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Abstract

We consider the random polytope K, defined as the convex hull of n points chosen
independently and uniformly at random on the boundary of a smooth convex body in R?.
We present both lower and upper variance bounds, a strong law of large numbers, and
a central limit theorem for the intrinsic volumes of K,,. A normal approximation bound
from Stein’s method and estimates for surface bodies are among the tools involved.
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1. Introduction and main results

For fixedd > 2, let X er be the set of convex bodies in R? which have a twice differentiable
boundary with everywhere positive Gaussian curvature. Given some K € K2, we denote by
H4=1 the (d—1)-dimensional Hausdorff measure on d K , normalized such that #¢~1 (3K ) = 1.
For n > d + 1, we choose independently random points Xi, ..., X, from 0K, according
to -1, We denote by K, the convex hull of X1, ..., X,. This means that K, is a random
polytope having its vertices on the boundary of K. The interest of this paper is in the intrinsic
volumes V¢ (K,) of K,,, £ € {1, ..., d}, which are related to familiar quantities like the volume,
surface area, and mean width of K,. The importance of these functionals is well known and
arises from convex and integral geometry. Indeed, as Hadwiger’s theorem states, they form
(together with the Euler characteristic) a basis of the vector space of all motion invariant and
continuous valuations on convex bodies. In this paper we provide lower and upper variance
bounds, a strong law of large numbers, and a central limit theorem for Vo (K,), £ € {1,...,d},
closing some gaps that remain in the study of these objects.

Intrinsic volumes have been investigated extensively in the alternative setting of random
polytopes that arise as convex hulls of points chosen uniformly at random inside a fixed convex
body. Results concerning the expectations of Vy(K}), £ € {1, ..., d}, have been studied, for
example, in [14], variance bounds can be found in [2] and [4], and central limit theorems were
treated in [11], [15], [22], and [24]. More details can be found in the references therein.

On the other hand, the approximation of a convex body K by means of a sequence of random
polytopes K, is improved whenever the vertices of K, are restricted to lie on the boundary of K,
therefore making it a model of particular interest. Indeed, in this framework the expectations of
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Ve(Ky), € € {1,...,d}, have been studied, for example, in [3], [5], [12], and [19]. However,
more detailed information is only known about the distribution of the volume V;(K};). In
particular, an upper variance bound was found in [13] and a lower variance bound together with
concentration inequalities in [16]. Only recently, Thile [21] obtained a quantitative central
limit theorem for V;(K,) based on Stein’s method.

Our first aim is to generalize the results obtained in [13] and [16] to the full regime of
intrinsic volumes V¢ (K,), £ € {1, ..., d}. In fact, we prove a lower variance bound following
the ideas of [2], [15], and [16], and an upper variance bound in the manner of [2], making
use of a version of the Efron—Stein jackknife inequality formulated in [13]. In particular, the
upper variance bound implies a strong law of large numbers as in [2]. Secondly, we prove a
quantitative central limit theorem for V;(K,), £ € {1, ..., d}, using a normal approximation
bound obtained in [10], extending the result of [21].

We now introduce some notation in order to present our results. Let (a,),en and (bp)neN
be two sequences of positive real numbers. We write a,, < b, (or a, > b,) if there exist a
constant ¢ € (0, 0o) and a positive number ng such thata, < cb, (ora, > cb,) foralln > ny.
Furthermore, a,, = ©(b,,) means that b, < a, < b,.

Our first result concerns the asymptotic lower and upper bounds for the variances of the
intrinsic volumes.

Theorem 1. Let K € JC_%_ Choose n independent random points on 0K according to the
probability distribution H41 and ler K, be their convex hull. Then, forall £ € {1, ...,d},

var[V(K,)] = @ (n~@r3/d=Dy
Based on aresult stated in [12, Theorem 1] concerning the behaviour of V, (K) —E[V,(K},)],
the upper variance bound of Theorem 1 implies a strong law of large numbers.

Theorem 2. In the setup of Theorem 1 and, forall £ € {1, ..., d}, it holds that
P( lim (Ve(K) = VoK @D = cx ) = 1
n—od

for some constants ck y € (0, 00) that depend on K and £.

The constants ck ¢ appear in an explicit form in [12, Theorem 1] and can be expressed in
the form of integrals of the principal curvatures of K.
Next we introduce the standardized intrinsic volume functionals, defined by
Vi(Kp) — E[Vi(Kp)]

We(Ky) = At Lefl,...,d).

We prove the following central limit theorem for such functionals.

Theorem 3. In the setup of Theorem 1 and, forall £ € {1, ..., d}, it holds that

sup|P(Wy(K,) < u) — P(N < u)| < n~'/?(logn)3+6/@=D,
uelk

where N is a standard Gaussian random variable. In particular, Wy(K,,) converges in distri-
bution to N as n — o0.

Note that the rate of convergence in Theorem 3 does not depend on £. Moreover, the same
rate of convergence was already obtained in [21] for the case in which £ = d.
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Remark. In the literature there exist results concerning central limit theorems and variance
asymptotics for geometric functionals of random polytopes in multiple settings, which make
use of stabilization techniques. This has been done in the Poisson framework (see [6]-[9] and
[20]), and in [11] for a fixed number of random points in the interior of K. When possible, the
use of stabilization techniques results in optimal rates of convergence. However, none of the
aforementioned papers deal at the same time with nonaffine-invariant geometric functionals (as
the intrinsic volumes Vy, £ € {1,...,d — 1}, are) of random polytopes with vertices on the
boundary of a convex body in J{_% Extending the existing techniques to include our setting
would allow an improvement on the rate of convergence in Theorem 3 by a logarithmic factor.
Although this may be possible, it could result in a very long and technical process, and it is
ultimately beyond the scope of this paper. Indeed, our focus is giving a short argument, specific
to our problem. Moreover, every approach needs the strict positivity of the constant in the lower
variance bound and this has always been proved separately using other methods.

The paper is organised as follows. In Section 2 we introduce the notation and recall some
background material from convex geometry, results concerning the surface and floating bodies
and the normal bound from [10] that will be used in the proof of Theorem 3. In Section 3
we present the geometric construction needed for the proof of the lower bound of Theorem 1
and the proof itself. In Section 4 we prove the upper bound of Theorem 1 by means of the
Efron—Stein jackknife inequality and we also prove Theorem 2, which directly follows from
the former. Finally, in Section 5 we give the proof of Theorem 3.

