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Abstract  Let G1,...,Gj be finite-dimensional vector spaces over a prime field Fp. A multilinear
variety of codimension at most d is a subset of Gj X --- X G}, defined as the zero set of d forms,
each of which is multilinear on some subset of the coordinates. A map ¢ defined on a multilinear
variety B is multilinear if for each coordinate ¢ and all choices of x; € G;, i # ¢, the restriction map
Yy @(x1,. ., Te1,Y, Tet1, - -, k) is linear where defined. In this note, we show that a multilinear map
defined on a multilinear variety of codimension at most d coincides on a multilinear variety of codimen-
sion O (dok(l)) with a multilinear map defined on the whole of G1 X - -+ X G§. Additionally, in the case
of general finite fields, we deduce similar (but slightly weaker) results.
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1. Introduction

In [4], the authors proved a quantitative version of the inverse theorem for the Gowers
U* norm over finite fields. The proof depended on a series of results about maps that
have bilinear behaviour on subsets of ), which included the following theorems. In the

statements, G1, G2, H are finite-dimensional vector spaces over ), and w = e2mi/p,

Theorem 1.1 (Gowers and Mili¢evié [4, Theorem 7.7]). Suppose that r > 20d
and that f: Gy X Gg — Fg is a bilinear map that satisfies Exeq, yec, WA PEY) < p=7 for
all X € F4\ {0}. Let D = {(z,y) € G1 x Ga: 3(x,y) = 0}. Let ¢: D — H be a bilinear
map, in the sense that for each © € Gy, the map ¢,: {y € Gy : (x,y) € D} — H given by
y +— &(x,y) is linear, and the analogous statement holds for the second coordinate. Then
there is a bilinear map ® : Gy x Go — H such that &(z,y) = ¢(x,y) for all (z,y) € D.
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The condition on (8 in the above theorem is equivalent to the statement that the bilinear
form A - 3 has rank at least r for every non-zero \ € ]Fg. Without it, the conclusion is not
necessarily true; we shall provide a counterexample later in this section. The next theorem
tells us that if the condition does not hold, then we can pass to small-codimensional
subspaces where it does.

Theorem 1.2 (Gowers and Mili¢evié¢ [4, Theorem 5.2]). Let §: Gy x Gy — F¢
be a bilinear map and let r be a positive integer. Then, there are subspaces Vi < Gy, Vs <
Gy of codimension at most rd such that Eypecv, yev, w @Y < p™" for all A € F&A\ {0}

Let us say that a set of the form {(z,y) € G1 x Ga: a(z) =0, 8(y) = 0,7(z,y) = 0} for
linear maps « : Gy — Fl', 3 : Gy — F}? and bilinear map v : G1 x Go — FI? is a bilinear
variety of codimension at most t = t1 + to + t3. We may combine the two theorems above
into a single result.

Corollary 1.3. Let 5 : Gy x Gy — IFg be a bilinear map, let D = {(z,y) € G1 X G2 :
B(x,y) =0}, and let ¢ : D — H be a bilinear map in the sense of Theorem 1.1. Then there
is a bilinear variety B C D of codimension O(d?) and a bilinear map ®: G1 x Gy — H
such that ¢ agrees with @ on B.

As we have mentioned, bilinear maps defined on a bilinear variety cannot, in general,
be extended to global bilinear maps, so Corollary 1.3 is the best we can hope for in
a qualitative sense. For a simple example of a non-extendable map, take the variety
B = {(x1,z2;y1,92) € ]F127 X IFZQ, :x1y1 — woy2 = 0}. We may partition B into sets Z and
B), where X € F), \ {0}, defined by

Z = {(O7O;ylay2) ‘Y1, Y2 € IFI)} U {(171,.132;0,0) 1T, x2 € Fp}
U {(07$2;y1;0) L I2,Y1 S Fp} U {($1a0§0»y2) T, Y2 S ]Fp}

and

By ={(Az,z;y,\y) : v,y € Fp \ {0}}.
Let f : F, \ {0} — F, be any map. Define amap ¢ : B — F, by (21, 22;y1,y2) = 0, when
(z1,72;91,92) € Z, and (w1, 725 y1,y2) = f(N)T2y1, when (z1,22;91,2) € By, A # 0. It
is easy to check that ¢ is a bilinear map on B for any choice of f.

To see that ¢ cannot be extended to a global bilinear map, it suffices to show that for
some f the restriction ¢: {(z,z) : @ € Fp,} — [, defined by ¢(z, z) = ¢(z, 1;1, x), cannot
be extended to a biaffine map on F,, x F,. Observe that ¢ (z,z) = f(z) when x # 0, and
1(0,0) = 0, so there are p?~! different functions 1) we may create in this way, while there
are only p* biaffine maps on F,, x F,,.

The construction above works when p > 5. When p <5, we expect that there are
similar examples of non-extendable maps, but we shall not pursue that here. Instead,
let us mention a related phenomenon that happens when one studies subsets A C G x G
that are subspaces in principal directions (that is, for each = € G we have {y € G:
(z,y) € A} < G and we have an analogous property in the second direction). Again, it
turns out that such a property does not guarantee that A is a bilinear variety, as shown
by Bienvenu et al. [3] for any prime p. The case when p = 2 seems to be somewhat harder
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because it requires dim G > 2. On the other hand, such a set A contains a large bilinear
variety (while possibly not being equal to it); see [2, 5, 7].

The aim of this note is to generalize Corollary 1.3 to the multivariate case. Let F be a
finite field, which we shall regard as fixed, and now let G, ..., G} be finite-dimensional
vector spaces over [F. (All vector spaces in this paper are finite-dimensional and we think
of their dimension as large.) We define a multilinear variety of codimension at most
d in Gy x -+ x Gj to be a set of the form V = {(z1,...,21) € Gy x -+ x G : (Vi €
[d])Bi(x1,) = O}, where the maps (3; : [[,c; G; — F are multilinear (i.e. linear in each
variable separately) forms for ¢ € [d] and (3;(x;,) means that we use z; for j € I; as argu-
ments of ;. Observe that V has the property that if we fix values 1 € G1,...,2;,-1 €
Gi—1,Tiy1 € Gigp1,. .., 2 € Gy for all coordinates but coordinate 7, then the set

le,..‘ri,l,mi+1,...,zk - {yl E Gi: (fL’l, A 7xi717yi7$i+17 A 7$k‘) e V}

is actually a non-empty subspace of G;. Hence, if H is another vector space over F,
we define a map ¢: V — H to be multilinear if the restriction

O Varwi vz — Hy (i) = (@1, w1, Y Tiga, - Tk)

is linear for every choice of coordinate ¢ and elements x1,...,z;—1, Tit1,...,Tk.
Our main theorem is the following. Note that it is stated for prime fields I, instead of
general finite fields.

Theorem 1.4. For each positive integer k there are constants C = Cy, D = D), such
that the following statement holds. Let G'1, ..., G, be vector spaces over a prime field F,,.
Let B be a multilinear variety of codimension d in G; X --- X Gy and let ¢: B — H be a
multilinear map to a vector space H over IF,. Then there is a global multilinear map ® :
G1 x -+ X Gy — H such that the set {(x1,...,zx) € B: P(x1,...,25) = ¢(x1,...,2k)}
contains a multilinear variety of codimension at most CdP.

Note that the constants C' and D do not depend on the prime p.” Also, a variety of
codimension at most r is easily seen to have density at least p~*" in the ambient space (see
Lemma 2.3). This means that the set {(z1,...,2r) € B: ®(x1,...,2k) = ¢(x1,...,7Tk)}
is necessarily large.

In the case of general finite fields, we prove the following result.

Theorem 1.5. For each positive integer k and finite field F, there are constants C' =
Crw, D = Dy, such that the following statement holds. Let G, ...,G), be vector spaces
over F. Let p be the characteristic of the field I and view [F), as a subfield of F. Let B be
a multilinear variety of codimension at most d in G x -+ X Gy and let ¢: B — H be a
multilinear map to a vector space H over F. (Note that G1,...,G may be seen as vector
spaces over F,, as well.) Then there are a global multilinear map ¢ : Gy X --- x G, — H
and an F,-multilinear variety B’ of codimension at most CdP such that ®(z1,...,75) =
(1, ...,x) holds for all elements (z1,...,x;) € B’.

