Proceedings of the Royal Society of Edinburgh, 146A, 337-369, 2016
DOI:10.1017/50308210515000499

Non-trivial solutions of local and non-local
Neumann boundary-value problems

Gennaro Infante and Paolamaria Pietramala

Dipartimento di Matematica e Informatica, Universita della Calabria,
87036 Arcavacata di Rende, Cosenza, Italy
(gennaro.infante@unical.it; pietramala@unical.it)

F. Adrian F. Tojo

Departamento de Analise Matematica, Facultade de Matematicas,
Universidade de Santiago de Compostela, 15782 Santiago

de Compostela, Spain (fernandoadrian.fernandez@usc.es)

(MS received 11 April 2014; accepted 6 February 2015)

We prove new results on the existence, non-existence, localization and multiplicity of
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1. Introduction

In this paper we discuss the existence, localization, multiplicity and non-existence
of non-trivial solutions of the second-order differential equation

u”(t) + h(t,u(t)) =0, te(0,1), (1.1)
subject to (local) Neumann boundary conditions (BCs)
' (0)=4/(1)=0 (1.2)
or to non-local BCs of Neumann type:
u'(0) =aful,  W(1) = Blul, (1.3)

where af-], B[] are linear functionals given by Stieltjes integrals, namely

1 1
a[u]:/o u(s) dA(s), Blu] :/0 u(s)dB(s).
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The local boundary-value problem (BVP) (1.1), (1.2) has been studied by Miciano
and Shivaji [35], who proved the existence of multiple positive solutions by means
of the quadrature technique; using Morse theory, Li [32] proved the existence of
positive solutions and Li et al. [33] continued the study in [32] and proved the
existence of multiple solutions. Multiple positive solutions were also investigated
by Boscaggin [4] via shooting-type arguments.

Note that, since A = 0 is an eigenvalue of the associated linear problem

o’ (t) + Au(t) =0, u/'(0)=1u'(1) =0,

the corresponding Green function does not exist. Therefore, we use a shift argument
similar to those in [16,44,56] and we study two related BVPs for which the Green
function can be constructed, namely

—u”(t) — w?u(t) = f(t,u(t)) = ht,u(t)) —wu(t), «'(0)=u'(1)=0, (1.4)
and (with an abuse of notation)
—u” (t) + w?u(t) = f(t,u(t)) = ht,u(t)) +wu(t), «/(0)=u'(1)=0. (1.5)

The BVPs (1.4) and (1.5) have recently been of interest to a number of authors (see,
for example, [3,9,12,41,42,45-47,58-62]). In §5 we study in detail the properties
of the associated Green functions and we improve and complement some estimates
that occur in earlier papers (see remark 5.3).

The formulation of the non-local BCs in terms of linear functionals is fairly
general and includes as special cases multi-point and integral conditions, namely

aful = Y aguny) or alul = / o(s)u(s) ds.

Multi-point and integral BCs have been widely studied. The study of multi-point
BCs was, as far as we know, initiated in 1908 by Picone [39]. Reviews on differ-
ential equations with BCs involving Stieltjes measures were written in 1942 by
Whyburn [57] and in 1967 by Conti [8]. More recent reviews are given in [34,37,40]
and the papers by Karakostas and Tsamatos [27,28] and Webb and Infante [53].

One motivation for studying non-local problems in the context of Neumann prob-
lems is that they occur naturally when modelling heat-flow problems.

For example, the four-point BVP

ull(t) + h(t,u(t)) =0, u’(O) = O‘u(g)v ul(l) = 6“(77)7 §&mne [07 1]»

models a thermostat where controllers at ¢t = 0 and ¢ = 1 add or remove heat
according to the temperatures detected by two sensors at ¢ = £ and ¢t = n. Ther-
mostat models of this type were studied in a number of papers (see, for exam-
ple, [7,10, 18,19, 25, 29, 38, 48, 49, 51] and the references therein). In particular
Webb [51] studied the existence of positive solutions of the BVP

u(t) + h(t,u(t) =0, ' (0) = afu], u'(1) = —p[u].

The methodology in [51] is somewhat different from ours and relies on a careful
rewriting of the associated Green function, due to the presence of the term —f[u]
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in the BCs. The existence of solutions that change sign has been investigated in [10]
in the case of the BVP

u(t) + h(t,u(t)) =0, «'(0) = au(f), «'(1) = —Bu(n), §n € 0,1],
and in [7,21,25] for the BVP
u’(t) + h(t,u(t)) =0, ¥(0)=—alu], v'(1) =—pu(n), ne[0,1].

A common feature of the papers [7,10,21,25] is that a direct construction of a
Green function is possible due to the term —pfu(n).

In §2 we develop a fairly general theory for the existence and multiplicity of
non-trivial solutions of the perturbed Hammerstein integral equation of the form

u(t) = v(t)afu] + 6(6)8[u] + / K(t, )g(s) f (5, u(s)) ds (1.6)

that covers as special cases the BVP (1.1), (1.3) and the BVP (1.1), (1.2) when «
and 3 are the trivial functionals. We recall that the existence of positive solutions
of this type of integral equation has been investigated by Webb and Infante in [53],
under a non-negativity assumption on the terms ~, §, k, by working on a suitable
cone of positive functions that takes into account the functionals «a, (.

In §3 we provide some sufficient conditions on the nonlinearity f for the non-
existence of solutions of (1.6). This is achieved via an associated Hammerstein
integral equation

ult) = / ks(t, 5)g(s) (s, u(s)) ds,

whose kernel kg is allowed to change sign and is constructed along the lines of [53],
which deals with positive kernels.

In § 4 we provide a number of results that link the existence of non-trivial solutions
of (1.6) with the spectral radius of some associated linear integral operators. The
main tool here is the celebrated Krein—-Rutman theorem, combined with some ideas
from [55]; here, due to the non-constant sign of the Green function, the situation
is more delicate than that in [55], and we introduce a number of different linear
operators that yield different growth restrictions on the nonlinearity f.

In § 6 we illustrate the applications of our theory in three examples, two of which
deal with solutions that change sign. The third example is taken from an interesting
paper by Bonanno and Pizzimenti [3], who proved the existence, with respect to
the parameter A, of positive solutions of the following BVP:

—u"(t) + u(t) = Me"® | /(0) = /(1) = 0.

The methodology used in [3] relies on a critical-point theorem of Bonanno [2]. Here
we enlarge the range of the parameters and provide a sharper localization result.
We also prove a non-existence result for this BVP.

Our results complement those of [53], focusing on the existence of solutions that
are allowed to change sign, in the spirit of the earlier works [22,23,25]. The approach
that we use is topological and relies on classical fixed-point index theory, and we
make use of the ideas from [7,23,52,53,55].
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2. Non-zero solutions of perturbed Hammerstein integral equations

In this section we study the existence of solutions of the perturbed Hammerstein
equations of the type

<
—

~
=

Il

~y(t)afu] + 0(t)B[u] + /0 k(t,s)g(s)f(s,u(s))ds :== Tu(t), (2.1)

1 1
ofu] = / u(s)dA(s),  Blu] = / u(s) dB(s),

and A and B are functions of bounded variation. If we set

Pu(t) ::/0 k(t, $)g(s) (s, u(s)) ds,

we can write
Tu(t) = y(t)afu] + 6(t)Bu] + Fu(t);

i.e. we consider 1" as a perturbation of the simpler operator F'.