2. Background material

2.1. General notation

The closed Euclidean ball of radius  centred at x € R? is denoted by B?(x,r), and
B = B4 (0, 1) stands for the centred Euclidean unit ball. The boundary of B? is indicated
with SY~1. Moreover, the volume of B? is denoted by kg = 7921 (1 + d/2)~". For a finite
set A = {x1,...,x,} C R?, the convex hull of A is denoted by [x1,...,x,]. The vectors
e, ..., eq represent the standard orthonormal basis of RY. We indicate with <((u, v) the
angle between two vectors u, v € R?. For a linear subspace V of R?, we define <(u, V):=
inf{<(u,v): v € V}. Given a subset U C R, its projection onto R?~! is denoted by
projra-1 U = {x € R-1: (x,y) € U forsome y € R}. For a function f: RY — R, we
say that f € CZ if it is twice differentiable with continuous second-order partial derivatives.

Let u € R? and h € R. We denote by H (u, h) the hyperplane {x € R?: (x,u) = h}. The
corresponding half-space {x € R¢: (x, u) > h} is denoted by H* (u, h). Often one describes
a convex body by its support function. The support function of K is defined by

hg (u) = sup{{x,u): x € K}, uesS,

Since K € X _% there exists a unique unit outward normal u, for each x € 9 K. The intersection
of K with HT (uy, hg (uy) — h) is denoted by CX(x,h). Wecall CK(x,h) a cap of K at x of
height 1. A cap CX is called an e-cap if V,;(CX) = &, where V,;(-) denotes the d-dimensional
volume. Analogously, a cap CX with #¢~1(CX N 9K) = ¢ is called an e-boundary cap. For
the cap C B (x, h), the central angle is defined as

a(h) == max{<(x,y): y € CBd(x, h)}.

Let £ € {0,...,d}. We denote by G(d, ¢) the Grassmannian of all £-dimensional linear
subspaces of R, which is supplied with the unique Haar probability measure v; see [17].
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For L € G(d, £), we write voly(K | L) to indicate the £-dimensional Lebesgue measure of the
orthogonal projection of K onto L. Then the £th intrinsic volume of a convex body K can be
defined as

Ve(K) = (d) “a / vole(K | Lyve(dL); (1)
14 G(d,0)

KeKd—¢
see [18, Equations (5.5) and (6.11)]. In particular, V;(K) is the ordinary volume (Lebesgue
measure), V;_1(K) is half of the surface area, V| (K) is a constant multiple of the mean width,
and V(K) is the Euler characteristic of K.
We define the function v: K — R by

v(x) = min{Vy(K N H): H is a half-space in RY containing x}.

Then the set
Kv=t)={xeK:vkx) >t}

is called the floating body of K with parameter t > 0. The wet part of K is defined by

Kt)=Kw<t)={xeK:vx) <t}
In a similar way, we define the function s: K — R by
s(x) = min{%d*1 (0K N H): H is a half-space in RY containing x}.

The surface body of K with parameter ¢ > 0 is defined by
Kis>t)={xeK:skx) >t}

Analogously, we set
Kis<t)={xeK:skx) <t}

We define the visibility region (with respect to s) of a point z € d K with parameter ¢ > 0 as
Vis;(t) ={x e K(s <t): [x,z]NK(s > t) = T},

where [x, z] denotes the closed line segment which connects x and z.
We use the convention that constants with the same subscript may differ from section to
section.

2.2. Geometric tools

The concept of the surface body is convenient in view of Lemma 1, which clarifies its
connection with the random polytope K,,.

Lemma 1. ([16, Lemma 4.2].) For all o € (0, 00), there exists a constant c, € (0, 00)
depending only on a such that

P(K(s = 1) £ Kn) <n”°,

where
logn
Ty = Cq .
n
In the following, we present some well-known geometric results in order to keep our
presentation reasonably self-contained. For every point x € 0K, there exists a paraboloid
Q,, given by a quadratic form bg , osculating at x. The following precise description of the

local behaviour of the boundary of a convex body K € JC_% is due to Reitzner [12].
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Lemma 2. ([12, Lemma 6].) Let K € X2, and choose § > 0 sufficiently small. Then there
exists a A > 0, depending only on § and K, such that, for each x € 0K, the following
holds. Identify the hyperplane tangent to K at x with R?~! and x with the origin. The
A-neighbourhood U* of x in dK defined by projga-1 U* = AB?=1 can be represented by a
convex function f™(y) € €2, i.e. (y, f¥(y)) € 9K for y € ABY~!. Denote by fii.x)(O) the
second-order partial derivatives of f™) at the origin. Then

1
bo. () =3 D 1 Oyiy;,
ij
and it holds that
(14+8)'bo,(») < FY) < A +8)bo,(y) fory e 1B
In the next lemma we state two well-known relations regarding e-caps and e-boundary caps.

Lemma 3. ([16, Lemma 6.2].) For a given K € K2, there exist constants g0, c1,c2 > 0 such
that, for all 0 < & < &g, we have, for any e-cap CX of K,

61—18(471)/(d+1) < #1(CK N oK) < e @D+,
and, for any e-boundary cap cK of K,
cz—lg(dﬂ)/(d—l) < Vd(gK) < C,28(d+1)/(d—1)‘

This result will be used to relate Lemma 1 in terms of the classic floating body.
For the next geometrical lemma, we assume that ¢ is sufficiently small.

Lemma 4. ([23, Lemma 6.2].) Let x be a point on the boundary of K, and let D(x, €) be the
set of all points on the boundary which are of distance at most ¢ to x. Then the convex hull of
D(x, &) has volume at most c3¢91, where ¢3 > 0 is a constant.

The following result is known as the economic cap covering theorem; see [1] and [2].

Proposition 1. ([2, Theorem 4].) Assume that K is a convex body with unit volume, and let
0<t <ty= (2d)’2‘1. Then there are caps Cq, ..., Cy, and pairwise disjoint convex sets
Ci,...,C,, suchthat C; C C; for each i, and

2. Va(C)) > t and V4(C;) < t for each i,
3. for each cap C with C N K (v > t) = O, there is a C; containing C.

We conclude this section with a statement about the measure of the set of linear subspaces
of RY that form a small angle with a fixed vector, which will be useful later.

