) is the ratio in (1.4).

We have converted the expansion (2.5) for I ( fé) into an expansion for oy ( fs') To
describe the latter, we first define a coefficient a$(¥s). If 45 is any admissible element
in I'(Gg,(s), we set

a§i(4s) =Y _1Z(F, %) a%(S,9)(3/4s), (2.6)
{7}

where {4} is summed over those Zg ,-orbits in (G(F))¢g,s that map to 4g, and such that
the G(A%)-conjugacy class of 4 in G(A®) meets K. This coefficient obviously vanishes
on the complement of ', (GZ,(s) in I'(Gs,(s). It is in fact instructive to introduce
a subset of I Orb(Gg ,Cs) that can serve as a more manageable domain. If V' is any
finite set containing Viam (G, (), we write ey (G, V, () for the collection of elements v €
Lorb(GZ, Cy) such that there is a 4 € G(F) that satisfies the following three conditions.

(i) The semisimple part of 4 is F-elliptic in G.
(ii) The conjugacy class of 4 in Gy maps to ~.

(iii) The element 4 is bounded at each v € V. In other words, for each v ¢ V, the image
of 4 in G, lies in a compact subgroup.
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The subset e (G, V, €) is discrete in the natural topology on I'(GZ, ¢y/). Taking V = S,
we see that agl("ys) is supported on the set of admissible elements in ey (G, S, (). The
expansion for I (fs) is just

Lai(fs) = > aGiltis)fsa(is),  fs € Haam(G, S, Q). (2.7)
Ys€len(G,5,¢)

The definition (2.6) is only a part of our reformulation of the global coefficients. We
are going to define coefficients that depend on elements v € F(G%, Cv), where V is an
arbitrary finite set of valuations that contains Viam (G, ¢). The role of S will be simply
that of some finite set containing V' that is large relative to ~y. First, let us define a
discrete subset of I'(GZ, () that will serve as a suitable domain for the new coefficients.
We have already defined the ‘elliptic’ set I'ey (G, V, (). If M is a Levi subgroup of G, and
p belongs to I'(ME,(y), the induced distribution u“ is a finite linear combination of
elements in I'(GZ,(v). We write I'(G, V,() for the set of elements so obtained, as M
ranges over £ and p runs over the elements in gy (M, V, (). This will be the domain.

The new coefficients will combine the elliptic coefficients (2.6) with unramified weighted
orbital integrals at places v in .S — V. Let us write IC(GE) for the set of conjugacy classes
in GY = GY /ZY that are bounded. Since (¥ is trivial on Z(0%), K(GY) is contained in
Lo (GY, CY), so by the conventions of § 1, any element k € K(GY ) provides a distribution
v¥ (k) in the subset I, (GY, CY) of I'(GY, ¢Y). If k belongs to K(GY ) and v is an element
in I'(G%,Cyv), we shall write

v x k= x5 (k)
for the associated element in I'(GZ,(s). It is then clear that for any k, the preimage
of I'ty(G, S, ) under the map v — v X k is contained in Iy (G, V, (). To emphasize the
duality with the spectral expansion in next section, we shall also write XY, (G, S) for the
set of k in K(GY) such that v x k belongs to I'y(G,S,() for some . These sets are
of course defined if GG is replaced by a Levi subgroup M € L. The unramified weighted
orbital integrals Jas(-,uY%) will appear in the form of a function

rir(k) = Ju (8 (k) ug), k€ K(MY),

on K(MY).
We can now define the coefficients that will occur in our geometric expansion. If
belongs to I'(GZ, (), we set

a(y) = D IWMIWE Tt Y ali(var < k)rSi(k), (2.8)
MeL keKY,(M,S)

where S O V is any finite set of valuations such that the set v x K" is S-admissible.
The summands on the right-hand side are defined, by Lemma 2.1, and since IC;’{I(]\Z[ ,9)
is discrete in the relevant topology in K(MY), the sum over k can be taken over a finite
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set. Of course yp; X k is understood to be a finite linear combination of elements g
in I'(MZ,(s), and a(var x k) is the corresponding finite linear combination of values
al (%s). It follows from the definitions that a®(7) is supported on the discrete subset
F(G, V. C) of F(G\%” CV)

Proposition 2.2. Suppose that f € H(G,V, (). Then the linear form I(f) in (2.2) has

a geometric expansion

I =Y wwg = Y. d™ NI 1), (2.9)

MeL yET(M,V,C)

in which the inner sum can be taken over a finite set that depends only on the support
of f.

Proof. As a function of v in I'(MZ,{v), In(7, f) has compact support. This assertion
is valid only because we are considering elements ~ attached to the closed subgroup M‘%
of My. It follows from the usual splitting and descent formulae satisfied by Ins(v, f),
as for example in the proof of [8, Lemma 3.2]. Since I'(M,V, () is a discrete subset of
Toi(MZ,(y), the inner summand on the right-hand side of (2.9) therefore has finite
support.

The proof of (2.9) is similar to that of [8, Theorem 3.3]. The main step will be to
establish a parallel expansion for the linear form

a5 =16 = [ () dz,
Z(F)\Z(A)!
in which f is any function in #(G) whose projection f¢ onto # (@, ¢) equals the function
f =fxu’.
We recall the geometric expansion for J( f 1) that is provided by [5, Theorem 9.2]. Let
S SV be a finite set of valuations such that support of f! is S-admissible, and such that
f1 is of the form
faxudt, flena,s).
Then
T = DWW >0 aM(S AT, £,

MeL ye(M(F)) s
where Jy (5, fé.) is the weighted orbital integral of fé over the conjugacy class of 4 in
Gs. The term corresponding to M depends on .S, but the sum over M does not. For a
given choice of S, the linear form J( f 1Y is obviously K °-invariant. We obtain

J(f) = / J(C(2) dz
Z(F)Z(05)\Z(A)!

- / Tz dz
Zs,0\Z%

SWwHIWwERT S aM(S,4) / |y e a

MeLl YE(M(F))m,s
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since
Z(A) = Z(F)ZsZ(0%),
and
(¥, fo.) = Tu (2, f8), 2 € Zs.

Following the derivation of (2.7) from (2.5) above, we conclude that

= (Wt w| > ali(4s)Im (3, fs),

MeL Ys€len(M,S,C)

where fg equals the projectionf of fs onto H(G, S, ().

It is a consequence of the definitions that fs is equal to the product f x u% &, where
f € H(G,V,() is the function we started with. Taking a corresponding decomposition
Yy X 7;{ of 4g, we see from the usual splitting and descent properties that

Jm ’75'7fs Z JM ’YS? uS) )JL(’YV7f)
LeL(M)

(See [7, Proposition 9.1 and Corollary 8.2]. We are dealing with weighted orbital integrals
here, rather than the corresponding invariant distributions, so it does not matter that
the set S — V fails to have the closure property of [8]. We have also used the fact that
(u¥)r = (u¥)g is the unit in the invariant unramified Hecke algebra on L, and is
therefore independent of @ € P(L).) Now JI (4, (u¥)r) vanishes unless 7% = ¢ (k)
for some k in K(MY'), in which case it equals ¥, (k) by definition. With this condition
on 7Y, aM (4s) vanishes unless p = 4y lies I'en(M, V, ¢), and k lies in Y, (M, S). We find
that J(f) equals

Z Z |WOIVI||WOG| 1zzaell X k TM(k)JL(Mva)a

LeL MeLL

where g and k are summed over Iy (M, V, () and KX (M, S), respectively. But we can
write

Z |W(§\4||Wo I~ lzzaeu px k)i (k)T (u", f)

Meck
= Z\W({”HWﬂ‘l SN it x k)rig (k) JL(y, f)
M ~el(LV,C) k

LRI R R COP A C R

yel'(L,V,{)

by (1.9) and (2.8). We obtain an expansion

NGRS I R COR/ACA S (2.10)

LeL yET(L,V,¢)

of the form we want.
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It is now a simple matter to convert the expansion (2.10) for J(f) into an expansion
for I(f). By definition,

I(f)=J(f) = > IWgIWE | T (6(f))-

LeLO

Assume inductively that the required expansion (2.9) holds if G is replaced by any group
L € £°. Combining this with the formula (2.10) for J(f), we see that I(f) equals

S wEwE Y CLM(V)(JM(%J”)— 3 fﬁmm(m).

MeL ye(M,V,C) LeLOo(M)

By the definition of I (7, f), this in turn equals

St > @M I f),
M

e (M,VC)
the required expansion for I(f). |

We shall later have reason to consider the simpler linear form

Iorb(f) = Z aG(’Y)fG(’Y% f € H(G7 V)> (211)

yeI'(G,V,C)

defined by the term with M = G in the expansion (2.9). It is the purely ‘orbital’ part
of I(f), and consists of a linear combination of invariant orbital integrals. However, the

coefficients of this expansion are defined by a formula (2.8) that seems to depend on the
set SO V.

Corollary 2.3. The coefficients {a®(v)} are in fact independent of S, and so therefore
is Iorb(f)-

Proof. Recall that we constructed I(f) from the linear form (2.1) that does not depend
on S. We can assume inductively that if M is a proper Levi subgroup of G, the coefficients
{aM ()} are independent of S. The corresponding term on the right-hand side of (2.9) is
therefore also independent of S. This leaves only the term with M = G on the right-hand
side of (2.9), which is just I, (f). The corollary follows. O

Remark. The corollary could easily be proved directly from the admissibility of v x KV,
and properties of the weighted orbital integrals r§; (k).
3. Global trace formula: spectral side

We turn now to the spectral side. As before, V' will be any finite set of valuations that
contains Viam (G, ¢). We shall convert the spectral expansion [8, §4] for the right-hand
side of (2.1) into an expansion for the linear form (2.2) on H(G,V, ().
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We should recall that the spectral expansion for (2.1) in [8] is only conditionally
convergent. There is first an absolutely convergent sum

J(fY =D h(fh, fen@), (3.1)

t>0

for the linear form (2.1). The terms

Ti(fh) = > (Y, =0,

{xeX:[| Im(vy) || =t}

in this sum are obtained from those summands on the right-hand side of (2.1) whose
archimedean infinitesimal characters v, are of height ¢ [8, §4]. Each J;(f!) in turn has
an absolutely convergent spectral expansion. A strengthening of results of Miiller [32]
would establish that the resulting expansion of J( f 1) is actually absolutely convergent
(as a double integral). However, for the comparison problems of this and subsequent
papers, it will be no trouble for us to treat the spectral expansion as a conditionally
convergent double integral.

We first have to apply the formal process at the beginning of §2 to each of the terms
J:(f1). Tt follows without difficulty from the original definition [2] of J, (f!) that each
linear form J;(f!) on H(G,V,() is Z(F)-invariant. We obtain a (non-invariant) linear
form

J(f) = 1) =T (F1). feH(G,V.Q),
on H(G,V,(¢), in which f! is any function in H(G) whose projection f¢ onto H(G, V)
equals f = f x uY. We then define a corresponding invariant linear form I; = IF on
H(G, V, ) inductively by setting

L(f) = 2(f) = Y WIWE T Y (6n(£)), (32)
MeLo
with ¢as being the map of (2.3).
To treat the conditional convergence of the spectral expansion, we shall exploit the
multiplier convergence estimate of [16, (2.15.2)] and [10, Lemma 7.1]. Recall that a

Weo

multiplier for G is a function a in C2°(h%)We where

b =ibx @ bo

is a Cartan subalgebra of a split form of the real group G = Gv, , and W is the
corresponding Weyl group. (See [16, §2.15] or [10, §7].) We have written hZ for the
subspace of points in h whose projection onto ag lies in the image of az. The Fourier
transform & is then a W-invariant function in the Paley—Wiener space on

be/ag ze =b®@Clag z ®C.

If f belongs to H(G,V, (), one can transform the archimedean components of f by a.
This provides a second function f,, in H(G,V, (), which is characterized by the property
that

faa(m) = a(v)fa(r),
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for any representation 7 € II(GZ, () whose archimedean infinitesimal character corre-
sponds to the point v € h¢./ag; ¢
The convergence estimate is given by the values of & on a subset

bu(r, T) = {v e by : [[Re()[| <, [[Tm(v)|| > T}

of ht./iag; 7 ¢, where by, is a subset of ht./iag; , that embeds into hz./ag; 7 ¢, and contains
the infinitesimal characters of all unitary representations. (The definitions are essentially
those of [8, p. 536] and [10, p. 558]. In particular, the norm || - || is assumed to come from
a fixed, W-invariant, Euclidean inner product on h%.) Suppose that

At(f)a feH(G7‘/7C)v t>07
is a family of linear forms such that for any f and «, the function
t_>At(fa)7 t>07

is supported on a discrete set that is independent of a. We shall say that the family
satisfies the multiplier convergence estimate if for each f € H(G,V,(), we can choose
constants C, k and r with the following property. For any positive numbers T" and N,
and any « in

OF (K%)= = {a € C=(H7)"= : | supp(a)|| < N},

the estimate

> A(fa)l < Ce*N o sup (la(v))) (3.3)

ST veby (r,T)

holds.

Proposition 3.1. The linear forms
It(f)7 fEH(G>‘/7<)7 t>07

satisfy the multiplier convergence estimate (3.3), and the formula
I(f) = > _L(f). (3.4)
t

Proof. The non-invariant linear forms J(f) and J;(f) are continuous images of the
linear forms in (3.1). It follows from (3.1) that

J(f) =D Jlf).

t>0

The formula (3.4) then follows inductively from the definitions (2.2) and (3.2). The
multiplier convergence estimate follows in the same way from the parallel estimate for
the linear forms

T(fY), fren@), t=o,
that was the main step in the proof of [8, Lemma 6.3]. a
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Suppose now that ¢ > 0 is fixed. We shall derive a spectral expansion for I;(f) from
the expansion in [8, §4] for J;(f!). As in §2, we shall first describe the local and global
ingredients of the new expansion.

The local terms are similar to those in [8, §4], except that they are defined by means
of the canonically normalized weighted characters of [11]. They are invariant linear forms
Iy () = I§;(7) on H(G,V,(), parametrized by Levi subgroups M € £ and representa-
tions 7 € it (ME,Cv). For any f € H(G,V, (), Iy (m, f) is defined inductively by the
formula

In(m, )= Ju(m f) = > I, éu(f),
LeLO(M)
where ¢y, is again the map (2.3), and Jps (7, f) is the weighted character defined in [11]
and [15]. We recall that if 7 € ITynit(My,(y) is a unitary representation of My whose
restriction to ME is m, Jy(m, f) is defined by an integral

/ tr(Mar(7x, P)Zp(7r, ) dA,

*
iays 7

where f is a function in H(Gv, v) whose restriction to GZ equals f. This matches the
definition of ¢ps(f,7) if 7 is tempered, in which case Iy (7, f) vanishes if M # G. In
the general case, however, I/ (7, f) is given by a complicated combination of residues of
weighted characters in the complex domain.

The global terms in our spectral expansion again appear as coefficients. They are to
be constructed from the basic coefficients a$,.(7) defined in [8, §4]. Recall that for each
t > 0, there is a discrete subset I1; qisc(G) = Haisc(G, t) of it (G(A)!) that supports a
linear combination

Lawe(f) = Y afu@®fe@), f'eH@), (3.5)

€Il qisc (G)

of characters on H(G). The linear form I; gisc(f1) is the ‘discrete part’ of I;(f1), relative
to the spectral variable 7, and is defined by an explicit expression [8, (4.3)]. We recall
that ¢ equals the norm of the imaginary part of the archimedean infinitesimal character
of any representation in II; gisc(G). Given II; gisc(G) from the construction of [8, § 4], we
define IT; 4isc(G, ) to be the set of representations in [Ty, (G(A)Z, ) whose restrictions
to G(A)! lie in IT; 4isc(G). The restriction map identifies IT; gisc(G, ¢) with the subset of
representations in II; gisc(G) whose central character on Z (A)! coincides with ¢. We can
also define a linear form

el ) = el )= [ e 7)600)

by the general procedure of §2, with f ! being any function in H(G) whose projection f <
onto H(G, ¢) equals f. It comes with an expansion

Lase(f)= Y. af(®fa(®), feH(G,Q). (3.6)

7€l aisc (G5€)
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For later use, we agree to extend the domain of a$, (%) to II,(G(A)%, (), the subset of
II(G(A)Z, () associated to t, by setting it equal to zero on the complement of IT; gisc (G, ¢).

As in the geometric case, we are going to index spectral coefficients by objects asso-
ciated with Gy, in this case representations m € Il (My,y). Our general spectral
coefficients will combine the discrete coefficients above with terms that come from unram-
ified automorphic L-functions for GV. The corresponding terms in the spectral expansion
of [8, §4] come from complete automorphic L-functions for G(A), or rather, global nor-
malizing factors that are conjectured to be quotients of L-functions. The source of the
discrepancy will be our use here of the canonically normalized weighted characters of [11].

To describe the terms that come from unramified L-functions, we review some simple
definitions from [13]. Let C(GV,¢") be the set of families

c={c, :v &V},

with ¢, being a semisimple conjugacy class in the L-group “G, = G x Wr, whose image
in W, is a Frobenius element, that satisfy the following two conditions. First of all, each
¢, must be compatible with the unramified character (,, on Z,. In other words, the image
of ¢, under the projection “G, — ©Z, is the conjugacy class in ©Z, associated to (,.
Secondly, we require that ¢ satisfy an estimate

|A(CU)| < q'ZA> v ¢ V7

for every G-invariant polynomial A on ZG. As usual, ¢, is the order of the residue field
of F,, while r4 is some constant that depends only on A. Suppose that ¢ belongs to
C(GY,¢Y), and that p is a finite dimensional representation of “G. We can then form
the Euler product

L(s,c,p) = [] det(1 - p(cu)q, )", s€C,
vgV

which converges, and defines an analytic function of s in some right half plane. We note
that there is a natural action

c—en={cr:vgV} A€ a6 7.0

of af; ;¢ on C(GY,¢Y). As a function of (s, \), L(s,cy, p) is analytic for the real part of
s large relative to the real part of A.

By the theory of the Satake transform, any element ¢ € C(GY, (") can be identified
with a KY-unramified representation 7" (c) in I1(GY,¢V). If ¢ belongs to C(GV,¢Y),
and 7 is a representation in IT(Gy,(y ), we shall write

Txc=m7(c)

for the associated representation in IT(G(A),(). We shall use the same notation if 7
belongs to the quotient IT1(GZ, (v) of II(Gv,Cy), with the understanding that 7 is identi-
fied with a representative in IT(Gv, (v ), and 7 x ¢ is identified with a corresponding repre-
sentative in IT(G(A)*, ¢). Any use we make of this convention will depend ultimately only

https://doi.org/10.1017/51474748002000051 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748002000051

A stable trace formula. I 203

on 7 as an element in IT1(G%Z, (v ). For example, it makes sense to define IT; qisc(G, V, ¢)
as the set of representations m € it (GZ, v) such that 7 x ¢ belongs to IT; qisc (G, ¢),
for some element ¢ € C(GY,¢"). We also define CY,_.(G, ¢) to be the set of ¢ € C(GY,¢V)
such that 7 x ¢ belongs to IT; gisc(G, ¢), for some ¢ and some 7 € IT; 4isc(G, V, ). The set
CY..(G, () is invariant under the action of iag z-

Suppose that M € L is a fixed Levi subgroup of G, and that M c G is a dual Levi
subgroup [12, §1]. Then there is a bijection P — P from the set P(M) of parabolic
subgroups of G with Levi component M to the set P(M ) of I'-stable parabolic subgroups
of G with Levi component M. If P,Q € P(M), let po|p denote the adjoipt representation
of M on the Lie algebra of the intersection of the unipotent radicals of P and Q. Suppose
that ¢ belongs to CY. (M, ¢). It follows from a theorem of Shahidi [34] that L(s, ¢, pg|p)
has analytic continuation as a meromorphic function of s € C, and that for any fixed s,
L(s, cx, pq|p) is a meromorphic function of A in a}, , ¢. Following the usual prescription,

we define unramified normalizing factors

rqip(ea) = L(0,cx, poip) L(L, e, poip) " P,Q € P(M).

We then form the (G, M)-family of functions

ro(A,en) =rgialen) 'roia(errae), Q€ P(M), (3.7)

of A € ia};, as in [13, §4]. The limit

rire) = lim Y g4, ex)0o(4) (3.8)
QEP(M)

is then defined as a meromorphic function of A € aj; , c.

Lemma 3.2. Assume that ¢ € CY_(M,(). Then 7$;(cy) is an analytic function of

disc
A €1ia}, », and satisfies an inequality

/ rS (ex) (14 AN dA < oo, (3.9)

* -
i}y 2 /105 2

for some N.
Proof. Since ¢ belongs to CY..(M, (), there is a representation
7:r=7TXC, WEHt,disc(Mv‘/vC)v

that lies in IT; gisc(M, () for some ¢t > 0. The automorphic representation 7 and the
representation 7w of Gy can both be assigned their own sets of (non-canonical) normal-
izing factors {ro p(7x)} and {rqg p(mr)}. (See [8, §4], for example.) Let 7q(A, ) and
ro(A, ™) be corresponding (G, M)-families, defined by analogues of (3.7). Then

’I“Q(/l, 7T>\)7“Q(/1, C,\) = TQ(A, 7:(',\).
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It was actually the (G, M)-family

rq(A,7ta, P) = rqip(in) 'roip(fasa), A €ial, Q€ P(M),

defined for a fixed P € P(M), that was used in [8] and earlier papers. With this in mind,
we rewrite the function g (A, 7)) in the form

TQ(A, 7T)\)’I"Q(A, C)\) = Z/Q(A,ﬁ')\, P)TQ(A, 7:&')\, P), (310)

where

Z/Q(/l, 7, P) = TQ(A, 7.T>\)7'Q(/1, T, P)il.
We claim that the limit

vE(7tn, P) = Jim, > vo(A, 7tx, P)0onr(A) 7Y, Q€ P(L),
{QeP(M):QCQr}

vanishes for any L € L(M) with L # M. Indeed, a global version of the argument at the
end of the proof of [11, Lemma 2.1] tells us that

vir(ix, P) = g (7ox, P),
where pk, (75, P) is obtained from the (G, M)-family
1qQ (A, 7ox, P) = nqp ()~ g p(Tasas2)
that is constructed from global Plancherel densities
1QIp(72) = (rqp(in)rpiQ(a) ™"

By the functional equation of the global normalizing factors rqp(7x) [8, p. 519], pop(7x)
equals 1 for every P and Q. The claim follows from the fact that

. -1 _
Jim > Oonr(A)L =0, L#M.
{QeP(M):QCQL}

If we apply the splitting formula [7, Corollary 7.4] to each side of (3.10), we obtain an

identity
Z d?\;/[(leLQ)r]l\l/[1 <7T)\>7“§42(C)\) = Z d%(LlaIQ)VJI\‘j (ﬁMP)TJL\l;(#)wPL
Ly, Loel(M) Lqi,LoeL(M)

which then reduces to

rir(ex) = v (7, P) — > Ay (L, La)ryf (ma)ry (en)-
{L1,Ly€L(M):La£G)

The assertions of the lemma are known to hold if 7{;(cy) is replaced by the function
7§ (7x, P). (See the discussion on [8, p. 519], which is based on [3, Proposition 7.5 and
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Lemma 8.4].) Since the representation 7 = @), .,
G

7§ (cx) is replaced by any of the functions 57 (). This follows from [11, Corollary 2.4],

m, is unitary, the assertions also hold if

and the growth properties of local normalizing factors. Finally, we can assume inductively
that the assertions of the lemma hold if r§; (¢, ) is replaced by any of the functions 75?2 (cy),
with Ly # G. In particular, the contribution to (3.9) of a pair (L1, L), with Ly # G and
d%;/[ (L1, Lo) # 0, will be given by a convergent double integral over the space

(iays z/i0L, 7) © (iay z/ia7, 7) Ziay z/iag .
The lemma follows. ]

Before defining the general spectral coefficients, we first construct a subset II;(G, V, ()
of Hunit(G‘Z/,Cv) from the sets IT; gisc(M,V, (). Let ﬁmdiSC(G, V,() be the preimage of
IT; gisc (G, V, €) in it (Gy, Cv). Then IT; gisc (G, V, () can be identified with the set of
iag »-orbits in 11, disc(G, V,¢). There is of course also a similar set if G is replaced
by M. We write tdm(M V,() for the set of iag; z-orbits in 11, disc(M,V, (). Then
ia}y z/10¢; 7 has a free action p — py on II}” G s (M, V, ), whose orbits can be identified
with IT; gisc(M,V, (). Any element p in II; dlSC(M ,V,() is an irreducible representation
of My N G‘Z,, from which one can form the parabolically induced representation p& of
GZ. We define II;(G,V,¢) to be the union, over M € £ and p € HtC:dlsC(M7‘/7<)7 of the
irreducible constituents of p&. This space comes with a Borel measure dr, defined by
setting

[ hman= 3w | Bp$) A, (3.11)
(G, V:0) MeL pell,, d,bc(M Vi) V10,2 /195 2

for any h € C.(II:(G,V,()).
We now define the general spectral coefficients. If 7 belongs to IT,(GZ, (v ), we set

a(m)= > WMWY adlo(mu x (o). (3.12)
MeL ceCY . (M,Q)

Of course my; X ¢ is a finite sum of representations 7 in ITyyis (M (A), ¢), and aﬂ/{sc(ﬂ'M X ¢)
is the corresponding sum of values aé\?sc(ir). A similar convention applies to the integrand
h(p§) in (3.11). It follows from the definitions that a®(7) is supported on the subset
I1:(G, V) of IT(GF,¢v).