* . 20 (k%) O (k?)
The proof gives bounds C' < 22 and D < 22 .
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We remark that it is likely that the constant C' in Theorem 1.5 does not depend on F.
However, we shall first prove Theorem 1.4 and then use that special case to deduce the
second result, which will incur the cost of the additional dependence of C' on F. Note
also that in Theorem 1.5, we only find an [F)-multilinear variety of bounded codimension
inside the set X of points where the given map coincides with a global multilinear map.
However, it is likely that X contains an F-multilinear variety of bounded codimension,
which does not follow from the arguments given in this paper.

Theorem 1.4 relies crucially on power-type bounds for partition rank in terms of
analytic rank, which were independently proved by Janzer [8] and the second author
[12]. (The relevant definitions and a precise statement of the result will be given at the
end of §2.) Let us also note that Kazhdan and Ziegler generalized Theorem 1.1 in [9],
but their result, like Theorem 1.1, has the crucial assumption that the domain of the
given map is a variety of high rank. However, in higher dimensions, finding a high rank
subvariety inside the given variety leads to significantly worse bounds than those in
Theorem 1.4.

Organization of the paper. We begin our work with a short preliminary section that
contains useful auxiliary results. Then, in §3 and §4, we prove Theorem 1.4 in the case
of prime fields. Finally, we deduce the full result in §5.

2. Preliminaries

Let F be a finite field, and write f for its cardinality |F|. In this preliminary section, we
do not assume that F is a prime field, and if we treat the case of prime fields we use the
notation IF,,. Further, fix & and vector spaces G1,...,G), over F. We recall the following
notational conventions, definitions and proposition from [12].

Notation. In the rest of the paper, we use the following abbreviations in situations where
we have many indices appearing in predictable patterns. Given a sequence x1,...,Zn,
we shall denote it by x[,,), and more generally if I C [m] then we shall write x; for the
subsequence with indices that run through I. We shall do the same for products of the
spaces G; as well: G[;) will stand for Hie[k] Gy and G for [[,.; Gi. For example, instead
of writing a: [[;,c; Gi — F and «(x;: i € I), we write a: Gy — F and a(zy).

Recall that a map ¢: U — V between vector spaces is affine if u— ¢(u) — ¢(0) is
linear. A map a: Gy — H, where H is a vector space over F, is multiaffine if it is affine
in each variable separately. We refer to the zero set of a multiaffine map a: Gy — H
as a variety, and we say that such a variety has codimension at most dim H. (Note that
multilinear varieties are varieties in the sense of this definition.) Equivalently, we define
codimension of a variety V as the least value of dim H, where we range over all multiaffine
maps a: G — H that have V' as their zero set.

Another convention we adopt is that we write E,, without specifying the set from
which z is taken, when this causes no confusion. Frequently, we shall consider ‘slices’
of sets S C Gy, by which we mean sets S, = {yp)\r € Gupr: (x1, yppg) € S}, for I C
[k],zr € Gr. (Here (x7,yp)\s) denotes not the concatenation of the two sequences but
the sequence wiy), where w; = x; when i € I and w; = y; when i € [k] \ I.) Occasionally,
we might have a single element z € GG; instead of z;, and in this case, we write S;. .
for the resulting slice, since the direction 7 is not clear from the notation z, unlike in
the case of x7. In other words, S;.. is the set {ypp (i} : (2, yp)\qi3) € S} (with a similar
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interpretation of (z,yp)\ (1)) Finally, for each vector space Gj, fix a dot product. We
need this for the characterization of linear forms on G; — each linear form ¢: G; — F
takes the form ¢(z) = x - u for some element u € G;.

Define a graph G with vertex set G|i) by putting edges between points that differ in a
single coordinate. We say that a set S C Gy is connected if the induced graph G[S] is
connected. The diameter of S is the largest distance between two vertices in the graph
G[S]. In the rest of the paper, we fix a non-trivial additive character x: F — C.

Proposition 2.1 (one-sided regularity lemma [12, Proposition 10]). Writec, =
4(k+1). Let p: Gy — F and 3;: Gi, = F (i =1,2,...,r) be multilinear forms, where
I; C [k]. Let T = {i € [r]: I; = [k]}. Suppose that

E X(P(Ji[k]) — Z )\iﬁi(gj[k])> <n= f—Ck(T’-i-l),
T1y..,Tk ieT
for any choice of A € FX. Then the set of xp) € Gy for which p(xp,)) # 0 and Bi(xr,) =0
fori=1,2,...,r is connected and has diameter at most (2k + 1)(2* — 1).

Note that the expression on the left-hand side of the displayed inequality is a non-
negative real, so there is no need for absolute values.

Corollary 2.2. Let p,[31,..., 03, be as in Proposition 2.1. Let x, Yy € Gx be such
that p(xpy), p(ypw) # 0 and Bi(xr,) = Bi(yr,) = 0 for all i € [r]. Then, there are points
q?k],q[lk], .-,y € Gy with the following properties.

(1) Any two consecutive points differ in exactly one coordinate.

(2) The first point q?k} is equal to x[y), and the last point qfk] is equal to (AMy1, ..., \kUk),
for some non-zero \y,..., A\ € F.

(3) The number s is at most (2k + 1)(2% — 1).
(4) We have p(q[ok]) = p(q[lk]) == p(q[sk]) and (3, (q}J) =0 for alli €[0,s],j5 € [r].

Proof. By = Proposition 2.1, the set {xp € Gp: (Vie[r])Bi(xr) =0,
p(zp)) # 0} is connected and of diameter at most (2k + 1)(2¥ —1). Hence, there is a
sequence q?k],q[lk],...,qfk] € G[i) that satisfies the first three of the listed properties,
p(qfk]), -5 p(qp) # 0 and ﬁj(qﬁj) =0 for all ¢ € [0, s],7 € [r]. By induction on ¢ € [0, s],
we show that there is a sequence p?k],p[lk ,...,pfk] € G| that satisfies the first three
of the listed properties, where we relax the first property to allow consecutive points
to be equal and that also satisfies a modified version of the last property, namely

that p(pfy) = p(ply) = -~ = pWhy) # 0, PP - -+ p(pfy) # 0, and G;(p},) = 0 for all
i €10,s],j € [r]. For t = 0, we may take pfk] = qfk]. Assume now that the claim holds for
some t < s, and let p([)k], ceey pfk] be the sequence so far. Then, points pfk] and p‘f;i ! differ in
a single coordinate, say ¢ € [k]. Let A € F\ {0} be such that p(pfk]) = )\p(pflgl). Modify
all points p%l,

the modified sequence satisfies all the properties.

..,pfk] by multiplying their c-coordinate by A. It is easy to check that
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Once we have a sequence for ¢t = s, remove points that are equal to their predecessor
to finish the proof. O

We shall also need to know that the set considered in the results above is necessarily
non-empty. To prove this, we need two simple lemmas.

Lemma 2.3 (Mili¢evi¢ [12, Lemma 11]). Let B C G| be a non-empty variety of
codimension at most d. Then |B| > £~%|Gy|.

When a: Gy — H is a multiaffine map, it is a simple linear-algebraic fact that a can
be uniquely written as a(z(y) = >_ ;) o (2r), for some multilinear maps ar: Gy — H
for I C [k] (where ag is interpreted as a constant). We refer to ay) as the multilinear part
of a. We shall write o/ for afx), unless stated otherwise.

Lemma 2.4 (Lovett [11, Lemma 2.1]). Suppose that a: G) — F is a multiaffine
form with multilinear part a. Then

E (o) < B x(a(ep)

To save space, given multilinear forms (q,..., 3, and A € F", we shall write A -3 for
the multilinear form Zie[r] i

Lemma 2.5. Let p,1,..., 8. Gy — F be multilinear forms and let m € N be such
that for all choices of A € F",

E X (plzp) + (- B)(zp)) < £,

Zlk)

Then for any multilinear forms v;: Gy, - F, 0 £ 1; C [k], i =1,2,...,m, we may find
x(y) € G such that

(1) plrp) =1,
(2) (Vi€ [r]) Bi(xp) =0, and
(3) (Vi € [m]) vi(xr,) = 0.