We work in the space C[0,1] of the continuous functions on [0, 1] endowed with
the usual norm ||w|| := max{|w(¢)|, t € [0,1]}.

We make the following assumptions on the terms that occur in (2.1).

(C1) k:[0,1] x [0,1] — R is measurable, and for every 7 € [0, 1] we have
th_r)n |k(t,s) — k(7,s)] =0 for almost every s € [0,1].
(C2) There exist a subinterval [a,b] C [0, 1], a function & € L*>°[0, 1] and a constant
¢1 € (0,1] such that
|k(t,s)] < @(s)  for t € [0,1] and almost every s € [0, 1],

k(t,s) = c1®P(s) for ¢ € [a,b] and almost every s € [0, 1].

(C3) g® € LY0,1], g(s) = 0 for almost every s € [0, 1] and
b
/ d(s)g(s)ds > 0.

(C4) The nonlinearity f: [0,1] x (—oo,00) — [0, 00) satisfies Carathéodory condi-
tions, i.e. f(+,u) is measurable for each fixed u € (—o0, 0), f(¢, ) is continuous
for almost every t € [0,1] and for each r > 0 there exists ¢, € L*[0, 1] such
that

f(t,u) < ¢.(¢t) forall u € [—r,r] and almost every ¢ € [0, 1].

(C5) A, B are functions of bounded variation and K 4(s),p(s) > 0 for almost
every s € [0, 1], where

Ka(s) = /Olk;(t,s)dA(t) and  Kp(s) = /Olk(t,s)dB(t).
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(C6) veC0,1],0 < afy] <1, 7] = 0.
There exists ¢z € (0, 1] such that v(t) > cz|y|| for ¢ € [a, b].

(C7) 6 € C[0,1], 0 < B[0] < 1, afd] > 0.
There exists ¢z € (0, 1] such that §(¢) > c3||d]|| for t € [a, b].

(C8) D:= (1 —ap)(1 = p]) — ald]BhH] > 0.
From (C6)—(C8) it follows that, for A > 1,
Dy = (A — aly) (A — 8l8]) — alo)ly] = D > 0.

We recall that a cone K in a Banach space X is a closed convex set such that
Ax € K for x € K and A > 0 and K N (—K) = {0}. The assumptions above allow
us to work in the cone

K= {u € C0.1]: min u(t) > clull, ofu], flu] > o},

where ¢ = min{cy, o, c3}.
Note that we have

K =Kyn{ue C[0,1]: afu] =0} n{u € C[0,1]: Blu] = 0},

where
Ko = {u € C[0,1]: min u(t) > c||uH}.
te(a,b]

The functions in Ky are positive on the subset [a,b] but are allowed to change
sign in [0, 1]. The cone K is similar to a cone of non-negative functions first used
by Krasnosel’skil (see, for example, [30]) and Guo (see, for example, [15]). Ky was
introduced by Infante and Webb in [23] and later used in [6,7,10,13,14,17,20-22,
24,25,36]. The cone K allows the use of signed measures, taking into account two
functionals. In the case of one functional, this has been done in [7], which also dealt
with non-trivial solutions of the perturbed integral equation

u(t) = (t)afu] + / K(t, $)g(s) (5. u(s)) ds. (2.2)

In [7] Cabada et al. work in the cone Ky N {u € C[0,1]: a[u] > 0}, extending
the earlier results in [25] to the case of signed measures and those from [54] to
the context of non-trivial solutions. Clearly, (2.2) is a special case of (2.1) and, by
considering (3 the trivial functional, we have K = Ky N {u € C[0,1]: afu] > 0}.

A similar observation holds for the Hammerstein case,

1
u(t) = / K(t, $)9(s) (s, u(s)) ds, (2.3)

studied in [17,22,23] by means of the cone K = K. We mention that multiple
solutions of (2.3) were investigated in the case of symmetric, sign changing kernels
by Faraci and Moroz [11] by variational methods.
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We also stress that, if we denote by P the cone of positive functions, namely
P:={ueC0,1]: u(t) 20, t €]0,1]},

and consider K N P, we regain the cone of positive functions introduced by Webb
and Infante in [53].
First of all we prove that T' leaves K invariant and is compact.

LEMMA 2.1. The operator (2.1) maps K into K and is compact.

Proof. Take u € K such that |lul| < r. First of all, we observe that Tu(t) > 0 for
t € [a,b]. We have, for ¢ € [0,1],

Tu(®)| < (®)|afu] +16(8)|5[u] +/O [k (t, 5)g(s) f (s, u(s)) ds.

Therefore, taking the supremum on ¢ € [0, 1], we get

[Tull < lIvlledfu] + [15]15[u] +/0 P(s)g(s)f (s, u(s)) ds,

and combining this with (C2), (C6) and (C7) yields
1
iy Tu(t) > ealplalul + es3100 +x [ @(s)g(5) 5. uls)
a, 0
> c||Tul.
Furthermore, by (C3) and (C5)—(C7),

o[Tu] = aly]afu] + a[6)[u] + / Ka(5)g()f (s, u(s)) ds > 0
and

BITu] = Bhlalu] + B5)8[u] + / K(5)g(s) (5, u(s)) ds > 0.

Hence, we have Tu € K.

Moreover, the map T is compact since it is sum of three compact maps: the
compactness of F' is well known and, since v and § are continuous, the perturbation
~v(t)afu] + 0(t)S[u] maps bounded sets into bounded subsets of a finite-dimensional
space. ]

For p > 0 we define the following open subsets of K:

K,:={ue K: |u| < p}, V, = {u € K: tg%(ilri]u(t) < p}.

We have K, C V, C K,/..
We recall some useful facts concerning real 2 x 2 matrices.

DEFINITION 2.2 (Webb and Infante [53]). A 2 X 2 matrix Q is said to be order
preserving (or non-negative) if p1 = pg, ¢1 = go imply

0 (p1> >0 (po) 7
q1 qo

in the sense of components.
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We have the following property, as stated in [53], whose proof is straightforward.

o= (% )

with a,b,c,d > 0 and det @ > 0. Then Q™! is order preserving.

LEMMA 2.3. Let

REMARK 2.4. It is a consequence of lemma 2.3 that if
1—-a —b
N = ( — 1- d)

satisfies the hypothesis of lemma 2.3, p > 0, ¢ > 0 and g > 1, then
—1 (D —1 (P
N, ( > <N ( >
q q

_(p—a b
N, = < o d) .
The next lemma summarizes some classical results regarding the fixed-point index
(for more details see [1,15]). If {2 is a open bounded subset of a cone K (in the rel-
ative topology), we denote by {2 and 942 respectively the closure and the boundary

relative to K. When (2 is an open bounded subset of X we write 2 = 2N K, an
open subset of K.

where

LEMMA 2.5. Let 2 be an open bounded set with 0 € 2k and 2k # K. Assume
that F': 2 — K is a compact map such that x # Fx for all x € 002k . Then the
fized-point index i (F, k) has the following properties.

(1) If there exists e € K \ {0} such that x # Fx + Xe for all x € 002k and all
A >0, then iK(F7 .QK) =0.

(2) If px # Fx for all x € 02k and for every pu > 1, then ix (F, 2k) = 1.
(3) Ifix(F,2§k) #0, then F has a fized point in Q.

(4) Let 2% be open in X with ¥ C Q. If i (F,2K) =1 and ix(F, Q%) =0,
then F has a fized point in 2k \ 2% . The same result holds if ix (F, 2r) =0
and ix(F, Q%) =1.