We have formulated the definition (3.12) in obvious analogy with that of the geometric
coefficients (2.8). We could have made it slightly simpler. The role of IT;(G,V, () in the
trace formula will be strictly that of a measure space, which means that we can ignore
sets of measure 0. If p belongs to II}’ dlsc(M V,(), and A lies in the complement of a
set of measure 0 in ia}, ,/ia; ;, the representation pS is irreducible. Moreover, if M;
belongs to £, and A again lies in the complement of a set of measure 0, the irreducible
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components of (p§)as, are disjoint from I8, (M7, V,¢) unless M; lies in the Wy-orbit

,disc
of M, in which case

GMlz@wp)\, we W /WM, wM = M,.

It is easy to check from the original definition in [8] that the coefficients a}l (7) are

invariant under isomorphisms of M. In particular,

aévfgc(pr X we) = af\{fsc(p,\ xc), wM=D>M,ce C¥SC(M7C).

We could therefore have defined IT;(G, V, ¢) to be the disjoint union of induced represen-
tations p®, as p ranges over the set of Wy-orbits in

H (Ht(,;disc(Ma ‘/a C))

MeL

The coefficient a$,.(p”) would then be defined as

Y adkelpx orfile).

€CHae (M,Q)
(See [8, p. 519].) The two formulations are the same under an isomorphism of measure

spaces.

Proposition 3.3. Suppose that f € H(G,V,() and t > 0. Then the linear form I;(f) in
(3.2) has a spectral expansion

W= S W [ (e e, (31)
MeL I, (M, V,¢)
in which the integral converges absolutely.

Proof. As a function on IT;(M,V, (), In(m, f) is rapidly decreasing. The absolute con-
vergence of the integral then follows from Lemma 3.2.

The proof of (3.13) follows the same steps as that of Proposition 2.2. Again the main
point is to construct a parallel expansion for the non-invariant linear form

AP =J= [ e

where f! is any function in H(G) whose projection onto H(G, () equals f=Ffxu".
It follows from [3, Theorem 8.2] and the definitions of [8, § 4] that J;(f) has an expan-
sion

/Z(F) Z W Iwg | Z /a all (7r3) Jar (7ox, F1)C(2) A dz,

\Z(A) e FEMTy dise(M) 7 1950,2/19G 2
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where . .
Iu(en, 1) = tr(Tm (7x, P)Zp(7ir, f1))

is the global unnormalized weighted character. The operator

Tu(in, P) = lim > " Jo(4, 7y, P)0g(4) ™!
QEP(M)

is obtained from the (G, M)-family
Jo(A, 75, P) = Joip(2) ™ gip(Fata),

in which
JQ‘p(']:l')\) : Hp(ﬁ) — HQ(ﬂ')

is the global (unnormalized) intertwining operator that comes from the theory of Eisen-
stein series. The integral over Z(F)\Z(A)! simply annihilates the contributions from
those 7 in the complement of IT; gisc(M, () in I1; gisc(M). Consequently, J;(f) equals

gt Y [l Han e
MeL 7€My, aise (M,C) i}y z /0% 4

Consider a representation 7 in IT; gisc(M, ¢) that is unramified outside of V. Then we
can write

7%:7er®7TV(C):7T><Cv WEHt,disc(M7M<), Cect‘i/isc(M,C)‘

We would like to express Jy (7, f) in terms of the local normalized weighted characters
Ju(mX, f) = te(Mp(nX, PL)Ip, (X, f)), L€ L(M), PpeP(L).

(We have allowed the same symbol J to denote two different linear forms on the two
different spaces H(G) and H(G,V,().) The problem is obviously one of comparison
between two operator valued (G, M)-families {Jg(A, 7, P)} and {Mg (A4, 7z, P)}. Since
7 is unramified outside of V', Jg(4, Ty, P) is a scalar multiple of Mg (A4, 7, P). More
precisely,

jQ(Aﬂ.r)wP) = TQ(AchaP)jQ()‘vﬂ')\,P)
= TQ(A7C)\,P)/J,Q(A,7T)\,P)ilMQ(A,W)\,P),

in the notation of [11, §2] and the proof of Lemma 3.2. Since
po(A,mx, P)ug(A,ex, P) = po(A,7x, P) = 1,
by the triviality of global Plancherel densities noted in the proof of Lemma 3.2, we obtain

jQ(/l,fU\,P) = (’I“Q(A,C,\,P)/,LQ(A, C)\,P))MQ(A,WA,P).
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We apply the splitting formula [2, Lemma 6.5] to this product of (G, M)-families. A
variant of [11, Lemma 2.1}, which applies to the function u" on G(AY), asserts that the
limit
. —1
/1111)% Z (TQ(AvCAvP)NQ(A’CAvP))aQ(A)
QeP(M)

equals r§;(cy). Indeed, the left-hand side of the analogue of [11, (2.6)] for u" equals
the given limit, while the summand corresponding to L € £(M) on the right-hand side
vanishes unless L = G, in which case it equals r§,(cy). A similar assertion holds if G is
replaced by any L € L£L(M). The splitting formula then yields the identity

Im(7r, P) = Z rig(ex) Mg (ny, P).

LeL(M)
It follows that
T (r, f) = Z rir(e)JL(xs, f).

Lel(M)

Since f equals f x u", the term Jy/(7y, f) in (3.14) vanishes unless 7 is unramified
outside of V. We can therefore replace the sum over @ € IT; gisc(M, ) with a double sum
over ™ € II; gisc(M,V,¢) and ¢ € CY. (M, (). At the same time, we can substitute the
formula we have just obtained for Jas (7, f ). Ignoring sets of measure 0, as in the remark
following the definition (3.12), we write

d"(m) = > adho(maxorin(e) =D all(m x en)rislen),
c€CY . (M,Q) c

for any point A € ia}, , in general position. The expansion (3.14) for J;(f) becomes
S WEWE Y mwEt Y [ abrhab pa
LeL MeLk TEMs aine (M, V,¢) ¥ 1041,2/105 2

Now the coefficient a”(7¥), and the integral
Tk = | Tulkens A,
ia} z/iag 5

both depend only on the image A1 of A in iaMZ/ia*L’Z. In other words, they depend only
on the restriction 7T§\‘1 of the representation 7% to LZ. Changing notation, we write
instead of wfl. Then 7 runs over representations in IT;(L, V, (). Recalling the definition

(3.11) of the measure dm on IT;(L,V, (), we obtain at last an expansion

5 =3 WE e / a"(x) Ty (x, f) dr (3.15)

Lecl I, (L,V,¢)

of the form we want.
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We can now argue exactly as at the end of the proof of Proposition 2.2. Assuming
inductively that (3.13) holds if G is replaced by a group L € L°, we obtain

L(f) = J(f) = > W IW§' [T I (6 (f))

LeLo
= e [ (JMmf) - fmw,m(f))) dr
MeL (M, V,C) LeLo(M)
= S WS [ M) dn
MeL 11 (M,V,C)
This is the required expansion. O

If we recall this stage of the discussion of the geometric side, we can imagine what to
do next. We introduce the linear form

It unit (f) =/ a®(m) fo(m)dn,  f € H(G,V,C), (3.16)
11 (G, V,¢)

defined by the term with M = G in the expansion (3.13). This is the purely ‘unitary’
part of I;(f), which consists of a (continuous) linear combination of irreducible unitary
characters. Not surprisingly, I; ynit(f) will play a role that is parallel to that of I (f).

4. K-groups and transfer factors

To study the transfer properties of the various objects in the trace formula, it is best to
work with several groups simultaneously. From now on, G will be a multiple group over
the field F, in the sense of [12, §1]. Thus

G=][Gar acm(G),

is a variety whose connected components G, are reductive groups over F', equipped with
an equivalence class of frames

(¥, u) = {(Yap, tap) : @, B € mo(G)}-

Recall that 1.3: Gg — G, is an isomorphism over F, and that Uag: I = Gose is
a locally constant function from the Galois group I' = Gal(F/F) to Gasc. (As usual,
G sc stands for the simply connected cover of the derived group G der 0f Go.) A given
pair (¢ag, uag) is required to satisfy some compatibility conditions, while equivalence of
frames (¢, u) is defined in a natural way in terms of conjugacy.

We shall make free use of the notation and terminology of [12]. For example, a homo-
morphism between multiple groups G and G over F is a morphism

0 =]](ba: Ga = Ga)

(03
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from G to G (as varieties over F) that preserves all the structure. In other words, there are
frames (¢, u) and (¥, ) for G and G such that 0, 0¢ap = 155005 and tis5 = ba,sc(Uap),
for each o, € mo(G). An isomorphism of multiple groups is of course an invertible
homomorphism. In this paper, we shall also make use of a weaker notion of isomorphism.
We shall say that a map 0: G — G is a weak isomorphism if it satisfies all the requirements
of an isomorphism except for the condition relating @55 with uss. We introduce this
notion in order to be able to identify multiple groups that differ only in the choices of
functions {uqs}.

Another notion from [12] is that of a Levi subgroup M of the multiple group G. For
any such M, we construct the associated objects W (M), P(M), L(M) and F(M) a

n [12]. We can also form a dual group G for G, and a dual Levi subgroup M c G for
M Any such M comes with a bijection L — L and P - P from L(M) to L(M) and
from P(M) to P(M). (Recall that P(M), L(M) and F(M) consist of groups that are
I'-stable.) Finally, we have the notion of a quasisplit inner twist G* for G, and of a Levi
subgroup M™* of G* corresponding to M. Then G* can be regarded as a component of a
multiple group G II G*, and M* is a component of a Levi subgroup M II M*. Any such
M* comes with bijections L — L* and P — P* from £(M) to L(M*) and from P(M)
to P(M*).

Suppose for a moment that F' is a local field. Following suggestions of Kottwitz (which
were in turn motivated by ideas of Vogan), we introduced a notion in [12, §2] that we
called a K-group. By definition, a K-group over F' is a multiple group G such that the
functions uqg: I" = Gq s are all 1-cocycles, and such that for each «, the map

{ta, : B € m(G)} = H'(F,Ga)

is a bijection onto the image of H(F, Gy sc) in H'(F,G,). A K-group over a p-adic field
F is just an ordinary connected group. However, a K-group over F' = R can have several
connected components.

We assume for the rest of this section that F is a global field. Suppose that G is a
multiple group over F' that satisfies the global analogue of the property above. That is,
for every frame (¢, u), the functions uqg: I' = Gq s are l-cocycles, and for any «, the
map {ua,} — H'(F,G,) is a bijection onto the image of H'(F,Ga) in H'(F,G,).
We shall be interested in representing G as a product of local K-groups. We define a
local product structure on G to be a family of local K-groups (G, F,), indexed by the
valuations of F', and a family of (multiple group) homomorphisms G — G,, over F,, whose
restricted direct product

G- 1[G
v

is an isomorphism of schemes over A. Such a structure determines a surjective map

a— ay = Havv a € m(G), ay € m(Gy),
veV

of components, for any finite set V' of valuations, which is bijective if V' contains V,,. We
also obtain a group theoretic injection of G, (F) into G4, (Fy ), for each a € 7y(G). We
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shall often write
Gy = HGV,aV = HGV,aV(FV)7
ay ay

a set we can also represent as a product

Gv =[] Go =[] Gu(Fo).

veV veV

It is easy to see from the Hasse principle for the groups G, sc, together with Lemmas
4.3.1(b) and 4.3.2(b) of [21], that G does have a local product structure.

We define a K-group over the global field F' to be a multiple group over F', as above,
together with a local product structure. Suppose that G is a K-group over F, and that
G* is a quasisplit inner twist of G. By definition, G* is a connected quasisplit group
over F', together with a G*-inner class of inner twists ¥,: G, — G* and a corresponding
family of functions uy: I' — G, for o € mo(G). Then G* determines a quasisplit inner
twist G2 of each of the local K-groups G}. Following [12], we shall sometimes refer to G
as an inner K-form of G*. We shall say that G is quasisplit if one of its components is
quasisplit (over F).

We emphasize that K-groups have been introduced only to streamline some aspects of
the study of connected groups. If we are given a connected reductive group G over F,
we can find a K-group G over F such that G, = G; for some oy € mo(G). There could
of course be several such G, but the weak isomorphism class of G is uniquely determined
by G;. In particular, any connected quasisplit group G* has a quasisplit inner K-form
G, which is unique up to weak isomorphism.

Suppose that G is a K-group over F', with quasisplit inner twist G*. As in the local
case, any Levi subgroup M of G inherits the structure of a K-group. We shall investigate
the case that M is minimal.

For each v, we write CAGﬂ, for the character attached to the local K-group G, that was
denoted by (¢, in [12, (2.2)]. Then (g, is a character on the group ZLv of invariants of
the local Galois group I, = Gal(F,/F,) in the centre T = Z(G’SC). It is trivial unless v
belongs t0 Viam(G) = Viam(Ga), a € mo(G). The tensor product

o=@l [[(2i) »C

over v of these characters is invariant on the diagonal image of ZSC in ], ZSC” (See [22,
§2].) Now the canonical based root datum

(XG7 AG7 Xév Aé)
for G is canonically isomorphic to its counterpart for G*. The canonical isomorphism

ZSC = XG:c /XG;d

leads to a map
o= zq, a€Ag/T,
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from the set of I'-orbits of simple roots into ZZ. The definition is identical to the case
of a local K-group treated in [12, §2]. This in turn determines a I'-stable subset

AO = {OL € AG : éG,U(Za) = 1, (RS ‘/ram(G)}

of Ag. On the other hand, the set of simple roots of any parabolic subgroup P of G over
F also determines a I'-stable subset Ap of Ag.

Lemma 4.1. Suppose that A is a I'-stable subset of Ag. Then there is a parabolic
subgroup P of G over F with Ap = A if and only if Ap is contained in Ay.

Proof. The proof of the lemma is essentially the same as that of its local analogue [12,
Lemma 2.1]. The only difference is that in place of the local map

K, : HY(F,,G* ) — ZL

v,ad sc

whose kernel is the image of H*(F,, G} .) in H*(F,, G aa)> We use the composition of
maps

v,ad

K :HY(F,Gly) = [[H (Fo, G ) = ] 22,

of which the kernel is the image of H!(F,Gz%,) in H*(F,G?,). In particular, the role of
the local character CAGVU in the earlier proof is taken here by the global product fg. The
definition of a global K-group is such that the proof of [12, Lemma 2.17] applies directly
to the global situation here. |

As in the local case [12, Corollary 2.2], the proof of the lemma also provides a corollary.

Corollary 4.2. Suppose that R is a Levi subgroup of G*, with a dual Levi subgroup
R C G. Then R corresponds to a Levi subgroup M of G (with dual Levi subgroup
M = R) if and only if for each v, (g, is trivial on the subgroup

ZASI;W n (Z(RSC)F)O = ZASI;U n (Z(MSC)F)O
of 251;“ (Asin [12,§1], M, stands for the preimage of M in GSC.)

If M is a Levi subgroup of G, with dual Levi subgroup M C G, fG is the pullback of a
character (& =TT, ¢, on [T, m0(Z(Mzc)"™). The Levi subgroup will be minimal if and
only if for any P € P(M), Ap equals Ag. In this case, we write My = M, and we denote

the character Cg{ by
£0 20
CG = H CG,’U'
v

For the rest of this section, G will be a fixed K-group over the global field F', together
with a quasisplit inner twist G*. Following § 1, we fix a central induced torus Z for the
K-group G, and a character ¢ on Z(A)/Z(F). The notion is the same as that for a local
K-group [12, §3]. Thus, Z is an induced torus over F', together with central embeddings

Z 5 7, C Gy, acm(G),
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over F' that are compatible with the isomorphisms 9,,: Gg — G- For each a, ¢ deter-
mines a character (, on Z,(A)/Z,(F). As in [12], we shall make free use of obvious
extensions to GG of notation for connected groups. In particular, we have the quotient

G=6/2= ] (Go/Za).

aemy(G)

which is easily seen to be a K-group. We also have the notion of a central extension

G- [ Ga
aemy(Q)

of G by an induced torus Z, which is a K-group such that G / Z = G. Other examples
are the vector spaces

HG. )= P H(Gaila)= P H(Ga(A), (o)
a€emo(G) a€emy(G)
and

I(G.O)= P I(Gat)= P Z(Galh), )

acmo(G) a€mo(G)

Similarly, if V' is a finite set of valuations of F,
rGv,¢v) =] T(Gvay:Cvay)
ay
stands for a basis of the vector space
D(Gv,¢v) = D DP(Gviar:(viay)
ay
of (y-equivariant distributions on Gy, while
Freg(GVv CV) = H Freg(GV,av 9 CV,ozv)
ay

is the subset of orbital distributions in I'(Gy,{y) that have strongly regular support.
Moreover,

(G, ¢v) = [T T(Gvay: (var)

ay

stands for a basis of the vector space

F(Gv,¢v) =P F(Gviay: (viay)

ay

of (y-equivariant distributions on Gy, while

Htemp(GV7 gV) = H Htemp(GV,(xv ) CV,aV)

ay
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is the subset of tempered distributions in IT(Gv, (v ).

We turn now to transfer factors. We would eventually like to be able to transfer general
elements in I'(Gy, (v ). Before we can consider this, however, we must first describe the
canonical adelic transfer factors for strongly G-regular conjugacy classes. If a € mo(G) is
a component of G, the strongly regular set Gq reg in G is Zariski open. The set G reg(A)
of adelic points is therefore defined, as is the corresponding set Ieg(Ga(A)) of strongly
regular conjugacy classes. We shall describe transfer factors attached to elements in

Tres(G(A)) = [ FreglGa(A)).

This is largely a review. It combines a mild generalization [12] of the local Langlands—
Shelstad transfer factors with the global definitions of [31, §6].

As in the local case, an endoscopic datum for G is defined entirely in terms of the
dual group G, and is therefore the same as an endoscopic datum for G*. It consists of
a connected quasisplit group G’ over F', embedded in a larger datum (G’,G’,s’,¢’) [31,
(1.2)]. We shall write £(G) for the set of isomorphism classes of endoscopic data for G
over F that are locally relevant to G. In other words, for every v, G'(F,,) has a strongly
G-regular element that is an image (in the sense of [31, (1.3)]) of some class in

Leg(Go) = H Iieg(Gu,a, (F))-
OLUETF()(GV)

As usual, we generally denote an element in £(G) by G’, even though G’ is really only the
first component of a representative of an equivalence class. If V' is a finite set of valuations
of F that contains Viam(G), we write £(G, V) for the subset of elements G’ € £(G) that
are unramified outside of V. We also write E.1(G) and Eqi (G, V') for the subset of elements
in £(GQ) and £(G,V), respectively, that are elliptic over F'.

If G’ belongs to E(G), we can fix a central extension G — G’ and an L-embedding
€. G — LG that satisfy the conditions of [10, Lemma 2.1]. In this paper, it will be
convenient to write €’ for the induced torus that is the kernel of the projection G/ — G,
and 7’ for the character on C’(A)/C’(F) that is dual to the global Langlands parameter
obtained from the composition

Wg — gl E—) LGI — Lé/,

where W is the Weil group of F'; and Wr — G’ is any section. (The local forms of these
objects were denoted by Z’ and ¢’ in [10] and [12].) We reserve the symbol Z’ for the
preimage of Z in G’. Global analogues of the local constructions in [31, (4.4)] lead to a
canonical extension of 77’ to a character on Z’(A)/Z’(F). We shall reserve the symbol ¢’
for the character on Z’(A)/Z'(F) obtained from the product of 7’ with the pullback of
¢. (The local forms of these last objects were denoted by Z’'Z and },¢ in [10] and [12].)

The global transfer factors are products of the local transfer factors of [31]. However,
we have to agree how to normalize them.

Suppose that G’ € £(G). Since G’ is locally relevant to G, we can find a maximal torus
T! in G’ over F,,, for any v, that transfers over F, to G,. Choose a finite set of valuations
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V' D Viam(G), and let Uy be the set of elements in Gy, =[], oy G, (F,) that are G-
conjugate to G-strongly regular elements in Ty, = [[, T}, (F,). Then Uy is an open subset
of G, whose closure contains 1. Now the closure of the diagonal image of G'(F') in G,
is known to contain an open neighbourhood of 1. (See [23, Theorem 1].) It follows that
there is a strongly G-regular element in G'(F') that for each v € V' is a local image of
some point in G, (F,). This element is automatically also a local image from any of the
quasisplit groups G,,, v € V. Let ¢’ be a point in its preimage in é’(F) The projection of
" onto G'(F) is then an adelic image of a strongly regular element ¥ = [], 7, in Ga(A),
for some & € 7y(G). We fix the two elements ¢’ and 5. The pair (¢',%) will serve as a
base point for the global transfer factor.