Proof. Suppose that, on the contrary, whenever a point x) satisfies 3;(x(z)) = 0 for
all i € [r] and ;(xz,) =0 for all 7 € [m], then p(xp)) = 0. The set of such points is a
multilinear variety of codimension at most r + m, so by Lemma 2.3,

fHOH < B 1((Vi € [])Bi(em) = 0A (Vi € [m])vi(er,) = 0)

T(k]

= 1‘%1 X(p(zw))1 ((Vi € [r])Bi(xp) =0 A (Vi € [m]) vi(z,) = 0)
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=E E X(P(x[k]) + N B)@w) + Y mvilar,) )

T(k] NEFT, uelf™ icim]

< E
AEFT, uelfm

E X( (zw) + X B) () + > iz, )‘

k) i€[m]

By Lemma 2.4, this is at most Exerr | Ea,; X(0(z (k) + (A - 8)(2x)))|, which by hypothesis
is less than £~*("+™) This is a contradiction, so the lemma is proved. O

The purpose of the next lemma is to enable us to deduce the value that ¢ takes at
certain points in a situation where, because ¢ is not defined everywhere, one cannot
straightforwardly expand and use bilinearity.

Lemma 2.6. Let U < G; and V < G2 be subspaces over prime field F, and let
B: Gi x Gy — T and p: Gy x Go — ), be bilinear. Let B = {(z,y) € U xV: f(z,
y) =0} and let B® = {(x,y) € B: p(z,y) = 0}. Let (x,y), (2,w), (u,v) € B be points such
that p(x,y) = p(z,w) = p(u,v) =1 and p = 0 for all other points in {z,z,u} x {y,w,v}.
Let ¢: B® — H be a bilinear map. Then, for all { € F,,, we have

Pz — Lz, by +w) = ¢p(x — z,y +w) + ({ = Dp(z —u,y +v) — (L = 1)p(z — u,w +v)

— (0= D)g(z,v) — (&~ 1)(,y)
(0= 1)(u,9) + (= 1)0(3,0) — (= Dolu,w).
Also,

Pz — Lz, by + w) = Lp(x —u,y +v) = £P(z — u, w +v) + ¢z, w) — Lp(x,v)
— C(z,y) +Lp(u,y) + €d(2,0) — ld(u, w). (2.1)

Remark. The proof of this lemma works only for prime fields.

Notational remark. Here and in the rest of the paper, whenever ¢ is a map with domain
D and we write an expression of the form ¢(q), we are tacitly stating that the point ¢
lies in D.

Proof. Note first that our hypotheses imply that all the points where we evaluate ¢
do indeed belong to B®. We prove the claim by induction on £. For £ = 1, the claim is
easy to check. Assume now that it holds for some ¢ — 1. Then

Pz — Lz, by + w) = ¢p(x — Lz, ly + w + v) — ¢(z,v) + {P(2,v)
=¢(z—(l—1)z —u,ly +w+v)
— 6 — u, by +w+ v) — $(,v) + £(z, )
=¢(z—(l—1)z —u,ly +w+v)
— ¢z —u, w4 v) —Ld(z,y) + Ld(u, y) — d(xz,v) + Lop(z,v)
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=o(x—((—1)z—u,({—1)y+w)
+olx—(l—-1Dz—u,y+v)— ¢z —u,w+v)
—Lp(z,y) + Lp(u, y) — d(x,v) + Lo(2,v)
=gz —l—1)z—u,({—1)y+w)
+ o —u,y+v) = (=1)d(z,y) — (( = 1)d(z,0)
= ¢z —u,w +v) = Ld(2,y)
+L(u,y) — ¢z, v) +Lo(z,v)
= oz —(—1)z,({ - 1)y +w)
— (= 1D)o(u,y) — ¢(u,w) + d(z —u,y +v)
—(t=1)¢(z,9) — (£ = 1)¢(2,v) = ¢(z — u,w +v)
—l(z,y) + Ld(u, y) — d(x,v) + £g(z,v)
=¢la—l—-1)z,({ — 1)y +w)
+o(x —u,y+v) — oz —u,w+v)
— ¢z, v) = (20 = 1)é(z,y)
+ ¢(u,y) + ¢(z,v) — P(u, w)
=¢(z—zy+w)+ (-1 —uy+v)
—(l=1)p(z — u,w +v)
— (€= Dg(a,v) — (2 = 1)¢(2,y)
+ (0 = 1D)o(u,y) + (€ = 1)d(z,v) — (£ — 1)d(u, w),
where we applied the induction hypothesis in the last line.

To deduce the second equality in the statement, use the first equality with ¢ =0 to
write ¢(x — 2,y + w) in terms of other summands. O

Finally, we shall also need polynomial bounds for partition rank in terms of analytic
rank, whose definitions we now recall. Let a: Gy — F be a multilinear form.

The partition rank of a, introduced by Naslund in [13], is the smallest r such that
a can be written in the form a(zy)) = > ;1 Bi(@r)vi(zpn ), for further multilinear
forms B;: G, — F and v;: G\r, — F, where () # I; # [k]. We write prankg(a) for this
quantity. The analytic rank of «, introduced by Gowers and Wolf in [6], is defined to be
the quantity —loge Eq,; X(a(Z[k)))-

When k = 2, it is straightforward to check that both the partition rank and the analytic
rank are equal to the rank of « in the usual linear-algebraic sense. However, when k > 3,
the situation is more complicated, partly because there are many competing algebraic
definitions of rank. The fact that partition rank can be bounded in terms of analytic
rank was proved by Bhowmick and Lovett in [1], where they obtained Ackermannian
bounds. As was very recently proved, one may in fact take polynomial bounds.
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Theorem 2.7 (Janzer [8], Mili¢evié [12]). For every positive integer k > 2, there
are constants C = C,ga“ks,D = D?nks > 0 with the following property. Suppose that
a: Gy — F is a multilinear form of analytic rank r. Then the partition rank of « is
at most C(r? 4 1).

Note that the proof in [12] yields constants Cj and Dy that do not depend on the
cardinality of the field F. In the special case of polynomials on a single vector space, this
was conjectured by Kazhdan and Ziegler [9, 10].

3. Extending multilinear maps using one-sided regularity

Important notational remark. In this section and the following one, we shall use the
notation F to denote a prime field and f to denote its cardinality (so f is a prime). While
one would normally write ), in this situation, we wish to use the letter p to stand for
points in our arguments. However, the fact that F is a prime field will play a role only
at a single step (which is the application of Lemma 2.6), so the notation F should not be
too misleading.

When two points 2, i € G differ in a single coordinate, say d, we write (z © y)
for the point with coordinates (z ©y); = x; = y;, when i #d, and (z ©y)q = 4 — ya-
Notice that if B is a multilinear variety, then whenever x4,y € B differ in a single
coordinate, the point © © y belongs to B as well. Recall that a map ¢: B — H, where H
is another F-vector space, is multilinear if the restriction

¢': Bayg\ iy — H, O (Yi) = G(@1, -+ T, Yiy Tig 15+ -, T

is linear for every choice of coordinate i and elements z[)\ ;- Notice that whenever
T, Yk € B differ in a single coordinate then ¢(z © y) = ¢(x) — ¢(y).

Theorem 3.1. Let p: Gy — F and ;: G;, — F, i € [m] be multilinear forms.
Write Z = {i € [m]: I; = [k]}. Let B = {xp € Gp: (Vi € [m]) Bi(x1,) = 0} and let B =
{x) € B: p(a)) =0}. Let H be another F-vector space and let ¢: B — H be a
multilinear map. Suppose that for each \ € F?

1 o2 m 2k+3
E x (P(J«“[k]) + ZM@'@[@)) < @f @k kA1) (m+1)2777, (3.1)
Ikl ieT

Then, for each zy; € B\ B and hy € H, there is a unique multilinear map ¢*: B — H
such that qSeXt’BU = ¢ and ¢ (z) = ho.

Remark. The theorem says that if p is sufficiently quasirandom with respect to the
other forms (3;, then we may uniquely extend ¢ to the larger variety B that we obtain
by removing p from the definition of the domain of ¢. This observation is crucial and it
allows us to avoid strong assumptions such as the domain variety having high rank (as
in the result of Kazhdan and Ziegler).

