Ergod. Th. & Dynam. Sys. (2003), 23, 1807-1815 (© 2003 Cambridge University Press
DOI: 10.1017/S0143385703000129 Printed in the United Kingdom

Connectedness of Julia sets for a quadratic
random dynamical system

ZHIMIN GONG+#8, WEIYUAN QIU% and YING LI§

T Business School, Xiangtan University, Xiangtan 411105, People’s Republic of China
(e-mail: gggzm@vip.sina.com)
+ Laboratory of Mathematics for Nonlinear Science, Fudan University,
Shanghai 200433, People’s Republic of China
§ Department of Mathematics, Xiangtan University, Xiangtan 411105,
People’s Republic of China

(Received 5 March 2002 and accepted in revised form 25 March 2003)

Abstract. For a sequence (c;) of complex numbers, the quadratic polynomials f., :=
722 + ¢, and the sequence (F,) of iterates F,, := f., o --- o f, are considered. The Fatou
set F(cy) is defined as the set of all z € C:=cCu {oo} such that (F},) is normal in some
neighbourhood of z, while the complement [J (¢,) of F(c,) (in @) is called the Julia set.
In this paper we discuss the conditions for 7 (c,) to be totally disconnected. A problem
posed by Briick is solved.

1. Introduction and known results

We keep some notations used by Briick, but for the reader’s convenience, we recall some
basic and important notations in [4] and [6]. For a sequence (c,) of complex numbers
we consider the quadratic polynomials f,, := 72 + ¢, and the sequence (F,) of iterates
F, := f¢, o+ o f¢. The Fatou set F(c,) is defined as the set of all z € C:=Cu {o0}
such that (F},) is normal in some neighbourhood of z, while the complement of the Fatou
set F(cy) (in @) is called the Julia set for (¢,), denoted by 7 (c,,). A component of F(c;,)
is called a stable domain, or a Fatou component.

Throughout this paper, we always assume thatc, € K5 :={z € C: |z] <} (n € N)
for some § > 0, that is, (¢;) € Ké\] The filled Julia C(c,) is by definition the set of all
z € C such that (F,(2));2, is bounded. From the results in [8], we know that both 7 (c,)
and KC(c,,) are compact in C and 3/C(c,) = J(c,). A simple and important fact is that the
filled Julia set for (c,) is contained in K g,, where

Ry = 5(1 + 1+ 43).

In particular, if ¢, = ¢ forall n € N, we write f instead of F;,. In this case, the Fatou
set and Julia set are denoted by F( f.) and J (f;) respectively. The Fatou set and Julia set
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are basic objects studied in the iteration theory of a single function. For more information
and details on the iteration theory of a single function, see [1-3, 9, 10, 12, 13]. We also
refer the reader to [4-8, 11] for further results on the random dynamical system.

The Mandelbrot set M is defined as the set of all ¢ € C such that (f(0));2,
is bounded. It is well known that J(f.) is either connected or totally disconnected,
depending on whether ¢ € M or not. We also know that K 4 is contained in M, and it is
the largest disc centred at O which is contained in M.

A natural question is the following.

Question 1. What is the condition for 7 (c,,) to be totally disconnected?

Briick et al obtained a very interesting result in [6] on this problem, which is stated as
follows.

THEOREM A. Let (¢;) € Ké\] for some § > }T’ and assume that there exists a simply

connected bounded domain D such that U/fio Fi(J(cp)) CDand (fe 00 fcj+1 )(0) ¢
Dforall j =0,1,..., k—1landallk € N. Then J(c,) is totally disconnected.

In addition, they gave a number of interesting examples. Using their idea, we can get
a more general form of Theorem A, and give a sufficient condition in §2 for 7 (c,) to be
totally disconnected.

Briick studied the following sets:

D:={(cy) € Kg\] : J (cn) is disconnected}, (1.1)
Dy = {(cp) € KF : J(cy) has more than N components}, (1.2)
Do :={(cy) € KF : J (cy) has infinitely many components}, (1.3)

T :={(cn) € K}' : T (cy) is totally disconnected}. (1.4)

Itis obvious that 7 C Dy C Dy C D,and D = @ for § < % follows from Theorem 1.1
in [6].