Let T’ be the centralizer in G’ of the projection of ¢’ onto G’. Then T” is a maximal
torus in G’ over F. Choose an admissible embedding 77 — T of T into a maximal torus
in G*, and let 6* € T(F) be the corresponding image of §. For the element 7 € G (A),
we choose a point h € G, (A) such that his(3)h~! = 6*. The function

o(1) = hug(T)r(h)™', T€T,

takes values in Tj.(A), where T,. is the preimage of T in G%,. This function need not be
a cocycle, but its boundary 0v equals dug, and takes values in T..(F). One can therefore
project © onto an element pp = pup(0*,5) in H(F, Tye(A)/Tye(F)). On the other hand,
the admissible embedding 77 — T, and the semisimple element s’ € G attached to G,
determine a point s7, in 7' [31, (3.1)]. This point projects to an element 57, in mo(TL),
where Tpq is a dual torus for Ty.. As in [31, p. 268], we set

d(¢',7) = (up, 55),

where the right-hand side is given by the global Tate-Nakayama pairing for the torus
Tie.

Now suppose that §' € é’(A) is strongly G-regular and that v € G(A) is strongly
regular. We define the relative global transfer factor as a product

AW 7:8,7) = [T A6 70; 60, 70)

of relative transfer factors for the local K-groups G,. The local factors were defined
in [12, §2] by a natural variant of the basic construction in [31, (3.7)], and are easily
seen to equal 1 for almost all v. Following [24, (7.3)], we define the absolute global
transfer factor

A8, y) = A8, 7;0",9)d(& 7)1 (4.1)

It depends only on the image of v in Ieg(G(A)) and on the image of 0" in the set
Ag-reg(G'(A)) of strongly G-regular stable conjugacy classes in G’ (A).

Lemma 4.3. The absolute global transfer factor A(d0’,~) is independent of the base
point (§,7).
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Proof. Suppose that (§',%) is replaced by another base point (¢’,7), with 5 € é’(F)
strongly G-regular. Then

A(,7;0',7) = A0, 7 8, 9) A, 7; 8, 7),

by the analogue of [31, Lemma 4.1.A] for local K-groups. Furthermore,

A 78,3) = d(&,7)d(@,7) 7",
by [31, Lemma 6.3.B]. The lemma follows. O

Corollary 4.4. The absolute global transfer factor depends only on the weak isomor-
phism class of G.

Proof. It follows from the definitions that the transfer factors are invariant under iso-
morphisms of K-groups. To deal with the more general case of weak isomorphisms, we
need only show that the absolute global transfer factor for G remains unchanged if we
modify the functions {ua,}. The relative local transfer factors, from which the global
factor is formed, are actually sensitive to the choice of {uq, }. The dependence is through
the term [12, (3.4)], defined on p. 222 of [12]. However, if the two points v and ¥ lie in
the same component G, this term is the same as the factor in [31, (3.4)]. The latter
is defined in terms of the function wu,, (which was denoted by w in [31]), although it is
actually independent of the choice of this function. The functions {uqs} have no role at
all in this special case. The corollary therefore follows from the lemma. O

Our concern in this paper will be primarily with products of local transfer factors over
finite sets V' O Viam(G). Suppose that G’ € E(G) is fixed. We recall that the local
transfer factor at any v is defined by

A(61/J7 ’Yv) = A(61/J7 Vo3 6;’ :Y’U)A((S’/U’ ’71))7
where A(8!,%,) is an arbitrary preassigned value at the local base point (87,7, ). Consider
the case that v does not belong to Viam(G). In particular, G, is a quasisplit group.
As such, it has canonical transfer factors that depend only on a choice of splitting for
G, [31, (3.7)]. As observed by Hales [17, § 7], our choice of hyperspecial maximal compact
subgroup K, determines a family of splittings of G, for which the associated transfer
factors are the same. We obtain a transfer factor Ak, (d,7,) for (G,, G,) that depends

only on K,. For our preassigned value at v, we set A(d),7,) equal to Ag, (9,,%,). Since

AKv (51/)7 711) = A((Sqlﬂ FYU; 62}7 ’_}/U)AKU (6;;7 :YU)

by definition, we obtain
A((S:}”}/’U) = AKU (5:”’}%) (42)

In particular, A(d),,) is independent of (d/),%,). For the places v € Viam(G), we choose

any preassigned values A(d),7,), subject only to the condition

II 46,7 =dd»" JI Ax(0%) " (4.3)

UE‘/}axx)(G) Ug‘/x'am(G)
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The absolute global transfer factor will then be given by a product
8"y =[] A@, %),
v

almost all of whose factors are easily seen to be equal to 1.

Consider a finite set of valuations V that contains Vi, (G). Suppose that vy €
Ieg(Gv) is a strongly regular conjugacy class in Gy (Fy ), and that 67, € AG-reg(éQ/) is
a strongly G-regular stable conjugacy class in GQ, The transfer factor for vy and 6y, is
defined by a product

A5y, w) =[] A6, w) (4.4)

veV

of local transfer factors, chosen as above. We can certainly assume that ¢{, and vy are
projections of adelic elements ¢’ and . We obtain a representation

A((s{/fYV) = A<5/77) H (AKv (6;7’71)))_1
vV

that is independent of the base point (&,7). The transfer factor A(d{,,vy) is thus a
canonical object, that depends only on the hyperspecial maximal compact subgroup
KV This will be the general setting for our study of global transfer.

What makes the transfer factor (4.4) remain a global object is the fact that the endo-
scopic datum G’ is over F'. We can of course also consider local endoscopic data. Suppose
that V is any finite set of valuations. We write £(Gy ) for the set of products

=1 ¢, G, cc@),

veV

of local endoscopic data. If 01, = [,y 0, belongs to the set
AG reg G/ H AG reg G/)
veV

and 7, lies in INeg(Gy ), the transfer factor A(d{,,vy) can still be defined by a product
(4.4). As a local object, however, it does depend on a preassigned value at a local base
point (84, 7y ). It of course also depends on the products CNT"V =TI G, and 5{, =11, ¢
of auxiliary data.

Gy, AS

reg, ell(G ) AE (G ) and Ag (G,) fOI‘ the

reg reg \M'v.
GV) reg ell(GV) fcg(GV)

and Afeg(GV) as products over the places v in a given finite set V. Thus, reg(Gv) isa

For each valuation v, we write Areg o

endoscopic sets of [14]. We can then form the sets A reg o

quotient of the family of elements in
{( %faé{/)é&) : G%/ € S(Gv), é{/ : g{/ — Lél\/7 5?/ S AG—reg(él\/)}

that are Gy -images, taken with respect to a certain natural equivalence relation. This is
the set denoted by I'¢(Gy/) in [12, §2] and [10, §2] (in the special case that V contains
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one element), apart from the fact that the latter did not have variable embeddings é{,
built into the definition. The set A% _(Gy) is the corresponding quotient of the family of

reg
elements in

{(Gv,0v) : Gy € E(Gy), Oy € Agurea(GY)}

that are Gy-images. It is equal to the set denoted by I'? (Gy/) in [12, §2] and [10, §2].

The point of introducing these endoscopic sets is that the transfer factor attached
to (dy,,7v) depends only on the image dy of i, in Afeg(Gv), or rather, of the triplet
(G, &1, 61,) represented by d1,. We can therefore regard the transfer factor as a function

A(by,ywv) = A6y, )

on AL (Gv) x TIeg(Gy). Now the group CY, = [, C! acts simply transitively on the

reg

fibres of the map Agq. reg(é@) — Ag-reg(GY,). Moreover, the group

H\(We,, 2(Giy)) = @ H' (W, 2(G)))

veV

acts simply transitively on the set of Z (G4,)-orbits of admissible embeddings
&, G, — LG, If ayzy 6y is the image in A% (Gy) of a point

reg

(G/V,CLVg{/,Zv(SQ/), ay € Hl(WFV,Z(é/V)), 2y € é{/,

the transfer factor satisfies

Alavzvdy, W) = Xay (&/)ﬁ(/(ZV)A((SV, W), (4.5)

where 7j;, = ], 7., is the canonical character on C4,, and Xa,, = [], Xa, is a character on
G’V that can be defined in terms of the Langlands correspondence for tori [30] from the
parameter ay. Since the embeddings 5{, are assumed implicitly to be of unitary type,
Xay 18 indeed a unitary character. It follows that the product of A(dy,~yy) with the
adjoint transfer factor

A(7V75V) = |’C’Yv‘_1A(5V77V)7 VC'YV| = H |’C’Yv|’ (46)
veV

of [12, §2] depends only on the image of dy in Argeg(Gv). As in [12, Lemma 2.3], we
obtain adjoint relations

Z Alyw,0v)AGv,w1) =6(w, 1), Wit € Treg(Gv), (4.7)
by AL, (Gy)
and
> AGy,W)AM,dva) =0(8v,dva), by, dva € AL (Gy). (4.8)
’YVeFreg(GV)

https://doi.org/10.1017/51474748002000051 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748002000051

A stable trace formula. I 219

Our concern in this paper is really with the general basis I'(Gy,(v) of D(Gy, (v ).
We shall set up transfer factors for elements in this basis in §5, under the assump-
tion of the fundamental lemma. In the meantime, we consider distributions in the sub-
set Iieg(Gv,Cv) of I'(Gy,(yv). For each Gy, € £(Gy), we fix a subset Areg<él‘/7§{/)
of SD(GY,,C},), as at the end of §1. This set in turn has a subset Ag. og(G4/, (L) of
G-regular elements. We shall convert the basic transfer factor above to a function on
Adrea (G, C) X Treg(Gv, Gv).-

If G, belongs to £(Gy ), the transfer factor determines a map

f — f/((s{/) = Z A(é{/v’YV)fG(’YV)a 5{/ S AG—reg(é/\/)a

A% EFreg(GV)

from functions f € H(Gy) to functions f/ = f¢ on Ag. reg(GY,). The image f is (if,) -
equivariant under translation by C’{/ If we apply a variant of the projection (1.1) to f’, we
obtain a function that is (5’ )~ l-equivariant under translation by Z{, This determines a
function on Ag. 1eg (G4, ¢i), which we denote again by f’. The new function depends only
on the image of fg in Z(Gy, (y), which we denote again by fg. How are these two new
functions related? The answer is clearly given by (1.4) and (1.6). If &' € Ag. reg(G4, Clr)
and v € I'g-reg(Gv,Cv), we define a modified transfer factor by

A7) = D0y /) T AGY, w) (v /1)

= (6/8") T AGY, w) (v /)
8

where in the first formula, for example, d{, is any representative of ¢’ in Ag. reg(é”v),
and 7y is summed over all representatives of v in Ites(Gv ). The new functions f’ and
fc are then related by

F@)= 3 A feR), € Aaeg(Gy () (4.9)
YETveg (Gv,Cv)

The Langlands—Shelstad conjecture amounts to the assertion that for any f € H(Gv, (v),
the corresponding function f’ belongs to SZ(G4,, 5{,)

If we choose the bases Aq. rcg((?@, 5{,) appropriately, we can also construct an ana-
logue for (y-equivariant distributions of the set Afeg(Gv). One defines Afeg(Gv, Cv) as
a quotient of the subset of elements in

{(G}/,8") : G' € E(Gv), &' € Agreg(GYy . C()}

that are relevant to Gy . Any element § in this quotient can be represented by a number
of triplets

(G 61,0, GY € E(Gy), & :Gi — LG, 6 € Agreg(GY, C)),
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but it is not hard to show from the definitions that the modified transfer factor

A(6,7) = A", )

£

reg

f=1800)=f'(8"), feHGy.Cv).

depends only on 4. In particular, the elements in A%, (Gy, (v ) provide linear forms

We obtain a space

I8 (Gv,Cv) = {f&: f € H(Gv,¢v)},

of functions on Afog(Gv, ¢v). Obviously,
FE@ = Y Al feH(Gy.(v),

'YGFrcg(GVaCV)

and it follows from the adjoint relations (4.7) and (4.8) that the map fo — f& is an
isomorphism from Z(Gy, (y) onto Z¢ (Gy, (y). We note that the sets Iieg(Gy,(y) and
Argeg(Gv, Cv) represent a pair of bases of the subspace of distributions in D(Gy, (v) that
are supported on the strongly regular set in Gy .

This completes our summary of the basic transfer factors

attached to strongly regular classes in Gy. The discussion has been largely formal. We
have tried to set things up in a way that will ease the transition to more general trans-
fer factors, which we shall introduce in the next section under the hypothesis of the
fundamental lemma.

5. An assumption: the fundamental lemma

The fundamental lemma is a misnomer. It is not a lemma at all, but a general conjecture
of Langlands. In this paper, it will be the basic assumption on which the main theorems
depend. We shall actually require a generalization of the usual fundamental lemma, which
applies weighted orbital integrals of the unit unramified spherical function.

To describe the fundamental lemma, we take F' to be a local field. Suppose for a
moment that F' is arbitrary, and that G is a K-group over F. Suppose also that Z is a
central induced torus in G over F', and that ¢ is a character on Z(F'). We then write

H(G7<) :H(G(F)7<)7 I(G(F)’C) :I(G7C)7
Freg(Gvc) = Freg<G(F),C)a Areg(G7 C) = Areg(G(F)a C)7

ete., for the various objects attached to G(F'). The basic local transfer factor
A7) = A6(8",7), 7€ Leg(G,Q), 0 € Agureg (G, ),

is defined as a function on Ag. reg(é’,é’) X Iteg (G, C).
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Assume now that G, Z and ( are unramified over F. In particular, F' is non-archi-
medean, and G is a connected reductive group. Following §2, we write Kyeq(G) for the
set of strongly regular conjugacy classes in G(F) = G(F)/Z(F) that are bounded, and
k — ~(k) for the canonical injection from Kyeg(G) t0 Iteg(G, ¢). We also write Lyeg(G)
for the set of strongly regular stable conjugacy classes in G(F) that are bounded, and
¢ — §(¢) for the corresponding injection from Lyeg(G) to Ayeg(G, ¢). Suppose that K is
a hyperspecial maximal compact subgroup of G(F). If G’ is any endoscopic datum for G
over F', the normalized transfer factor Ak (0’ ) attached to K is a canonical function on
Aq. mg(é’, ') x I'eg (G, (). It does depend on the auxiliary data (G',€') attached to G'.
However, if G’ is unramified, there is a canonical class of admissible embeddings of “G’
into “G. (See [17, §6].) This means that we can set G’ = G’. The embedding & must
still be chosen. It takes the form of an L-isomorphism of G’ with “G’ that is uniquely
determined up to the action of the group H' (I, Z (G’ )), where I, is the Galois group

of the maximal unramified extension of F'. Having made these choices, we set

AK(Elv k) = AK((S,(E/)”V(k))v l'e L. Feg(él)’ ke Kreg(é)’
for the unramified endoscopic datum G’. As a function on Lg. reg(é’) X /Creg(é), Ak is
independent of both the character ¢ and the choice of £’.
Suppose that M is a Levi subgroup of G that is in good position relative to K. As in
§2, we set
T%(k) :JM(kvu)ﬂ ke’CG—reg(M)v

where u = uS is the unit in the Hecke algebra attached to K and (. The function
rI\G/I depends of course on K, but it is independent of Z and (. If M’ is an unramified
endoscopic datum for M, the transfer factor

AKQM(£/7 k), él S ['G—reg<M/)7 k¢ ICG—reg(M)7
is defined. If we sum its product with 7§, (k) over k, we obtain a function of ¢ that is
easily seen to be independent of K, as well as Z and (.

We now state the generalized fundamental lemma as a conjecture on the unramified
groups G and M. We may as well take Z and { to be trivial, since the functions we
have defined are independent of these objects. The conjecture takes the form of a family
of identities, indexed by unramified, elliptic endoscopic data M’ for M. The identity
corresponding to M’ is given by a sum over the set y/(G) of endoscopic data for G
introduced in [11, §4] and [12, § 3], with coefficients

ar(G,G) = Z(M /(M) || 2(G) /2T, G e &an(G).
Conjecture 5.1. For each G and M, there is a function
s§(0), €€ L reg(M),

with the property that for any G, M and K, any unramified elliptic endoscopic datum
M' for M, and any element ¢’ € L. 1eq(M'), the transfer

> Agau(l k)r§(k) (5.1)
kEKG,reg(M)
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equals
S (GG (0). (5.2)
G'e&pr (G)
Observe that the function s§;(¢) is uniquely determined by the required identity. For if

M’ = M, the quasisplit group G belongs to £y (G). The required identity can be written

S0 =" A (G R)re(k) = > wu(G.G)sSr(0)
k G'#G

in this case, and serves as an inductive definition of s§;(¢). To establish the conjecture,
one would need to prove the additional identities that come from elements M’ # M.

Consider the case that M = G. Then G’ = M’ is an elliptic endoscopic datum for
G, and &£y (G) consists of G’ alone. The expression (5.2) equals sqr(£') = G, (¢). If
G’ # G, this has to satisfy two formulae. On the one hand, s/ (¢') is supposed to equal
the stable orbital integral on G’'(F'), and on the other hand, it is required to equal the
unstable orbital on G(F). This is the standard fundamental lemma that was conjectured
by Langlands, and that assumed a precise form with the definition of the transfer factors
in [31] (normalized as in [17]). It has been established in a limited number of cases.
If G = GL(n) or PGL(n), G’ = G is the only elliptic endoscopic group, and there is
nothing to prove. For SL(2) and U(3), the fundamental lemma was established in [26]
and [33], respectively, in the course of stabilizing the trace formulae for these groups. For
G = SL(n), the standard fundamental lemma was established by Waldspurger [36], and
for G = Sp(4), GSp(4) and SO(5), it was established by Hales [18] and Waldspurger [37].

At the other extreme, we could take M to be a minimal Levi subgroup. The assertion
of the conjecture is then trivial, since M’ = M is the only endoscopic datum. If M is
neither minimal nor equal to G, there can be non-trivial elliptic endoscopic data M’ for
M. The general identities have not been investigated in this case, and seem to be as
difficult as in the standard case that M = G. However, there are a few examples in which
there is nothing more to prove. If G = GSp(4), SO(5) or SL(p), with p prime, no Levi
subgroup M # G has a proper elliptic endoscopic datum. The conjecture then holds in
these examples, since it has been established for M = G.

We have really to be more precise in discussing whether the conjecture applies to a
given case, since the definition is inductive. We shall introduce some sets that include
the unramified endoscopic groups for a given G. To allow room for future constructions,
we ask that the sets include groups taken over unramified extensions, and groups that
are centralizers of semisimple elements. Consider a collection U of pairs (G, F) such that
if U contains (G, F), then it contains any pair (G, F1) obtained from (G, F)) in one of
the following three ways.

(i) Fy equals F, and (7 is an unramified endoscopic group for G.
(ii) Fy is an unramified extension of F', and Gy = G X Fy.

(iii) Fy equals F; and G; = G, is the connected centralizer of a semisimple element
¢ € G(F) such that D(c) € 0%, and |D(c)| = 1. (It follows from [22, Proposition
7.1] that Gy is quasisplit.)
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If G, is a fixed unramified group over a local field Fi, let U (G, Fy) denote the smallest
family U that contains (G, Fy), and satisfies the hereditary properties (i), (i) and (iii).
We shall say that Conjecture 5.1 holds for U(G., Fy) if the given identities hold for any
(G, M), where (G, F) belongs to U(G,, Fy), and M is a Levi subgroup of G.

Conjecture 5.1 has an analogue for the Lie algebra g of G. The assertion is essentially
the same, except that K is replaced by a hyperspecial lattice in g(F). We shall be
concerned only with the standard case that M = G, which we require in order to apply
the results of Waldspurger [38]. The case of the Lie algebra is closely related to that of
the group, but we shall not consider the question of how to pass from one to the other. We
shall simply impose the Lie algebra variant as an extra condition on the family U(G., F).

Having completed our discussion of the fundamental lemma, we return to the case that
F' is an arbitrary local or global field. We shall introduce a formal assumption on which
future results will rest. We state it first as a hypothesis on a pair (G, F'), where G is a
connected reductive group over F'.

Assumption 5.2.

(i) If F is global, both Conjecture 5.1 and the standard form of its Lie algebra analogue
hold for any of the families

u(G’LHF'U)7 Ugvrfund(G)’
where Viuna(G) is some finite set of valuations of F' that contains Viam(G).

(ii) If F is local, (G, F) is isomorphic to a localization (Gu, F,) of some global pair
(G, F) that satisfies (i).

We have set things up so that the conditions remain in force for groups derived from
G by natural operations. For example, if (G, F') satisfies Assumption 5.2, so do any pairs
(G, F ) and (G, F) obtained from extensions and quotients of G' by induced central tori.
This is clear if F is global, and can be established for local F' by a global approximation
argument. Other examples are given in the following lemma, which is modelled on the
properties of the sets U above.

Lemma 5.3. Suppose that Assumption 5.2 holds for (G, F'). Then it also holds for any
pair (G4, F) obtained from (G, F) in one of the following three ways.

(i) Fi equals F, and (1 Is an inner twist of an endoscopic group for G.
(ii) Fy is a finite extension of F', and G1 = G X F.

(iii) Fy equals F, and G1 = G. is the connected centralizer of a semisimple element
c e G(F).

Proof. Suppose that F is global. For (i), we take Viyna(G1) to be the union of Viyna(G)
with Viam(G1). For (ii), we take Viuna(G1) to be the set of places of F; that either ramify
in Fy, or lie above a place in Viuna(G). For (iii), we take Viuna(G1) to be any finite set
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S D Viund(G) such that ¢ is S-admissible. The global form of the lemma then follows
from the properties of the sets U(G,, F,).

Suppose that F' is local. The lemma in this case follows from a standard local-global
argument. We shall just give a brief sketch. Let £ O F' be a finite Galois extension over
which G and G; both split, and which contains F} in case (ii). Let (G, F) be the global
pair provided by part (ii) of Assumption 5.2, and let F be a finite Galois extension over
which @ splits. Enlarging E and E, if necessary, we can assume that E = F,,, for some
place w over u. Then

Gal(E/F) = Gal(E,/F,) C Gal(E/F).

Replacing I by the fixed field in E of Gal(E,/F,), we can assume that Gal(E/F)
actually equals Gal(E/F). The local forms of (i) and (ii) then follow from the global
versions we have established. To deal with (iii), we replace (E, F) by (EF’, F’), where
F’ is a suitable extension of F' in which u splits completely. This allows us to assume
that Gal(E/F) = Gal(E,,/F,,) for several places u; of F. It then follows from [23,
Lemma 1(b)] that G(F) is dense in G(F,). A simple argument, whose details we shall
omit, then establishes the local form of (iii) from its global version. O

Suppose that G is a K-group over the local or global field F. We shall say that G
satisfies Assumption 5.2 if the assumption holds for each of the components

(Ga, F), «a€m(G).