The proof splits up into several stages. We begin by explaining how the map ¢! is
defined. To simplify the writing slightly, we assume that p(zp)) = 1, which we may do
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without loss of generality. Let xp € B\ B be given. By Corollary 2.2 (these 2k and
o) play the roles of ) and yp, of the corollary, respectively) there is a sequence 2, =
[y q[lk], ey q[sk] = (Mz1,..., \gx) € Gy with the properties stated in the conclusion of
that corollary, the fourth of which gives us that p(qfk]) = 1 and therefore that p(x)) =
[Ticpm A g

Motivated by this, for an integer s, we say that a sequence of points t‘[)k], t[lk], ceey
tfk] € G is s-good if:

(1) we have s <s,

2) any two consecutive points ti and t L differ in exactly one coordinate, and
(K]
(3) we have p(t[ok]) = p(t[lk]) == p(tfk]) and @(t’}j) =0forallie€|0,s],5 € [r]

We call t[k] and tfk] the endpoints of the sequence. In particular, Corollary 2.2 says that

for any xj,) € B\ BY (recall that zj was fixed) there is always a (2k 4 1)(2" — 1)-good
sequence with endpoints z;,) and (Mzx1,..., Agzy) for some scalars A;.

Assume for a moment that ¢**: B — H is a multilinear map that extends ¢. Then,
since each (¢"™' © ¢") ) € B, we must have

oy = (T o

i€[k]

= p(zp) 6™ (g
= repm) (¢>e’“(fJ[sk1 Sdg’) + ¢EXt(q[sk31))
= plz() ((bext(qac] S Q[Skfl) +o 7 (g © ay) + qsext(q?k]))

= plogg) (Alafg © a ") + -+ + dlaly S afyy) + ho) -

From this, we see that if ¢°*! exists, it has to be unique.

We use this observation to define the map ¢®*'. For each Tk € B\ B°, we apply
Corollary 2.2 to points zp; and zp (playing the roles of xp,; and yp of the corollary
respectively) and thus choose a sequence q?k} = Z[k, q[lk},qfk], . ,q[sk} = (M&1, ..., ApTg)
in B\ BY such that p is equal at all points, any two consecutive points differ in exactly one
coordinate, and Ay, ..., \; are non-zero elements of F and s <s = (2k +1)(2¥ — 1) + 1.
(The addition of 1 to the bound in Corollary 2.2 is intentional here: it will simplify the
proof that the map ¢** we are defining is multilinear.) We then take ¢***(z) to be

ple) (Slaiy © aig ) + -+ + @laly © afly) + ho) - (32)

If 2y, € BY, then we simply set ¢ (7)) = ().
It remains to show that ¢ is well defined and multilinear.
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3.1. The extension map is well defined

Fix now a point z() € B\ B®. Let ¢}y = 2k}, qjyys - - - 4y = (M21,- .-, Apaw) and pfy; =
Z[k]ap[lkp . ,P’fk] = (11, .., ukxE) be two s-good sequences. In particular, Hie[k] A =
Hie[k] i # 0. We need to show that

P(af) © q[skfl) o+ dlgy © ) + Sy S o) + o F ¢(pfk_]1 © py) = 0.

As a slight digression, we note that 1f ¢ were a global multilinear map, then this would
be trivial to prove, since qb( qpy © q[k] 1) could be split as ¢(q[sk]) — qﬁ(qf”k?l) and so on, and

Plagy) = q&(p[k]) We mimic this proof, by using Lemma 2.5 to find a point ‘orthogonal’
to the sequence qfk]. First, we prove the following claim that exploits the properties of
such a point (and explains the meaning of ‘orthogonality’ we have in mind).

In the proof below, and in subsequent arguments, when we write an expression of
the form ((ai)iep, (bi)ieE\F), it should be understood as the sequence (¢;);eg such that
c¢i=a; wheni € F and ¢; =b; when i € E\ F.

Proposition 3.2. Let qfk] = Z[k)» q[lk], -Gy = (Mz1, .., Akae) be an s-good
sequence and let vq,...,v, € F be non-zero scalars such that Hie[k] v; - Hie[k] A =1.
Let efy) € Gy be a point that satisfies the conditions

(1) plew) = -1,

(2) (W0 £ 1 C [)(vi € [0.]) pler,giy,,) = O,

(3) (Vi € [0,s])(Vj € [m])(V0 # J C 1) Bj(es.dy, ;) =0
Then

Qb(Q[Sk] @q([gkil)—F' ¢(Q[k] @CI[k ( H by ) I +V161,...,Ik+l/k€k)
i€ (k]

— &(z1 +v1idier, ..., 2k + VAker)

Z < H )‘) Vzez i€l (fz)ze[k]\z)

D#IC[k]
+ Z Qb()\iViei)ieI;(Zi)ie[k:]\l)-

0A1C[K]

Proof. Suppose that qm b and qfk] differ in coordinate d. To simplify the notation in

the proof, we shall temporarily write up) = q%l, Wk = qfk] and é; = \;v;e;. Then

(¢ o ¢)w) = o((u S w)p) = G(Wa—1), Ua — Wa, Wa41,k])

= ¢(w1 + €1, Wi2,4—1], Ud — Wd, W]a+1,k]) — P(€1, W[2,d—1], Ud — W> W]d+1,k])
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= ¢(w1 + €1, Wiz, d—1], Ud — Wd, Wia41,k)) — P(€1,Uj2,1]) + O(E1, w2,k7)
= ¢(wy + €1, wa + €2, W[3,4—1], Ud — W, W[g4+1,k]) — P(w1 + €1, €, Uiz 1))

+ (w1 + €1, €2, w3 k1) — G(E1,upzk) + (€1, W2 1))

Repeating this argument once for each coordinate apart from the dth and using the fact
that w; = u; whenever j # d, we arrive at the expression

¢(w1 —+ él, e, Wa—1 + éd_l,ud — Wq, Wd+1 + éd+1, cee, W + ék)
- Z dlur + €1, ujo1 + €51, €5, Ulj1,d—1]> Uds U[d+1,k])
JEld—1]
+ Z d(wy + €1,y wi—1 + €51, €5, Wi41,d—1]> Wds Wd+1,k])
Jj€ld—1]

- E G(ur + €1, ... Ug—1 + €d—1,Ud, Ud41 + €dg1s-- - s
j€[d+1,k‘]

Uj—1 + €1, €5, Ufi11,4])

+ Z d(wy +€1,...,wag—1 + €4—1, Wq, Wat1 + €a41, - - -,
JE[d+1,k]
wj—1 + €51, €5, Wjt1,k])- (3.3)

Expanding this out gives
dur +€1,. .., ug—1 + €q—1,Uq + €4, Ugs1 + Eqy1, ..., Uk + k)
—o(wr +€1,..., W41 + €41, Wq + €4, Wat1 + €dy1,- .., Wk + )

- > @Esen (u)jep)

0AIC[k\{d}

+ ) b(@E)ser (wi)jemp)- (3.4)
0#IC[k]\{d}

To see why, note that the first term in (3.3) expands to the first two terms in (3.4). And
after that, each set I arises from the expansion of the jth summand in one of the sums
in (3.3) only when j = maxI.