We equip KF with the product topology, where K carries the usual topology induced
from C. In other words, it has a subbase

(U xUyx---:U;j=Ksfori #k, and U isopenin K5,k =1,2,...}.

Briick discussed the topological properties of D, Dy, Do and 7, and he obtained many
interesting results. For example, in [4] he proved the following two theorems.

THEOREM B. The set T defined by (1.4) is dense in Ky provided § > %.

THEOREM C. The set Do defined by (1.3) is a countable intersection of dense open
subsets of Ké\] provided § > %. In particular, D is of the second Baire category in Ky,
while the complement Ké\] \ Dwo is of the first Baire category in Kg\].

Briick put forward the following question (see Question 1.1 in [4]).

Question 2. Is it true that the set 7 defined by (1.4) is of the second Baire category in K g\]
provided that § > 1?

T A set S is said to be totally disconnected if each component of S contains only one point.
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We will give a positive answer to this problem in §3. In fact, it is shown that Theorem C
holds true if D is replaced by 7.

2. Conditions for the Julia set to be totally disconnected
Let (¢cy) € KF forsome § > 0,and F, = f., o---o f¢,. Let Z = {0} UN. Set

Ot (cn) ={fepp 00 fo, 0) 1k eN,n € Z},

K*(e) = | Fe(K(en)),
k=0

where KC(cy,) is the filled Julia set and Fp = identity. It is clear that z € Fy(K(c,)) if and
Only if (fcm+k+1 0--+0 fck+1 (Z))l(jzozl is bounded.
Using the idea of the proof of Theorem 4.2 in [6], we can prove the following.

THEOREM 2.1. Let (c,) € Ké\]for some 8§ > 0. If Kt(cp) N OF(cy) = b, then J(c,) is
totally disconnected.

Notes.

(1) Ttis easy to prove that K1 (c,) is bounded. In fact, KT (c,) C Kg;.

(2) Under the condition of Theorem A, we have U;fo:o Fr(K(cy)) C D, which implies
K+(c,) N OF(c,) = 0.

(3) The condition Kt (c,) N OF(c,) = ¥ cannot be replaced by U;tio Fi.(J(cy)) N
O*(cy) = @. This can be shown by taking ¢, = 0,n € N, since in this case
J(cn) ={z : |z| = 1}, and OF (c,) = {0}.

Furthermore, from Theorem 2.1 we can get the following Theoremf.

THEOREM 2.2. Forevery c ¢ M, there exists a neighbourhood U (¢) of ¢ such that [J (cy,)
is totally disconnected if ¢, € U(c) foralln € N.

Proof of Theorem 2.1. First, from the assumption of the theorem, there exist a finite number
of finitely connected domains 2; (i = 1, 2, ..., k) such that

k
KfencQ=[J and Of(c)cC\Q
i=1

Then for every zo € J(c,,) we have zg € F,;l(Q) forall m € N.

Let zo € J(cp) be fixed. Since Q2 = Ule Q;, for each m € N, there is one and only
one j(m) € {1,2,...,k} such that zg € F,;l(Qj(m)). In the sequence {j(m)},‘jle, at least
one number of {1, 2, ..., k}, say, 1, appears infinitely many times. The corresponding m’s

are denoted by {i,};2 |. That is to say, zo € Fin_l(Ql) foralln € N.

Since Q1 NOF(c,) = ¥, it is easy to see that F;l () = fCTl 0---0 fc;l(Ql) consists
of exactly 2" finitely connected components, and among these components, one and only
one contains zo. Hence, F;, : Fl;1 (1) = 1 has 2/ inverse functions, and only one of
them, denoted by g;, = hj, satisfies the condition zg € h, (7).

+ The authors thank the referee for his valuable suggestion on the improvement of Theorem 2.2.

https://doi.org/10.1017/50143385703000129 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000129

1810 Z. Gong et al

Let Dg = {z : |z|] < R}. Since 2] is bounded, we can choose R large enough such that
Q C Dg, and | f,(z)| > |z| for all n € N provided |z| > R. Therefore, 1,(21) C Dg
for all n € N, and consequently (%,) is normal on 1 by Montel’s principle. Let {£,} be
a subsequence of £, such that {4, } converges to /(z) locally uniformly on €. We can
prove I (z) is a constant as follows.