The main results of this and subsequent papers will apply to any such G. For example,
G could be an inner K-form of one of the split groups SO(5), GSp(4) or SL(p), with p
prime. Then Assumption 5.2, or at least the group theoretic part of it, holds for G. The
Lie algebraic part of the assumption can undoubtedly be established from this, so we can
be confident that the results of the paper apply at least to these groups.

From now on, unless we state otherwise, G will stand for a K-group over F' that
satisfies Assumption 5.2. We return to the general setting of §4, in which Z is a central
induced torus in G over F, and ( is a character on Z(F) or Z(A)/Z(F) (according to
whether F is local or global). We recall also that if G’ € £(G) is an endoscopic datum, G’
stands for a central extension of G’ by a central induced torus C', and Q:’ is a character
on either Z'(F) or Z'(A)/Z'(F).

Suppose that F' is local. Then we can assume that the Langlands—Shelstad conjecture
holds for G(F'). In the formulation at the end of §4, this means that for any G’ € £(G),
the map that takes f € H(G, () to the function

FE)=r9@) =3 A0 NIeR), ¢ € Agres(G Q)

"/Epreg(Gvc)

on Ag.reg (G, (") sends H(G,¢) continuously to the space SZ(G’,(’). If F is non-archi-
medean, this is the main result of Waldspurger’s paper [38]. It depends on the Lie alge-
braic part of Assumption 5.2. If F' is archimedean, the result was proved unconditionally
in the paper [35] of Shelstad.
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The existence of the local transfer mapping will be used repeatedly throughout the
paper. In particular, we shall make use of results and constructions of [10] and [14] that
are conditional of the Langlands—Shelstad conjecture.

We first recall a convention from [12]. Two elements 21 € Gq, reg(F) and zo €
Gay reg(F) in Greg (F) are said to be stably conjugate if for any frame (1, u), Ya,a,(22)
is conjugate in G, (F) to x1. A stable distribution on G(F) can then be defined as a
distribution that lies in the closed linear span of the set of stable orbital integrals, taken
over strongly regular stable conjugacy classes in G(F). We write SD(G, ¢) and SF(G, ()
for the subspaces of stable distributions in D(G, ¢) and F (G, ¢), respectively. If the basis
Ieg(G, ¢) is suitably chosen, it has a partition whose equivalence classes A,eq(G, () are
bijective with the strongly regular stable conjugacy classes in G(F), and parametrize
distributions

F=£90)=> fa(y), 0€Meg(G.Q), feC(G.Q),
YES

that are stable. There is a canonical injection ¢ — 0* from Ayes(G, () to Aes(G*, ("),
which is a bijection if G is quasisplit, such that

FE@) = f1(6"), feC(G.0).
In particular, we can identify A,eq(G, () with the subset
£
Arcg(G, C) N SD(Ga C)

of the basis AL (G,(¢) defined at the end of §4. In general, we shall say that a linear

reg

form S on H(G, () is stable if its value at any f depends only on f*. This matches the
definition above. If G is quasisplit, there is a unique linear form S on SZ(G*, *) attached
to any such S, with the property that

S(f*)=S(f), feMG.Q).

This convention is familiar from the earlier case of invariant distributions. We shall use
it both in the form described here, and also as it applies to global K-groups.

The existence of transfer mappings allows one to construct extended transfer factors.
These are functions

A7), G €&(G), ¢&eAG, (), veI(G,Q),
defined for fixed bases A(G, (') of the spaces SD(G’, ('), such that

=" AW Nfel), §eAG. ), feHGQ).

YEI(G,Q)

The rest of the discussion at the end of §4 extends to this setting. One defines the set
Af(G, () as a quotient of the subset of G-relevant pairs in

((G",8)): G' € £(G), §' € AG', ()}
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If § belongs to A%(G, (), the extended transfer factor
A(6,7) = A(0',7)

and the linear form
f—= f&0) = 1(8"), feHG,Q),

are both independent of whatever triplet (G’ &0 ) is used to represent ¢. In particular,
A¢(G, ) can be identified with a family of (-equivariant distributions on G(F), which
one proves is a basis of D(G, ¢). The subset

A(G,¢) = A%(G,¢) N SD(G, ()

of A%(G, () forms a basis of the subspace SD(G, ¢) of D(G, ). It corresponds to pairs of
the form (G*,*), and comes with an injection § — §* into A(G*,(*) that is a bijection
if G is quasisplit. Obviously,

fE@) = > AGNfe(y), feHGQ), (5.3)

Y€ (G,C)

and since fg — f& is an isomorphism from Z(G, () to SZ(G, (), we can also write

fe() = > AM0fE0), feH(GQ),

SEAE(G Q)

for complex numbers A(7, d). The extended transfer factor A(J,~) and its adjoint com-
panion A(vy,d) satisfy adjoint relations

Z A<77 5)A(6a 71) = 6(’7/’ 71)7 Y71 € F(Ga <>7 (54)
SEAE(G,C)
and
D> AGNAM,G) =68(6,61), 6,61 € A%(G,0). (5.5)
YEI(G.C)

We refer the reader to the forthcoming paper [14] for details of the various constructions.

Suppose that M is a Levi subgroup of G. The canonical induction map v — v from
D(M, ) to D(G, ) sends the subspace SD(M, () of D(M, () to the subspace SD(G, ()
of D(G, ¢). The endoscopic basis A (G, ¢) of D(G, () provides an adjoint restriction map
d — o from D(G, () to D(M, (), which sends the subspace SD(G, () to SD(M, (), and
satisfies the analogue of (1.9). Unlike induction, however, the restriction operator depends
on the basis in question. The map § — dps here is different from the map v — vypr of §1,
even though we have not made a distinction in the notation. The generalized transfer
factors for G and M do satisfy natural reciprocity formulae

AG(VGa,Y):AM(V7fYM)a Z/EAS(M7<)7 WEF(G?C)a
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and
AG((Sa/”LG):AM((;JVIaH)v 5€A5(G,C), MGF(M7C)7

These are a reflection of the fact that the canonical maps fg — fys and fg — f]‘fJ com-
mute with the corresponding two transfer maps.
The situation on the spectral side is entirely parallel. Here we have an endoscopic basis

¢ (G, ) of F(G,(), and a subset
(G, () = °(G, () N SF(G,Q)

that forms a basis of SF(G, ¢). These objects are studied in [10] and [15]. We recall that
they are defined in terms of abstract bases $en(M, () of the cuspidal spaces SZeusp(M, ¢),
and similar objects for endoscopic groups M’ of M. In the special case that the Levi
subgroup M is abelian [30], or the field F' is archimedean [29], we can take the particular
bases afforded by Langlands parameters. In these cases, @cp1(M, ¢) is to be identified with
the set of equivalence classes of cuspidal Langlands parameters

& Wr — M

that are compatible with ¢, in the sense that the composition of ¢ with the projection
LM — LZ is the Langlands parameter defined by ¢. The stable distribution associated
with such a parameter is then the sum of the standard characters in the corresponding
L-packet. In general, if ¢’ is an element in @(G”,CN’) with image ¢ in #¢(G, (), we have
spectral transfer factors

in terms of which the linear form

f—>fé(¢):f/(¢l), fEH(G7<)7

has an expansion

fa@) = > Alg,m)faln). (5.6)

Tell(G,C)

There is also an inverse expansion

fa(m)= >  Am¢)f&(), feHGQ),

PEPE (GC)

for complex numbers A(r, ¢) that satisfy adjoint relations

Z A(W,¢)A(¢77T1) = 6(71—;771)7 T, T € H(G7<)7 (57)
PEDE(G,Q)
and
Z A(¢a 7T-)A(7T7¢1) = 5(¢7 (bl)v ¢a¢1 S QE(GaC) (58)
well(G,¢)
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For archimedean F', these results are implicit in [35], while for p-adic F, they follow
from [10, Theorems 6.1 and 6.2]. We refer the reader to the forthcoming paper [15] for
more details.

Suppose that F' is global. Let V be a finite set of valuations that contains the set
Viam (G, ¢) of ramified places. We define bases A® (Gv, (), A(Gy, (v ), Y€ (Gy, ¢y) and
&(Gvy, Cv) of the respective spaces D(Gv, (v ), SD(Gy,¢v), F(Gv,Cv) and SF(Gv, Cv),
as tensor products over v € V of the local bases chosen above. We can then define
extended transfer factors as corresponding products

A(&V) = H A(6U77U)7 ) S AE(GV7CV>7 vy € F<GV7CV)7
veV

and

Alg,m) = [ Ao, m0), ¢ €5 (Gv,Cv), e (Gy,(v),

veV

of their local analogues. We can define adjoint transfer factors A(v,d) and A(w, ¢) the
same way, and it is clear that the obvious variants of the relations (5.3)—(5.8) all hold.
The operations of induction and restriction exist in this context, and are compatible with
the extended transfer factors. Suppose that § € A(Gy, () is the image of an element
§ € A(GY,¢,), where G’ € £(G) is a global endoscopic datum (as opposed to a general
element in £(Gy)). Then A(d,7) is independent of any choice of base point, although it
does of course depend on a choice of bases A®(Gy, (y) and I'(Gy, Cy). A similar remark
applies to the spectral transfer factors A(¢, 7).

Suppose that H D Z is as in §1. Then we can arrange that subsets A® (G#,¢v) and
A(GE ¢y) of A%(Gy,¢v) and A(Gv,(Cy) give bases of D(GE, () and SD(GE, ¢v),
respectively, and that quotients ° (G, ¢y/) and &(GH , () of 9 (Gv, (v) and &(Gy, (v)
form bases of F(G¥,(y) and SF(GH,(v). We can also arrange that each of these four
bases has a chain of subsets that is parallel to (1.2) or (1.5). For elements 6 € A% (G, ¢y)
and v € I'(G¥#,(v), the extended transfer factors A(d,7) and A(vy,d) are defined sim-
ply as the restrictions of the ones above. For spectral objects ¢ € @E(G‘P,I, Cv) and 7 €
II(GH, (v), however, we have to define A(¢,7) and A(rw,$) as an average of transfer
factors above. We may as well assume that H = Z at this point, and that ¢ and 7 have
unitary central characters. This allows us to identify ¢ and 7 with orbits ¢, and 7y of
iag 7 in & (Gy,Cy) and II(Gy, (v ), respectively. We then define the transfer factors by
formulae

Alg,m) =D AG,m) =D Algr,)
A A

and

Alm,g) =Y Ama,0) =Y A(m, ),
A A
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in which A is summed over iag; ;. Each of the sums has at most one non-zero term, and the
resulting functions depend only on ¢ and 7. The extended transfer factors we have just
introduced describe the correspondence fg <+ f& between Z(GZ,(y) and I¢(GZ, (),
through the appropriate variant of (5.3) or (5.6). We shall use them in § 10 to stabilize
the geometric and spectral sides of the trace formula.

On the spectral side, we shall also require adelic transfer factors. It is clear how to
define adelic families #(G(A)%,¢) and ®°(G(A)Z, (). One simply augments elements in
local families ®(GZ, (/) and &€ (GZ, () by products of unramified Langlands parameters
{¢» : v & V}. Suppose that 7 € II(G(A)?,¢), and that for some G’ € £(G), ¢' is an
element in $(G'(A)%', (') with image ¢ in #€(G(A)Z,¢). We then define

A(¢, 1) = A(g, ) = lim A(¢s, 7rs)

S

and

where the limits are over large finite sets of valuations S, and qi)s and 7g denote the images
of ¢ and 7 in ¢ (GZ,(s) and IT1(GZ, (s), respectively. The limits actually stabilize, since
if ¢/ is an unramified Langlands parameter for an unramified endoscopic datum G,
the function A(¢,,m,) equals either 0 or 1. This property does not hold in general for
geometric elements J, and ~y,, which is the reason we cannot work with adelic transfer
factors on the geometric side.

6. Statement of Local Theorems 1 and 2

As we mentioned in the introduction, this paper is the first of a series of three articles
designed to stabilize the terms in the trace formula. We are in a position now to state the
main theorems. They apply to objects F', G and (, chosen as in the last section. Thus,
F' is a local or global field (of characteristic 0), G is a K-group over F that satisfies
Assumption 5.2, and ( is a character attached to a central induced torus Z for G over F.

There are four basic theorems, of which two are local and two are global. Within each
of the two categories, there is in turn of a geometric result and a spectral result. The four
theorems are in fact designed for the four different kinds of terms in the trace formula. It
will be convenient to supplement each of the four theorems with a companion result that
more directly describes the relevant terms. We will be able to describe how to resolve the
supplementary theorems in terms of the original ones before the end of this paper. The
proofs of the primary theorems, however, will require a long and detailed comparison of
trace formulae that will have to be carried out over the full course of the three articles.

We shall state the local theorems in this section, and the global theorems in the next.
The local results will be stated as separate theorems, following the scheme above, but
they will actually all be consequences of the main transfer identity that was stated as
a conjecture in [12, §3]. Local Theorem 1 is in fact the assertion that this conjecture
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holds (for any local K-group that satisfies Assumption 5.2). This is to be regarded as
the fundamental local result.

We are going to describe endoscopic and stable analogues of the local terms in geo-
metric expansion (2.9). The full construction, which is given in [12] and [14], is a more
elaborate version of the definition of the functions used to state Conjecture 5.1. In par-
ticular, it is based on a global form of the set £y (G) that indexes the sum in (5.2). We
recall some properties of this set.

At this point, G stands for a K-group over a global field F', with a fixed Levi subgroup
M, while M’ represents an elliptic endoscopic datum (M’', M’ sh,,&),) for M. It is
assumed that M’ is an L-subgroup of M and that £}, is the identity embedding of M’
into “M. Then &,/ (G) is the set of endoscopic data (G’,G’, s, ¢) for G over F, taken up
to translation of s’ by Z(G)T, in which s lies in s, Z(M)"', G’ is the connected centralizer
of &' in G, ¢ equals M'G’, and ¢ is the identity embedding of ¢’ into ZG. The definition
is taken from [13, § 3], and is identical to its local analogue in [11, §4] and [12, §3]. The
one possible complication for the global case is easily resolved [13, Lemma 2], and one
sees that £y/(G) is in bijection with the set Z(M)"/Z(G)" [13, Corollary 3]. It follows
that for any valuation v of F, there is a map G' — G;, from &y (G) to Eprr (Gy). The
endoscopic datum M, for M, here need not actually be elliptic over Fj,, but this property
is not required for the construction of £y (Gy).

Following the notation in [12] for local fields, we introduce the subset

Em (G) —{G*}, if G is quasisplit,
Ev (G), otherwise,

Enp(G) = {
of Ey/(G), and the factor

(1 e
We also form coefficients
wer (GG = |Z(M)T /20| Z(G)T /2117 G e En(G).
These are not to be confused with the Langlands global coefficients
UG, G) =1(Ga,G), aem(G), G €&un(G),

which have a more interesting formula [21, Theorem 8.3.1]. We shall use the latter in the
next section, along with obvious variants of the notation such as

Ea(G,V) —{G*}, if G is quasisplit,

ggll (Gv V) = 3
(G, V), otherwise,

to state the global theorems.

The elements in £y (G) have to be fitted with extra structure before they can be used
to construct new linear forms. For each G’ in £y (G), we fix an embedding M’ C G’
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as a Levi subgroup for which M’ c &' is a dual Levi subgroup. We also fix the usual
auxiliary data G’ — G’ and £: G’ — LG’ for (. Given these data, we set M’ equal to
the preimage of M’ in G’. Then M’ is a Levi subgroup of G’ for which M’ = M'Z(G")
is a dual Levi subgroup. The restriction of ¢ provides an L-embedding of M’ into an
L-group LM’ = M'Wpg of M'. The pair M’ — M’ and £': M’ — LM’ are auxiliary data
for M’, for which the objects C’, Z’, i’ and ¢’ described in §4 match the corresponding
objects for G’.

The data (M’ N ) for M’ vary with G’. However, for our purposes, they are really
equivalent. The point is that for any V', the vector spaces SD(M Vs 5{,) are all canonically
isomorphic. To see this in concrete terms, we can choose auxiliary data M’ — M’ and
59\/1: M — LM’ for M that are independent of G/, but for which M’ is equipped with a
factorization M’ — M’ — M’, for each G’ € Exp/(G). For example, we could take M’ to
be the fibre product of the extensions M’ — M', as G’ ranges over the finite set of elliptic
elements in £y (G). Given the choice of (M’,&},), we obtain an admissible L-embedding

Ehy - Epr — I,
for each G’, with the property that
B =i

Now &), differs from the standard embedding “M’ — LM’ by a 1-cocycle from W to
Z(M'). This in turn determines an automorphic character x, in M’ (A). Identifying any
function on M t, with its pullback to M I/, we obtain a topological isomorphism

f= Xl fecMy, ),

from C(M'V, 5{/) onto C(M’ka’v);This determines an isomorphism from D(]\;[’V7 f’v) onto
D(M@,é{,) that maps SD(M"/,E’V) onto SD(MQ/,E{,) We can obviously compose any
one such isomorphism with the inverse of another. In this way, we obtain an isomor-
phism between any two of the spaces SD(M Vi 5{,) that is easily seen to be independent
of the choice of M’ and €,,. We can assume that the bases A(M’V7§{/) of the spaces
SD(M',,{},) are compatible with the isomorphisms.

We are interested in linear forms in f € H(G,V, (), where V is a finite set of valuations
that contains Viam(G, ). We may as well assume at this point that the data M’ and
{(G",€")} are also unramified away from V.

If § belongs to the endoscopic basis A (MZ, (v), we first construct a linear form

D6, ) = 57 An (6,71 (7, f) (6.1)

v

from Inr(7, f), simply by summing « over I'(MZ,(y). However, the true endoscopic
analogue of Ins (7, f) is a more interesting object, which is constructed from the elements
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in Ep/(G). Tt is based on an inductive definition of linear forms
S50 1), G €Ew(@). § €A,
on the spaces SI(@’V, Q:{,) Suppose that
{(¢".0):G" € &ar(@). &' € AY)7 ()}

is a family of matching elements, relative to the bijections among the bases A(Mj,, f(/)
We can write ¢’ for both the family, and the corresponding element in the set
A((M,)?',¢},) attached to a given G. We define linear forms I<,(8', f) and 8§, (M’, ', f)
inductively by the basic formula

50,0 = wr(GG)S5G (8, ) +e(G)SS (M, 8, f), (6.2)

G'e€Y,,(G)

together with the supplementary requirement that

15,8, f) = Tn (6, f), (6.3)

in the case that G is quasisplit and ¢’ maps to the element & in A®(MEZ,(y). The
coefficient ¢ps/ (G, G') vanishes unless G’ belongs to the finite subset of elliptic elements
in £9,,(G), so the sum in (6.2) can be taken over a finite set. Since S§,(M’, &', f) is
defined only if G is quasisplit, the two identities determine the two linear forms uniquely.

To complete the inductive definition, one has still to prove something in the special
case that G is quasisplit and M’ equals M*. Then 6’ = §* belongs to A((M{})Z*,G}),
and the image § of ¢’ in A (MZ,(y) lies in the subset A(ME,(y). The problem in this
case is to show that the linear form

S51(0, f) = S5 (M*, 6%, f)
is stable. Only then would one have a linear form
- (8%, ) = S51(6. f)

on ST((G%)?", () that is the analogue for (G*, M*) of the terms gg, (&', f") in (6.2).
This stability condition will be part of the local theorems we are preparing to state. It
will not be established until a future article, in which the theorems will be proved. In

the meantime, we carry it as an induction hypothesis on the groups G’ that occur in the
sum (6.2).

Remark. The definitions (6.1)—(6.3) are taken from [14]. They extend the earlier treat-
ment in [11, §4] and [12, § 3], which applies to G-regular conjugacy classes, rather than
distributions in the general bases A(M},,(},). We were a bit careless in setting up the
definitions in [12] (and [11]). The remark at the top of p. 242 of [12] notwithstanding,
it is not generally possible to choose the auxiliary data (G',€') so that (M’,€’) is inde-
pendent of G’. The definitions do make sense in the context of [12],but one has to take
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0’ to be an element in Aqg. reg(]\}/\/)- The results of [12] remain valid as stated, with the
understanding that the linear forms S’]\Cg, (0") in the analogue [12, (3.5)] of (6.2) depend
on the embeddings &),: “M’' — LM, as well as &'. Tt is easy to see from the definition
in [12] that ) ]

S]?}[/ (5,7 f,) = XSVI((S/)S]%/((SIG’ f/)’
where d7, is the image in M, o~f the ele~ment ' € M}, and Sg, (0¢;) is taken with respect
to the standard embedding “M’ — “M’.

The distribution S (6, f) is meant to be a stable form of the local term I/ (7, f) on
the geometric side of the trace formula. The endoscopic form is a distribution

II‘E\‘/I(A/vf)v VGF(M\%v(V)v

that like the original term, depends on an element in I (M‘% ,Cv). It has the property
that if 4’ is relevant to My, then

I§4<617f) = ZAM((SC'Y)IJ@(’Y’ f), (6.4)

Y

with v summed over I' (M‘% ,Cv). In particular, the distribution
13,0, f) = I (3", f) (6.5)

depends only on the image § of 6’ in A (ME,(y). Observe that I5,(v, f) is not uniquely
determined by (6.4), since the endoscopic datum M’ € &y (M) was assumed to be over
F. However, the construction makes sense if M’ is replaced by an endoscopic datum
M, € E(My) over Fy. The distribution I5,(v, f) can then be defined by inversion from
(6.4). (See [12, §5], [14].)

Local Theorem 1 actually applies to a simpler version of the linear forms above. To
state it, we take F' to be a local field, and M’ to be a local endoscopic datum for M. We
also take &, ¢’ and 7 to be elements in the subsets A, reg.enl(M, €), Ac- regen (M, ¢")
and I'G.regen(M,() of G-regular, F-elliptic elements in the general bases A®(M, (),
A(M', CN’) and I'(M, ) attached to F. The associated distributions I (6, f), 15,(9, f),
S (M58, f), I§,(7y, f), and I§,(3, f) are essentially those of [12, §3]. They are defined
by the equations (6.1)—(6.5), stated exactly as above, but with the sums taken over ~
and G’ in the local sets I'G. reg en(M, () and Enp (G).

Local Theorem 1. Assume that F is local.

(a) If G is arbitrary,
I(n ) =Iu(. ), 7€ Tgregen(M,Q), f€H(G,Q).

(b) Suppose that G is quasisplit, and that §' belongs to Ag_reg(M’, ¢, for some M’ €
Een(M). Then the linear form

f= SG(M0f), feH(G,Q),

vanishes unless M’ = M?*, in which case it is stable.
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As we mentioned above, this theorem is essentially Conjecture 3.3 of [12] (which was
a slight generalization of Conjecture 4.1 of [11]). Our supplementary theorem will have
a similar statement, except that it applies to the compound linear forms.

Local Theorem 1’. Suppose that F is global, and that V is a finite set of valuations
containing Viam (G, ().

(a) If G is arbitrary,
Ly, ) = Tu (v, §), v € DM, Cv), - f € H(G,V,Q).