We now return to writing ¢* and ¢**! instead of w and u. Writing d; 1 € [k] for the
direction where q[zlji L and q[ik} differ for i € [0, s — 1], the work above yields the equality

¢(qml © CIfk])

= ¢((Ii+l e, qilji—l + €diya-1, quji + édi+1aq2l—:1+1 i1y q?_l + éx)
- ¢(Qi + élv ) qtiiiJrl—] + édi+1—1a q(ii,i+1 + édi+1 5 q(iiiJrl-i,-l + édi+1+15 sy Q;q + ék:)
~ ] 1 - .
- > o((&)jer (a5 ) jemps) + > o((&)jer, (a5)jem\1)-
0AIC[k\{dit1} OAICk\{dit+1}
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Using this equality, we obtain a telescoping sum from the first two terms, and therefore
find that

S(ahy S ay ")+ + ey © ally) = (@] + &1, qh ) — (d) + 1, qf + éx)

Yo > d(Eser (@)jemn)

0AIC[K] i€[1,5]

+ 3 S s(@sen @jenns). (35)

PAIC[K] i€[0,5—1]
di+1¢I
Fix () # I C [k] temporarily. Let 1 <4} < < i} <y <--- <l <! < sbeindices such
that

{d €ls]: dj ¢ I} = [i3, 8] U i, 5] U -+~ U [ig,, 4]

and ¢ < i, — 2. (We simply partition the set of indices j such that d; ¢ I into contiguous
parts.) The contribution to (3.5) coming from the set I after simple cancellation becomes

1 - Z-I/
> (@) jen (4 Dienne) — Y ((E)jer (@) )jemng)- (3.6)
Len] Le(n]

-1

Crucially, observe that points ((&;);er, (q;-“ )iew\r) and ((&;)jer, (q;-"”rl )jelk]\1) are the

gy —1 f

same for each ¢ € [n —1]. To see this, we just need to check that q;z =q; or

€ [k] \ I. However, by definition of indices dy,...,ds, the points qf,g] and q[i,i]*l_l may

differ only at coordinates di2/+1,di2/+2,...,di2 _1. However, these coordinates belong

+1

to I, so qu] and qf,;é]“ agree on [k]\ I, as required. Similarly, ((éj)je],(q;/l_l)je[k]\j)

equals ((&))jer, (43)jewps) and ((€;)jer, (¢5")jerpr) equals ((€5)jer, (45)jeqm\s)- Hence,
the contribution (3.6) coming from I is just

O((&3)ier, (@))iewns) — O((Ei)ier, (@)iepna)-

Hence, (3.5) is equal to

(g +€1,...,q} +éx) — dlg +€1,...,qp + &) — Z ((&:)ier, (@ )iep\1)

OAIC[k]
+ Z ¢((éi)ieh(qg)ie[k]\1)-
0£AIC k]
The claim follows after recalling that q[k] = 2 and q[k] (A1, ApTg)- [

To complete the proof that ¢t is well defined, we shall need a point e[y with slightly
stronger properties than the ones used in Proposition 3.2. The first property is the same,
the second and third are the same but now for two s-good sequences rather than just
one, and the fourth is new.
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Proposition 3.3. Given two s-good sequences q?k] = 2[K], q[lk], ey q‘fk} and p?k] =
z[k],p[lk], . ,pfk], there is a point e[y that satisfies the following conditions.

(i) plew) = —1.
(i) (W0 # 1€ ()Y € [0.5]) plersaiy,) = 0 and (40 # 1 € ()% € [0.0)
p(eﬁpfk]\]) = 0.

(iii) (Vi € [0,s])(Vj € [m])(VD # J C Ij) @-(ebq}jw) =0 and (Vi € [0,1])
(V) € [m)(¥0 £ J € 1) Bi(es,pi ) = 0.

(iv) For all pairs of distinct coordinates cy,cp € [k] and all A\ fey.cy € (F\
(O] € BT,

E X(p(y01ay027 (Zj - )‘jej)je[k]\{cl,02})

Yeq 1Yeo

- Z ,uiﬁi(ycl yYeas (zj - )\jej)jeji\{clgc2}>>

1€Zcy co
is at most £~ (M2 where Ty ey =i € [m]: 1,00 € I}

Proof. We begin the proof by using Lemma 2.5 to find at least one point that satisfies
properties (i), (ii) and (iii). To achieve this, we consider the following multilinear forms.

(1) For each proper non-empty subset I C [k] and each i € [0, s] we take the form on
G that maps zj to p(xl,qfk]\l).

(2) For each proper non-empty subset I C [k] and each i € [0,t] we take the form on
G that maps zj to p(xl,pfk]u).

(3) For each i € [0, s], each j € [m], and each non-empty proper subset J C I;, we take
the form on Gy that maps x; to (xj,q}j\']).

(4) For each i € [0,t], each j € [m], and each non-empty proper subset J C I;, we take
the form on G; that maps z; to 3; (:cJ,péj\J).

(5) For each i € [m] such that I; = [k] we take the form ;.
Recall that s = (2k + 1)(2F — 1) + 1. We listed

(2F —2)(s+ 1)+ (2F —2)(t +1) + ( > (s+ 1) (2l — 2))

J€[m]

+ ( 2 (t+1)(2|1.7| _2)) Fm < (m+1)s 25!

J€[m]

multilinear forms.
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Assumption (3.1) of Theorem 3.1 implies that for all A\ € FZ,

—k(m k+1
E x(plow) - 3 Ao ) < R0,

T(k] icT

where Z = {i € [m]: I; = [k]}. Therefore, by Lemma 2.5, we have at least one point
which evaluates to zero under all the forms listed above (after suitable projections) and
p(xk)) = —1. (Note that m here does not have the same meaning as the parameter m
in Lemma 2.5, the r +m term of that lemma is the total number of multilinear forms
we are using, which we bounded by (m + 1)s2*+! in the current context.) But the set
of such points is a non-empty variety of codimension at most (m + 1)s2¥*! 4+ 1, so by
Lemma 2.3, there are at least f’k(m“)SQHl*kW[k]\ of them.

On the other hand, for each ¢y, co € [k], u € FZe1.e2 | we have

E E Xx p(ycnyczax[k]\{cl,cz}) - E /’Liﬁi(yclayczaxli\{cl,cQ})
Tk\{c1,ea} \ Yer:Yeo €T ey e
= E X(p(yclvycwx[k]\{cl,q}) - § ﬂiﬁi(yclayCQ,xI,-\{cl,cZ})> )
T\ {cq,cq} Yer Yea i€To e

since the inner expectation on the left-hand side is always a non-negative real. By
Lemma 2.4, the right-hand side is at most

wIE] X (P(x[k]) - ZM@(%H)) )

i€Z
which, using assumption (3.1) of Theorem 3.1 again, is at most
Lf—k(mﬂ)s?"'“—(m+1)2’“+2—m—k
2k? :

From this, we deduce that the set Xc, ., C G[r)\fe1 e} Of POINtS Tk {¢,,c0) sSuch that for
some p € Fleiez

—(m k+2
E X p(ymayczax[lﬂ\{chq})_ Z ﬂiﬂi(ycl7y027x1i\{c1,02}) > f (m+1)2

Yey Yoo €T,

has size | X, o] < ﬁf‘k(mH)SQkH_HG[k”. Thus, there is a choice of ef such that
the properties (i), (ii) and (iii) hold and for each distinct ¢, o € [k] and each A € (F\
{0})F\eve2} the sequence (z; — Aie;: i € [k]\ {c1,c2}) does not belong to X, .,, which
completes the proof. O

Next, we exploit the property (iv) to understand how the values of ¢(z1 + Areq, ..., 2k +
Arex) are related for different values of Ay € (IF'\ {0})[*l,
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Proposition 3.4. Suppose that ef) has the properties listed in Proposition 3.3. Then,
for any 7,0 € F¥ such that Hie[k] T, = Hie[k] o; = 1, we have

¢ (21 +Tier, .., 26 + Trer) — Z ¢ ((Tz‘ei)iela (Zi)ie[k]\l)
0AIC (K]

= ¢ (21 +o1€1,..., 2, +oper) — Z ¢ ((oi€i)icr; (zi)iep 1) -
0AICIH

Proof. Let S be the set of all sequences 7 € F¥ such that Hie[k] 7, = 1. For 7 € S,
write @(7) for the value

¢ (21 +Tie1, ..., 20 + Ter) — Z ¢ ((Ti€i)ier, (zi)iep 1) -
0AIC K]

The claim can be rephrased as @(7) = ¢(o) for all 7,0 € S. We say that two sequences
o,T € S are neighbouring if they differ in exactly two coordinates (note that they cannot
differ in only a single coordinate). Notice that for any two 0,7 € S we may find further
sequences (), ... ¢® € S for some t > 1 such that 0(®) = o,0(Y) = 7 and for each i € [t],
the sequences o~ and o(?) are neighbouring or equal. Indeed, we simply set

i) —1
0'()7 Tl7T27"‘7TiaJi+1HJjTj yOit2y -+, 0k
jelil

which also belongs to S. Suppose for a moment that we have proved the claim for neigh-
bouring pairs of sequences. Then we would have ®(0) = ¢(c(?) = ... = &(c(®) = &(7)
and the general case would follow.