Lemma 5. ([2, Lemma 1].) For fixed z € S9! and small a > 0,
w(L € G, 0): <(z, L) <a}) =0, te{l,...,d}.
2.3. Bound for the normal approximation

Let X and Y be two random variables with cumulative distribution functions Fy (i) =
P(X < u) and Fy(u) = P(Y < u), respectively. Note that X and Y need not be defined
on a common probability space. Thus, we interpret [P on the appropriate probability space in
each case. The Kolmogorov distance between the random variables X and Y is defined by

dg (X, Y) = sup [Fx(u) — Fy(u)].
ueR
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It is important to recall that the Kolmogorov distance is a metrization of the convergence in
distribution, i.e. given a sequence of random variables (X, ),en and another random variable
Y such that lim,,_, oo dg (X, Y) = 0, then (X,,),en converges in distribution to Y.

Let S be a Polish space. Consider a function f: |Ji_, Sk — R that acts on the point
configurations of at most n € N points of S. Let f be measurable and symmetric, i.e. invariant
under permutations of the arguments. In the setting of this paper, S is the boundary of a
smooth convex body, while f is an intrinsic volume of the convex hull of its arguments.

Given a point x = (xq,..., X)) € UZ: 1 Sk, we indicate with x’ the vector obtained from x
by removing its ith coordinate, namely, x* = (xq, ..., Xj—1, Xj+1, - - - » X3,). Analogously, we
define x"/ = ()C], s X XLy oo s Xj—1, Xjgly o e ey xh).

We now define the first- and second-order difference operators, applied to f, as

Dif(x) = f(x) — f(x") and D;;f(x) = f(x) — f(x) = f&xI) + fx),

respectively. We indicate with X = (X1, ..., X,,) a random vector of elements of S. Let X’
and X be independent copies of X. A vector Z = (Zy, ..., Z,) is called a recombination of
(X, X', X}, whenever Z; € {X;, X; . X; }foreveryi € {1,...,n}. Forasubset A C {1,...,n}
of the index set, we write X4 = (XA, e, X,‘:‘) with
[t 14
X;, i€A.

In order to rephrase the normal approximation bound from [10], it is convenient to define the
following quantities:

Y= sw)EmDuﬂm#ouwmfwb¢wmf@fmf@¥L
w,Y'z,z'

yai= sup E[UDi2f(Y) #0}Di f(Z)*D2f(Z))*],
Y.z,2)

y3 = E[ID1 £(X)|*],
ya = E[IDy f(X)’]

ysi= sup E[f(X)D1 (X)L
AC{1,...,n}

The suprema in the definitions of y; and y» run over all combinations of vectors (Y, Y’, Z, Z")
or (Y, Z, Z’) that are recombinations of {X, X', X}.

Proposition 2. ([10, Theorem 5.1].) Let W = f(Xy, ..., X,), and assume that E[W] = 0
and 0 < E[W?2] < co. Moreover, let N be a standard Gaussian random variable. Then the
following bound for the normal approximation holds:

w Jn n
i iy ) < IV e

3. Lower variance bound

In order to prove a lower variance bound, we first introduce in Section 3.1 a geometrical
construction taken from [16, Section 3.1]. More precisely, for x € d K and sufficiently small 4,
we define d + 1 disjoint subsets of CK(x, h) N d K which are denoted by le x),i=0,...,d.
In Section 3.2 we fix some particular points yj, ..., y, € 0K and h,. The event that exactly
one random point is contained in each le (yj), i €{0,...,d}, and every other point is outside
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of CK(yj, hp) N AK isindicated by Aj, j € {1, ..., n}. Then our strategy is as follows. By
conditioning on the o-field  generated by the positions of all X1, ..., X, except those which
are contained in D6 (yj) with 14; = 1, it will turn out that

n
var[Ve(Ky)] > E[var[Vi(Ky) | F11 = E[Z varj[Ve(Ky)] lAj},
Jj=1
where the variances var [-] are taken over X; € D((y;). Finally, it remains to determine the

behaviour of var;[-] and P(A;), j € {1, ..., n}. This way we bound the variance from below
by a quantity that is asymptotically of the desired order.

3.1. Auxiliary geometric construction

Let E be the standard paraboloid given by
E={zeR%: z zz%+~--+z(21,1}.

We construct a simplex S in C£(0, 1) in the following way. The base is a regular simplex
whose vertices vy, ..., vq lie on dE N H(ey, 1/(3(d — 1)2)), while vg = (0, ..., 0) is the
apex of S. Note that 2E N H(ey, 1) has radius /2, while the inradius of the base of the
simplex is 1/(+/3(d — 1)?) and, therefore, {Az € R: A > 0, z € S} N H(ey, 1) has inradius
3(d —1)?/ (V3d—-1?=+/3.1n particular, this implies that

(AzeRY: 1>0,z€ S D2ENH(ey, 1);

see Figure 1 for the construction of S. Fori € {0, 1, ..., d}, let vlf be the orthogonal projection
of v; onto span{ey, ..., e4—1}. Consider By := Bd’l(v(/), r) CRland B; .= Bd’l(vlf, r') C
Rd_l, i €{l,...,d}, for some radii r and r’ to be chosen later. Let bg be the quadratic form
associated with E, i.e. bg(y) = ||y||? for y € R?~!. Fori € {0,...,d}, we define the lift
B! = b(B;) on E of the sets B;, where b indicates the mapping

bh: RN S HE, y = (v, be(y)).

Note that, if r and r’ are small enough, then, by continuity, for any (d + 1)-tuple of points
x; € B, the following still holds:

(AzeR:A>0,z€x0,...,xq1} 2 2EN H(eg, 1). )

Then we extend the aforementioned argument to arbitrary caps of d K. For each pointx € 0K,
we consider the approximating paraboloid Q, of K at x. Let Ty (K) be the tangent space
of K at the point x. The space Ty (K) can be identified with R~ having x as its origin.

2E

-~ H(eg.1)

FIGURE 1: Construction of the simplex S.
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Dy(x) Yo X D (x)

FIGURE 2: Example of a simplex [xp, ..., x4].