(b) Suppose that G is quasisplit, and that ¢’ belongs to A((MQ,)Z/,Q:{/), for some
M’ € Eq(M,V). Then the linear form

f= S5(ML0f), feH(GV.Q),
vanishes unless M’ = M*, in which case it is stable.

The next proposition is a consequence of the general results of [14], which extend the
splitting and descent formulae in [12, §6-7], and reduce the compound linear forms of
Local Theorem 1’ to the simple linear forms of Local Theorem 1. For the special case of
strongly G-regular conjugacy classes, the reader can refer to [12, Proposition 7.4].

Proposition 6.1. Local Theorem 1 implies Local Theorem 1’.

The proof of Local Theorem 1 will have to wait. We shall establish it in a subsequent
article by global methods, as in the special case treated in [16].

There is an important point to mention before we turn to the local spectral terms.
The element ¢ in (6.2) does not have to be relevant to M. More generally, the definition
(6.2) makes sense if we assume that the endoscopic datum M’ belongs to Eon(M*, V),
rather than the subset (G, V) of En(M™*, V). However, the more general linear forms
are subject to the following vanishing property, which we shall require in § 10.

Proposition 6.2. Suppose that V D Vrgm(~G,C), that M’ represents a class in
Ea(M*,V), and that & belongs to A((M',)?",(l,). Then I§,(8', f) vanishes unless M’
and ¢’ are both locally relevant to M.

Proof. Using the appropriate splitting and descent formulae, together with the relevant
germ expansions [14], it is easy to translate the proposition to a corresponding assertion
in which Fis a local field, M is an elliptic endoscopic for M* over F, and &' € A(M’, CN’) is
strongly G-regular. In the local case, an elliptic endoscopic datum for M* is automatically
relevant to M. If ¢’ is not relevant to M, the local vanishing theorem [12, Theorem 8.6]
asserts that I§,(0’, f) = 0. The proposition follows. O

The proposition asserts that I§,(¢’, f) equals zero unless ¢’ maps to an element &
in AE(M‘%,CV). In this case, as we have already noted (6.5), the distribution depends
only on 4. Recall that as a function of ¢, the transfer factor A/ (d’,) also has these
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properties. It follows that (6.4) remains valid for M’ and ¢’ chosen according to the
general criteria of Proposition 6.2.

The other two local theorems have the same form, except that they apply to the
residual linear forms on the spectral side. If F' is global, there are stable and endo-
scopic analogues of the linear forms Ip/(m, f) in the spectral expansion (3.13). They are
defined [15] by a construction that is dual to the one above. In fact, one defines linear
forms Ing (¢, f), I§;(¢', f), SG (M, ¢, f), I§,(m, f) and I, (¢, f) simply by replacing the
clements 8, &' and 7 in (6.1)~(6.5) by elements ¢ € € (MZ,Cv), ¢ € D((M4,)7',¢},) and
m € II(M, 5 ,Cv ). These objects are actually specializations at X = 0 of more general lin-
ear forms that depend on a point X in a%,. If F is local, one constructs simpler but more
fundamental objects, in which it is convenient to consider the dependence on this extra
parameter. For elements ¢ € &€ (M, (), ¢' € &(M’, (') and 7 € II(M, (), and a point X
in the subgroup

ayp,rp = {Hg(x) T E G(F)}

of apr, one defines linear forms In (¢, X, f), I5,(¢', X, f), SG(M', ¢, X, f), I§;(m, X, f)
and I5, (¢, X, f) on H(G, ¢) once again by the obvious variants of the formulae (6.1)—(6.5).
(See [15].)

Local Theorem 2. Assume that F' is local, and that X lies in aps .
(a) If G is arbitrary,

I(m, X, f) = In(m, X, f), me (M), fe€MHG,Q).

(b) Suppose that G is quasisplit, and that ¢' belongs to (M’ ("), for some M’ €
Een(M). Then the linear form

f=SEML¢ X, f), feHG,Q),
vanishes unless M' = M*, in which case it is stable.

Again we have a supplementary theorem, which applies to the compound linear forms
that arise from the local terms in the spectral expansion.

Local Theorem 2’. Assume that F is global, and that V is a finite set of valuations
containing Viam (G, C).

(a) If G is arbitrary,
I]é\:/[(ﬂ?f):IM(ﬂ7f)a WEH(M\%)CV)a fEH(G7VY7C)

(b) Suppose that G is quasisplit, and that ¢' belongs to @((M’V)Z/, "), for some M’ €
Een(M,V). Then the linear form

f= S5 ¢, f), feHGV,Q),

vanishes unless M' = M*, in which case it is stable.
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In the forthcoming paper [15], we shall establish spectral splitting and descent formulae
that are parallel to the geometric formulae in [14]. They yield the following proposition.

Proposition 6.3. Local Theorem 2 implies Local Theorem 2'.

Similarly, the results of [15] yield a spectral vanishing property that is parallel to
Proposition 6.2.

Prop0§itiqn 6.4. Suppose that V and M’ are as in Proposition 6.2, and that ¢’ belongs
to d((M?,)?',Cl,). Then I,(¢/, f) vanishes unless M’ and ¢' are both locally relevant to
M.

It follows that the spectral analogue

I5(¢, 1) = > Au(d, m)I5(m, f) (6.6)

of (6.4), in which 7 is summed over IT(ME,(y), is valid for any M’ and ¢’ chosen as in
Proposition 6.4.

7. Statement of Global Theorems 1 and 2

The main global theorems concern the coeflicients on each side of the trace formula. We
shall define endoscopic and stable forms of the various coefficients. The theorems will
then assert identities among these new objects.

We are assuming that G is a K-group over the global field F'. Before we define the new
coefficients, we should first take care of a point having to do with the objects G’ — G’
and £: ¢’ — LG’ attached to any given /. We assume henceforth these auxiliary data
have been chosen according to the following lemma.

Lemma 7.1. Suppose that G’ € E(G, V), for a finite set V' D Viam (G). Then the global
auxiliary data G’ and &' for G' can be chosen so that they are unramified at any v € V.

Proof. We have to be able to choose (G, £') in such a way that for any v & V, the local
embedding &' : G, — LG, is unramified. This means that G/, is an unramified group over
F,, and that ¢, maps any Frobenius element in G, to a Frobenius element in “G’. A
Frobenius element is of course one that projects into the Frobenius coset in W,. The
proof of the property is implicit in the discussion on pp. 718-720 of the Langlands’s
paper [27]. In particular, we shall take G’ to be a z-extension of G'. The centre Z(G')
of G’ is then connected. By [27, Lemma 4], the inflation to the Weil group Wr of any
2-cocycle from I' = I'r to Z(G') splits.

Let K be a finite Galois extension of F' over which G’ splits, and which is unramified
outside of V. Let T7, be a maximally split, maximal torus in G.. over F. Since G’ is
quasisplit, T7, is an induced torus, which splits over K. The construction in [27, pp. 721,
722] then yields a z-extension G’ of G by the torus ¢’ = T’_, which is quasisplit over F
and splits over K. As in [27] and [24, §2.2], the groups G’ and “G’ determine a 2-cocycle
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a from I'y/p = Gal(K/F') to Z(é’). One obtains an embedding £': G’ — LG’ from any
splitting of this cocycle over the Weil group Wy p. The embedding will be unramified
outside of V' if and only if the splitting is defined over the largest quotient Wy of
W, that is unramified outside of V. Our task is therefore to show that the inflation

of a to the extension Wy py of 'k, p splits. R
Following the proof of [27, Lemma 4], we set X = X*(Z(G")), and we form a short
exact sequence
1-2Xo—2X12X—>1

of I'y/p-modules that are free over Z, such that X is also free over I'/p. At this stage
of the argument in [27], Langlands introduces the idele class group Ck of K. We shall
instead use the quotient

Cryv = Ay /K*(OR)*,

where OY, is the maximal compact subring of A}Y.. In particular, we apply the functor
Hompy, . (—,Ckv)
to the dual short exact sequence
Te— Xy +— X/ +— XV 1.
This yields a short exact sequence
1= To(Cev) /7 — Ty(Cre)T5/F = T(Cre) 07,

where T, denotes the torus Hom(X}/, —) (regarded as a Z-scheme with action of I'x/p).
It follows from the injectivity of the middle arrow, and standard facts about extensions
of characters, that the dual map

(T (Crv) /P )" — (To(Crv ) /)

of character groups is surjective. The main global theorem of [30] gives a functorial
isomorphism from (T (Ck ) %/7)* onto the continuous cohomology group H} (Wi r, T%).
The long exact sequence of cohomology implies that

T.(Cx,v) "™/ = T.(Ck)"™/" /T, (OF),

since Hl(FK/F,T*((’)}é)) is trivial, so that the group (T.(Cr v)!*/#)* is a subgroup of
(T..(Cr)'x/7)*. The main point for us is that the global isomorphism takes this subgroup
onto the subgroup H} (Wg pv, T.) of H!Wk/F, T.). This follows easily from the local
correspondence in [30] for unramified characters. We therefore conclude that the map

Hcl(WK/F,V7T1) — Hcl(WK/F,VaT2)

is surjective.

The rest of the proof is identical to the last paragraph in the proof of Lemma 4
of [27]. We obtain a splitting over Wi gy for the original 2-cocycle a. This yields an
L-embedding ¢ that is unramified outside of V. |
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We remark that if Gge, is simply connected, we can choose the auxiliary data G’ and
¢ of the lemma in such a way that G’ = G'. For if a is the 2-cocycle from I'k/p to

Z(G") described in the proof above, the argument in [27, pp. 705-715] establishes that
the projection of a onto Z(G')/Z(G) splits. Since Z(G) = Z(G")° is connected, one can
construct required embedding ¢: ¢’ — LG’ as in the proof of the lemma. It follows that
for arbltrary G, we can choose the auxiliary data G’ and & of the lemma in such a way
that G is the endoscopic datum for a fixed z-extension G — G attached to G.

We consider now the global coefficients. We shall begin with the general family of
geometric coefficients a®(v). Recall that a®(7) is defined on I'(GZ,(y), and is in fact
supported on the discrete subset I'(G,V, () of this domain. We shall construct parallel
families of coefficients € (y) and b% (), the latter only in the case that G is quasisplit,
on the respective domains I'(GZ, (y) and A (AZ,(y). If v lies in I'(GZ, (v), we set

“() = 3 UG ENT () Aa(d ) +2(G) Y b4 (D) AcBy). (1)
G 5

with G/, ¢’ and § summed over £9,(G,V), A((G}, )2, ;) and AE(GZ, Cv), respectively,

and with coefficients b&’ (&") defined inductively by the requirement that

“(), (7.2)

in the case that G is quasisplit. The process is similar to those of §6. If G is quasisplit,
the relations (7.1) and (7.2), together with the local inversion formulae (5.5), provide a
formula for b (8) as a function on A®(G%,(y ). To complete the inductive definition, we

a“f()=a

define the function

G (5%) = b9(8), & € A(GE,¢v),

from the restriction of b to the subset A(GZ,(y) of A9(GZ,(y). Since G* determines
G uniquely up to weak isomorphism, Corollary 4.4 tells us b&" (6*) depends only on G*.

As in §2, it is instructive to introduce more manageable domains for the new coeffi-
cients. We shall construct discrete subsets I'? (G, V, ¢) and A¢ (G, V, () of I'(GZ,(v) and
A%(GS,, Cv), respectively, that contain the supports of a®€ () and b%(9).

We are first to introduce ‘elliptic’ subsets A, (G, V, (), Aen(G,V,(), I'5(G,V,¢) of
A8(GZ,¢v), A(GE,Cv), TE(GE,(y), respectively. As we might expect, we have to
give an inductive definition that is based on the sets Aeu(é’ V. ¢ ) attached to groups
G' € £9,(G, V). We define the first set AZ, (G, V, ¢) to be the collection of § in A®(GZ, §v)
such that either Ag(,d) # 0, for some v € I'en(G,V, (), or § is the image in A (GZ,(y)
of an element ¢’ in the subset Aoy (G’,V, ) of A((G4)?, (), for some G € £%(G,V).
The second set is then just the intersection

Aal(G,V,¢) = AL(G,V.Q) N A(GY, ¢v).

We define the third set I'5,(G,V,() to be the collection of v in I'(GZ,(y) such that
Ag(8,7) # 0, for some § € AL, (G,V, (). Then I'§ (G, V,¢) contains Iy (G, V, (). Having
constructed the elliptic sets, we can then define the larger subsets A (G, V, (), A(G,V, (),
TE(G,V,C) of A5(GZ,¢v), A(GZ,(v), T'(GZ,(v), respectively, exactly as in §2. For
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example, I'? (G, V, () is the set of elements v in I'(GZ, () that are constituents of induced
classes u“, where p belongs to I'S,(M, V, (), for some M € L. It is easy to see that the
coefficient a%-€(7) is supported on I' (G, V, (), and in case G is quasisplit, that b%(§) is
supported on Af(G,V, ). Moreover, the sums over ¢’ and ¢ in the definition (7.1) can
be taken over the smaller sets A(é’, V, f’) and A¢(G,V, (), respectively.

We shall also need to consider endoscopic and stable analogues of the more fundamental
elliptic coefficients a$, (§s). Recall that a5 (¥s) was defined in (2.6) for any large finite set
of valuations S O Viam (G, €), and for any admissible element g in ey (G, S, (). We con-
struct parallel coefficients agl’g(ﬁs) and bgl(gs), for admissible elements ¥g € I'§(G, S, ¢)
and dg € A, (G, S,¢), by the natural variants of the inductive definitions (7.1) and (7.2).
In other words, we set

agic (3s) = Y D (GGG (05) Aa (. 9s) +(G) Y _bi(Fs) Aa(ds.4s),  (7.3)
& i 5s
with G, (5’5 and g summed over &% (G, S), Aa(&, S, E’) and A, (G, S, ¢), respectively,
and with the coefficients bgll (0%) defined inductively by the requirements that
agi (3s) = ai(3s) (7.4)
and
b1 (0%) = b1 (0s),

in case G is quasisplit. As in the earlier case, we know from Corollary 4.4 that the last
coefficient depends only on G*.

Global Theorem 1.

(a) For any G, we have
G.E .
Qe (75) = ag1(ﬁs)7

for any admissible element s in I'§(G, S, ).

b) If G is quasisplit, b5 ds) vanishes for any admissible element ds in the complement
ell
of Aai(G, S,¢) in AL,(G, S, ).

Global Theorem 1 pertains to the basic elliptic coefficients that are the global founda-
tion of the geometric expansion in §2. For the actual comparison of trace formulae, we
also require the corresponding theorem for the general coefficients.

Global Theorem 1’.

(a) For any G, we have

“(y), yelI%G, V0.

a

(b) If G is quasisplit, b%(8) vanishes for any & in the complement of A(G,V,() in
A5G, V,Q).
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Global Theorems 1 and 1’ describe the basic identities satisfied by the geometric coef-
ficients. As the original definition (2.8) suggests, they are closely related. In § 10, we shall
show that Global Theorem 1 implies Global Theorem 1’ by establishing endoscopic and
stable analogues of the expansion (2.8).

It is useful to note that Global Theorems 1 and 1’ can be reformulated in terms
of endoscopic and stable analogues of the linear forms Iy (fs) and I (f) of §2. We
define invariant linear forms I5,(fs) = Igl’g(fg) and IS, (f) = Igf(f), for functions
fs € Haam(G, S,¢) and f € H(G,V,(), by setting

S(fs) = Y uG.GNSS (f5) +e(G)SGi(fs) (7.5)
G’GSSH(G,S)
and
Eo) = Y UG G)SSL(f) +e(G)SS () (7.6)
G’EESH(GV)

The terms ngl, and Sg;rlb on the right are linear forms on the spaces SZoqm(G’,S,(’)
and SZ(G',V,{"), respectively, which are defined inductively by the requirements that
I8,(fs) = Lu(fs) and I, (f) = I (f) in the case that G is quasisplit. The definition
includes the induction hypothesis that Sgll and Sg;) are stable, for data G’ in £9,(G, S)
and £Y%(G, V), respectively.

Lemma 7.2.
(a) If G is arbitrary,
Efs)= " > afif(s)fsais)
Vs €T (G,8,0)

and

5o =Y. aFfWfe).

YETE(G, V()

In particular, the statements (a) pf Global Theorems 1 and 1’ are equivalent to the
general identities I§,(fs) = Ian(fs) and IS, (f) = Iow(f).

(b) If G is quasisplit,
S§i(fs) = > b5i0s) 5.6 0s)
§s€AE(G,S,0)
and
Sen(f) =Y b9E)fEO).
SEAE(G,V,C)

In particular, the statements (b) of Global Theorems 1 and 1’ are equivalent to the
assertions that S§ (fs) and SS, (f) are stable.

orb
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Proof. By varying the test functions fg and f, we see immediately that the given
expansions imply that Global Theorems 1 and 1’ can be reformulated as claimed. It is
enough, then, to establish the expansions.

(f) and SC

£
Consider the case of I orb

orb

sions in (b) hold for qua31spht inner K-forms of groups G/, with G € £9,(G, V). We are

(f). We can assume inductively that the expan-

also assuming that SG rb comes from a stable distribution on a quasisplit inner K-form of
G’, from which it follows that be is supported on the subset A(G’7 V, (') of Ag(G’, V..
Therefore,

SE = Y ),

§'EA(G,V,C)
for any f € H(G,V,(). It follows from the various definitions that

o)~ (@SS (N = Y. uG,GNSSL(f)

G'e&Y(G,V)

=S ue.6) Y @)
Gl

8 eA(G,V,.C)

=N UG, e @) S Ac@ et

G’,0' veETE(G,V,()

( (GG (5 >AG<6'7W>)fG<v>
G’,8"

( © 3 196)Aa(, w)fcm

SEAE(G,VC)

Z
Z 7 faly Z b%(6)fE(0

If £(G) = 0, the required expansion for I, (f) follows. If ¢(G) = 1, the expansion for
I, (f) is just part of the definition, so we also obtain the required expansion for SE(f).
The expansions for I5,(fs) and SG(fs) follow in the same way. O

We turn now to the spectral coefficients. The discussion will depend on a fixed non-
negative number ¢, as in § 3, but will otherwise be parallel to that above. In particular, we
shall use the global information at hand to construct suitable domains for the coefficients
we are about to define.

We first construct discrete subsets @deSC(G, ), Pt.aisc(G,¢) and Hfdlsc(G7§) of the
respective adelic sets @°(G(A)%,¢), ®(G(A)?,¢) and II(G(A)Z,¢). The inductive def-
inition is similar to that of the ‘elliptic’ sets above. Thus, @t disc (G, €) is the set of q§
in #¢(G(A)?,¢) such that either Ag(7,d) # 0, for some 7 in the set IT; gise(G, ), or

 is the image of an element ¢’ in the subset By gise (G, C') of @(é’(A)Z/, ¢’), for some
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G’ € E%,(G). The second set is defined by

¢t,disc(Ga C) = t dlsc(G C) N ¢( (A) 7C)a
while the third set IT¢

+disc (G5 C) 1s the set of 7 in II(G(A)?,¢) such that Ag(¢,7) # 0,
for some ¢ € &f ;.. (G, ¢). Then IT{ 4, (G, ¢) contains IT; aise(G, ¢).

Now suppose that V' D Viam (G, €) is a finite set of valuations as above. We define dis-
crete subsets @fdlgc(G, V, (), @r.aisc(G, V., ¢) and Ht‘gdlsc(G, V,¢) of 85 (GE, (v ), (GZ, (v)
and I1(GZ,(y) in exactly the same way, except with IT; gisc(G, ) replaced by its ana-
logue I} 4isc (G, V, () for V. From these discrete subsets, we construct larger subsets
o5 (G, V,(), ®:(G,V,¢) and IIf (G, V, (), with corresponding Borel measures, as in §3.
Thus, if M belongs to L, HtGdic(M, V, () stands for the set of iay; ,-orbits in the preimage
Hfdlbc(M7 V., () of Hfdm(M V,¢) in I (My,Cy). We define ITE (G, V, ¢) to be the union,
over M € L and p € I G.& (M, V, (), of the irreducible constituents of the induced rep-

t,disc
resentations p©. The Borel measure dr on IT¢ (G, V,() is defined by setting
[ hmde= Y W | o)
IIf (G,VQ) Mer fdm(M Vo) 1ayy, z/wcz

for any h € C.(IIf (G, V,()). The sets
(G, V.Q) C B (G,V,()

are defined in exactly the same way. For example, &;(G,V, () is the union, over M € L
and x € @t G ise (M, V,€), of the induced elements x“. (By construction [10], the induced
elements y“ are irreducible, in the sense that they lie in the basis #(G%, (y/).) The Borel
measure d¢ is defined by

/ h@)do = 3 (W WE | / §)d,
@ (G,V,C) MerL XEDy, dm(M V,0) iay, 2 /180G, z

for any h € C.(9:(G,V,()).
We now construct global coefficients a®€(7) and h%(¢) inductively on the domains
IIE(G,V,¢) and &% (G, V, ). If m belongs to Hf(G, V, (), we set

Em) =3 UG, G (¢) Ac(é ZbG )Ag(o,7), (7.7)
&5

with G/, ¢ and ¢ summed over £9,(G, V), &,(G’,V,{’) and @g(G V., (), respectively, and
with coefficients b’ (¢') defined inductively by the requirement that

a%E () = a(n), (7.8)

in the case that G is quasisplit. The construction is obviously identical to that of the
geometric coefficients. In particular, b%(¢) exists only when G is quasisplit, in which case

b (¢7) =% (¢), ¢ € (G, V,C),
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is defined by the relations (7.7) and (7.8), together with the local inversion formulae
(5.8).

The arithmetic information in the trace formula is concentrated in the fundamental
adelic coefficients

a(?isc<7.r)7 T € Ht,diSC(Gv C)

We shall therefore want to consider endoscopic and stable analogues of these objects.
We construct coefficients adGi’si(ﬁ) and b§,_ (¢), for elements 7 € HidiSC(G,C) and ¢ €

disc

tdlSC(G (), by the natural variants of the inductive definitions (7.7) and (7.8). We set

adlSC ZZ G G bdl/bC ¢) Zbdlsc AG ¢7 )’ (79)

[CY

with G’, ¢ and ¢ summed over £%(G), Dt aisc(G’, ') and @deSC(G (), respectively, and
with coefficients b%._(¢/) defined inductively by the requirements that

disc
0 () = afec () (7.10)
and
binc(967) = bisc(9),
in case G is quasisplit.
Global Theorem 2.

(a) For any G, we have

agie (1) = af (), 7 € 1T 41ec(G, 0).

disc

(b) If G is quasisplit, bgsc(é) vanishes for any ¢ in the complement of D qisc (G, () In
tdle(G C)

Global Theorem 2 will be the most important result from a purely arithmetic stand-
point. It can be regarded as a reciprocity law between automorphic spectra on different
groups. For the comparison of trace formulae, however, we again require the correspond-
ing theorem for the general coefficients.

Global Theorem 2’.