The following proposition will be useful later. We give the proof for completeness.
PROPOSITION 2.6. Let w € LY[0,1] and denote

wh(s) = max{w(s), 0}, w™ (s) = max{—w(s),0}.

< max{/ol u)"'(s)d‘s:,/o1 w™(s) ds} < /01 |w(s)| ds.

Then we have

[t
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Proof. Observing that, since w = wt —w™,

/Olw(s)dSZ/01w+(s)d8—/01w_(s)dsg/Oluﬁ(s)d&

—/01w<s>ds=/01w-<s>ds—/01w+<s>ds</Olw-<s>ds,

we get the first inequality; the second comes from the fact that |w| =wt +w™. O

We now give a sufficient condition on the growth of the nonlinearity that provides
that the index is 1 on K.

LEMMA 2.7. Assume that

(I}) there exists p > 0 such that

oo (oo {20 g+ 29 [ katorgtonas

te0,1] D
1
+ (P e+ B - o) [ Kaoigts)as
+max{ 1 kT (t,s)g(s)ds /1 k™ (t,s)g(s)ds <1
0 K ) O ) )
(2.4)
where
fPP = ess sup{f(tp’u) (t,u) € [0,1] x [—p, p]} (2.5)

Then we have ix (T, K,) = 1.

Proof. We show that Tu # Au for all A > 1 when v € 90K,, which implies that
ix(T,K,) = 1. In fact, if this does not happen, then there exist u with |lu|| = p
and A > 1 such that Au(t) = Tu(t), i.e.

Au(t) = y(t)afu] + 6(t)B[u] + Fu(t). (2.6)
Therefore, we obtain

Aafu] = afy]afu] + a[d]B[u] + a[Fu]
and

ABlul = Bylelu] + B[0]6[ul + BFu].

(/\ —aly]  —ald] > <a[u]) _ <a[Fu]> . 2.7)
=Bl A= pBl6]) \Blul BlFu]

Note that the matrix that occurs in (2.7) satisfies the hypothesis of lemma 2.3,
so its inverse is order preserving. Then, applying its inverse matrix to both sides

Thus, we have
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of (2.7), we have

(ea) =2 (ot o) (i)

By remark 2.4, we obtain that

(Z%) <5 (1 E[f]w L fjm) (ZEZD | (28)
Hence, from (2.6) and (2.8) we get

()]

Mu(t)] < 2581 = Blg)alFu) +a

8(t

8] B[ Ful)
|

~— —

+ (1= ap])B[Fu] + Bly]alFu]) + [Fu(t)].

|

Taking the supremum over [0, 1] gives

vwoeor(am {(5 0 -+ Bl e

o (et + P o) [ kateitoras

+ max { /01 K+ (1, 5)g(s) ds, /01 k= (t, 5)9(5) ds}}>.

From (2.4) we obtain that Ap < p, contradicting the fact that A > 1. O

REMARK 2.8. In similar way as in [53] (where the positive case was studied) we
point out that a stronger (but easier to check) condition than (I}) is given by the

following:
T L
(- ) [
+(”;”a[61+”5” ) / Kool s+ 5] <1,
where

o {me{ [ [ e}

Note that, since max{k™,k~} < |k|, the constant m provides a better estimate
on the growth of the nonlinearity f than the constant

1
sup / Ik(t, 5)]g(s) ds
tel0,1] JO

used in [6,7,10,13,14,17,20-22, 24, 25, 36].
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REMARK 2.9. If the functions ~, é, k are non-negative, we can work within the
cone K N P, regaining the condition given in [53], namely

o (oo £ (s - gy + 221 ) [ Katorgtoras
1

te[0,1]

n (’Vg)am + %(1 - a[fy])) /0 Kp(s)g(s)ds

+ [ Kasgash) <1,

: (t,u) €10,1] x [O,p]}.

where
f(t,u)
p

fo’p 1= ess sup {
LEMMA 2.10. Assume that

(I)) there exists p > 0 such that

e ut, { (22201 st + "2t ) [ atoro)as

€la,
b
+ (Mo + 21— a)) [ kaorats)as
b

D
+/a k(t,S)g(S)dS}) > 1,
where

[t u)
p

fo.p)c = €88 inf{ D (tu) € [a,b] x [p, p/c]}. (2.10)

Then we have i (T,V,) = 0.
Proof. Let
1
e(t) :/ k(t,s)ds fort € [0,1].
0

Then, according to (C2), (C3) and (C5), we have e € K \ {0}. We show that
u # Tu+ e for all A > 0 and u € 0V, which implies that ix (7, V,) = 0. In fact, if
this does not happen, there exist u € 9V, (and so for t € [a, b] we have minu(t) = p
and p < u(t) < p/c) and A > 0 with

u(t) = Tu(t) + Xe(t) = v(t)afu] + 5(¢)Blu] + Fu(t) + Xe(t).

Applying a and g to both sides of the previous equation, we get

(* bl ol (o) (bl ety (ol oy
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Note that the matrix that occurs in (2.11) satisfies the hypothesis of lemma 2.3,
so its inverse is order preserving. Then, applying the inverse matrix to both sides

of (2.11), we have
(ZFJD > 5 (1 E[f]w ' fjm) (Z{;‘ZD |

Therefore, for ¢ € [a, ], we obtain

u(t) > <W)(1 — Blo]) + ‘ggf)gm)a[pu]
(71(; 5? - a[v]))ﬂ[Fu] + Fu(t) + Ae(t)

(71(;)( — 18] + 51(; )/ Ka(s yu(s)) ds
N (7('?&[5“?(1—047]))/& Kp(s)g(s)f (s, u(s)) ds

b
+ / k(t,8)g(s)f(s,u(s))ds.

Taking the infimum for ¢ € [a, b] then gives

contradicting (2.9). O

REMARK 2.11. We point out, in similar way as in [53], that a stronger (but easier
to check) condition than (I7) is given by the following:

(G ) [

+ (Czy”a[é] + C3H5” )/ Kp(s)g(s)ds + M(Z,b)) b
(2.12)

where

1 b
= dnf | k( ds.
M(a,b) telf}hb]/a ( 75)9(5) S

We now combine the results above in order to prove a theorem regarding the
existence of one, two or three non-trivial solutions. The proof is a direct consequence
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of the properties of the fixed-point index and is omitted. It is possible to state a
result for the existence of four or more solutions; we refer the reader to [31] for
similar statements.

THEOREM 2.12. The integral equation (2.1) has at least one non-zero solution in
K if one of the following conditions holds:

(S1) there exist p1,p2 € (0,00) with py/c < py such that (I)) and (I},) hold;
(S2) there exist p1,py € (0,00) with p1 < py such that (I}) and (I9,) hold.

P2
The integral equation (2.1) has at least two non-zero solutions in K if one of the

following conditions holds:

(S3) there exist p1, p2, ps € (0,00) with p1/c < pa < p3 such that (Igl), (I;z) and
(123) hold;

(S4) there exist py, p2, p3 € (0,00) with py < py and pa/c < ps such that (I,)), (I},)
and (I}.) hold.

The integral equation (2.1) has at least three non-zero solutions in K if one of the
following conditions holds:

(S5) there exist p1, pa, p3, pa € (0,00) with p1/c < p2 < p3 and p3/c < py such that
(Igl), (I;Q), (.723) and (I ) hold;

P4

(S6) there exist p1, pa2, p3, pa

€
(Ip,). (Ip,), (I,) and (Ip

)
(0,00) with p1 < py and pa/c < ps < ps4 such that
) hold.