Choose two domains U, V; such that V| ¢ Uy, U € Qq and 9V, N K+(c,) = 0.
Since hj, converges to I (z) uniformly on U, we have for n large enough

hj, (Vi) C 1(Uy), 2.1
1(Uy) Chj,(R)) C Fj;‘(szl). (2.2)
From (2.1) and (2.2) we get
Vi C Fj,(1(Uy)) C 2 (2.3)
for n large enough. Thus
Fu(I(U1)) C Dg 2.4

forallm € N.

On the other hand, from (2.3) one can choose a natural number no and a point
z1 € I(Uy) suchthatzp = ano (z1) € V1. Since dV1N Kt (c,) = 0, fcq+po-- 'Ofcq+] (2)
converges to oo uniformly on dV; as p — oo for any ¢ € N and hence f¢,,, 0 -+ o
Jey11(z2) converges to 0o (p — 00). In particular, fcjnoﬂ o0---0 fe,(z1) = Fj, +p(z1) =

)10
o0 as p — 00, which contradicts (2.4). Therefore, I (z) must be a constant function.

In other words, g;; converges to zo locally uniformly on €2.
By the hypothesis of the theorem, one may choose finitely connected domains 2 (i =
1,...,k)suchthat Q' C Q; fori =1,2,...,k, and

k
Kt c @ =[JQ and OF(cn) cC\ Q.

i=1

Then the above argument remains valid for Q/l and hence z¢ € hn(Q’l) forall n € N, and
h, converges to zo uniformly on ©}. Obviously, the component of 7 (c,) containing zo
must be contained in £, (2)(n € N), so such a component of J(c,) contains only one
point zg. It is evident now that 7 (¢, ) is totally disconnected. O

Proof of Theorem 2.2. Since ¢ ¢ M, |c| > %. Take § > |c| > %. Let s =
(14 +/T+48)/2. For convenience, we suppose that (c,) € Kj'. As a matter of fact,
this is satisfied if ¢, € O(c) (O(c) :== O(c,8 — |c|)) foralln € N. Let Dy = {z : |z| < s}.
It is clear that | f., (z)| > |z| for all |z| > s and n € N. In fact, it is not hard to prove that
K(cn) C Dy, and furthermore Kt (c,) C Dy. In addition, we point out the following fact:
if |z > s+ 1, then |f, ()| = (s + D> =8 =3s + 1.

It is well known that f(0) — ocoasn — ooif ¢ ¢ M, where f.(2) = 2+
There exists a natural number p such that fcp (0) > s + 2. Therefore, there exists a
neighbourhood Dy(c) of ¢ such that

|me+p 0---0 me-H (O)l =S + 1
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provided that ¢, € Dy(c) for all n € N. Hence

|fc,,,+q°"'ofc,,,+1(0)|25+1 (qu)s

provided that ¢, € O(c) N Do(c) foralln € N.
Let

Oplcn) = {fcm+q 00 fe, (0):q>p,mel},
Opfl(cn) = {fcm+p,1 ©---0 fcm+1(0) im € 7},

Oa2(en) = {fansz © fopsa (0) 1 m € Z},
O1(en) = {fe,4:1(0) :m € Z}.

Then we have
Op(cn) CC\ Dyyy CC\ Dsy12

provided ¢, € O(c) N Dy(c), n € N. In other words, we have
K+ (cn) N Op(cn) =,

provided that ¢, € O(c) N Do(c),n € N.
Foreachr = 1,2,..., p — 1, since |fcp7r(fc’(0))| = | fF(0)] > s + 2, there exists a
neighbourhood U, = O(f/(0), &) of f(0) and a neighbourhood D, (c) of ¢ such that
|me+p7r ©---0 me+1 (Z)| 2 N + 1

forall z € U, and m € Z provided that ¢, € D,(c), n € N. This implies KT (c,) NU, =@
provided ¢, € O(c) N D, (c),n € N. Moreover, there exists a neighbourhood D..(c) of ¢
such that, when ¢,, € D; (¢),n € N, we have

/ r Er
fc’"*’ ©r o fcm+l MelU,=0 (fc 0), ?) .
That is to say, O, (c,) C U/ provided that ¢, € D/.(c), n € N. Therefore,
Ktn)NOw(cy) =98, r=1,2,....,p—1

provided ¢, € O(c) N D (c) N D). (c),n € N.