(a) For any G, we have

G’S(ﬂ—) = aG(ﬂ')’ e H;E(G7V7 C)

(b) If G is quasisplit, b(¢) vanishes for any ¢ in the complement of ®;(G,V,() in
@7 (G, V().
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In § 10 we shall show that Global Theorem 2 implies Global Theorem 2’ by establishing
endoscopic and stable analogues of the expansion (3.12).

Following the discussion of the geometric coefficients, we shall reformulate Global The-
orems 2 and 2’ in terms of the basic distributions It,disc(f) and I ynit(f) of §3. The
transfer mapping entails a shift in archimedean infinitesimal characters that must be
reflected in the norms ¢ = || Im(v)||. For any G’ € £(G), there is a canonical embedding
of b into the associated space (§')% for G'. This gives an embedding

be/ag,ze = (b )cc/aG/ Z/.C
of the quotient spaces whose Weyl orbits parametrize infinitesimal characters. We write
vV =v+dil,,
as on p. 561 of [10], for the transfer of infinitesimal characters, and
t= [ Im@) ] = ¢ = [ Tm()| = ¢ + | In(di ), ¢ >0,

for the corresponding shift in norms. With this notation, we def_ine invariant linear
forms Ifdm(f) Ifdic(f) and If, . (f) = Ifuilt(f), for functions f € H(G,() and f €
H(G,V,(), by setting

Ifdisc(f‘) = Z L(G7 G’ )St’ dlSC(f ) (G)St dlSC(f) (711)
G/EESH(G)
and
Ifunlt(f) = Z (G GI)St’ umt(f ) (G)StGunlt(f) (712)
G'eEy(G,V)

The terms S’tc?,ldisc and Sg,,unit on the right are linear forms on the respective spaces
ST(G',¢") and SZ(G',V,('), which are defined inductively by the requirements that
Ifdlsc(f) =1 dm(f') and Itgumt(f) = I unit(f) in the case that G is quasisplit. The defi-
nition depends on the induction hypothesis that St,

G’ in £%(Q) and EY,(G, V), respectively.
The next lemma is obviously parallel to Lemma 7.2, and is proved the same way.

dise and St, unit are stable, for data

Lemma 7.3.

(a) If G is arbitrary,

If:disc(f) = Z adlSC( )fG( )

TEITY 4350 (G€)

and
I () = / 4O () f () dr
IE(G,V,C)

In particular, the statements (a) of Global Theorems 2 and 2' are equivalent to the
genera] identities It dlSC(f) = It,diSC(f) and It umt(f) = It,unit(f)'
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(b) If G is quasisplit,
Stc,;disc(f) = Z bglsc(¢)fé(¢)

HEPE(G.C)

and
St = [ 19(0)E(0)do,
¢ (G,V,0)

In particular, the statements (b) of Global Theorems 2 and 2" are equivalent to the
assertions that Sfdisc( f) and SC_..(f) are stable.

t,unit
We have now stated all the main local and global theorems. We shall prove them, for
any K-group G that satisfies Assumption 5.2, in a subsequent article. In the meantime,
we shall have to carry some implicit induction assumptions, in order that the inductive
definitions of the last two sections make sense. To be precise, we assume that assertions
(b) of the various local and global theorems are valid if G is replaced by a group G’
attached to any endoscopic datum G’ in £9,(G).

8. Stabilization of the unramified terms

We have spent the last two sections stating a series of closely related theorems. State-
ments (a) of the theorems represent identities between terms in the trace formula of
§82 and 3, and corresponding terms of an endoscopic trace formula. The statements (b)
describe properties of terms in a stable trace formula. In the remaining part of the paper,
we shall derive the expansions that will form the endoscopic and stable trace formulae.
This can be regarded as the first stage of a long process, which will end in a subsequent
paper with a proof of the theorems.

In this section, we shall deal with the unramified terms. These are the functions r§, (k)

in (2.8), and the functions r§;(c) in (3.12). The stabilization of the geometric terms

7§ (k) will be a consequence of the generalized fundamental lemma we have taken on

as an assumption. The stabilization of the spectral terms r§;(c) is essentially the main
result of [13].

We fix the global field F. We shall consider triplets (G, M, () over F, as in earlier
sections. Then G is a global K-group over F, M is a Levi subgroup of G, and ( is an
automorphic character of a central induced torus Z in G. Remember that, unless stated
otherwise, (G, F) is supposed to satisfy Assumption 5.2. In particular, the generalized
fundamental lemma is assumed to hold at every place v outside some finite set of valua-
tions Viund(G) that contains Viam (G).

For the geometric terms, we fix finite sets V' C S of valuations of F. We take S to be
suitably large, as before, but at this point we assume only that V' contains the set Vo of
archimedean places. Given G and ¢, we write K(GY) as in §2 for the set of conjugacy
classes in GY, = GY /Z¥ that are bounded. The places v in S — V are non-archimedean.
We can therefore arrange that any distribution in the basis

rGg.¢§) = [ rG.a)

veS—-V
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is defined by a (signed) measure on the preimage in GY% of a conjugacy class in GY.
We have not assumed that V' contains Viam (G, ¢), but for simplicity, let us suppose that
the subset ]}S(G’g, Cg) of FSS(G“S,) defined in § 1 actually equals Fgg(é‘%) There is then
an injection k — i (k) from K(GY) into I'(GY, ¢¥). We also attach a set L(GY) to the
‘bounded’ elements in A(GY, ¢Y). It is the family of formal linear combinations of classes
in K(GY) that correspond to distributions in A(GY, ¢¥) under the linear extension of the
map 7Y, and can be identified with a subset of the corresponding family £((G*)¥) for
G* by means of a canonical embedding ¢ — ¢*. More generally, we attach a set ES(Gg)
to the ‘bounded’ elements in A® (GY,¢Y). Tt is a quotient of the set of G-relevant pairs
in
{(G"0):G" e £(GY), 1 e L(G)S) = LUG)E)},

and comes with an injection £ — % (£) into A®(GY,(Y) that takes the subset £(GY)
into A(GY,CY). The sets £(GY,) and LE(GY) are independent of ¢¥. In other words,
they are equal to the corresponding sets in which C}q/ is the trivial character on Zg. This
amounts to a compatibility condition on the original choice of bases that we are taking
for granted.

Suppose that (G, M, () is given, and that V now contains Viam (G, (). As in §2, we
form the function

TJC\;/I(k) :JM<7¥(]€)’U¥)7 ke’C(MS"/)7

on K(MY). This function depends on a choice of hyperspecial maximal compact subgroup

Ky =[] K
veS-V

of Gg, which we assume is in good position relative to M g . The intersection

KynMm{ = [ (& nM,)
veS—-V

is a hyperspecial maximal compact subgroup of M g , which we use to form the normalized
transfer factor

Ay (b k) = Ay iy (85 (0,78 (7)) = [ [ Aronar, (0u(0) 70 (k)

for elements k and ¢ in C(MY') and £E(MY), respectively. This provides us in turn with
a function
KGO = S Ay (bR k), 0 L50IY), (8.1)
ke (M)
on L£&(MY), which is easily seen to be independent of K¥ .

The functions r§;(k), Ags vl k) and 7§ (£) are all independent of ¥, so ¢ plays
no role in the following proposition. We include it in the assertion only to emphasize
that the proposition is a special case of Local Theorem 1. Similarly, we include the extra
structure on elements in £y (G) implicit in the notation M’ and G’, even though it also
plays no role.
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Proposition 8.1. For each triple (G, M, () with G quasisplit, there is a function
s§i(0) = s§r.(6%), e LMY,

which vanishes unless V' contains Viam (G), and satisfies the following condition. For any
triplet (G, M, () with Viuna(G) C V, any elliptic endoscopic datum M' for M, and any
element (' € L((M')Y) with image ¢ in LE(MY), the identity

rg0) = Y LM'(G,G/)S%/@') (8.2)
el (@)

holds.

Proof. As we recall from §5 and elsewhere, the required function is uniquely determined
by (8.2). To be precise, suppose that G is quasisplit, and that ¢ belongs to £(MY). If
V does not contain Viam(G), we set s§;(¢) = 0. If V does contain Viam(G), the function
7 (k) is defined, and we define s§;(¢) inductively by setting

s =150 = D (G, G)sG (0).
G'e€Y,. (@)

Since the coefficient ¢y (G, G') vanishes unless G’ is elliptic, the sum can be taken over
a finite set.

We have then to establish (8.2). We fix the data (G, M, (), M’, ¢’ and £. Our task is
to show that rﬁ (¢) equals the endoscopic expression

ryt ()= > wr(G,.G)sL)
G'e&yi (G)
on the right-hand side.

The problem separates into two cases, according to whether V' contains Viam (M, ¢)
or not. Our assumption that S is suitably large means in this context that S contains
Viam(M"). If V' does not contain Viam, (M), then M’ ramifies at some place v in S — V.
In this case, the functions )

sE.(0), G e&v(G),
all vanish by definition, and the problem is to show that r§,(¢) vanishes.

Suppose that S — V is a union of two disjoint subsets F} and Fy. By construction,
L((M")Y¥) is a Cartesian product of sets attached to the places in S —V, and the transfer
factors decompose accordingly. In particular, we can write

O =0 xthy, e L(Mp).

Then ¢ equals a product ¢, x £, where ¢; is the image of ¢, in £F(Mp,). Since r§;(¢)
comes from the weighted orbital integral 7§, (k), it satisfies a splitting formula. It follows
from [7, Corollary 7.4] that

r ) = Y d§(La, Lo)rif (G)rd (62).
Ly ,LQEL‘,(]\J)
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The right-hand side of (8.2) also satisfies a splitting formula. By a simple variant of [12,
Theorem 6.1], we obtain

MW = YT AL L) () € (6).
Ly, Ly€L(M)
The two formulae together reduce the problem to the case that S — V contains one
element.

We can therefore assume that S — V = {v}. We have to show that r§,(¢) vanishes if
M’ ramifies at v, and that 7§, (¢) equals T]C\Y:[’g (¢) if M is unramified at v. One purpose
of the paper [14] is to reduce such questions to a simpler situation. The germ expansions
of [14] reduce the problem to the case that £ is semisimple and strongly G-regular. The
descent formulae of [14] reduce the problem further to the case that ¢ is elliptic, and that
G, M and M’ are replaced by the corresponding local objects G,,, M,, and M. If M is
unramified, the required identity (8.2) becomes the formula (5.2) of our basic assumption.
If M is ramified, the corresponding vanishing assertion is just a variant of Proposition 7.5
of [22]. We leave the reader to extend the proof of this proposition from the special case
in [22] that M = G and Ggqe, is simply connected. (For the extension to arbitrary M,
one chooses the element g; at the top of p. 389 of [22] so that it normalizes M, as well
as K,. From the symmetry of Jyz, (-, ) under the automorphism 6 = Int(g;) [11, Lemma
3.3], one deduces that

rii (k) = Jag, (o (), wo) = Joar, (07 (K), )
= Jar, (W (0k), u) = x(¢)Jar, (70 (K), uo)
= x(e)r (k),
for the complex number x(c) # 1 defined on p. 389 of [22]. Therefore, rfj; (k) =0.) The

proposition follows. ([

In the special case that M = G, the proposition is essentially the assertion that the
map f — fg=fx uY commutes with transfer. To state this precisely, let ug’G be the
image of the unit uY% in SZ(GY,¢Y), for S OV D Viam(G,¢). Assuming only that V/
contains Vo, we define a map a® — (a%)y from SZ(Gy,(v) to ST(Gs,(s) by setting

Gy aG X ug’G, ifvo ‘/;am(Gv C),
(a™)s = ;
0, otherwise,

for any a® € SZ(Gy,(y). Setting M = G in the proposition, we obtain the following
corollary.
Corollary 8.2. For any pair (G, () such that V contains both Viuna(G) and Viam (G, €),
any endoscopic datum G’ € E(G), and any function f € H(Gv,(y), we have

fs= (s (8.3)

In particular, the function f = (f x uY)’ vanishes unless G belongs to En(G, V).
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Proposition 8.1 is really just a restatement of the generalized fundamental lemma in
a form we can apply. Its role will become clear in § 10, where we will derive endoscopic
and stable analogues of the expansion (2.8). Actually, for reasons of induction, the term
with M = G in the expansion is best treated separately. We may as well take care of it

now.
We write a§, (7, S) for the term with M = G in the expansion (2.8) for a®(v). That is,
(1 8) = Y adi(y x K)ra(k). (8.4)

keKY (G,S)

Here, V is a finite set of valuations that contains Vium(G, (), and S is a large finite set
of valuations that contains V. The associated linear form

Ia(f,9) = >, afi(v.9fe(v) (8.5)

vELen(G,V,()

can be regarded as the ‘elliptic’ part of the linear form I(f) of §2. As the notation
suggests, it depends on the choice of S. One sees directly from the definitions that

Lu(f,8) = Lu(fs), fs=fxuf,

for any S large enough such that fs belongs to Haam (G, S, ().
To define endoscopic and stable analogues of the coefficients (8.4), we write

§x0=26x65(0),

for the element in A®(G%,(s) associated to a pair § € A°(GZ,({y) and £ € LE(GY).
Following § 2 further, we may as well write E;’l‘g (G, S) for the set of £ € LE(GY) such that
§ x £ belongs to AZ,(G, S, ) for some §, and LY, (G, S) for the intersection of LYE (G, S)
with £(GY). We also write KY;F (G, S) for the set of k in K(GY) such that v x k belongs
to I'5,(G, S, ¢) for some 7. We then define the analogues of (8.4) by setting

aSi€ (v, S) = > aSiE (v x kyra(k), (8.6)
kekYf(G,S)

for G arbitrary and v € I'§,(G, V,¢), and

bG8, 8) = D bG8 x Ora(e), (8.7)
teLVE(G,9)

for G quasisplit and § € A, (G, V, (). We can also define endoscopic and stable analogues
of the linear form I (f,.S). Following (7.5) and (7.6), we set

S = > uG,.GHSS(F.8) +e(G)SSi(f.9),
G’ ESSH(G,V)

for linear forms Sgll (-,S) on SZ(G’, V, ('), which are defined inductively by requiring that
I§,(f,9) = Lau(f, S) in case G is quasisplit. Suppose that V contains Viuna(G), and that
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S is large enough that the function fg = f x uY belongs to Hadm (G, S, ¢). It then follows
inductively from Corollary 8.2 and the definition (7.5) that

I5i(£,5) = La(fs),

and
ell(f7 )_ ell(fS)

with fg = fxuY. From the expansions of I&,(fs) and S§(fs) in Lemma 7.2, we conclude
that

SS) = Y aiit (19 fa(v) (8.8)

'YGFS](Gavvc)

and

cll(fv )_ Z cll((s S)fG( ) (89)

SEAE(G,V,C)

These formulae represent a stabilization of the term with M = G in the original expansion
(2.8).

We turn now to the unramified spectral terms. The stabilization of these terms does
not rely on Assumption 5.2. It was proved unconditionally in [13]. We have only to state
the main result of [13] in the form we shall use.

The spectral terms require only one set of valuations V. We fix V, and consider a
pair (G, ¢) with V' O Viam(G, ). We can then form the general set C(GY,¢Y) of families
of conjugacy classes, and the subset C¥._.(G,() of families associated with the discrete
part of the trace formula. These sets were actually defined only for connected groups
in §3. For the K-group G, here, we simply take the union of the corresponding sets
attached to the components G, of G. As in [13], it is necessary to construct a possibly
larger subset Cdlsc(G ¢) of C(GY,¢Y), in order to accommodate induction arguments.
We define C2(G,¢) = CrE(G*,¢*) inductively as the union, over all inner K-forms

disc disc

G of G*, of the sets CY...(G1,(1), together with the union, over all elliptic endoscopic

disc

data G’ € £9,(G*,V), of the images in C(GV, (") of the sets C(‘i/lfc(G’ ¢"). We recall here

that there is a canonical map from C((G")V, ({)V) to C(GY,¢Y) for any G’, which by
the definition takes C¥:5 (G, (') to CY5 (G, (). We refer the reader to [13, §2] for more

disc disc

detail. The construction of [13, §2] actually uses larger sets C¥,.(-) in place of C¥...(*).
ot (G ¢) of C(GY,¢Y), which was denoted CY (G, () in [13], and
which properly contains CdlSC(G ¢).

Suppose that M is a Levi subgroup of G. The discussion prior to Lemma 3.2 of this
paper was carried out in greater generality at the beginning of §4 of [13]. It applies
to any element ¢ in the larger set Caut (M, ). In particular, we obtain a meromorphic
function

It provides a subset ¢

T]%[(CA)’ A€ a?\/[,Z,(Cv
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for any c¢ in C"j/.;’sgc(M, Q).
The next proposition is clearly parallel to Proposition 8.1. As stated, it is a special
case of [13, Theorem 5]. It applies to triplets (G, M, () with Vi.m(G,¢) C V, and with

(G, F) is not being required to satisfy Assumption 5.2.

Proposition 8.3. For each triplet (G, M, () with G quasisplit, and each ¢ € C(‘i/i’i(M, ),
there is a meromorphic function

SJ\G/I(CA) = 5%;/1 (en), A€ a*M,Z,(c,

with the property that for any triplet (G, M, (), any endoscopic datum M' € Ea(M,V),
and any element ¢’ € Cé/i’i(M’, ¢') with image ¢ in CV (M, (), the identity

ey =Y ur(G.6)s$ () (8.10)
G'e&p (@)

holds.

Corollary 8.4. Suppose that ¢ belongs to cre

tiv (M, ¢). Then r§;(cy) is an analytic func-
tion of A € ia}, , that satisfies an estimate of the form (3.9). Similar assertions apply to

the function s§;(cy), in the case that G is quasisplit.

Proof. If ¢ belongs to CY...(Mi,(1), for an inner K-form M; of M*, the required prop-
erties of r{;(cy) follow from Lemma 3.2. We can therefore assume that ¢ is the image of
an element ¢ € C:5 (M’ ("), for some M’ € ES(M*, V), Since M’ # M*, the datum G*

disc

does not belong to £y/(G). We can assume inductively that for any G’ € £y (G), the
function s%/(c/)\) has the required properties. The properties for r§,(cy) then follow from

(8.10).
If G is quasisplit, consider the identity (8.10), with M’ = M*. We obtain

sGi(en) = 55 (e) =rSi(e) — > (G655 ().
G'€&Y,. (G)

The required properties for sfj(@\) then follow by induction, and what we have just

established for r§;(cy). O
If ¢ belongs to C;/i’i(M ,¢), the corollary allows us to write r$;(c) and s§;(c) for the

values of r§;(cy) and s§;(cx) at A = 0. The identity (8.10) then takes the form

)= Y (GG (). (8.11)

G/ e (G)

Proposition 8.3 is a kind of spectral analogue of the generalized fundamental lemma.
It is of course much easier. It is actually a tautology if M = G, since in this case

8(;(0)\) = 7“(;(0,\) =1,
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and there is nothing to prove. We shall use Proposition 8.3 in § 10 to derive endoscopic
and stable analogues of the expansion (3.12). As before, it will be best to separate the
term with M = G from the rest of the expansion.

Following the discussion of the geometric terms, we write a§..(7) for the term with
M = G in the definition (3.12) of a® (7). In other words,

afee(m = Y af.(rxe), (8.12)

cecy. . (G,Q)

since rg(c) = 1. The associated linear form

Tpaise(f) = > aise(7) f () (8.13)

mEIy aisc (G,V,()

can be regarded as the ‘discrete’ part of the linear form I;(f) in §3. It follows directly
from the definitions that

I disc(f) = Lt aise(f),
where f = f x u". Note the contrast with the geometric side, in that I gisc(f) does not
depend on a choice of a finite set S D V.
If ¢ belongs to C(GY,¢V), let ¢" (c) be the corresponding product of unramified Lang-
lands parameters

bu(co) : Wr, = Gy, v g V.
We also write
¢pxc=¢xo"(c)
for the element in @ (G(A), () associated to a pair ¢ € ®¢(GZ,(y) and ¢ € C(GV,¢V).
We then define endoscopic and stable analogues of the coefficients (8.12) by setting

G,E
agie(m = Y af(mxo0), (8.14)
ceClii(G.0)

disc

for G arbitrary and 7 € I15,.(G,V, (), and

@)= Y bEaldx0), (8.15)
c€C(GL0)
for G quasisplit and ¢ € &5, (G, V, (). We can also define endoscopic and stable analogues
If gise(f) and ST (f) of Iy gise(f). Following (7.11) and (7.12), we set
Fae = Y. G.G)S weel ') +(6)S uise (),
G'eEYY(G,V)

’

for linear forms S’S disc O ST (G',V, ¢ ), which are defined inductively by requiring that
Ié’

+dise(f) = It,gisc(f) in case G is quasisplit. It follows inductively from Corollary 8.2 and
the definition (7.11) that

IEdisc(f) = It%disc(f)
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and
StG,disc(f) = StG,disc(f)7

for f = fxu". From the expansions of If 4. (f) and SZy;..(f) in Lemma 7.3, we conclude
that

Fael)= > afi(mfa(n) (8.16)

TrthS,disc(G7V’C)

and

PEDY 414 (G,V,()

These formulae represent a stabilization of the term with M = G in (3.12).

9. A global vanishing theorem

In preparation for the global expansions of the next section, we shall prove a vanishing
theorem. It is the general form of the global vanishing property [2, Theorem 14.2] for
inner twists of GL(n), which was used in the proof of [16, Proposition 2.5.1]. It can
also be regarded as a global analogue of Theorem 8.3 of [12]. The proof has the same
general structure as that of the local theorem in [12]. However, there are additional
considerations that come from the global transfer factors.

We fix the global field F', and objects G, Z ¢, G*, Z*, {* and V, as in earlier sections.
Then G is a global K-group with central character data Z and ¢, G* is a quasisplit inner
twist of G with corresponding central character data Z* and (*, and V is a finite set of
valuations that contains Viam (G, €). In this section, we fix a Levi subgroup R of G*, with
dual Levi subgroup R C G. (As always, G represents a dual group for both G and G*.)
We shall say that R comes from G if R corresponds to some Levi subgroup M of G, in
the sense of the statement of Corollary 4.2 and the definitions of [12, §1]. This means
that M IT R has the structure of a Levi subgroup of the multiple group G II G*, and in
particular, that R is a quasisplit inner twist of M.

Let R’ be a fixed element in & (R, V), or, more precisely, a suitable representative
(R, R, 8y, El) of such an element. Suppose that o’ belongs to A((R},)?’, (/). The results
of this section will be trivial if G is quasisplit, so we assume that e(G) = 0. The linear
form

G, = > (G680, f), feHGV), (9.1)

G’ E€E 1 (G*)

is then defined, according to our implicit induction assumption that the linear forms on
the right have been defined. The transfer mappings f — f/ are defined by the canonical
transfer factors for G'. However, R’ need not come from G. Therefore, (9.1) is really a
hybrid for G and G* of the linear form (6.2).
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Suppose for a moment that R does come from G. Then R corresponds to a Levi
subgroup M of G, and
II%(OJ, f) = 11%4(5/’ f)»
for the element ¢’ as in (6.2) that is defined by ¢’. The local vanishing property in Propo-
sition 6.2 tells us that this linear form vanishes unless ¢’ itself actually comes from M.
The following theorem applies to the other case.