Then there exists a unique affine map A, such that A, (C£(0, 1)) = C Qx (x, h), while mapping
the coordinate axes onto the coordinate axes of 7y (K) x R. We define D;(x) := A\ (B;),
i € {0,...,d}. Then it is true that voly_;(D;(x)) = c1h@=Y/2 for a constant ¢; > 0. We
define now D} (x) = FO(D;(x)), where

fOrU - 3K,  y (3, fO0)

for a neighbourhood U C T, (K) of x. Since K € K2, there exist positive lower and upper
bounds for the curvature. Thus, due to the curvature bounds of K, it holds that

cxh D2 < 3971(D](x)) < Cxh@=V/2, 3)

where cx and Ck are positive constants depending only on K.

By continuity, if every x; belongs to a ball B (v;, 1), (2) is preserved whenever n > 0
is small enough. Moreover, we can choose r and r’ to be small enough such that, for every
x € 0K and every i € {0,...,d}, le(x) C A.(B%(vi,n)). Indeed, define, for & > 0
and every i € {0,...,d}, theset U; = {(x,y) € R¢: x ¢ Bd_l(prodeq vi,n/2), y €
[(1 4+ &)~ b (x), (1 4+ &)bg(x)]}. If € is small enough then U; C B4(v;, ). Using Lemma 2,
we can take i small enough such that (1 + 8)_1bQX(y) < My < A+ &)bo,(y). In
particular, if we choose r, 7" < 1/2 then D](x) € A, (U;) < A, (B%(v;, n)). We can choose
a point x; € D](x) forany i € {0,...,d}, as in Figure 2. As a consequence of the previous
inclusion, we have

(hzeRY:A>0,z€[x0,..., %]} 2205 N H(uy, hg(uy) —h)
DKNHuy, hg(uy) —h), “)

where the last inclusion holds whenever i < hg for sufficiently small /. Therefore, from now
on, r, r’, and hg are chosen such that the previous argument holds.

3.2. Proof of the lower bound

In this section we combine tools from [2], [15], and [16]. Let K € .7(}r and Xq,..., X,
be independent random points that are chosen from d K according to the probability distribu-
tion 9!, Dueto [15, Lemma 13], we can choose n points yq, . .., ¥, € dK and corresponding
disjoint caps of K, namely, CX (y;, hy) for j € {1,...,n}, with h, = ©(n=?/@=D)_ For all
i€{0,...,d}and j € {1,..., n}, we define the sets {D;(y;)} and {le(yj)} as in Section 3.1.
LetA;, j € {1,...,n}, be the event that exactly one random point is contained in each le o),
i €{0,...,d}, and every other point is outside of CK(yj, hy,) NOK.

Lemma 6. ([16, Section 3.2].) For large enough n, and all j € {1, ...,n}, there exists a
constant ¢ € (0, 1) such that P(A;) > c.

https://doi.org/10.1017/apr.2018.58 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.58

Limit theorems for random polytopes with vertices on convex surfaces 1235

Proof. The probability of the event A; is
P(Aj) =n(n —1)---(n — d)P(X;+1 € Di(y)), i €{0,...,d})
X P(Xj41 ¢CK(yj,h YNOK,ie{d+1,...,n—1})

n—1

=n(n—1)- (n—d)]"[ﬂd YD) [T (= H1(CK vy, ha) NIK)).
i=0 k=d+1

Combining Lemma 3, [15, Lemma 13], and (3), we obtain

P(A;) > conT =711 — ey =471 > ¢ > 0,

where all constants are positive. (|
Let F be the o-field generated by the positions of all X1, ..., X, except those which are
contained in D((y;) with 14, = 1. Assume that 14, = 14, = 1 for some j,k € {1,...,n}

and, without loss of generality, that X ; and X are the points in D((y;) and Dj,(yx). By (4), it
is not possible that there is an edge between X ; and X;. Therefore, the change of the intrinsic
volume affected by moving X ; within Dj(y j) is independent of the change of the intrinsic
volume of moving X within Do (k). As a consequence, we obtain

var[Ve(Ky) | 1= ) var;[Ve(Ku)l 14,
j=1
where the variances var ;[-] are taken over X ; € D) 0(y;); compare with [2].

For j € {1,...,n}andi € {0, ...,d}, let 74 be an arbltrary point in D/ (y;). We indicate
with N; the normal cone of the s1mp1ex [z - z‘f] at vertex z . Let S; be the cone with base
H (u 0 hK(u 0) — h,) N 20, and vertex z Note that u,0 is the unlque unit outer normal of
K at z . The correspondlng normal cone of S; J at z is denoted by N;. Moreover, the angular
aperture of §; at 7Y is at most ¢/ "e~/hn, where ¢, > 0 is a constant that depends on K. Because
of this and (4), we can find sets X; such that

SIAN; cs?InN; csiin (0 + cv/haBY) = 3;. (5)

We fix j € {1,...,n}andz§. € D(yj) foralli € {1,...,d}. Let F; := [z},...,z‘}] and define

~ d K4

Vi(z; Fy) = <£> / L1z #0) vole([z, Fj] | L)ve(dL)
Kekd—¢ JGd,0)

forz € Dj(y;)and £ € {1,...,d}.

Lemma?7. Let j € {1,...,n}, and let X be a point chosen with respect to the normalized
Hausdorff measure restncted to D) o (V) Then

var;[Ve(Xj; Fj)] = O~ 2@+0/@=Dy = g e 1, d).

Proof. Note that [X;, F;] | L is a simplex in L € G(d, £) with base F; | L and additional
point X; | L. As a consequence, the height of [X ;, F;] | L is proportional to /, and

volg_1(F; | L) = ©hy "),
where L € G(d, £) with L N X; # &. Thus,

volg([X;, Fj1| L) = @RV,
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Due to Lemma 5 and (5), it follows that
. d-6)/2
/ Liins; 2oy ve(dL) =ve({L € G(d,{): LN X # &}) = O(hy ).
G(d,b)
Therefore, we obtain

= d+1)/2
Ve(Xj; Fy) = O h D7),
Let X ; and X 5 be independent copies of X ;. Then
= = d+1)/2
Ve(X b Fy) = V(X3 Fp)l = ™07,
since the heights of X } | L and X% | L are different with probability 1. Using the fact that
hy, = ©(n™2/@=D) we obtain
var;[Ve(X 5 F)] = SENVe(X L Fj) = Ve(X%; F)P] = @ 2@HD/@=D),
as claimed. (]
We can now proceed with the proof of the lower variance bound.