4
3. Some non-existence results

We now consider the auxiliary Hammerstein integral equation,

1
ut) = [ st 5)g(s) (s, u(s)) ds 5= St (3.1)

where the kernel kg is given by the formula

kst ) = 2[00 8K A(s) + als)n(s)
+ 2 a00ca(s) + (1 - abi)Kn(s)] + kit ).

The operator S shares a number of useful properties with 7' (primarily the cone
invariance and compactness). The proof follows directly from (C1)—(C8) and is
omitted.

LEMMA 3.1. The operator (3.1) maps K into K and is compact.

A key property that is also useful is the one given by the following theorem; the
proof is similar to that in [53, lemma 2.8 and theorem 2.9] and is omitted.

LEMMA 3.2. The operators S and T have the same fixed points in K. Furthermore,
if u# Tu for uw € Dk, then ix(T,Dk) =ik (S, Dk).
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We define the constants

mis = t;glf’l] {maX{/ol kg (t,5)g(s) ds,/o1 kg (t,s)g(s) ds}}

1 1 b
— _ _—— inf
Ms(a,b) Mg~ telad) /a ks(t 5)g(s) ds,

and

and we prove the following non-existence results.

THEOREM 3.3. Assume that one of the following conditions holds:
(1) f(t,u) < mglu| for every t € [0,1] and u € R\ {0};
(2) f(t,u) > Mgu for every t € [a,b] and u € RT.

Then (2.1) and (8.1) have no non-trivial solution in K.

Proof. In view of lemma 3.2 we prove the theorem using the operator S.

(1) Assume, on the contrary, that there exists u € K, u # 0, such that « = Su and
let to € [0,1] such that ||ul] = |u(to)|. Then we have

Jul = fu(to

)
_ ‘ / ksto, )g(s) (s, u(s) ds

1

S maX{/Ol k?(to,S)g(S)f(&U(S))ds,/o ks(to,S)g(S)f(&U(S))dS}

1
<max{/ k
0

< lull,

@t

(to, s)g(s)mglu(s)|ds, /0 kg (to, s)g(s)ms|u(s)| ds}

a contradiction.

(2) Assume, on the contrary, that there exists u € K, u # 0, such that « = Su and
let 7 € [a,b] be such that u(n) = minge[q,5 u(t). For t € [a,b] we have

u(t) = / ks(t, 9)g(s) F(5,u(s)) ds
b
> / ks(t, 9)g(s)f(5,u(s)) ds

>MS/ ks(t,s)g(s)u(s)ds.

Taking the infimum for ¢ € [a, b], we have

b

in u(t) > Mg inf [ kg(t, ds.
tg[l;g]U() s, b | s(t,s)g(s)u(s)ds
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Thus, we obtain
b
(o) > Mu(u) int [ kst s)g(s)ds = (o).

a contradiction. O

4. Eigenvalue criteria for the existence of non-trivial solutions

In this section we assume the additional hypothesis that the functionals a and 3
are given by positive measures.

In order to state our eigenvalue comparison results, we consider the following
operators on C10, 1]:

1 b
Lu(t) := / |ks(t, 8)|g(s)u(s)ds, Lu(t) == / k& (t, s)g(s)u(s)ds.
0 a
By proofs similar to those of [53, lemma 2.6 and theorem 2.7], we study the prop-
erties of these operators.
THEOREM 4.1. The operators L and L are compact and map P into PN K.

Proof. Note that the operators L and L map P into P (because they have a positive
integral kernel) and are compact. We now show that they map P into PN K. We
do this for the operator L; the proof of L is similar.

Firstly, we observe that

ks(t, )] < PO~ gisprcacs) + aldlka(s)

D
+ PO g (s) + (1 - abaiCn(s) + [kt 5)

< Il papkats) + atilcs(s)
0 sty a(s) + 1 - DB () + k(e )

<T(s)+P(s)

—0(s),

where
r(s) = (1 ggicas) + alolicn(s) + 1L (alkats) + (1 - apKs(s))

Moreover, we have, for ¢ € [a, b],
|kS(ta S)‘ = kS(t7 S)
> 04— gspyica(s) + alolica(s)

-~ D
+ ngsn BIVKA(s) + (1 — a[y]))Kp(s)] + c1D(t)
> c¥(s),
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and thus
min kg(t,s) = c¥(s). (4.1)
te(a,b]

Also we have g¥ € L[0,1] and we obtain that, for u € P and ¢ € [0, 1],

Lu(t)</0 U(s)g(s)u(s)ds

such that, taking the supremum on ¢ € [0, 1], we get

|Lull < / 0 (s)g(s)u(s) ds.

On the other hand,

1
min Lu(t) > ¢ / (s)g(s)u(s) ds > || Lul.
t€la,b] 0

Furthermore, since « and (§ are given by positive measures,

olLu] = /O /0 ks (t, 8)]g(s)u(s) ds dA(E) > 0

and

1,1
BlLu] = / / |ks(t,8)|g(s)u(s)dsdB(t) > 0.
o Jo
Hence, we have Lu € K. ]

We recall that X\ is an eigenvalue of a linear operator I' with corresponding
eigenfunction ¢ if ¢ # 0 and Ap = I'p. The reciprocals of non-zero eigenvalues
are called characteristic values of I'. We shall denote the spectral radius of I'" by
r(I) = lim, o0 ||[I™]|"/™ and its principal characteristic value (the reciprocal of
the spectral radius) by u(I") := 1/r(I).

The following theorem is analogous to those in [53,55] and is proven by using
the facts that the operators considered leave P invariant and P is reproducing,
combined with the well-known Krein—-Rutman theorem. Condition (C3) is used to
show that r(L) > 0.

THEOREM 4.2. The spectral radius of L is non-zero and is an eigenvalue of L with
an eigenfunction in P. A similar result holds for L.

REMARK 4.3. As a consequence of the two previous theorems, the above-mentioned
eigenfunction is in P N K.

We use the operator on Cla, b] defined, for ¢ € [a, b], by

b
Lu(t) ::/ k& (t, s)g(s)u(s)ds

and the cone P,y of positive functions in Cfa, b].
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In the recent papers [50,52], Webb developed an elegant theory valid for wg-
positive linear operators relative to two cones. It turns out that our operator L fits
within this setting and, in particular, satisfies the assumptions of [52, theorem 3.4].
We state here a special case of [52, theorem 3.4] that can be used for L.

THEOREM 4.4. Suppose that there exist u € Piap) \ {0} and X\ > 0 such that
Au(t) = Lu(t) fort € [a,b].
Then we have r(L) < \.
We define the following extended real numbers:

—— ess supyepo,1) (¢, u) ess infyciq ) f(t, u)

S0 =Tlim ) fo= lim ;

u—0 |ul u—0+ u (4.2)
poo Tm OSSP f(t,u) fo— lm & infyepa, f(t,u)

Juu|—+o0 |ul ’ e u '

In order to prove the following theorem, we adapt some of the proofs of [55,
theorems 3.2-3.5] to this new context.

THEOREM 4.5. We have the following.

(1) If 0 < f9 < u(L), then there exists py > 0 such that ix(T,K,) =1 for each
pe (Ovpo]

(2) If 0 < f*° < w(L), then there exists Ry > 0 such that ix (T, Kgr) =1 for each
R > Ry.