Theorem 9.1. Suppose that R does not come from G. Then
Ig(o', f) =0,
for R’ and o’ as above.

Proof. Recall that o’ depends on auxiliary data R’ and &}, attached to R. We shall
assume that for any endoscopic datum G’ € £(G*), the extension G’ is the associated
endoscopic datum in £(G*) [31, (4.4)], for a fixed z-extension G of G. This condition is
purely for simplicity, and entails no loss of generality. It allows us to assume that the
extensions R’ — R’ attached to elements G’ € Er/(G*) are all equal.

The notation will also be simpler if we write

SG (0 f) = (G*.GNSS (o f), G € Er(GT).

(See [12, Corollary 7.2].) This was the notation used to state the basic splitting formula
of [12, Theorem 6.1]. To exploit the formula, we order the valuations vy,...,v, in V,
and agree to replace any subscript v; simply by i.
We can assume that N
f = H f’ia
i=1

where f; belongs to the local Hecke algebra
H(G’L7 CZ) = H(Gm ) Cv,)
=H(G(Fy,), Co;)-

We apply the splitting formula [12, (6.3)] (or rather, its singular analogue in [14]) recur-
sively to the summands on the right-hand side of (9.1). For a given G’ € Ep/(G*), we
obtain

’

S’R*(Ulaf/) = ZeR* (L)Sllé(alv (fl)L )a
L

where L ranges over n-tuples (L1, ..., L) of Levi subgroups in L(R), eg* (L) is a constant
that vanishes unless the natural map
6l o oG

is an isomorphism, and
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For a given G’ and L, L' = (L}, ..., L]) is the element in
&y XX &, & =Ep(L7) =Ery (Ly,),
obtained by projecting the point s’ € s Z(R)" /Z(G)" that defines G’ onto
SRZ(R)FY ) Z(L)F x - x sf Z(R)™ ) Z (L) "™

Observe that for any G, L and ¢, L can be canonically identified with a Levi subgroup
of G that contains the image of R’, and that the preimage L; of L} in G} is a Levi
subgroup of G. We shall interchange the sums over G’ and L in the expression

e H= > Y e§(IL)Sk. (1)) (9.2)

G'eEm(G*) L

obtained from (9.1).

We fix an element L = (Lj,...,L,), and an associated endoscopic datum L' =
(Ly,...,L) in & X -+ x &,. We can then consider the sum over those G’ in (9.2)
that map to L. We are free to choose the L-embedding

R\ GRLE | R | 7

independently of G’. In particular, §~’L does not have to be inherited from the embedding
¢': G’ — LG attached to G', so long as the map f’ — (f') is interpreted as a transfer
from élv to the Levi subgroup f/Q/ that is taken with respect to a non-standard embedding
of L4, into “GY,. We assume the coefficient €& (L) is non-zero. The group

Z(L)" - Z(Ly)" )Z(G)"
is then finite, and has an action
s:G'— G

on the set of G’ that map to L’. We shall actually restrict our attention to a certain
subgroup. Recall that L; s stands for the preimage of the Levi subgroup L; in Gs.. The

group
Z(Lise)' NN Z(Lnse)' ) ZE (9.3)

then maps injectively into Z(L1)' N---NZ(L,)" /Z(G)T, and hence acts on the set of G’
that map to L’. We shall consider the orbit under (9.3) of a given G’. The contribution
of the orbit to (9.2) equals the product of § (L) with

> Sk’ (f)7), (9:4)

where s is summed over the group (9.3), and where

fo= 1% =TI % =T

% i
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It will be enough to show that (9.4) vanishes.
We can assume that there is an s such that the function

SO =TI

i

in (9.4) does not vanish. This means that the local endoscopic data L) for G} each contain
points that are images of elements in G; = G,,. In particular, the Levi subgroup L; of
G} corresponds to a Levi subgroup M; = M,, of the local K-group G; = G,,. As we
noted earlier, the choice of M; includes structure that makes L; a quasisplit inner twist
of M;. This allows us to identify L; with the dual group of M;. We obtain a character

“ M
Ci = Gil

on WQ(Z(I:Z'7SC)F7') that is independent of the choice of M;. (See [12, Corollary 2.2] and the
remark following Corollary 4.2.) We can of course restrict ¢; to the subgroup Z(L; sc)!
of Z(L;s)'i. The product
Cv(s) = C1(s) .- Cu(s),
is then defined for any s in the intersection of the groups Z (f/i7sc)r . It follows from
[22, Proposition 2.6 and Theorem 2.2], and the fact that V' contains Viam(G), that the
character (y is trivial on Zs.. It can therefore be identified with a character on the group
(9.3).
To study (9.4), we have to investigate the canonical transfer map

f—(f*.

It will be enough to deal with the normalized Langlands—Shelstad transfer factors,
described in §4, that are attached to strongly G-regular conjugacy classes. Let

As((sla,}/)v 6/ S AG-Teg(i’Q/% Y € Fl"eg(GV)’

be the restriction to L, of the canonical transfer factor for Gy and G, v, modified
to the extent that the A2(d’,v) term in [31, (3.5)] is taken relative to an embedding
¢ L' — L’ that is independent of s. Then

UDE @)= Y A et

YET g (Gv)

We would like to compare Ag(d’,7) with the corresponding transfer factor A(¢’,~) for
Gy and GY,.

Lemma 9.2. The transfer factors satisfy

A(d,7) = Cv () A7),

for any ¢' € Ag_reg(L},) and v € I'g_reg(Gv), and any s in the group (9.3).
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Proof. Replacing G by a z-extension if necessary, we can assume that G/, = G’, for each
s. (See [31, (4.4)].) In so doing, we suppress the embedding &, from the notation, and
simply identify G/ with an L-group “G’, of G’,. We can also assume that ¢’ in an image
of , in the usual sense of [31, (1.3)].

We fix 4’ and . We also choose a global base point

(8",%), & eGL(F), 7e€GA),
for (G,G%), as in §4. The absolute transfer factor is then a product
AS((S/u ’7) = AS((SIv v S/Vv ’VV)AS (5/\/7 ’7V)7

of the corresponding relative transfer factor with its preassigned value at the image
(6%,9v) of (¢',7) in G, , X Gy. The preassigned value A,(8},,9v) equals the canonical
product

5/ )~ H sK,, m'}/v)) ! (95)

vgV
defined by (4.3). The relative transfer factor A4(8',7;d4,,J) is of course also canonical.
It is defined as a product of the relative local transfer factors of [31, (3.7)] (modified for
local K-groups as in [12, §2].) As such, it can be written as a product

AI,SE6/77) . AII,sgélvv) . AQS((S/ ’Y)
Ars (05, 9v)  Ams(8,3v)  Ass(05,9v)

of four factors, corresponding to the local factors in [31, (3.2), (3.3), (3.5) and (3.4)].
(We continue to index the various terms by s, to emphasize their dependence on GZ.)

: A1,8(6177u 5/\/7’7‘/) (96)

Counsider the three quotients in (9.6). If A, ;(¢,~) is one of the three numerators, we

have a decomposition
n

A, o(8',7) = [ As.s(6) %)
i=1
into local terms attached to the valuations v; in V. For each i, 8} is a class in L} (F}),
and s belongs to Z (I:l sc)'. It follows easily from the definitions in the relevant sections
(3.2), (3.3) or (3.5) of [31] that A, ;(d],;) is independent of s, and can be ignored. In
the case of the numerator Aq (d},7;), we are relying on the fact that the embedding
5’“ : L) — LI is independent of s. If A, ,(8%,,7y) is one of the three denominators in
(9.6), we write
A o(8y,3v) = A o(8,7) - [] Avs (8, 7)
0@V

Since ¢’ is defined over F, and since A, ¢(0’,%) depends only on &', we deduce that
A, 5(8',5) = 1, as in the proof of [31, Theorem 6.4.A(ii)]. Now G, is quasisplit for any
v € V', and therefore has an absolute local transfer factor

As (5;, ’71)) = AI,S (52}7 ’VU)AH,S(S;;’ ’S/U)Al,s(gi;v :Y’U)A2,S(5'/U7 7)/1))
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The extra term Ay 4(d),,7,) here is defined in [31, (3.4)], while the splitting for G, on
which the absolute factor depends is assumed to come from a fixed splitting of G* over
F. We have thus far shown that (9.6) equals the product of the expression

Al,sw’,ma’v,w)(ﬂ Al,sw;,%)l) (H Asw;,%)) (9.7

VgV vgV

with a factor that is independent of s.

Consider the product of (9.5) with (9.7). The terms A g, (9,,%,) and A(d),7,) in
these two expressions both represent transfer factors for G,. They differ only insofar as
they are defined with respect to two different splittings of the quasisplit group Gj;. Recall
that it is the term Ay, defined in [31, (3.2)], that depends on the splitting. However, the
dependence is mild, and is uniform in (&', ¥,). More precisely, if (9,7, ) is any other base
point for (G’ ,,G,), we obtain

s,v7

As,K,U (S:}, :Yv)ilAs(gin 711) = AI,s,KU (52)7 :Yv)ilAI,s(S;n :Vv)

= AI,S,K,, (5;7 P:yv)ilAI,s((S{U, ’7/71)7

from [31, Lemma 3.2.A]. The second base point (8,7, ) need only be local. We can choose

8/ to lie in R/, and still be an image of a point ¥, in G,. Since s belongs to Z(R.)™™,

the definitions in [31, (3.2)] imply immediately that Ay s(d),7%,) and Ar s k, (0},7,) are
both independent of s. The term

AS)K’U (5’/1)’ WU)_lAS (52)7 :}/’U)

in the product of (9.5) with (9.7) can therefore be ignored. We conclude that the original
transfer factor Ag(6’,7) can be written as the product of

-1
A1,5<5/7 Y3 SQ/, 'VV) ( H Al,s(g:N va)) ds<5/7 ’7)_1 (98)
vV

with a factor that is independent of s.
We turn now to the relative term Aq 4(6,7; 0, 7v ). It of course depends on s through
the semisimple element

/ /

sy =155

in G that is part of the endoscopic datum G. As usual, s’ = s} denotes the corresponding
element attached to the fixed endoscopic datum G’ = G. The term also depends on s
through the global base point (¢’,7). To keep track of this secondary dependence, we
shall write

(_,7’_7) = (5/97’_)/‘3)

The relative term is defined as a product

Al,s((sla s g;,\/a ;Ys,V) = H Al,s(ég, Vis 5/571'3 f_)/s,i)

i=1
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of local factors for the valuations v; in V. As in §4, we write T" for the centralizer of &,
in G/, and we fix an admissible embedding of T” into a maximal torus T, of G*. Then T}
depends on s, but has the compensation of being defined over the global field F'. For each
i, we write T} for the centralizer of 6; = d;, in Lj, and we fix an admissible embedding of
T! into a maximal torus T; of the Levi subgroup L; of G*. Then T; is defined only over
the local field F;, but is independent of s. Following [31, (3.4)], we form the torus

Uis =Tisc X TS)SC/{(Z’_l, z):z€ Z(Gi)}

over F;. The local factor A; (87,74 6;7“ ¥s,i) is then defined by the pairing of an element
& i
inv<”> = vt X Ty (9.9)
515 ir Vs,i ! ’
in H'(F;,U; 5) with a point
(s )i, = (8's)m, x (8's)r, (9.10)

in (U@S)F i, The element §' here is any point in Gse whose image in Gaq coincides with
that of s'.

The element s ranges over the group (9.3). In particular, we have objects &1, 31, T{, Ty
and U; ;1 corresponding to the element s = 1. To compare the local relative factor A; 4
with its specialization A;; at s =1, we introduce a torus

Ug = Thge X Tsse/{(z71,2) 1 2 € Z(GE)Y,

which is defined over F. Now there is no simple relation between the points (3')7 and
(§’5)TS in Th sc and T, sc. However, since s is a I'-invariant element Gy, I" acts on the
two points by translating each of them by identical elements in Zg.. The product

(8")g, x (8's)7,
therefore represents a I'-invariant point us in the dual torus

ﬁs = f‘l,sc X z%’s,sc/{('z,Z) S Zsc}-

We write Ay (6 ;,71,i,0% ;5 s,i) for the factor obtained by pairing the element

_—_—
inv<_/1’i’,_h’i> = 171_11 X Vs i
65,1" Vs,i '
in HY(F;, Uy) with .
We can write
(gls)Tq‘, = (gl)TiS7

since s lies in the centre of [A/i,sc. The point (9.10) therefore equals the product of a point

(81, % (8's)1, (9.11)
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with s x 1. There is a canonical map of ( isc) b into (Ui,s)Fi, and s x 1 is by definition
the image of the point s € (Tl,sc) . The dual map of H'(F},U; 5) into H'(F}, T; aq) takes
the class (9.9) to an element inv(8},7;) in H(F};, T; aq) that depends only on (8/,7;). The
pairing of (9.9) with s x 1 is then equal to the pairing of inv(d;, ;) with s. It follows that
Ay (67,750, 4,7s,i) equals the product of

<inv(5£, ’Yi)7 5>

with the value of the pairing of (9.9) with (9.11). The value of this last pairing can be
rewritten according to a general transitivity property [31, (4.1)]. It equals the product of
A11(07, 7504 5 ,6) with Ay (0] ;91,61 6% 45 7s,6), by a natural variant of the proof of [31,
Lemma 4.1. A] and the definitions above. (The transitivity property does apply here,
even though the endoscopic groups G, and G’ are distinct. The point is that they share
the Levi subgroup L} that contains 4.) We conclude that Ay (6}, 7:; 0% ;,7s,:) equals

(inv (87, 7:), 8) AL(67 4, V1,63 0% 5 Vi) A1,1 (87, Y63 6 4 71,6)-

Observe that the third term in the product is independent of s, and can be ignored.

We have obtained a decomposition of the first term in the product (9.8). Combining
this with the other two terms in (9.8), to which we add subscripts s, we see that A,(d’,~)
equals the product of

n

il;[l<inV(5£7%)75>7 (9.12)
(HA1 (0,60 71,150 v)(H Ay M,m)) d(0,,7)71,  (9.13)

=1 vgV

and a factor that is independent of s. To complete the proof of the lemma, we shall show
that (9.13) is independent of s, and that (9.12) equals Cy (s).

Consider the expression (9.13). The relative pairings that constitute the factors of the
first product have been defined for valuations v; in V, but they make sense for any v.
Suppose that v is not in V. Since G, is quasisplit, the relative pairing for v splits into a
product of two absolute pairings. We obtain

Ay (5/1,v7f?1,v5 (Z,vﬂs,v) = Al,l((sl 0 M, U)Al 5(65 vs Vs, v)_17

by a simple variant of the formula stated prior to Lemma 3.4.A of [31]. The adelic relative
pairing
A1(5/17’71§ 6/37 75) = H Al(ég.ﬂ}? 771,1;? 5;71;7 :Ys,v)a
v

defined by a product over all v, also splits. This is because it factors through the image
of the map

P H(F,,U,) - H' (F,U,(A)/U(F)).
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Recalling the definition of ds(ds,7s) in §4, we obtain
Al(gll, ’71; Sls, ’_}/s) = dl (5/17 '71)71ds(5;a ;Ys)a

from the natural variant of the formula [31, (6.3.2)]. It follows that (9.13) equals

-1
(H Al,l(éi,vvfyl,v)_1> dl(g/laﬁ/l)_la

vV

and, in particular, is independent of s.

To deal with (9.12), we have to evaluate the complex number obtained by pairing
the class inv(d,7;) in H'(F;, T; aa) with the point s in (T“C)F’ Since s lies in the group
(9.3), it can be represented by an element in Z (ZALLSC)F i. It follows from [22, Theorem 1.2]
that the pairing factors through the image of inv(8},v;) in H'(F;, L; aa). Now inv(8}, ;)
is the class of the cocycle obtained by composing a function

v; - Fi — Ti,sc

with the projection of T; ¢c onto T; 4. There is no harm in letting +; stand for a repre-

sentative in
M; o, (F3), o € mo(M;),

of the given conjugacy class, of which §] is an image relative to M;. The function v; is
then defined as
0i(T) = hitiy o, (T)7T(hs) ™Y, 7€,
where (1);,u;) is a frame for the multiple group M; I L;, and h; is a point in L; ¢ such
that
hivi o, ('Yi)h;l
equals the image of 0, in T;. (See [31, (3.4)] and [12, §2].) The image of inv(d},~;) in
H 1(Fi, L; aq) is actually independent of h;. It is just the class of the cocycle obtained
by composing the function u; o, with the projection of L; sc onto L; oq. This class is the
element in Hl(Fi,Li7ad) that defines M; ., as an inner twist of L;. Its pairing with s
equals ¢ (s), by definition. Taking the product over 7, we conclude that (9.12) equals the
product K K X
Cv(s) =C(s)...¢n(s).

We have shown that A4(¢’,7) equals the product of Cy (s) with a factor that is inde-

pendent of s. Since A(¢’,7) is the value of A,4(d’,v) at s = 1, we obtain

As<6/7 7) = CV(S)A(6/7 ’7)
This completes the proof of Lemma 9.2. |
Lemma 9.3. The character

Cv(s), s€Z(Lig)' NN Z(Lne)' /2L,

is non-trivial.
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Proof. Set A = (Z(RSC)F)O. We shall also write A; = (Z(ﬁi7SC)F)O, for each 7. Since the
constant eg* (L) is non-zero, the vector space ar equals the sum of the two subspaces ay,
and j2i OL, - This implies that A can be written as the product of A; with the group

A=) 4,
J#i
for any i between 1 and n. Set
Z=2Ze«NA=2ZEnA
Then ZA; is a subgroup of Z(IA/LSC)F, and we have an injection
ZAN---NZALZ = Z(L1 ) O N Z(Ly o)’ ) ZE.
It is enough to show that the character
z—)fv(z), ze€ ZA1N---NZA,,

is non-trivial.
Let
z—= (21,.-.y2n0)

be the composition of the maps

ZA NN ZA, = [[(Z2Ai/A) = [](2/2 0 A).

Suppose that (z1,...,2,) is any point in Z". For each i, we can write
zi = a;a’, a; € A;, a' e A

Then a* = ziafl belongs to ZA;. Since it also belongs to A;, for each j # i, a' lies in

the domain ZA; N---NZA,. The image of a’ in ZA;/A; equals 1 if j # i, and equals z;
if 7 = 1. Therefore,

z=a'...a"

is an element in ZA; N---N ZA,, whose image in [[,(Z/Z N A;) is (21,...,%,). For any
i, we observe that

i(z) = H@(aj) = Gi(a) = Gi(z),

since @’ belongs to the subgroup A; of the kernel of @, for any j # i, and since a; also
lies in A;. We conclude that

(vi(z) =Gi(z1) - lalzn), (9.14)

for any point (z1,...,2,) in Z™.
The assumption from Theorem 9.1 was that the Levi subgroup R of G* does not come
from G. It follows from Corollary 4.2 that there is an ¢ such that ¢; is non-trivial on the

group
Z=2n(Z(Re)")°.
The character (9.14) is therefore non-trivial. The proof of Lemma 9.3 follows. (]
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We can now return to the proof of the theorem. It suffices to show that the sum (9.4)

equals zero. Consider the function (f7)" in the summand. If & belongs to Ag. reg(L4),

we have

UDEE) = Y AN

YELeg (Gv)

=Y v(9)AE, M fe(r)

= ()N,
by Lemma 9.2. It follows that
(F)Y = U™

The expression (9.4) then factors as a product
(Z fv(8)> Sk’ (F)").

We recall that the sum here is over elements s in the group (9.3). Since the character
(v is non-trivial on this group by Lemma 9.2, the sum vanishes. As we have seen, this
implies that the original expression (9.2) for I§(o”, f) also vanishes. We have completed
the proof of Theorem 9.1. g

Theorem 9.1 has a natural spectral analogue, which we can state as a corollary. With R
and R’ fixed as at the beginning of the section, we choose an element ¢’ € ¢((R},)?, ().
The linear form

W, =Y, (G G)SEW,f), feMHGV0), (9.15)
G €€ (G*)
is then defined according to our implicit induction hypotheses. If R corresponds to a Levi
subgroup M of G, we have
TR/, f) = I3 (¢, 1),

for the element ¢ as in the spectral analogue of (6.2) that is defined by v’. The local
vanishing property in Proposition 6.4 tells that this linear form vanishes unless ¢’ itself
comes from M.

Corollary 9.4. Suppose that R does not come from G. Then
TR, f) =0,
for R' and v’ as above.

Proof. The proof is identical to that of the theorem. The spectral analogue of the stable
splitting formula quickly reduces the problem to showing that any sum

> SEWL (M),

over s in the group (9.3), vanishes. This follows from Lemmas 9.2 and 9.3, as in the final
stage of the proof of the theorem. a
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10. Endoscopic and stable expansions

We now take a significant step towards a stabilization of the trace formula. We shall
establish endoscopic and stable analogues of the expansions in §§2 and 3. The results
of this section include global analogues of the local expansions in [12, Theorem 9.1].
The proofs will follow the same general pattern. In particular, they will depend on the
vanishing theorem we have just established. We note that our use of the term ‘stable’ is
somewhat premature. We will not be able to prove the stability of the appropriate linear
forms until a subsequent paper. Only then will we be able to claim to have stabilized the
trace formula.

We fix our global objects G, Z, (, G*, Z*, (*, and V, as at the beginning of §9. In this
section, we also fix a minimal Levi subgroup My of the K-group G, with a corresponding
Levi subgroup M C G*, as well as a minimal Levi subgroup Ry of G* that is contained
in M. We then have the Weyl group Wi = WS = W& (Ry) of (G*, Ry), as well as the
Weyl group Wy = W§ = W (M) for (G, Mp). The former acts on the set £* = L& of
Levi subgroups of G* that contain Ry, while the latter acts on the set £ = LY of (M-
equivalence classes of) Levi subgroups of G that contain M. (See [12, § 1].) The image of
L under the natural map M — M* is the subset L(M{) of L*. A general element R € L*
comes from G, in the sense of the last section, if and only if its Wi -orbit meets L(M{).
If G’ is any endoscopic group for G, we can also form the set £ = £ and the Weyl
group W4 = W§ ". Both of these of course depend on a fixed minimal Levi subgroup of
G'.

The expansions of §§2 and 3 were established for connected groups, but they carry
over verbatim to the K-group G. For example, we obtain an expansion for the linear

I(f): Z I(fa)7 f:@fon

agmo(G)

form

on H(G,V, ) by taking a sum of the expansions given by Proposition 2.2. We leave the
reader to check that Proposition 2.2 and the other results of §§2 and 3 apply to G as
stated, even though the sets £, W, W, etc., now have a slightly different meaning.
We shall freely quote them as results on G.