Proof of the lower bound of Theorem 1. Let ¥ be the o-field defined as above. The condi-
tional variance formula implies that

var[Ve(Ky)] = E[var[Ve(K,) | F11+ var[E[Ve(Ky) | 1] = E[var[Ve(Ky) | F]11.

As already mentioned, ¥ induces an independence property. Therefore, we obtain

var[Ve(Kn) | 1= varj[Ve(K)11a; = Y var;[Ve(Xj; F)lla; .
j=1 j=1

Finally, applying Lemma 6 and Lemma 7, and taking the expectation yields

n
var[Vy(K,)] 3> n~2@+D/@=1 Z]P’(Aj) s> p~2dED/@=D = @d+3)/d=1)
j=1

which concludes the proof. O

4. Upper variance bound

In the following we find an upper bound for var[V,(K,)], £ € {1,...,d}. The proof is
based on the Efron—Stein jackknife inequality and follows the ideas of [2]. In contrast to [2],
we use the concept of surface body, in particular, Lemma 1, which states that the surface body
is contained in the random polytope K, with high probability. Moreover, we make use of
Lemma 3 for our estimates. The proof is given in full details for the case K = B?. From a
geometric point of view, this case is easier to handle. However, the general case is also related
to this basis case. The corresponding arguments are stated at the end of the proof.

Proof of the upper bound of Theorem 1. First, let K = B?. We indicate with T}, the event
that the surface body K(s > 7,) is contained in K,,. Let £ € {l,...,d}. Applying the
Efron—Stein jackknife inequality yields

var[Ve(Kn)] < nE[(Ve(Ky41) — Ve(K2))?]
= nE[(Ve(Kp41) — Ve(Kn)? 17,1 + nE[(Ve(Knt1) — Ve(Kn)? 17el. (6)
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Itis obvious that (V, (K, +1)— V¢ (K))? < Vi(K)?and E[lz7e] = P(T;). Since the parameter o
can be chosen arbitrarily large in Lemma 1, the second term in (6) is negligible in the asymptotic
analysis. By (1), we obtain

var[Ve(Kn)] < nE[(Ve(Kpy1) — Ve(Kp))* 17,]

<« n]E|:/ volg ((Kyq1 | A)\ (K, | A))ve(dA)
G(d,l)
x f vole((Kns1 | B)\ (K | B))ve(dB) lTn}
G(d,t)

<<nﬂ<:[/ / vole((Kns1 | A)\ (Ko | A))vole((Knsr | BY\ (K» | BY)
Gd.0)JGd.0

x 17, v/g(dA)v[(dB)]. 7)

If X,4-1]1A € K, | A then the set (K,+1 | A) \ (K, | A) is clearly empty. Otherwise,
(Kn+1 | A) \ (K, | A) consists of several disjoint simplices which are the convex hull of
Xu+1 | A and those facets of K, | A thatcan be ‘seen’ from X1 | A. For I = {iy,...,i¢} C
{1,...,n}, we indicate with F; the convex hull of X;,,..., X;,. Note that F; and F; | A
are (¢ — 1)-dimensional simplices with probability 1. The closed half-space in R? which is
determined by the hyperplane A+ + aff F; and contains the origin is denoted by Ho(Fj, A).
The other half-space is H(Fj, A). The corresponding ¢-dimensional half-spaces in A are
denoted by Ho(F7 | A) and Hy (Fy | A). Let F(A) be the set of (¢ — 1)-dimensional facets
of K, | A that can be seen from X, | A. Itis defined by

F(A)={F1 | A: Ky | AC Ho(Fy | A), Xp41 | A € Hi(F | A),

I ={i,....i;} C{l,...,n}}
Note that £ (A) is random since it depends on the points X1, ..., X,,. In the following we use
a deterministic version of it for fixed points x1, ..., x,. The deterministic version is denoted

by ¥ (A). Therefore,

(7><<n/ / f / (Z vou([xn+1|A,F])>
§d-1 §4-1JGd,0) JG(d,¢)

FeF (A)

x> vole(lxugs |B,F’J>1r,,>w<dA>w(dB>
F eF (B)

x HI7(dxy) - HT (o). (8)

Next, the integration is extended over all possible index sets / and J, and the order of integration
is changed. As a consequence, we obtain

®<nf [ f (Zl{ﬂ|Ae$(A>}vole<[F1,xn+1]|A))
6.0 Jow.o Jsi-1y+1 \ 5

x (Z 1{F; | B € F (B)}voly(IFy. xa41] | B) 1T,,)

J
x HIN(dxy) - HT (o) ve(dA)ve (dB).

https://doi.org/10.1017/apr.2018.58 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.58

1238 N. TURCHI AND F. WESPI

Note that [F;, X, +1] | Aand [Fy, X,+1] | B are contained in the associated caps C¢ (I, A) =
Hy(F;, AN B%and C;(J, B). Moreover, we use the abbreviation C;(I, A) = (Hy(F1 | A+
A1) N BY. We indicate with V,(I, A) = voly(Ce(1, A)) and Vy(I, A) = Vy(Cy(I, A)) the
volumes of these caps. Therefore, the variance is bounded by

var[Vy(Kpy)]

«r / / f HF | Ae F A}V, A)
XI:; G(d,0) G, b) J(Sd-1yn+1

x {F; | Be F(B)}Ve(J, B) lTn
x HV(dxy) - HT (dxpg1)ve(dA)ve(dB),

where the summation extends over all £-tuples I and J. Of course, these tuples may have a
nonempty intersection. However, if the size of I N J is fixed to be k then the corresponding

terms in the sum are independent of the choices of iy, ...,i¢ and ji,..., je. For any k €
{0, 1, ..., ¢}, we indicate with F' the convex hull of X1, ..., X; and by G the convex hull of
Xo—k+1, ..., Xoe—k. Asin [2], we obtain

var[V(Ky)]

¢
n\(¢\(n—1¢

< 1{F; | Ae F(A}Ve, A

n§<€)<k><e—k) /G(d,/é) ./G(d,e) ./(Sd—l)n+1 WA e FAW A

x 1{F; | Be F(B)}Vi(J, B) 11,
x HITNdxy) - HT ()
X ve(dA)ve(dB). ©)]

We indicate with ¥; the kth term in the previous sum. By symmetry, we can restrict the
summation to those tuples where V; (I, A) > V;(J, B). In addition, we multiply the integrand
by 1{C4(I, A) N C4(J, B) # &}. This is indeed possible because the caps have at least the
point X,,4+1 in common. It follows immediately that

T < n? / / HF | Ae FAWVe, A)
G(d.0) JG(d.0) J(sd-1ynmt!
x 1{Cq(1, A) N Cq(J, B) # 2}
x 1{G | B € F(B)}V,(J, B)
x WVa(l, A) = Va(J, B)}
x 17, H47(dxy) - - H97(dxp1)ve(dA) v (dB).