Therefore, it suffices to prove the claim for the case when o; = 7; for i € [k] \ {c1, c2}, for
some pair of coordinates c1,ca, and o., = 07T¢,, 0cy, = NTe,, Where 01 = 1. Furthermore,
notice that we may without loss of generality assume that 7; = 1. This follows from
the fact that the point (7e1,...,Txex) satisfies the same properties as e and we may
then use the special case for the sequence (1,1,...,1) € § with the point (riey, ..., Tpex)
playing the role of e[ in the proposition. Also, by symmetry, we may assume without loss
of generality that ¢; = 1 and ¢y = 2. Write 0: G|y — H for the map 0(z,y) = ¢(z,y, 23 +
€3, ..., 2k + er). The claim now reduces to showing that

0(z1 + e1,22 + ea) — O(eq, z2) — 0(z1, e2)
= 0(z1 + dey, 22 +nea) — d0(e1, z2) — nb(z1, €2).

By property (iv) of Proposition 3.3 and by Lemma 2.5 applied to maps that map (u,v) €
Gl X G2 to:

(1) p(u,v,z;; +e3,..., 2k +ek’)7 p(u7y723 +e3,..., 2k +ek) where /S {22762}7 p(l’,'U,
z3+es,...,zk +e), where x € {z1,e1},

(2) Bi(u,v, (2 +ej)jeI,;\{1,2})v Bi(u,y, (2 + ej)jeli\{1,2})a where y € {z2,e2}, Bi(x,v,
(25 +€j)jer\{1,2}), where = € {z1,e1}, when 1,2 € I,
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(3) Bi(u,(z; +ej)jer\{1}) when 1 € I;, 2 ¢ I;, and
(4) ,BZ‘(’U7 (Zj + €j)j€[l\{2}) when 2 € L;, 1 ¢ L;7
we conclude that there are u € Gy,v € Go such that p(u,v,23 +e3,...,2k +ex) = 1, and
all other values of the maps p, B}, at points among {z1,e1,u} x {22,e2,v} x {(23 +
€s,...,2k +er)}, involving u or v, are zero. Therefore, by Lemma 2.6 (using statement
(2.1) of the lemma for the second and fourth equalities)
9(21 + 561, Zo + 7762) — 59(61, ZQ) — 779(21, 62)
=n0(z1 — d(—e1),022 + e2) — 60(e1, z2) — nO(z1, €2)
=n(00(z1 — u, 20 +v) — 60(—e; — u,es +v)
+60(21,e9) — 00(21,v) — 820(—e1, 22) + 60(u, 25) + 50(—e1,v) — 50(u, e3))
—d0(ey, z2) —nb(z1,e2)
=60(z1 —u, 20 +v) —0(—e; —u,ea +v) —0(z1,v) + 0(u, 22) + 0(—eq,v) — O(u, e3)
=0(z1 +e1,22 +e2) — O(e1, z2) — (21, €2),

as desired. [l
We now return to the proof that ¢ is well defined. Recall that q?k] =z @ =
(Mx1, ..., Agzy) and P2 (k] = k] - pt = (11, ..., upxy) are two s-good sequences.

Apply Proposmon 3.3 to nd a point efy) € G that has the properties described in that
proposition. The assumptions of Proposition 3.2 are satisfied. Applying the proposition
twice with v; = )\i_l, we obtain

o(gfy © q[s,il) +-+ Blap © qfy) = ( H i ) (1 + vie1, ..., 2 + Vgey)

— ¢ (21 +1ier, ..., 2 + vpAger)

- ( I1 A) (viei)ier; (Ti)ienr)

OAIC[K] ~i€[k]
+ Z (;5 ((Vi)\iei)iefv (Zl)le[k]\l) ’
0AIC K]

and
PPl @pfk_]l) + oGPy ©Pfy) = < H Mz) (z1+ 1€, o, + vkey)

— d)(zl + e, ..., 2+ l/k,ukek)

Z (Hm) (vi€i)ier, (@) iepe\1) + Z ¢ ((vipies)ier, (zi)ick\a) -

PAIC[K] Nic(k] PAIC[K]
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Our task is to prove that these two expressions are equal. Hence, it suffices to prove that

¢(Z1 +Tier, .., 28 + Tkek) - Z od((Tiei)ier (zi)iek)\1)

DAIC[K]

= ¢(21 +er, .2k + €k> - Z d((ei)ier, (zi)iepm\1);

DAIC[k]
where 7; = ui)\i_l. Since Hz‘e[k} 7; = 1, this follows from Proposition 3.4.

3.2. The extension map is multilinear

Let k), yx) € B be arbitrary points that differ in a single coordinate. We need to show
that ¢ (z)) — ¢ (yir)) = ¢ ((# © y)(r)). To begin, we show that ¢™* respects scalar
multiplication in a single coordinate.

Claim 3.5. Let xy) € B and let A € F. Then

qZSCXt(Z‘l, ey i1, /\J)i, [0r S P a:k) = )\d)CXt(.r[k]).

Proof. If zy, € B° or A =0, we are done, so assume the contrary. By Corollary 2.2,
there is a (2k +1)(2% — 1)-good sequence q?k] = 2K, q[lk]7 sty = (M@, k@)
Recall from (3.2) that ¢*** is defined by the formula

6 (o) = plog) (Slafy © ai ) + -+ + élaly © afy) + ho)

Noting that the same s-good sequence can be used for (z1,...,%i—1, AT, Tit1,- .., Tk),
we find that

¢CXt($1, ST ,xi_l,)\xi,xi+1, “es ,.’Ek)

= Mo(aw) (6(afy © @i+ + 6laby © afy) + ho ),

so the claim follows.

To finish the proof that ¢°*! is multilinear, we distinguish two cases.

Case 1: at least one of the points xp, Yk, (z © y)p s in BY.

Observe that (z© (x ©y))w =y, and also that (y ©x)p) is equal to (z Sy
except in the coordinate where x and y differ, which changes sign. Combining these
observations and using the claim above, we may assume without loss of generality that
(x©y)p € B, which is equivalent to the statement that p(z) = p(yp)- If plzy) =
p(yk)) = 0, then the map ¢t at all three points equals ¢, which we know to be multilin-
ear. Hence, we may assume that p(z)) = p(yp)) # 0. By Corollary 2.2, there is a (2k + 1)
(2% — 1)-good sequence q?k] =2k iy = (My1,y ..., Aeyk). But if we add the point
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qf,:]' (Mz1,..., Akxy), then we get an s-good sequence for zp) as well, so
o™ () = plpw) (¢(qf,§1 S diy) + 0(afy © iy ’) + -+ gy © dfy) + ho)

P[] (H A) (Tm © Yim)

i€ k]
s s—1 1 0
+ p(yx)) (¢(Q[k] Sdqy )+ + g © ap) + ho)

= ¢ (xp S ym) + 0 (Y)-
Case 2: no point belongs to BP.