(3) If u(L) < fo < oo, then there exists pg > 0 such that ir (T, K,) =0 for each
pE (O,PO]

(4) If W(L) < foo < 00, then there exists Ry > 0 such that ixg(T,Kg) = 0 for
each R > R;.

Proof. We show the statements for the operator S instead of T, in view of lemma
3.2.

(1) Let 7 be such that f° < p(L) — 7. Then there exists py € (0,1) such that for
all u € [—po, po] and almost every ¢ € [0, 1] we have

ftu) < (L) —7)lul.

Let p € (0, po]. We prove that Su # Au for v € 0K, and A > 1, which implies

t
ik (S, K,) = 1. In fact, if we assume otherwise, then there exist u € 0K, and A > 1
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such that Au = Su. Therefore,

u(t)] < Alu(t)] = [Su(t)|
‘/ ks(t,s)g(s)f(s,u(s))ds

< / ks (t,)|g(s) (s, u(s)) ds

< (L)~ 7) / ks (t, 5)lg(s)u(s)| ds
= (u(L) — 7)L|ul(t).
Thus, we have, for t € [0, 1],

|u(®)]

N

(W(L) = 7)L[((L) = 7) Lul(2)]
= (u(L) = 7)*L?Jul(t)

<< (L) = ) L ul(2).
Thus, taking the norms, 1 < (u(L) — 7)™||L™||, and then

. w(l)—T1
1< (uw(L) —7) lim ||L"|V" = ==— <1,
(u(L) ~7) lim_[|IL"] D
a contradiction.

(2) Let 7 € R such that f* < p(L) — 7. Then there exists Ry > 0 such that, for
every |u| > Ry and almost every ¢ € [0, 1],

ftu) < (L) —7)lul.

Also, by (C4) there exists ¢r, € L*°[0,1] such that f(t,u) < ¢g,(t) for all u €
[~ R1, R1] and almost every t € [0,1]. Hence,

ft,u) < (L) —7)|u| + ¢r, (t) for all u € R and almost every ¢ € [0,1]. (4.3)

Denote by Id the identity operator and observe that Id —(u(L) — 7)L is invertible
since (u(L) — 7)L has a spectral radius less than 1. Furthermore, by the Neumann
series expression,

[l —(u(L) = )L ™" =) [(u(L) ~

k=0

Therefore, [Id —(u(L) — 7)L]~! maps P into P, since L does.
Let

C = / S)bm (s)ds and  Ro:= [|[ld —(u(L) — 7)L) 1O

Now we prove that, for each R > Ry, Su # Au for all u € 0Kg and A > 1, which
implies ik (S, Kr) = 1. Assume otherwise: there exist u € dKg and A > 1 such
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that Au = Swu. Taking into account the inequality (4.3), for t € [0, 1] we have

u(t)] < Au(t)] = |Su()
_ ‘ / Ks(t, $)9(s) (s, u(s)) ds

/|ksts|g f(s,u(s)) ds

< (u(L) —T/|/fst8)|9( )Ju(s)|ds + C
— (u(L) - T)LJul(t) +

which implies

[Id —(u(L) — ) L][ul() < C.
Since (Id —(u(L) — 7)L)~! is non-negative, we have
Jul(t) < [1d —((L) = 7)L]7'C < Ro.
Therefore, we have ||u|| < Ry < R, a contradiction.

(3) There exists po > 0 such that for all u € [0, po] and all ¢ € [a, b] we have

ft,u) > p(L)u.

Let p € (0, po]. Let us prove that u # Su+ Ap; for all w in 0K, and A > 0, where
@1 € KNP is the eigenfunction of L with [|¢q]| = 1 correspondlng to the eigenvalue
1/p(L). This implies that ix (S, K,) = 0.

Assume, on the contrary, that there exist v € 0K, and A > 0 such that u =

Su + .
We distinguish two cases. Firstly, we discuss the case A > 0. We have, for ¢ € [a, b,

1

u(t) = / s(t, £)g(s) f (5. u(s)) ds + Ay (£)
b

> / kS (1 5)9(3) £ (s, u(s)) ds + Aga (1

_ b
> (E) [ KE(E )9l ds + Ao (0
— w(L)Lult) + Mg (1),

Moreover, we have u(t) > A (t) and then Lu(t) > ALy (t) > (A/p(L))p1(t) and
therefore we obtain

ult) > p(L)Lu(t) + Ap1(t) = 2X\p1(t)  for ¢ € [a,b].
By iteration, we deduce that, for ¢t € [a, b], we get
u(t) = nApi(t) for every n € N,

a contradiction because |lu|| = p.
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Now we consider the case A = 0. Let ¢ > 0 be such that for all u € [0, po] and
almost every t € [a, b] we have

fltu) = (L) + e)u.
We have, for t € [a, b],

> (u(E) + o) Eut).
Since Ly (t) = r(L)pi (t) for t € [0,1], we have, for t € [a, b],

Lo (t) = Lon(t) = r(L)ea(8),
and we obtain (L) > 7(L). On the other hand, we have, for ¢ € [a, b],
u(t) > (u(L) + &) Lu(t) = (u(L) +e) Lul(t),

where u(t) > 0. Thus, using theorem 4.4, we have r(L) < 1/(u(L)+¢) and therefore
r(L) < 1/(p(L) + €). This gives u(L) + & < p(L), a contradiction.

(4) Let Ry > 0 such that

f(tu) > p(L)u
for all u > cRy, c as in (4.1) and all ¢ € [a, b].

Let R > Ry. We prove that u # Su + Ap;p for all uw in 0Kg and A > 0, which
implies ix (S, Kr) = 0.

Assume now, on the contrary, that there exist u € 0Kgr and A > 0 such that
u = Su + Apy. Observe that for u € dKr we have u(t) > c|lu|| = ¢cR > cR;y for
t € [a,b]. Hence, we have f(t,u(t)) > u(L)u(t) for t € [a,b]. Proceeding as in the
proof of (3), this implies that, for the case A > 0,

w(t) > p(L)Lu(t) + A1 (t) = 2X\@1(t)  for t € [a, D).

Then, for ¢ € [a, b], we have u(t) = nAp1(t) for every n € N, a contradiction because
|lu|]| = R. The proof in the case A = 0 is treated as in the proof of (3). O

The following theorem, along the lines of [53,56], applies the index results of
lemmas 2.7 and 2.10 and theorem 4.5 in order to obtain some results on the existence
of multiple non-trivial solutions for (2.1).

THEOREM 4.6. Assume that conditions (C1)—(C8) hold with « and 3 given by pos-
1tive measures.

The integral equation (2.1) has at least one non-trivial solution in K if one of
the following conditions holds:

(H1) 0< f° < p(L) and p(L) < foo < 00,
(H2) 0< f* < u(L) and u(L) < fo < oo.
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The integral equation (2.1) has at least two non-trivial solutions in K if one of the
following conditions holds:

(Z1) 0 < £ < (L), Jopje > Ms(a,b) for some p >0 and 0 < f> < u(L);
(Z2) (L) < fo < o0, fPP < mg for some p >0 and (L) < fao < 0.

The integral equation (2.1) has at least three non-trivial solutions in K if one of
the following conditions holds:

(T1) there exist 0 < p1 < pa < 00, such that
M(i’) <f0 < 09, f_p17p1 <mg, fp2,p2/5>MS<aab)a ngoo </~L(L)7
(T2) there exist 0 < p1 < ¢pe < 00, such that

0<f0 <M<L)7 fp17p1/c>MS(a7b)7 f_p27p2 <mg, /J(f’)l <foo < 0.