Next we integrate with respect to x2¢—x+1, - - . , Xn, Xn+1. Due to the condition F' | A € F (A),
the points X2¢_g+1, - .., X, are contained in Hy(F, A) and X, is in Hy (F, A). Therefore,

Ek < nZZ—k+1 / / (1 _ J{d*l(cd(l, A) I8 Sd*]))n72€+k
G(d,0) JGd,0) J(sd-1)2—k

x HINC (1, A NSTTHVe(, A)

x 1{Cq(I, A) N Cyq(J, B) # @}V,(J, B)

x Y{Va, A) = Va(J, B)} 17,

x I (dxy) - HT (dxae—)ve(dA)ve(dB).

https://doi.org/10.1017/apr.2018.58 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.58

Limit theorems for random polytopes with vertices on convex surfaces 1239

The assumption that V;(I, A) > V;(J, B) implies that the height of the cap Cy4(I, A) is at
least the height of C;(J, B). Due to C4(I, A) N Cy(J, B) # @, we find a constant 8 such
that C4(J, B) is contained in BCy4 (I, A). More precisely, B8C4 (I, A) is an enlarged homothetic
copy of Cy4(I, A), where the center of homothety z € S¢~! coincides with the center of the cap
Cy(1, A). It follows from the homogeneity that the Hausdorff measure (restricted to 8 se-1
of BC4(I, A) is up to a constant H4-1(C (1, A) N'S?1). Therefore,

/ HCa(I,A)NCy(J, B) # YUV, A) > Va(J, B)}
(Sd—l)f—k
x Vo(J, BYH ™ (dxgs) - HO N (dxoe—p)
< Ve, A NsTTHeky,a, A).

As in [2], the conditions Cy (I, A)NCy4(J, B) # @ and V4(I, A) > V;(J, B) are satisfied only
if the angle between z and the subspace B is not larger than twice the central angle § of the cap
Cq(1, A). Moreover, § is bounded by

8 < Va(I, YD, (10)
Thus,
G, b)) JGd,b) (Sd*I)Z
x #HN(C (1, A) NSTTHER Y1, 4)?
x 1{<(z, B) < V4(I, A)V/@+Dy
x 17, H7(dxy) - - H (dxp)ve(dA) v (dB).

Due to Lemma 3, the condition 7, can be replaced by the condition

logn

d+1)/(d—1)
Va(l, A) = Cl( )

for some constant c¢; > 0. In the following, the economic cap covering theorem is used; recall
Proposition 1. Let & be a positive integer such that 27" < logn/n. Note that the smallest
possible value of h is hg = —|log,(logn/n)]. According to the economic cap covering
theorem, we find, for each £, a collection of caps {Cy, ..., Cy)} which cover the wet part of
B¢ | A with parameter (2~/)¢+1D/(@=D Thjs collection of caps is denoted by M,. Each cap
C; can be viewed as a projection of a d-dimensional cap C; (A) from B? to A. Now we consider
an arbitrary tuple (X1, ..., X;) which has a corresponding cap C; (I, A) having volume at most
c1(log n/n)(d+1)/(d_1). We relate to (X1, ..., X¢) the maximal % such that Cy;(I, A) C C; for
some C; € My,. This is indeed possible since at least 270 is roughly logn/n and the volume
of the caps in M}, tends to 0 as i — 0. As a consequence, we obtain

VeI, A) < volg(C;) < 2~ Me+D/d=D

and
Va(l, A) < V4(Ci(A)) < 2~ hd+D/d=1)

According to Lemma 3, #¢~1(Cy(I, A) NS4~ < #41(C;(A) NS~ 1) « 27", Due to
the maximality of A, it holds that V; (I, A) > 2~ *+D@+D/(@=1) "Iy addition, it follows from
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Lemma 3 that #9~1(Cy(I, A) N S¥~1) > ¢,2="+D for some constant ¢; > 0. Therefore, we

obtain
(1 _ ]{d*l(cd(l’ A) N Sd*l))l’l*ze‘l’k}f(l*l(cd([’ A) N Sd*l)@*k%*lv‘e(l7 A)2
< (- 622—(h+1))n—2£+k2—h(£—k+1)2—2h(z+1)/(d—1).
Then we integrate each (X1, ..., X;) on (Ci (A))¢ and we use the fact that 1 — x < exp(—x)
to obtain

exp(—ca(n — 20 + k)2~ h=1)~h kDo =2h(E+D/@=1) gpd=1(C; (A) NS4~ 1)
< exp(—cz(n —20 + k)thfl)27h(Ekarl)272h(5+1)/(d71)27hé.
Since the volume of the wet part of B® with parameter 2-hED/(d=1) 5 @ (221/d=D)y (note
that h — oo as n — o0), we obtain
9—2h/(d—1) X
— ~h(t=1)/(d-1)
M1l < S = 2 . (11)

Finally, this results in
/ / (l _ J{d_l(cd(l, A) n Sd—l))n—zl-Fkﬂd—l(Cd(I’ A) n Sd—l)l—k-i-lvg(l’ A)2
G(d,t) (Sdfl)l
x 1{<t(z, B) < Vy(I, YDy 10 3097 (dxy) - - #4971 (dxe)ve(dB)

oo
< Z exp(—ca2(n — 20 + k)2 ~h=1yp=h(t=k+1)y=2h(t+1)/(@d=1)p—he
h=hg
X |Mplve({<(z, B) < Vy(I, A)!/@+Dy

oo
<< Z exp(—cz(n _ 26 + k)thfl)27h[(2€7k+1)+(d+3)/(d71)].
h=ho
Note that we used Lemma 5 and (11) in the last step. As in [2], we divide the previous sum
into two parts in order to see the magnitude of the variance. The integer % is defined by