In this case, we have that p(x), p(yr)), P((x © y))) # 0. Let d be the coordinate in
which z, and ypr) differ. By Corollary 2.2, there is a (2k + 1)(2% — 1)-good sequence

qP] ZIk]s q[ K] [k] = (Mz1,..., \p2k). Define points
p[lk] = ()\1171, ey /\d_lxd_l, HYd, /\d+1$d+17 ey /\kak)
and
p[2k] = (M21, s Ad-1Zd—1, V(Td = Yd)s Nd+1Td+15 - - - Ak Tk )

where v, i1 are sugh that p(yp )1: Tt ]_{)ie[k]\{d} P Snd pl(xoy)p)=v! [Lici 10y PP
The sequences (/TR q[sk], Pl and (/ATRR q[sk], Pjy are also s-good, so

o™ () = p(zps) (¢(ka] e Q[Skfl) + -+ B(ap © qiry) + ho) ;

¢ (yiy) = p(ypw) (¢(p[k] S afy) + dlafy © g ) + -+ dlafy © dfyy) + ho) , and
6™ (2 © y)g) = p((x © ) () © ai)

+0(afy © i) + -+ (g © dy) + ho) :

Hence, writing A = Hie[k]\{d} )\i_l and recalling that Agp(zk)) = pp(ym) = vp
((z —y)x)) = A, we have
o™ (yy) + 6™ ((z © Y)wy) — 6™ (2w
= plyw) o (P © ¢y) + P((z © Y S0 © i)
= p(Y))O(AM1Z1, -+ Ad—1Zd—1, Yd — AdTds Ad41Td1s - - - AeTk)
+ (Y p)e( Mz, .- Ad—1Za—1, Y(Td — Ya) — AT Ad+1Tds1, - - - AeTk)
= o(M1, .oy Aa—1Td—1, P(Y[k)) (1Ya — AdTa)
+ p((z © Y)) W(@a — ya) — Aaa), Adt1%a41, - - - AeZk)
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= o(Mx1, . Aam1%a—1, (P(YR]) )Y
+ (p((z © Y))V)(®a — ya) — (P(TR)Ad)Tds Ad+1Td+1, - - - Ak Tk)
= d(Mx1, . Aam1Ta—1, Aya + (a — Ya) — ©a), Adr1%at1, - - Awxr) = 0,

completing the proof. O

4. From multilinear maps on general varieties to global multilinear maps

We are now ready to prove the main result, which will follow from the following
proposition.

Proposition 4.1. Let ) € F C P[k] be a down-set’ with a maximal set S. There are
constants C' = Cr, D = Dx such that the following is true.

Let B3;: Gy, — F be multilinear maps for i € [m], with I; € F. Let B = {xp €
G (Vi€ [m]) Bi(xr,) =0} and let ¢: B — H be a multilinear map to a F-vector
space H. Then there exist 1 < CmP multilinear formsv;: Gj, — F, J; € F\ {S},i € [r],
and a multilinear map @: {z) € G (Vi € [r]) vi(wy,) = 0} — H such that ¢ =@ on
dom ¢ N'dom @, where dom stands for the domain of a given function.

Proposition 4.1 implies Theorem 1.4. Let C = max{maxrCr,1} and D =
max{maxz Dz, 1}, where the maximums are taken over all non-empty down-sets F C
Plk] and Cz, DF are as in Proposition 4.1. Let F; = P[k] 2 Fo 2 -+ 2 For = {0} be a
sequence of down-sets in P[k], where we remove a maximal set S; from each down-set F;
to obtain the next one. Let ¢ be a multilinear map from a multilinear variety of codimen-
sion at most m to a vector space H. Apply Proposition 4.1 to Fy,S; and ¢ to get a new
multilinear map ¢! such that ¢ = ¢! on dom ¢ N dom ¢* which is a multilinear variety of
codimension at most 2C'm®. Then, apply Proposition 4.1 to F, So and ¢! to get another
multilinear map ¢? such that ¢! = ¢? on dom ¢' N dom ¢? which is a multilinear variety
of codimension at most 2C' (2Cm® )P and proceed like this. The final map we get @ = ¢2k
is then a global multilinear map, and ¢ = qbzk holds on dom ¢ Ndom ¢' N --- N dom (ka,

k_ ke
which is a multilinear variety of the codimension at most (2C)P° ~ +D% ety D*
as claimed in Theorem 1.4. ]

Proof of Proposition 4.1. Reordering the maps if necessary, we may assume that

L= =I,=8 and I, q,...,L, #S. Let \',...,A\" € F®* be a maximal linearly
independent sequence such that for each i € [n]

i [ 2k%+k+1)(m+41)22k+3
£X< Z Ajﬁj@s)) 2 @f ( St :

jels]
(We allow n = 0 if there are no linear combinations A € F* with the displayed property.)
Extend A, ..., A" with u!, ..., 4*~™ to a basis of F*. Write p; = Zje[s] M;ﬂj fori € [s — n]

T A collection of sets closed under taking subsets.
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and o =3y XiB; for i € [n]. Then ¢ is defined on

{2 € G: (Vi€ [s —n]) pi(zs) =0} N {xp € Gpy: (Vi € [n]) ai(xs) = 0}
ﬁ{.’b EG[k] (VZE [s+1,m]) 51($[1) :0}

Let Z={i € [s+ 1,m]: I, C [k] \ S}. Then by Lemma 2.4, the maps satisfy

Ex( > vipilxs)+ Y mai(zs)+ Y O'iﬁi(xSﬂIi)>’

i€[s—n] 1€[n] i€[s+1,m]\T

E X( > vimilas)+ ) Tiai<x8))

vs i€[s—n] i€[n]

1 2 2k+3
7f7(2k +k+1)(m+1)2 41

when v € Fls=71\ {0}, 7 € F*, 0 € Flst1mI\T and

. 1 . o2 m 2k+3
(¥ € 1) B xlon(as) 2 grgt G002 42)

Claim 4.2. Fori € [0, s — n], there is a multilinear variety B* C G\ s of codimension
at most im defined by maps whose coordinate sets belong to F \ {S}, and a multilinear
map ¥': dom’ — H, where

dom ¢’ = (B' x Gg) N {ap) € Gy (V) € li+ 1,5 —n])p;(as) = 0}
N{zp € Gu: (Vi € [n]) aj(zs) = 0}
N{zw € Gpy: (Vi € [s+1,m]) Bj(zr;) =0} (4.3)
such that 1 = ¢ on dom ¢ N dom ).

Proof of Claim 4.2. We argue by induction on <. The base case is ¢ = 0, where we

may take ¢ = ¢. Assume now that the claim holds for some i — 1 < s —n, and let B*~!

and 1! be the corresponding variety and map. Take an arbitrary zg = zg € Gg such

that pi(zs) =1, pj(2s) = 0 for j > i, a;(zs) =0 for j € [n], and B;(z1;,) =0 for [; C S.
Such a point exists by Lemma 2.5.

We define B = {zps: (Vj € [s+1,m]: I; ¢ S) Bj(xr,\s,21,ns) = 0} N B~ Notice
that the coordinate sets of the maps defining B? lie in F \ {S}. Next, define 1/*: dom* —
H, where we first define dom¢" exactly as in (4.3) (with the current B® and other rele-
vant items), and we define values of ) by extending the map 7, ¢ (dome*™1), . o —
H defined by yg — '~ ( \S,yg) by mapping zs to 0, for each zpps € B'. By
Theorem 3.1, for each :L'[k]\s € B" there is a unique multilinear extension 6, of
Taggys from the domain (domw’~'), . o to the domain (dom’),,, , that sends zs to
0. The assumption (3.1) of Theorem 3.1 follows from (4.1). In particular, we use the

fact that p; is very quasirandom with respect to other forms. Note that dom4’ has
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the property'that domv)® = U:c[k]\sEBi {zpp s} x (dom ,lpi).f[k]\s and for each w)\ s € B,
zg € (domep’) 5 \ (domep?=1), .. We thus define ¢ for (zp\s,ys) € domy’, by
setting wl(x[k]\s, ys) - ez[;‘,]v\s (yS)

It suffices to show that ¢* is multilinear in the directions [k] \ S. To this end, fix some
d € [k]\ S and take z{\ 5, T\ 50 T s € B' which differ in coordinate d and zj — 27 =

z3. Write Dy = Njefz dom 0x_[7‘k]\s and Dy = Do N{ys € Gs: pi(ys) = 0}. Observe that

i — 0,2 is a multilinear map that extends 7,1  — 7,2 from D; to Dy and
[\ [\ (k1\S [\

maps zg to 0. Also, Gz[sk]\s is a multilinear map that extends Tx?k]\s from D; to Dy and

maps zg to 0. But 7,1 on D1, so by the uniqueness of extensions in

— T,2 = T.3
[k]\S TrI\s MO

Theorem 3.1, we have 8, — 60,2 =460, on Dy, as desired. O
(kI\S (k1\s (k1\s

Apply the claim above with i = s — n. After that, it remains to remove the maps «j,.
From (4.2) and Theorem 2.7, we may find m/ < mC&s(((2k2 + k + 1)(m + 1)22++3 +
2k2)PF™ 4+ 1) and further multilinear forms ~; : G, —F, Jy € F\{S}, j € [m'] such
that

{om € Guys (v € ) 7(ws,) = 0} € {awy € Gpg: () € ) ay(ws) = 0}
Hence, the map @ with domain

dom® = (B*™" x Gs) N{xp € Gpy: (V) € [m'])y;(zs;) =0}
N{zw € Gy: (V5 € [s+1,m])B;(xr;) = 0}

and @ = 1°*~" on its domain is the desired map. Its domain dom @ has codimension at
most m? +m +m’ = O (m®*(M)), which is the claimed bound. This completes the proof
of Proposition 4.1 and with it the proof of Theorem 1.4.