It is possible to give criteria for the existence of an arbitrary number of non-
trivial solutions by extending the list of conditions. We omit the routine statement
of such results.

The following lemma sheds some light on the relation between some of these
constants.

LEMMA 4.7. The following relations hold:
Ms(a,b) > u(L) > p(L) > ms.
Proof. The fact that u(L) > mg essentially follows from [55, theorem 2.8]. The

comment that follows [55, theorem 3.4] also applies in our case, giving pu(L) > p(L).

We now prove Ms(a,b) > pu(L). Let p € PN K be a corresponding eigenfunction

of norm 1 of 1/u(L) for the operator L, i.e. ¢ = u(L)L(p) and ||¢|| = 1. Then, for
t € [a,b] we have

b b
p(0) = (L) [ ks(t,9)9(s)o(s)ds > w(E) min o(0) [ st s)g(s) ds.
Taking the infimum over [a, b], we obtain

min ¢(t) > p(L) min o(t)/Ms(a,b),
t€la,b] t€la,b]

i.e. Mg(a,b) > p(L). O

In order to present an index zero result of a different nature, we introduce the
operator

Liu(t) ::/0 K (t, s)g(s)u(s)ds,

for which a result similar to theorems 4.1 and 4.2 holds.
In the next theorem we use the following notation, with ¢ as in (4.1):

inf ¢ kg (t d
ess infiepo,1) f( a’u’)7 Fi= 1 sup Jo ks (t,5)g(s) 5 (4.4)

c t€[0,1] f; k& (t,s)g(s)ds

fo=lim
u—0 |U|
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THEOREM 4.8. If u(Ly) < fo — &f°, then there exists py > 0 such that, for each
p € (0,p0], if u# Tu foru € 0K,, ix(T,K,) =0 is satisfied.

Proof. Firstly, since u € K we have, for t € [0, 1],

/O ’f§(t»8)9(8)IU(S)IdS</O kg (t,8)g(s)[ullds < / kg (t,s)g(s)clul ds

b a
< [ K990 1u(s) ds < 2L ul 0

Observe that the hypothesis (L, ) < fo — éf° implies fo, fO < oo. Let pg > 0
such that

Flt,u) = (u(Ly) +f%)ul and  f(t,u) < (f°+ gp(Ly))lul

for all u € [—po, po] and almost all ¢ € [0,1].

Let p < po. We shall prove that u # Su + Apy for all w in 0K, and A > 0,
where ¢ € K is an eigenfunction of L related to the eigenvalue 1/u(Ly) such
that [l | = 1.

Assume now, on the contrary, that there exist v € 9K, and A > 0 such that
u(t) = Su(t) + Apy(t) for all ¢t € [0,1]. Hence, we have

1 1
ult) = - / kg (£, 9)9(s) f (s, u(s)) ds + / kS (1 8)9(3) £ (s, u(s)) ds + A (8).

On the one hand we have

u(t) + / K5 (1 )g(s) f (5, u(s)) ds
<Ju(®)] + [° + (L)) / kg (1, $)g(s) u(s)| ds

< lu(t)] + el + 3u(Ly )] L |ul(t).

On the other we have

/0 k& (t,5)9(5) f (5, u(s)) ds + A (1) = (L) + Ef°) L ful (t) + A ().
Therefore, we obtain

((Lg ) + ) L ful(t) + Aoy < Ju(®)] + el + Gp(L )] Lo Jul ()
or, equivalently,
L) Ly ul(8) + Ap (8) < [u(t)].
Hence, we get
A (t) < fu(t)].
Reasoning as in the proof of theorem 4.5(3), we obtain
u(t)] = Agp(Li) L1 () + A1 (t) = §Ap(2).
1

By induction we deduce that |u(t)| > (51 + 1)Ap, (t) for every n € N, a contradic-
tion since |Ju|| = p. O
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As in theorem 4.6, results on the existence of multiple non-trivial solutions can
be established. We omit such results here.

REMARK 4.9. The hypothesis of theorem 4.8 implies that ¢ € (0,1). Also, if fo =
f% = fo, then the hypothesis is equivalent to u(LT)/(1—¢) < fo < oo. Furthermore,
if [a,b] = [0,1], then L = L™ = L and the growth condition becomes u(L) < fo <
00, which is theorem 4.5(3) for fp < oc.

5. Study of the Green functions of the BVPs (1.4), (1.5)
In this section we study the properties of the Green function of the BVP
eu’ (t) + w?u(t) = y(t), «'(0)=u'(1)=0,
where y € L1[0,1], e = £1 and w € RT. We discuss two separate cases.
CastE 1 (e = —1). The Green function k of the BVP
—u"(t) + w?u(t) = yt), «'(0)=1u'(1)=0,
is given by (see, for example, [46,59]),

coshw(l —t)coshws, 0<s<
coshw(1l — s)coshwt, 0<t<

)

t<1
wsinh wk(t, s) := { )
s

NN

Note that k is continuous, positive and satisfies some symmetry properties such as
k(t,s) = k(s,t) = k(1 —t,1—s).

Observe that

%(Ls) <0 fors<t

and
%

8t(t,s) >0 fors>t.

Therefore, we choose
&(s) := sup k(t,s) =k(s,s).
t€(0,1]
For a fixed [a,b] C [0, 1] we have

¢(a,b) i= min min k(t, s) _ min{coshwa, coshw(1 — b)}
tela,b] s€0,1] D(s) coshw

The choice of g =1 gives

1
— = sup / k(t,s)ds,
1Jo

m  ¢efo1
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and, by direct calculation, we obtain that m = w?. The constant M can be computed
as follows:

1 b
: inf k(t d
e it A ALCOL

sinhwa coshw(1 — t) + sinhw(1 — b) coshwt
=— — su .
w? te[al?b] w?sinh w

Let & (t) := sinhwacoshw(l — t) + sinhw(1 — b) coshwt. Then we have &/ (t) =
w?&(t) = 0. Therefore, the supremum of £; must be attained in one of the endpoints
of the interval [a, b]. Thus, we have

11 max{&(a),&i(b)}

M(a,b) w? w? sinhw

Note that
&1(b) — &1(a) = —2 SinhQ(%(b —a)w)sinhw(a+b—1),

and therefore &;(b) > &;(a) if and only if @ + b < 1. Hence, we obtain

L S
M(a,b) w? w?sinhw
" {sinhwa coshw(l —b) +sinhw(1l — b) coshwd, a+b<1,

sinhwa coshw(1 — a) + sinhw(1 — b) coshwa, a+b> 1.