We begin by applying a formal construction to the linear form I. As in the construction
preceding Lemmas 7.2 and 7.3, we set

E(f)= Y. G () +(@)SUS), feHG V), (10.1)

G'e&Y(G,V)

for linear forms &’ = S& on the spaces ST(G',V,('), which are defined inductively by
the supplementary requirement that

IE(f) = 1(f), (10.2)

in case G is quasisplit. As usual, we have to know that for any G’ € £3,(G, V), the symbol

S’ makes sense. We assume inductively that if G is replaced by a quasisplit inner K-form
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of &, the corresponding analogue of S€ is defined and stable. We propose to establish
expansions of these new distributions in terms of the objects constructed in §§6 and 7.

For the geometric expansions, we first recall the linear forms 5, (f) and S&, (f) defined

in §7. The expansions of Lemma 7.2 for these forms are to be regarded as the purely
‘orbital’ terms of larger geometric expansions for I¢(f) and S%(f). To construct the
remaining terms, we consider the differences I¢(f) — IS, (f) and SY(f) — SS, (f), for a
fixed function f € H(G,V, ().

Theorem 10.1.

(a) If G is arbitrary,

IE(f) = L5u( = D WMIWEL Y- a5 () (10.3)

MeLo ~yeI'e(M,V,()
(b) If G is quasisplit,

SE(f) = SSu(F) ~
= gt ST u My T M) ST, f).

MeLo M'e€en(M,V) §eA(M,V,(")
(10.4)

Remark. If G is quasisplit, Global Theorem 1’(b) of § 7 asserts that the distributions
SG(M’,5') are stable, and vanish unless M’ = M*. If this is so, the formula (10.4)
reduces to

SEF) =SS = D wWHwE Tt > oM (8)S50, ). (10.5)

MeLo SEA(M,V,Q)

Proof. Let us write I£°(f) and S%°(f) for the right-hand sides of (10.3) and (10.4),
respectively. The main step is to show that the difference

(I5(f) = L5 (1)) = (@) (SE(f) = Seiu () (10.6)
of the left-hand sides of the two formulae equals the corresponding difference
I°°(f) — e(G)S0(f) (10.7)

of right-hand sides.
According to the definitions (10.1) and (7.6), the difference (10.6) equals

ST UG.G)BY(f) - 85,(F).

G'e&Y(G,V)

We assume inductively that for any G’ € £9,(G,V), part (b) of the theorem holds for
any quasisplit inner K-form of G’. We are also carrying the general induction hypothesis
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that part (b) of Global Theorem 1’ holds for any such G/, so we can assume that the
analogue of (10.5) holds for G’. It follows that (10.6) equals

SNooouG.e) Y W IWE SR (G,

G'eEY(G,V) Re(L)°
where } }
Se(G)= Y. b ()SE (1)
o € AR V")

Lemma 10.2. Suppose that
Sr (G, G e€&(G*), R ecl,

is a family of complex numbers that depend only on the Autgs(G')-orbit of R’, and that
vanish for all but finitely many G'. Then

Soue G > W IWE SR (GY)
G’Ggen(G*) ReL’

equals

> Iwgtwg”
ReL

—IIR(G*)

where

IRG)= > WRR) > w(G,G)Sr(G).

R'€Ean(R) G’ EE R (G*)

Proof. The statement of this rearrangement lemma matches that of its local counterpart
[12, Lemma 9.2]. The proof is also the same, apart from the fact that the global coefficient
L(G*, G") is slightly more complicated than the corresponding local coefficient. According
to [21, Theorem 8.3.1 and (5.1.1)], we can write

UG, G") = | Oute- (G")|Z(G)/2(G") || ke (F, Z(G)) || ke (F, Z(G™))| 7,

where R
Outg+ (G') = Autg- (G/)/G*,

and ker! (F, Z(G*)) is the subgroup of locally trivial elements in H*(F, Z(G*)). It is the
factor
| ker! (F, Z(G")) || ker' (F, Z(G*))[ !

that is the extra global ingredient. However, this factor equals the corresponding factor
| ker! (F, Z(R'))|| ker' (F, Z(R))|~"

in the formula for the coefficient (R, R'). (See, for example, [13, Lemma 2].) In other
words, the extra factors do not contribute to the quotient

o(G*, G (R, RN
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At the end of the proof of Lemma 9.2 of [12], various constants were seen to cancel.
The contribution of the local analogues of ((G*, G’) and (R, R’) to the argument was as
a quotient of one by the other. The argument therefore carries over to the global situation
at hand. The proof of the global lemma here thus reduces to that of the local lemma
in [12]. O

Returning to the proof of Theorem 10.1, we apply the lemma to the last expression we
obtained from (10.6). We set Sg/(G’) equal to zero if G’ belongs to the complement of
ES(G,V) in E(G*), or if R’ equals G'. Then Sg/(G’) is supported on a finite collection
of groups G’. The lemma provides an expansion

SISt > URER) DY ww(G,G)Sr(G),

ReL~ R'€Ean(R) G'€ERI (G*)

for (10.6). Substituting for Sg/(G’), we conclude that (10.6) equals

SowdEwE Tt Y WRrR) Y. WE(0)Br(df),  (10.8)

Re(L*)0 R'€En(R,V) o' €A(R,V,()

where

Brp(o' . f)= Y. (G685 (0 f).
G'eg, (G)

We claim that
Bri(o', f) = If(0, ) — e(G)SF (R, o, f).

If £(G) = 1, the map from L to L£* is onto, and R is the image of a group in £. The
formula in this case is just the definition (6.2). If £(G) = 0, the image of £ in L* is proper,
and need not contain R. However, £%,(G) equals Er/(G) in this case, and the formula
follows from the definition (9.1). Having justified the claim, we consider the contribution
to (10.8) of the two terms in the formula for Bg/(o”, f). The contribution of the second
term is just the product of (—&(G)) with the right-hand side S%°(f) of (10.4). For the
contribution of the first term I4(o’, f), we appeal to Theorem 9.1. According to this
theorem, I(o’, f) vanishes unless R comes from G, which in the present context means
that (R, R',0’) lies in the W-orbit of a triplet

(M,M', 5", MeL’ M eEunMV), &AM, V().

If (R,R',0’) does have this property, we can write I15(o”, f) = I§,(0, f), «(R,R) =
(M, M') and b (¢') = b™'(§"). The contribution of I£,(c’, f) to (10.8) can therefore
be expressed in terms of a sum over M € £°. By familiar counting arguments, we have
only to replace the coefficient |[W{&||[W& |~ in (10.8) by |[WM |[W|~!. We conclude that
(10.8) equals the difference between the expression

STowdwErt Y wmy YD BeIg e ) (10.9)

MeLO M'€Een(M,V) §'eA(M!,V,(")
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and

e(G)SOS).
According to (6.4) and Proposition 6.2, the term I (&', f) in (10.9) has an expansion

Ijé\‘/l((slvf) = Z AM(6/77)IJ£\‘4(7’JC)-

YETE (M, V()

We substitute this expansion into (10.9), and then take the sum over v outside the sums
over M’ and ¢’. In the special case that G is quasisplit, our general induction assumption
implies that part (b) of Global Theorem 1’ holds for any M in (10.9), since M is summed
over proper Levi subgroups of G. The definition (7.1) therefore takes the form

A= N M) Y ) Au( ),

M'€Een(M,V) 8’ e A(M', V()

in general. Substituting this into (10.9), we obtain an expression

Yo wtwgt Y dMEMIE (L )

MeLo YEIE(M,V,()

that is just the right-hand side I¢:°(f) of (10.3). We have shown that (10.8) equals the
difference (10.7). But (10.8) equals the original expression (10.6), so we have completed
the task of showing that (10.6) equals (10.7).

We can now finish the proof in the usual way from the equality of (10.6) and (10.7).
If e(G) = 0, we see immediately that

IE(f) = Lo (F) = I9°(F),

which is the required identity (10.3). Suppose that £(G) = 1. Then I¢(f)— I, (f) equals
I(f) — Iow(f) by definition. Moreover, I€:°(f) equals the expression

()= > wdwg = > dM()Iu(y ),

MeLO yEI(M,V.()

according to the definitions (6.3) and (7.2) (along with (6.1) and (6.5)) of the original
terms in the two expansions. Since I(f) — I (f) equals I°(f), by the original expansion
(2.9) and the definition (2.11), we again have the required identity (10.3). The remaining
terms in (10.6) and (10.7) then give the identity

SC(f) = S&u(f) = STOF),

which is just (10.4).

Observe that we have established the absolute convergence of the expansions (10.3)
and (10.4). This is a consequence of the inductive proof of the theorem, and the absolute
convergence of (2.9). One could also apply the argument of [8, §3], together with the
appropriate splitting and descent formulae, to show directly that the summands in (10.3)
and (10.4) have finite support. O
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Theorem 10.1 provides expansions with which we can investigate the distributions
IE(f) — IS, (f) and SY(f) — S, (f). We shall also need expansions of a similar form
for the more elementary distributions I, (f) — I5,(f,S) and S&, (f) — SS,(f,S). This
is essentially the question of establishing formulae for the Coeﬂiments a%€ () and b%(9)
that are parallel to (2.8). The expressions (8.6) and (8.7) for aou £(~,8) and b&, (8, S) can
be regarded as the terms with M = G in such expansions. It is therefore enough to study
the differences a%€(y) — aSi€ (7, 5) and b%(6) — bG, (6, S).

For the next proposition and its corollary, we assume that V' contains the finite set
Viund (G) of Assumption 5.2.

Proposition 10.3.
(a) Suppose that v belongs to I'€(G,V, (), and that S DV is a large finite set. Then

a%E(y) —agi® (v 8) = Yo WRIIWEIT 0y (v x R)rSi (k).

MeL® kel (M,S)

(10.10)

(b) Suppose that G is quasisplit, that § belongs to A®(G,V,(), and that S D V is
again a large finite set. Then

b9(6) = bS(6,8) = D W IW Tt Y b (6ar x 0)sS(0),  (10.11)
MeLo LeLy (M,s)

if ¢ lies in the subset A(G,V,() of A*(G,V,(), while b%(8) —b5,(6, S) vanishes if §
lies in the complement of A(G,V, ().

Proof. The required expansions clearly have the same general structure as those of
Theorem 10.1. The connection becomes more obvious if we reformulate the proposition
in terms of the distributions

() —I18(£8) = Y. @%() -G (1.9) fa)
'yEI’E(G,V,C)
and

SSu(f) =SG£S = D (9(5) = b5i(6,9)) fE(S).

§€AE(G,V,C)

The two expansions are provided by Lemma 7.2, (8.8) and (8.9).
Set

£, O M,E /. .
Iorb Z |WM | |WG| ! Z (28] (’YS)T]C\/;I (757 f)v
MeLo s

where 4 = v x k is summed over the product of I'§,(M, V,¢) with K2 (M, S), and

TICV;I(;YSMI)_T]V[( ) fm (7).

Then Ifrg(f, S) is the linear form obtained by replacing the coefficient a%¢ (v) —agl’g (v, S)

in the first expression above by the corresponding right-hand side of (10.10), and then
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changing variables in the sum over v. The function f € H(G,V, () can be allowed to vary
freely without affecting S, as long as the support of f remains bounded. Part (a) of the
proposition is therefore equivalent to the identity

150 (F) = I5(F, S) = I5)(F. 9).

Similarly, if G is quasisplit, set

S(i]:? Z ‘WéwHWOG| 1Zbell JS SM 5S7f)a
MeLo

where §g = § x ¢ is summed over the product of Ao (M, V,¢) with £Y,(M, S), and

s (s, f) = s§1(0) 1M (0).
Then S%:°(f, S) is the linear form obtained by replacing the coefficient 6 (8) — bS, (8, S)

orb

in the second expression above by 0 if § does not lie in A(G,V, (), and by the right-hand
side of (10.11) if § does lie in A(G,V, (). Part (b) of the proposition is then equivalent
to the identity

Sorb(f) ell(f7 ) Sgbo(f,S)

We now proceed as in the proof of Theorem 10.1. According to the definitions in §§7
and 8, the difference

(Iorb(f) cll(fa )) (G)(Sorb(f) cll(fv )) (1012)

equals

Z [’(G7G/)(Sorb(f) ell (f S))

G'e€Y,(G,V)
We can assume inductively that
€
Sorb(f) ell (f S) Sorbo(f/7s)7

for any G’ € £%,(G, V). After making the appropriate substitution, we apply Lemma 10.2,
as in the proof of Theorem 10.1. We find that (10.12) equals

STOowEIWE Y WRR) D bR (6%)Br (6%, f),

Re(L*)0 R'€€En(R,V) 0%

where ¢’ is summed over the product of Aq (R, V,¢') with £Y,(R', S), and

BR/(deWf) = Z LR’(G G) R/(Usvf/)'

G'e€Y, (G)

As in the proof of Theorem 10.1, we shall break Bp/ (6%, f) into a sum of two terms.
In this case, the decomposition takes the form

Br(oh, f)= >, (G .G)% 6% ) —e(G)sFR %, f),

G EER (Q)
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where
, s (6g,f), if R = Randély = og,
S%(R/ O'g’v f) = " . s
0, otherwise.

The contribution of the second term to (10.12) is just the product of (—e(G)) with
560 (f,S). The contribution of the first term will be given by the generalized fundamental

orb
lemma, or rather its formulation in Proposition 8.1. If %4 = ¢’ x ¢', the first term equals

Y w(@ @)l (s7f’):( 3

G EER (Q) G EER (Q)

(G, G)sS, (e')) 77 (o).

This vanishes if R does not come from G, by the definition of fR/ (¢'). On the other
hand, if (R, R’,¢’) lies in the W§ -orbit of a triplet (M, M’,§’') that comes from G,
Proposition 8.1 tells us that the first term equals

SO () = (0 £3,(0),

where § x £ is the image of §' x ¢ in the product of A4 (M, V,¢) with LY"¢(M, S). By
the usual counting arguments, we can therefore write the contribution of the first term

o (10.12) as
Z ‘WOJMHWOG|_1 Z M M Zbell 65’7f)a (1013)
MeLo M,Ggeu(M,V)

where (5’5 = ¢’ x ¢ is summed over the product of Aeu(M’, V, ') with LY(M', V), and

rir (85, £) = rir(0) f51(6).
We have shown that (10.12) equals the difference between (10.13) and £(G)SS°(f, S).

orb

Consider the expression (10.13). We can actually sum M’ over the larger set Eon (M, S),
since Proposition 8.1 asserts that the factor T]C\¥4 (¢) in the corresponding summand van-
ishes if M’ lies in the complement of E(M,V) in En(M,S). Moreover, the term
r$ (8%, f) can be expanded as a sum over #g. It follows from (8.1) and the definitions
above that

rir(0s, f) = ZAM(S/sWS)TA%WS, f);
s

where 4 is summed over the product of I'§ (M, V, () with ICZ’IE(M, S). Finally, in the
special case that G is quasisplit, our general induction hypothesis implies that part (b)
of Global Theorem 1 holds for any M in (10.13). The definition (7.3) therefore takes the

form
M,E

Qe (9s) = Z (M, MI)ZbM (5/5')AM(5ZS'7PYS)7
M’ €€en(M,S) 8%
in general. We conclude that the inner sum over M’ in (10.13) equals
£ .
Zaé\ﬁ () (¥s f)-

Vs
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The expression (10.13) itself is then equal to Iflio(f, S).
We have shown that the original expression (10.12) is equal to

IE0(f,8) — e(G)SS( S, S).

orb orb

The proof of the proposition can now be completed in the usual way, exactly as in
Theorem 10.1. ]

Proposition 10.3, together with (8.6) and (8.7), reduces the study of the coefficients
a%€ () and b%(8) to that of the elliptic coefficients agl’g (¥s) and b5, (0s). In particular,
we obtain the following corollary.

Corollary 10.4. Global Theorem 1 implies Global Theorem 1’.

The spectral expansions depend on a non-negative number ¢, but will otherwise be
parallel to those above. The starting point is the linear form I; of §3. Given ¢, we set

F(f= Y. UGS (f)+e@SI(f), feMG,V.Q), (10.14)

G'e€l (G,V)

for linear forms ,SA';, = 5‘5 " on the spaces SZ(G',V, ¢ ), which are defined inductively by
the supplementary requirement that

IE(f) = L(f), (10.15)

in case G is quasisplit. We assume inductively that if G is replaced by a quasisplit inner
K-form of G, for any G’ € E%,(G, V), the corresponding analogue of Sﬁl is defined and
stable.

The link between the geometric and spectral expansions is provided by the following
analogue of Proposition 3.1.

Proposition 10.5.

(a) If G is arbitrary, the linear forms
IE(f), [EHGV.Q), t=0,

satisfy the multiplier convergence estimate (3.3), and the formula

IE(f) =Y _IE(f)

(b) If G is quasisplit, the linear forms
SE(f). FEHGVQ), =0,

also satisfy the estimate (3.3), as well as the formula

SYf) =D SE).

https://doi.org/10.1017/51474748002000051 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748002000051

A stable trace formula. I 273

Proof. We assume inductively that (b) holds if G is replaced by a quasisplit inner K-
form of G, for any G’ € E3,(G,V). If a € C(h%)W= is a multiplier for G, there is a
multiplier o/ € C2°(h7 )W for G’ such that

&' (v +dije) = &(v), v ebt/ag g
and
(foz)/:fé/a fEH(Ga‘/aC)

(See [10, (7.9)].) It follows that the linear forms

F(f)—e@sF(H= D, uG.GS(f), [eHGV.Q), t>0,
G'eEq(G,V)
satisfy the estimate (3.3). Furthermore, we observe that
() =e@)$9(H = D, UGG
G'e€l(G,V)
= UGG Y Su(f)
G t
=Y I () —e(@)SE(S)).
t
The proposition follows from Proposition 3.1, (10.2) and (10.15). a

Suppose now that ¢ is fixed. The expansions of the linear forms Ifunit( f) and Sgunit( id)
in Lemma 7.3 are to be regarded as purely ‘unitary’ terms of larger spectral expansions of
IE(f) and SY(f). For the remaining terms, we consider the differences I (f) — Ifunit(f)
and SE(f) — SY .. (f), for a fixed function f € H(G,V,().

t,unit

Theorem 10.6.

(a) If G is arbitrary,

IE(f) — I = 3 W WG / oM () I (. f) dr. - (10.16)

MeLo II§ (M,V,()
(b) If G is quasisplit,

SE) = St () = D0 WIIWEIT >0 (M, M)

MeLo M'€Ee (M, V)

X/ o M()SS(M ¢, fde. (10.17)
P, (M, V(")
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Remark. If G is quasisplit, and Local Theorem 2’(b) holds for G, the formula (10.17)
simplifies to

SE(f) = SCm(f) = 3 (W IWE ! / WM (B)SS (6 f)dp. (10.18)

Mero P (M.V.0)
This is obviously parallel to (10.5).

Proof. The proof is essentially the same as that of Theorem 10.1. We write Itg’o(f) and
SE0(f) for the right-hand sides of (10.16) and (10.17), respectively. The main step is to
show that the difference

(I (F) = I e (F) = (@)(ST(f) = SEnin () (10.19)
of the left-hand sides of the two formulae equals the corresponding difference
() = (@87 (10-20)

of right-hand sides.
We have only to follow the earlier inductive argument, using Corollary 9.4 in place of
Theorem 9.1. The role of (10.9) is taken by the parallel spectral expansion

SOWMIWERt S, ) / b (IS f) A,

MeLo M’/ €E(M,V) D (M, V()

into which we substitute the inversion formula

.= > Au(¢ ,mI5(mf)

mellf (M,V,()

that is provided by (6.6) and Proposition 6.4. At this point there is a minor difference in
the argument. Using the property

AM(QSI)U T‘-)\) = AWI(¢/7 71'), )\ € ia?W,Z/iaE,Za

and the definitions of the measures d¢’ and dr in § 7, we transform the resulting integral
over &, (M',V,(') and sum over IT€ (M, V,¢) to a sum over &y (M’,V,(’) and integral
over IIf (M, V,¢). The remaining discussion from the proof of Theorem 10.1 carries over
verbatim. It confirms the equality of (10.19) with (10.20), from which the proof of the
proposition follows. In particular, the absolute convergence of the integrals in (10.16) and
(10.17) follows inductively from the absolute convergence of the integral in (3.13). O

Finally, we shall derive expansions for the more elementary spectral distributions
IE e () —Ifdisc(f) and Stcflmit(f) — 5% i (f). This is essentially the question of establish-
ing formulae for the coefficients a®€ () and b%(¢) that are parallel to (3.12). Since the
expressions (8.14) and (8.15) for afi;i (m) and b§,..(¢) can be regarded as the terms with
M = G in such formulae, it will be enough to study the differences a“-(7) — ag’si(ﬂ)

and bG(¢) - bcciisc((b)
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Proposition 10.7.

(a) Suppose that 7 belongs to IIf (G, V,(). Then

G, 5 — I
aG’g( ) — agio(m) = E |WOM||WOG| 1 E afl‘/ch (mpr X c)r]\%( ). (10.21)
MeLe cECYE (M)

disc
(b) Suppose that G is quasisplit, and that ¢ belongs to ®¢ (G, V, (). Then

b9 (¢) = bGisc(®) = D WMWY bk (m x 0)sGi(e),  (10.22)
MeLo ceco8 (M, Q)

disc

if ¢ lies in the subset ®;(G,V, () of ®¢ (G, V, (), while b%(¢) — bS,

G.oc(¢) vanishes if ¢
lies in the complement of &,(G,V, ().

Proof. The proof is parallel to that of Proposition 10.3. In particular, we reformulate
the proposition in terms of the distributions

IE it () — Iaiee () = /H (a%€ () — aGE () fir ()

F(GV,0)

and

St ) = SEanelD = [ (19(0) = WO fE(0) o,
27 (G,V,0)
with expansions given by Lemma 7.3, (8.16) and (8.17). We set

0 =S wWMIwE [ el @) (7, ) di
MeLo

and

SEO (= 3 W / b (95, (. f) do.

MeLo

The integrals are taken over elements 7 = 7 X ¢ in the product of HfdlSC(M V, ) with
CY¥ (M, ¢) and elements ¢ = ¢ x ¢ in the product of @, gisc(M,V,¢) with CV‘S(M,C)7

disc disc
relative to the natural measures, while

rir (7, £) = 157 () far ()

and
sS1(d, ) = s5i(e) M (9).

Part (a) of the proposition is equivalent to the identity

Itgumt(f) - Itg,‘disc(f) = Itguonlt(f)
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while (b) is equivalent to the identity

S it (f) = Sthise(f) = SE0 ().

The proof of these identities proceeds as in Proposition 10.3. The role of Proposition 8.1
is taken by its spectral analogue Proposition 8.3. If ¢/ = ¢’ x ¢’ belongs to the product of
Agise(M',V, (") with cre (M’, ("), and has image ¢ x ¢ in the product of A%, (M, V,()

disc disc
with C;/i’si(M, (), Proposition 8.3 tells us that the expression
S (G635, ) = (Z LM/(G,G’)SAGZ//(C')>J‘M/(¢')
G'€E 1 (Q) G’
equals
i (€) fi1(0)-

Combining this formula with the other steps in the proof of Proposition 10.3, we deduce
that the required identities are valid. ([l

Corollary 10.8. Global Theorem 2 implies Global Theorem 2'.
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