5. The case of general finite fields

In this section, we use Theorem 1.4 to deduce Theorem 1.5. Hence, we fix a field F = [F-
for some prime p and integer 7. We denote the field of order p by IF,, and we stress that
in this section F will always stand for the larger field. Since F is itself a vector space
of dimension r over [F),, there are e;,...,e, € F which form a basis over F,. Using this
basis, we may define the coordinates of z € I as elements 1, ...,z, € F, which satisfy
T = ZiE[T] x;e;. More generally, for a map a: X — F, where X is an arbitrary set, we
can write «; for its ith coordinate, which is just a composition of a with taking the ith
coordinate in F.

We need the following lemma which essentially says that if an F,-multilinear map o
with codomain F is nearly F-linear in each coordinate, then it differs from an F-multilinear
form by a map of low partition rank.
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Lemma 5.1. Let a: G) — F be an F,-multilinear map that is F-linear in each of the
first d — 1 coordinates. Suppose that for every i € [r] and X € F,

prankFP (@) = (T gay, Aza) — (A - @)i(zp)) < s.

Then there is an [F,-multilinear map o: Gy — F that is F-linear in each of the first d
coordinates, such that for each i € [r]

prankg (a; — o) <2 sr2.

Proof. Let M be the F-vector space of all F-multilinear maps p: Gy — F that are
additionally F-linear in coordinates 1,...,d — 1. Consider the F*-action on M given by

Aot = (zpy = A7l gays Aa))

for every A € F* and p € M. This action can be viewed as a representation of the mul-
tiplicative group F*. Let V' < M be the Fj-subspace V = (Aoa — XN oa: A\, N € F¥)p,.
Then V is invariant under the above action: that is, V' is a subrepresentation. Since
p = charF, does not divide |F*|, we may apply Maschke’s theorem to find another
subspace S < M, also invariant under the action above, such that M =V & S. Write
a=v+o0 forveV and o € S. Then for each A € F*|

a—Adoa=(v—Aov)+ (0 —Aoo).

Since V and S are invariant under the action, we have v —Aov €V and o — Aoo € S.
However, a — Aoa € V, so we in fact get 0 —Aoo € VNS = {0}, and therefore o =
Moo for each A € F*. Hence, o is actually F-linear in coordinate d as well. In fact, o
satisfies the conditions in the conclusion of the lemma, as we shall now check.

Note that V' is spanned by elements of the form e; o v — ¢; o o, so there are v;; € F,,
i,j € [r], such that

a—0c=0v= E vij(e; o —ejoa).
i,5€[r]

For each [ € [r], by assumptions, we have pranky ((e; o)y —ay) < s. Hence
pranky (a; — o) < 2572,
as required. O

Proof of Theorem 1.5. Let B be an F-multilinear variety of codimension at most d
in G[i), where each G; is a vector space over I, and let ¢: B — H be an F-multilinear
map. We may view each G as a vector space over ), B as an [F-multilinear variety of
codimension at most rd and ¢ as an IF,,-multilinear map. Thus, we may apply Theorem 1.4,
to obtain a global F,-multilinear map : Gy — H such that 1) = ¢ holds on an F,-
multilinear variety V C B of codimension at most Cy(rd)P*.

Our goal now is to replace ¥ by a global F-multilinear map. We do this in k steps.
At the i'" step, we obtain an F,-multilinear map (") : Gy — H, which is additionally
F-multilinear in the first ¢ coordinates, and a non-empty F,-multilinear variety V(@ such
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that ¢ = ¢ on V), of codimension at most d; = (krd)?("), where O;(1) stands for
a parameter that depends only on . Additionally, the varieties will be nested: that is,
V@ c V=D To start the inductive procedure, we set 1)(®) = ¢ and V(O = V.

Assume that for some i >0 we have obtained () and V() with the properties
described. We shall use this map and variety to define ¥t and V@t Fix an
F-dot product - on H and define 6: Gy x H — F by 0(z(y, h) = ¢ (z))) - h. (Below
we also use the notation - for multiplication inside F, but this should cause no confusion.)
This is an IF-multilinear map, which is additionally F-linear in each of the first ¢ coordi-
nates and in the last coordinate as well. In order to apply Lemma 5.1, we need to prove
the following claim. O

Claim 5.2. For each j € [r] and A\ € F we have

pranka ((SC[k], h) — Gj(x[k]\{i+1}, /\Ii—i-l, h) — ()\ . 9)j(x[k],h)) S (2kdz)o(1)

Proof of the claim. Observe that the analytic rank a of the given form over I,
satisfies

p = E W9 @ i1y AT 11, h) =(X-0) (2 2)
I[k],h
= F w(w(i)(ﬂ?[k]\{iﬂ}7>\rz‘+1)'h)_7’*(Aw(i)(ﬂ?[k])'h)j
I[k],h

((w(i)(r[k]\{i+1}7>\Ii+1)_>‘¢(i) (m[k])) 'h>j

E w
Qf[k] h

> |G[k| Hfﬂ[k € Gz O (@ iy Azign) = XU (I[k)}‘

Observe that if Tk and (x[k]\{z+1}7>\xz+1) both belong to V(l)7 then w(z) (Qj[k]\{i+1},
ATit1) = AT\ fit1), AMTiv1) and Pl (x[k ) = ¢(zx)). Additionally, Vi cB so
AT\ 541}, ATiv1) = Ap(z)) and we deduce that

VO (@ i1y, M) = MW ().

Thus, the analytic rank a satisfies

pTr > |G | { € G[k] (x k]\{z+1},)\xl+1) (x[k]) e V(i)}‘,

The set on the right-hand side of the expression is an intersection of two F,-multilinear
varieties of codimension at most d;. Since both varieties contain 0, we get that this set is
also a non-empty F,-multilinear variety of codimension at most 2d;. By Lemma 2.3, we
deduce that p~ > p~2kdi_ Thus, the analytic rank of the given F,-multilinear form is at
most 2kd;. Theorem 2.7 then applies to bound its partition rank over F,, by (2kd; yow,
as required.
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Now we may apply Lemma 5.1 to obtain a further F,-multilinear map 6: G k) X H—TF,
which is F-linear in the first ¢ + 1 coordinates and in the last one, such that for each j € [r]

prankp (6; — 0;) < r*(2kd;)°W.

We may find an F,-multilinear map PO Gr) — H, which is additionally F-linear in
the first ¢ + 1 coordinates, such that é(a:[k], h) = (z () - h. This will be the desired
map in this step of the inductive procedure. It remains to show that ¢ (+1) (7)) coincides

with ¢ on an Fp-multilinear variety of bounded codimension.

Using the bounds on the partition rank, for each j € [r], we may find m; < r?(2kd;)°W

and Fp,-multilinear forms al(j): G, — Fp, /Bl(j): G0 X H — By, where [ € [m;] and
l 1

Il(j) C [k] are non-empty sets, such that for each x) € Gy and h € H,

Gj(x[k], h) — éj(ﬁ?mJl) = Z al(j)(xll(j))ﬁl(j)(x[k]\ll(j),h)

le[m;]

holds. Note that if z,) € G| satisfies al(j)(xl(j)) =0 for all j € [r] and [ € [m,], then in
l
fact

holds for all h € H, so ¥ (zyy) - h =D (zy)) - h holds for all h € H, and thus
YD () = 99 (). Therefore, we set

v — Loy e v (v € )% € my)) o (2,00) = 0}

which is a non-empty F,-multilinear variety of codimension at most r3(2kd;)°) <
(krd)©+1 @M and when x) € VD then ¢V (z)) = ¢(zpy)), as desired.
Setting i = k and taking 9*) and V*) completes the proof. O
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