2 < L opomt
n

On the one hand, we have
o0 o0
Z exp(—ca(n — 26 + k)z—h—1)Z—h[(ZZ—k+l)+(d+3)/(d—l)] < Z 9 —h[(2L=k+1)+(d+3)/(d—D)]
h=h, h=h
« n~ @k —(d+3)/(d=1)

On the other hand, let i = h; — h. Then we can perform the following estimate:
hi—1
Z exp(—ca(n — 20 + k)2~ F= 1) M@Ek+D++3)/@=D)]
h=hg
hi—ho
< Z exp(—ca(n — 240 _|_k)z—hl+i—1)2—(h1—i)[(ZZ—k+l)+(d+3)/(d—1)]
i=1
hi—ho
& 37 exp(—ca(n — 20 4 k)27 HHT )y CEAD (@431 il RLAF D+

i=1

https://doi.org/10.1017/apr.2018.58 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.58

Limit theorems for random polytopes with vertices on convex surfaces 1241

00
< n7(2€7k+1)n7(d+3)/(d71) Z exp(_czzi)2i[(2£7k+1)+(d+3)/(d71)]

i=1

o0

& n @k —(d+3)/d-1) ZeXp(—Czj)de
j=1

« p QU = (d+3)/(d 1)

As a consequence, it holds that

™ <L n2€—k+1/ n_(ze_k+1)n_(d+3)/(d_l)vg(dA) < n—(d+3)/(d—1).
G(d,0)

Finally, the upper bound is proven by summing up all ¢, k =0, ..., £, in (9).

In order to extend the proof to the case of a convex body K € K2, we follow the ideas
presented in [2, Section 6]. By the compactness of 0K, there exist y > 0 and I' > 0, the
global upper and the global lower bounds on the principal curvatures of d K, respectively. In
our setting, all projected images of 0 K also have a boundary with the same properties as 0K ;
see, for example, [17, Remark 5, p. 126]. Without loss of generality, we can choose y and I to
also be bounds on the principal curvatures of the boundaries of all £-dimensional projections
of K. Hence, we can locally approximate d K with affine images of balls, and the volume
of an ¢-dimensional cap with small height 2 > 0 has order REED/2 Note that CX (x, h) is
the intersection of K with the hyperplane H(x,h) = {yeRY: (x —y,uy) =h}. Asin [2,
Equation (27)], it holds that

((x — huy) + vVEBY N H(x, h) C KN H(x, h)
C ((x — huy) + yov/hBY N H(x, ),

where the constants y; and y» depend on y and I'. The last equation ensures that (10) still
holds. ]

In the fashion of [2, Section 7], we derive a strong law of large numbers from the upper
variance bound together with the following result from [12].

Proposition 3. ([12, Theorem 1].) Let K € K2, and choose n random points on 3K indepen-
dently and according to the probability distribution 3%, Then there exist positive constants
ck.¢ depending on £ and the principal curvatures of K such that

lim (Ve(K) = E[Ve(Kn)Dn?/ ™0 = exp. Lef{l,....d}. (12)

For the sake of brevity, the explicit expression of cx ¢ is omitted here. It can be found in
[12, Equation (2)].

Proof of Theorem 2. Let £ € {1,...,d}. Chebyshev’s inequality and the variance upper
bound yield

P(IVe(K) — Ve(Kn) — E[Ve(K) — Ve(K)1In? @70 > g) < 7 2n¥ @D var[ Vo (K,)] < n™ L.

Now select the subsequence of indices ny = k2. Then it follows that

Y P(Ve(K) = Ve(Kny) = BIVe(K) = Ve(Kn)lln ™" 2 ) « 3" k72 < oo
k=1 k=1
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Applying the Borel-Cantelli lemma together with (12), it follows that

. 2/(d-1
Jim (Ve(K) = VoK)V = e

holds with probability 1. Note that V,(K) — V¢(K,) is a decreasing and positive sequence.
Therefore, this gives

d— — d—

Ve(K) = Ve(Kn ) {0 < (Ve(K) = Ve(Kn)n =D < (Vi(K) = ViKY,
whenever ny_; < n < ny. Taking the limit as k — oo, ng_1/n;r — 1, which allows us to
conclude that the desired limit is reached by the whole sequence with probability 1. ]

5. Central limit theorem

In this last section we prove the central limit theorem. In contrast to [22], where floating
bodies were used, here we work with surface bodies, as was already done in [21] for the case
of the volume. In addition, we make use of the normal approximation bound of Proposition 2.
Since the arguments are naturally easier to follow for K = B?, the details are given in this
particular setting and the arguments for the general case are stated at the end of the proof.

Proof of Theorem 3. First, we prove the central limit theorem for K = B?. To this end,
let us introduce the two events B; and B,. The event that the random polytope [X>, ..., X,]
contains the surface body K (s > t,) is denoted by Bj. Due to the definition of By, it follows
by Lemma 1 that

P(B}) <cin™“,

where ¢ € (0, 0o) is independent of 7.

We denote by B, the event that the random polytope ﬂW (V.Y 2.7') [Wy, ..., W,] contains
the surface body K (s > 1), where Y, Y’, Z, and Z’ are recombinations of the random vector
X = (Xy, ..., X,). By taking the union bound, we obtain

P(B5) < con™ %,

where ¢ € (0, 00) is again independent of n. Next, forany £ € {1, ..., d}, we apply the bound
in Proposition 2 to the random variables

W= (X1, ..., X)) = Ve([ X1, ..., Xu]) — E[Ve(Kp)].