CASE 2 (e =1). The Green function k of the BVP

u(t) + wu(t) = y(t), «'(0)=u(1)=0
is given by
cosw(l —t) cosws, 1,
1

wsinwk(t, s) := {

cosw(l — s) coswt,

In the following lemma we describe the sign properties of this Green function
with respect to the parameter w. Similar studies have been done, for different BVPs,
in [5, theorem 4.3] and [6, lemma 5.2]. The proofs are straightforward and omitted.
LEMMA 5.1. We have the following:

(1) k is positive for w € (0, 3m);

(2) k is positive for w = %77, except at the points (0,0) and (1,1), where it is zero;

(3) k is positive on the strip (1 — m/(2w),m/(2w)) x [0,1] if w € (37, 7);

(4) if w > 7, there is no strip of the form (a,b) x [0,1], where k is positive.
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Consider w € (0, 7). Fix s € [0, 1] and note that (0k/0t)(t, s) never changes sign
for t € [0, s) or for ¢ € (s,1]. Thus, we can take

P(s) := sup |k(t,s)|
te(0,1]

max{[k(0, s)|, [k(L, s)[, [k(s, s)|}

max{|cosw(1 — s)|,|cosws|, |cosws cosw(1l — s)|}

wsinw

max{cosw(l — s),cosws}
wsinw '
The last equality holds because cos(ws) > —cosw(l —s) > 0 for s < 1 — 7/(2w)

and cos(l —ws) = —cosws > 0 for s > 7/(2w).
On the other hand, for [a,b] C (max{0,1 — 7/(2w)}, min{1,7/(2w)}), we have

{min{k(a,s),k(b,s)}, s €[0,1]\ [a, b],

inf k(t7 S) - min{k;(a, 5)7 k‘(S, 8)7 k(b’ S)}7 5 [a’ b]

te(a,b]

Now, we study the three intervals [0,a), [a, b] and (b, 1] separately.
If s € [0,a), we have

it min{k(a, s), k(b, s)}
s€[0,a) @(S)
min{cosw(l — a) cosws, cosw(1l — b) cosws}

sel[I(l),a) max{cosw(l — s),cosws}

= inf min {cosw(l —a),cosw(l —b),

cosw(l —a)cosws cosw(l — b) cosws
s€[0,a)

cosw(l—s) 7 cosw(l—s)

= min {cosw(l —a),cosw(l —b),coswa,cosw(l — b)cosc:;)?lwia)}

= min{cosw(1 — a),cosw(1 — b), coswa},
where these equalities hold because (cosws)/cosw(1l — s) is a decreasing function
for s € [max{0,1 — 7/(2w)}, 1] and the function cosine is decreasing in [0, 7].

If s € [a,b], we have

o min{k(a, s), k(s, s), k(b, s)}
s€la,b] @(S)

min{coswa cosw(1l — s),cosws cosw(l — s),cosw(1l — b) cosws}

inf
selﬂz,b] max{cosw(l — s),cosws}

cosw(l —s)
cosws

cosws
cosw(l — b)icosw(l —5) }

= i?f ]min {coswa,cosw(l —b),cosws, cosw(l — ), coswa
s€la,b

= min{coswa, cosw(1l — b), coswd, cosw(l — a)}.
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If s € (b, 1], we have
- min{k(a, s), k(b, s)}
s€(b,1] d(s)
min{coswa cosw(1 — s),coswbcosw(1l — s)}

= inf
se(b,1] max{cosw(l — s),cosws}

, . cosw(1l — s) cosw(1l — s)
= inf min< coswa, coswb, coswa——— =, coswb—————=
s€(b,1] COS WS COSWws

) cosw(l —b)
= min { cos wa, cos wh, coswa————— = cosw(1 — b)
coswb

= min{coswa, coswb, cosw(1 — b)}.
Therefore, taking into account these three infima, we obtain that

infte[a,b] k(t,s)

c(a,b) := inf = min{coswa, cosw(1 — a), cos wb, cosw(1 — b)}.

s€[0,1] d(s)

In order to compute the constant m we use lemma 5.1 and the fact that k(t,s) =
k(s,t) for all ¢, s € [0, 1].
If we (0, %71’), the function k is positive and therefore

m = w?
Ifwe [%7‘(‘,7‘1’), we have
1
C(t) = / K+ (1, 5) ds
0
1
1 s wi
/ k(t,s)dSZ—QC?bw , te {0,1—#)7
1—7/20 w? sinw 2w
1 T T
w?’ © { 2w’ QW]’
/2w 1 1—¢
[ b= e ( ]
0 w sinw 2w
Since
1 1 1 1
0<— z/ k(t,s)ds z/ k+(t,s)ds—/ k™ (t,s)ds,
w 0 0 0
we obtain that ) .
/ kt(t,s)ds >/ k= (t,s)ds
0 0
and therefore we obtain
1 )
m=——#——=w"sinw.
maXie(o,1] C(t)
Also we have
11 <1 cosw(1l —t) sinwa + coswt sinw(1 — b)
M(a,b)  w? te[al,)b] w?sinw '
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Define
&3(t) := cosw(l — t) sinwa + coswtsinw(1 — b),

E5(t) = w? sinw(/ol k(t, ) ds — /ab k(t, 5) ds>,

and therefore we have £3(t) > 0 for ¢ € [a,b]. Then, we have

and observe that

& (a)&s(b) = —4w” cos[tw(2—a+b)] cos[tw(a+Db)] sin®[tw(a—b)] sinw(1—b) sinwa.

Now, &5(a)&5(b) < 0 if and only if 2 — 7/w < a+ b < 7w/w, which is always satisfied
for [a,b] C (1—7/(2w), 7/(2w)). In such a case, {3 has a maximum in [a, b], precisely
at the unique point t; satisfying

sin w sin wa

sinwtg = cos wty.

coswsinwa + sinw(1 — b)
Thus, we obtain

&3(tg) = cosw coswb coswty + cosw sin wa cos wty — cos w sin wb cos wiy

~+ sin w sin wa sin wtg

= <cos w cos wb + cosw sin wa — cosw sin wb

(sinw sinwa)?

coswt
coswsinwa—i—sinw(l—b)) 0

(sinw sinwa)

€os w cos wb + cosw sinwa — cos w sin wb +

: ’

coswsinwa + sinw(1 — b)

sinw sinwa 2 -
X - - +1 .
coswsinwa + sinw(1 — b)

REMARK 5.2. In the particular case a + b = 1, we have

&3(t) = sinwalcosw(l — t) + coswt].

In this case, observe that &3(¢) = £3(1 —t) and recall that & (t) = —w?&3(¢) = 0 (&3
is not constantly zero in any open subinterval). Therefore, the maximum is reached

at the only point where t =1 —1¢, i.e. t = % Hence, we obtain
1 B 1—2cos%wsinwa

M(a,b) w? sinw

REMARK 5.3. The constants m, M (a,b), c(a,b) and the function ¢ improve on and
complement some of those used in [41-43,45,46,58,59].
6. Examples

In this section we present some examples illustrating some of the constants that
occur in our theory and the applicability of our theoretical results. Note that the
constants that occur are rounded to the third decimal place unless they are exact.
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In the first example we study the existence of multiple non-trivial solutions of a
(local) Neumann BVP.

ExXAMPLE 6.1. Consider the BVP

s 2 mu(t
u (t) + (;) u(t) = fog)e*Tzlu(ﬂl, te0,1], v'(0)=4/(1) =0, (6.1)
where 7,7 > 0.

In this case w = 17271‘ and, by lemma 5.1, the Green function is positive on the strip
(1,%) x[0,1]. We illustrate remark 5.2 by choosing [+, 3] C (%, %) and we prove, by
using theorem 4.6, the existence of two non-trivial solutions of the BVP (6.1) that
are (strictly) positive on the interval [, 3].

In order to do this, note that in our case we have

7'1U2

o tge*ﬁl“‘ and f0=f>=0

ftu) =

Furthermore, using the results in the previous section, we have

c(3,3) = cos(&m) = L1\/2—\/2+V2=0.195 (6.2)

M = M(%,3)="7.029.

and

Henceforth, we work in the cone

K = 1]: i t > )
{necoa): _mn )= clul}

with ¢ given by (6.2).