Let U(c) = O(c) N Dy(c) ﬂf:ll D,(c) N D.(c). Using the fact that O%(c,) =
Ule O, (cy), and then OF(c,) = le O,(cy), we obtain Kt(c,) N OF(c,) = @
provided ¢, € U(c), n € N. By Theorem 2.1, J (c,) is totally disconnected as required. O

3. Topological properties of T
In this section, we study the properties of 7 defined by (1.4). Here, we always assume that
8 > % to avoid the trivial case 7 C D = @, where D is defined by (1.1). At the end of this
section, we will give a positive answer to Question 2 posed by Briick.

It is necessary to recall the notion of Baire category. Let X be a topological space. A set
A C X is called nowhere dense in X if the closure A has empty interior, and we say A is
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of the first Baire category in X if A is a countable union of nowhere dense sets. Otherwise,
A is of the second Baire category.
To prove our theorems we need the Hausdorff metric, defined as follows.

Let A, B be two non-empty compact subsets of C, then the Hausdorff distance between
A and B is defined as

H(A, B) = max { sup dist(a, B), sup dist(b, A)},
acA beB

where dist(a, B) = inf{la — b| : b € B}.
Let (cp) € Kg\] for some § > 0. Let Ag :={z:|z| > R}and U,, = F,;l(AR), then we
have from [8] the following result.

LEMMA 3.1. There exists a stable domain A(c;)(00) which contains the point oo and
wherein F, — oo (n — 00) locally uniformly. If R > Rs, then U, C Upy1, and
A(cy)(00) = U:;o:] Uy, and J (¢,) = 3.A(cy)(00).

Obviously, AU, = Fnjl (0AR). From Lemma 3.1 we can prove the followingf.
LEMMA 3.2. limy 00 H@Um, J(c;)) = 0.

Proof. We need only to prove

lim sup dist(z,9U,) =0, 3.1
m=—00 zeJ (cn)
lim sup dist(z, J(cy)) =0. 3.2)

m—00 7€dUp,

Given ¢ > 0. For every z € J(c;), by Lemma 3.1, there exists a natural number m, such
that

O NUp. #0 = 0,NUp, #0,

where O, = O(z,¢) = {7/ : |7/ —z| < &}. Since J (c,,) is compact, one can choose a finite
number of points z1, z2, ..., zx in J(c,) such that J (¢,) C Ule 0(zi,¢).
Let mg = max{m;,, ..., mz}. We have dist(zy, dU,,,) < 2¢ and hence

dist(z1, 0U,) < 2¢

forall z; € J(cn) and m > mo. This shows sup, 7, dist(z, 3Un) < 2¢. Then (3.1) is
proved.

To prove (3.2), it is enough to show p := limsup,,_, o, sup,c,y,, dist(z, J(cn)) = 0.
If the contrary holds, we can choose a subsequence {n¢} of {n} and a sequence {z;}
of points such that zy € 9U,, and dist(z¢, J(cn)) > p/2, £ € N. We may as well
suppose that z; — zo(¢ — 00), then dist(zg, J (¢x)) > p/2, which implies zg € F(cy).
On the other hand, it is easy to see from Lemma 3.1 that z9 = limy_.2¢ € J(cp) =
9.A(cy)(00). This is a contradiction and (3.2) is proved. From (3.1) and (3.2) we get
limy; 00 H(OUm, J(cy)) = 0. o

+ The authors thank the referee for his useful suggestion to simplify the proof of this Lemma.
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Let V(cp,) be the set composed of all the components of 7(c,). Denote by d(u) the
diameter of u for u € V(cy), and let d*(c,) = SUP,ey(c,){du)}. Set

L, :={(cp) € K} : d*(cp) <1}
We first prove the following.