Note that D;W = D;Vy(K,) and D;, ;, W = D;, ;, Ve(Ky) for i,iy,i> € {1,...,n}. Condi-
tioned on the event By, we obtain, from (1),

d Kd

D1 Vi(Kp) = ( ) / volg((Ky | L)\ ([X2, ..., Xyl | L))ve(dL). (13)
L) keka—e JGa,e

We now define a full-dimensional cap C in such a way that K, \ [X2, ..., X, ] is contained

in C. Consider now the visibility region Visy, (7,) of X;. By the definition of the surface body

and by Lemma 3, the diameter of this visibility region is at most c3 r,:/ (dfl), where c3 > 0.

We now indicate with D(X|, c37,’ @Dy the points on dK with distance at most c3 )/ @1

from X ;. Then C := conv{D (X1, c3 r,}/(d_l))} is a spherical cap and it follows from Lemma 4
that C has volume of order at most r,gd—H)/ @D We call o the central angle of C. For any

subspace L € G(d, {), it holds that (K, | L) \ ([X2,...,X,]| L) € (C | L). We obtain
volg(C | L) K t,§£+l)/ @=0 Indeed, the height of C | L has the same order as the height of C,
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namely, 1_112/(d—1)7 while the order of its base changes from (7)1 @=Dyd=1 g ((g,)1/@=Dye-1
since the dimension of L is £. By the construction of C, it now follows that if <(Xy, L), the
angle between X and L, is too wide compared to «, then C | L € K, | L for sufficiently
large n. Whenever this occurs, it also holds in particular that (K, \ [X2,...,X,]) | L <
K,|L,ie K, |L = [X2,...,X,]| L. In fact, we can check that the integrand in (13)
can only be nonzero if <(X1, L) < «. Therefore, we can restrict the integration to the set
{L € G, ?t): <(X1,L) < a}. Moreover, it holds that ¢ < Vd(C)l/(d“); see, e.g. [2,
Equation (21)]. According to Lemma 5, this gives

we({L € G, 0): (X1, L) < Va(C)V/ @D}y « ¢@=0/E@=D,

Putting everything together, we see that

(14)

n

_ B B log n (d+1)/(d—1)
D1 Vi(K,) < gt/ d=0/d=1 o (i>

On the complement Bf of By we use the trivial estimate D Vy(K,) < V¢(K). Since P(B}) «
n—%, we obtain

logn

p(d+1)/(d-1)
E[(D1Ve(Kn)"1 = E[(D1Ve(Kn))? 1,1+ E[(D1 Ve(Kp))? 1] < ( )

for all p > 1. As a consequence, we can bound the terms in the normal approximation bound
which involve y3 and y4. Thus,

2(d+1)/(d—1)
n n logn
o LI o - 2 =n"12(logn)**4/@=D,
var[ Vi (K,)] n—d+3)/d-n\ 4
n n log i\ 3@+D/(d=1)
ys < — (== — =12 (log n)+6/@=1).
(var[Ve(K,)])3/? n-3d+n2d-n\ ",

By using the Cauchy—Schwarz inequality, we can estimate y5 as well. Namely,

logn 3(d+1)/(d-1)
vs < v/var[Ve(K,)] sup \/E[|D1f<XA)|]6<<n<d+3>/2<d1><—) .
AC n

c{l.....n}

Thus, we obtain

—(d+3)/2(d~1) (1°g n
n

n n 3(d+1)/d—1)
(var[ Ve (K)])? Vs < n—2@+3/d-1" )
=n"2(log n)3+6/@-D),

In the next step we consider the terms involving the second-order difference operator. On
the event B, it may be concluded from (14) that Dl-f(V)2 < (log n/n)2(d+1)/(d_l) for all
i €{1,2,3}and V € {Z, Z'}. Moreover, we note that on B; the following inclusions hold:

{D12f(Y) # 0} € {Visy, (zp) N Visy, (t,) # @} S {Yz e U Visx(rn)}.

)ceVisY1 (tn)
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The same applies to D1 3 f(Y’). Thus,

E[1{D1,2f(Y) # 0} 1p,] < sup P(Yz € U Vin(Tn))-
€0k xeVis, (tn)

We note that the diameter of the previous union is at most ¢4 r,} / (dfl), where ¢4 > 0. As before,

we define the spherical cap C’ == coanD(z, cu,} / (d_l))}. It follows from Lemma 4 that C’
has volume of order at most t, . We obtain

(d+1)/(d—1
sup IP’(YZ € U Visx(f”)> = sup Fed-1 (( U Visx(tn)> N 8K>
xeVis; (1)

z€0K eriSz(fn) oK

< sup HTHC'NIK)
z€0K

L Ty,

where, for the last inequality, we used Lemma 3. On the event Bg, we use the trivial estimate
V¢ (K) for all difference operators and estimate all indicators by one. Since P(B5) < n™%, we
obtain

logn

1+4(d+1)/(d—1)
e (222)

Analogously, we can bound y;. Indeed, suppose that Y| = Y] (by independence, Y| # Y| gives
a smaller order). Then

{Dl,sz)#om{l)l,gf(w)#0}g{{Yz,Yg’}g U Visxun)},

erisYl (tn)

and we obtain

, logn 2
(D2 f(Y) #0) 1{Dy 3 f(Y') # 0}] <<( e ) .

Thus,
logn 24+4(d+1)/(d—1)
N < ( )
n
Finally,
2+4(d+1)/(d—1)
Sy« 2 (208" =n""2(logn)*H@=D,
var[Ve(K,)] p—d+3)/d—1) P
1+4(d+1)/(d—1)

l«/}’”@ < ﬁ n 10gn — n*l/z(logn)5/2+4/(d*1)'
var[ Ve (K,)] n—@+3)/d-1) "

Considering all the estimates together, we obtain, by Proposition 2,
+ (log n)3+6/(d—1) + (logn)3+6/(d—l))
< n*]/Z(logn)3+6/(d71).

For the case of a generic K € K2, we argue as at the end of the proof of the upper bound of
Theorem 1. Because of the global bounds on the principal curvatures and the local approxi-
mation of d K with affine images of balls, the construction of C and the relations regarding its
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volume, its central angle, and the subspaces L whichensure C | L C K,, | L arenotafflicted. In
particular, the asymptotic bounds vol, (C | L) < I,EHI)/(’F]), a L Vy(O)Vd+h « r,z/(dil),
and <(X, L) < «a stated above still hold, with the difference that the implicit constants depend
on y and I', the bounds on the principal curvatures of d K. The proof can be completed as in
the case of the ball. ]
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