We set )
~ c —
fo = 271

nc

We now prove that if 71 /75 > fo, then condition (Z1) is satisfied. Let

/(=DM = 10.289.

R Tu2 —Tou 1 2 —Tou
fu):= te[0f1]1+t2e M= snute ", wel0,+00).

Note that f’ only vanishes at 0 and 2/79; f f s strictly increasing in the interval
(0,2/75) and is strictly decreasing in the interval (2/7, +00). Thus, f assumes the
maximum at the unique point 2/7; and, since £(0) = 0 and lim,_, o f( ) =0, the
inverse image by f of any strictly positive real number different from f (2/72) has
either two points or no points. For x € [0, +00), let

Take ¢ € (0,2¢/72) and note that I(¢) < 0 in view of the strict monotonicity of f.
Moreover, if 7 > 2/7, then I(n) > 0. Since the function [ is continuous, there exists
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a point & € (e,n) such that I(Z) = 0, i.e. f(i)A: f(#/¢) = p. From the type of
monotonicity of f, for x € [Z,Z/c] we have p < f(x). Hence, we have

f(i) f x i T = z . 2clnc z 2Inc
= - = ex T - — = — _ = —.

c PG c T(c—=1)" ¢  T(c—1)
Thus, if we impose p > MZ, we obtain

M 2clnc Mz < f(z) = f() :7_1( 2lne )20_2/(0_1),
To(c—1) c To(c—1)
ie 11 /10 > fo.
We now present an example of a BVP subject to two non-local BCs.
ExaMPLE 6.2. Consider the BVP

u"(t) + wiu(t) = e MO ¢ eo,1],
1 (6.3)
u'(0) = u(0) + u(1), u'(1) = / u(t) sin 7t dt,
0

where w € (37, 7). We rewrite the BVP (6.3) in the integral form
1
Tu(t) = 5(thalul + 5050l + [ K(t.5)(s,uls) s
0
where
cosw(l —t)

t =
V() wsinw

afu] = u(0) + u(1), Blu] = /0 u(t) sin ¢ dt.

cos(wt)

8(t) =

wsinw’

In order to verify (S1) of theorem 2.12, we take [a,b] C (1 — 7/(2w), 7/(2w)) and
let f(u) = e~ Iul,
Note that the condition f*° = 0 implies that the condition (1)) is satisfied for p
sufficiently large (hence, ix (T, Kg) =1 for R big enough).
Now it is left to prove that ix(T,V,) = 0 for p small enough (condition (I9)).
We have
sin(im + w)

afy] = afd] =vV2—2—= By =00 =

wsin w T

T cot(3w)
20 — w3’
D = D(w) = (mw — w?) sin(3w) — (7 + 72 — w?) cos(Fw)

(72w — w3) sin(3w) '

cosws + cos(w[l — s]) Tcosws cot(sw) —wsinms + wsinws

Ka(s) = oSG . Kg(s)= 2w — w3
Observe that a[v], a[d], B[], B[6], Ka(s),Kp(s) = 0 and alv],B[0] < 1 for w €
(37, 7).

Also, we have D(w) > 0 for w € (3, 7). In fact, D(w) is a strictly increasing
function (since D’'(w) > 0 for w € (0,7)), lim,, g+ D(w) = —o0 and D(w) =1 —
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1/4m > 0, so there is a unique zero wy of D in (0,7) but wy = 1.507 < %7‘(’. Now,
v is increasing and ¢ is decreasing. Therefore, co = 7(a)/v(1) = cos(w[l — a]),
cs = 0(b)/5(0) = coswb. On the other hand, we have

g = Al _ e ’/ec
e ple) T o
¢(a,b) = min{coswa, cosw(1 — a), coswb, cosw(1l — b)},

Y

b . . . .
sinwb — sinwa + sinw(1 — a) —sinw(1l — b
/ Kals)ds = w? si(nw ) ( :
72 (cot(Fw)(sin(bw) — sin(aw)) + cos(aw) — cos(bw))
w?(m? — Tw?)
w?(cos(ma) + cos(mb))
w?(m3 — mw?) '

/ab Kp(s)ds =

Taking a + b = 1, we obtain
/b Ka(s) ds 2csc(2w) sin(3 (w — 2aw))

)

w2

b w2COS Ta —7T2COS aw 7T200 lw sin(aw
[ Kot s - -2 onre) = elaw) + 7ot sina)

w?(m3 — mw?)

)
Cc = coswa.

Condition (7)) is equivalent to

b
foarer inf, {atto)+ [Ckeoasf >,
where

q(t,w,a)
2 cse(w)(m esc($w) sin(3 (w — 2aw)) (7 cos(tw) + (7 — w)(w + ) cos(w — tw)))
Tw?((m — w)w(w + 7) — (—w? + 72 + 7) cot(2w))
2w esce(w) cos(ma)(sin(tw) — sin(w — tw) + w cos(tw))
Tw?((1 — ww(w + 7) — (—w? 4+ 72 + 7) cot(iw))

Using remark 2.11, it is enough to check

1
c’ i f t7 5 — > 1.
Tonte (teﬁ,b] et w,a) + M(a,b))
It can be checked numerically that inf,cp, ) ¢(t,w, a) = q(a,w, a). Hence, we need

exp(—p/coswa) coswa
p

1 — 2cos fwsinwa
> > 1.
w2 sinw

(q(aw, a) +

Since
lim exp(—p/coswa)

= +o00,
p—0 P
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the inequality is satisfied for p small enough, and hence we have proved that the
BVP (6.3) has at least a non-trivial solution in the cone K.

We now study an example that occurs in an earlier article by Bonanno and
Pizzimenti [3].

ExXAMPLE 6.3. Consider the BVP
—u"(t) +u(t) = M t€[0,1], u'(0) =u'(1) =0. (6.4)

In [3] Bonanno and Pizzimenti establish the existence of at least one positive solu-
tion such that ||ul| < 2 for A € (0,2e72).
The BVP (6.4) is equivalent to the following integral problem:

u(t) = / K(t, $)9(s) (u(s)) ds,

where
g(s) = s, flu) = Xe®
and
k() 1 cosh(l —t)coshs, 0<s<t<1,
,8) 1= ———
sinh(1) | cosh(1 —s)cosht, 0<t<s<1

By the results in § 5, the kernel k is positive and it satisfies (C1)—(C8) with [a,b] =
[0,1]. Thus, we work in the cone

= : i >
K ={ueclo1): min u(t) > clul |

)

where )
c=c¢(0,1) = i 0.648.
We can compute the following constants:
m=T1_ 1850
M(0,1) = z“_L 1 = 2.163,

ep
fO,p = fp,p/c = )\;

Taking p; = 2, (I},) is satisfied for A < (e + 1)e™2, and taking 0 < p; < 3¢ we

have (I9)) for X > [(e+1)/(e — 1)]pre="".
Hence, (S1) of theorem 2.12 is satisfied whenever

e+1 _
€ (0, e2> > (0,2e72).

Furthermore, reasoning as in [26], when A = 1 the choice of p; = 0.16 and
p1 = 0.1 gives the following localization for the solution:

0.064 < u(t) <0.16, te[0,1].
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An application of theorem 3.3 yields that for

e+1

ole—1) =0.797

A>

there are no solutions in K (the trivial solution does not satisfy the differential
equation). Furthermore, note that T: P — K; this shows that there are no positive
solutions for the BVP (6.4) when A > (e +1)/e(e — 1).
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