THEOREM 3.1. The set L, is a dense open subset of Ké\l provided § > }T'

Proof. Since L, D 7T, from Theorem B, it is enough to show that L, is open in Kév.
Let (c,?) € L,, then d*(c,?) = ro < r. Take R large enough such that | f., (z)| > |z| for
all |z| > R and all (c,) € K}, andlet F,, = f,0 o+ 0 fo, Dg = {z : |z| < R} and
B, = F,~'(Dg). By Lemma 3.2, we have 1

lim H(3By, J () = lim H(F,'(0Dg), J(c%) =0. (3.3)
m— 00 m— 00
Let e = (r — r9)/2. Then we have the following.

ASSERTION. The diameters of all components of Fnjl(DR) are less than ro + €/2,
provided m is large enough.

If this is not true, then for every m € N there exists a natural number j(m) > m and a
component u ,; of F]._(}n)(DR) such that

d(ujom) =ro+¢/2. (3.4

Clearly, one can require that j(m 4 1) > j(m).
It can be shown that
Ujimy N T #0 (3.5)

for each m € N. Otherwise, we have U, C f(c?,) since u j(m) C f(c?,). Note that
Fy(z) converges to 0o uniformly on du j,); we have then

F,(z) > 00 (k— 00) (3.6)
uniformly on % (,;). Take a point y € J(cn) C K(cy). Then we have o = Fj()(y) € Dg
and

Fimy+n(y) = fc?(mHn °re fc(]?(m)ﬂ(a) € Dp (3.7

for n € N. On the other hand, F;(u)(u o)) = Dg, and there exists B € u ) such that
o = Fj(m) (B). It follows from (3.6) that Fj(m)+nk B = fc(;(’)l)+nk 0-+:0 fc(;(n1)+| (o) = o0
as k — oo. This contradicts (3.7). So (3.5) is proved.

For each m € N, take a point z () € #(m) N j(cg). There is no harm in assuming that
Zjom) = 20 € j(cS) as m — oo. Itis clear that for each m € N that there is one and only
one component v () of Ej_(;ln)(DR) containing zo, and v (u41) C Vj(m)-

Let ug be the component of J (62) which contains zg, then we have ug C vj(,) and
d(ug) < rg since d*(c%) = ro.

From (3.3), itis easy to see d (v (n)) — d(ug) (m — o0) and hence d(vjm)) < ro+e/4
for m large enough. Since each B, consists of a finite number of Jordan domains with
sectionally analytic boundaries, and By, 11 C By, for all m € N (see Lemma 3.1), from
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the fact that z;(,) — zo (n — 00), it is not difficult to show that for a fixed m, u j,) will
be contained in v (;;) for n large enough. It follows that d(u () < ro + £/4 for m large
enough. This contradicts (3.4), so the assertion is proved.

Choose a natural number p such that the diameters of all components of F » L(Dg) are
less than rg + &/2.

Let G, = fe, o+ 0 f¢;. By a simple continuity argument, there exists § > 0
such that the diameter of all components of G;l (Dpg) are less than (rg + €) provided that
lew — 0 <80 (m=1,2,..., p).

Since each component of G; 41_ {(Dg) must be contained in some component of
G;l(DR), the diameters of all components of Gq_l(DR) are less than (ro +¢€), ¢ > p
provided |c;,, — c21| <8m=12,...,p).

If (cn) € KN, then J(c,) is clearly contained in G;l (Dg) for each g € N. Therefore,
the diameters of all components of J(c,) are less than (ro + &¢) < r provided that
(cn) € Ké\] and |¢;, — c21| < 8o (m=1,2,..., p). Thatis to say, if

() €KY, Jem—c1 <8 m=1,2,....p),

we have d*(c;) < ro + € < r, which implies (¢;,) € L,.
Let N, = {z: |z—c,91| < 8o}; then N1 X Np x --- X Np x Kg\I C L,. Hence L, is
open. The proof is complete. O

Now we can obtain the following theorem, which gives a positive answer to Briick’s

question (see Question 2 in §1).

THEOREM 3.2. The set T defined by (1.4) is a countable intersection of dense open
subsets of Ké\] provided § > }—r In particular, T is of the second Baire category in K N
while the complement Ké\] \ 7 is of the first Baire category in Ké\]

Proof. Since 7 = ﬂzo: 1 L1/x, the assertion follows from Theorem 3.1. O

Remark. Theorem 3.1 and hence Theorem 3.2 remain true if Kj is replaced by any
bounded set K C C provided K N (C \ M) # @.
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