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SUMMARY

The inverse dynamics model of a novel (3-UPU)+(3-UPS+S) serial—parallel manipulator (S-PM)
formed by a 3-UPU PM and a 3-UPS+-S PM connected in serial is studied in this paper. First, the
inverse position, velocity, and acceleration of this S-PM are studied systematically. Second, the
velocity mapping relations between each component and the terminal platform of (3-UPU)+4(3-
UPS+S) S-PM are derived. Third, the dynamics model of the whole (3-UPU)+(3-UPS+S) S-PM
is established by means of the principle of virtual work. The process for establishing the dynamics
model of this S-PM is fit for other S-PMs.

KEYWORDS: Dynamics; Kinematics; Serial-parallel manipulators.

1. Introduction

In recent years, some serial-parallel manipulators (S-PMs) have attracted much attention in the
field of robotics.!™!3 This class of manipulators is composed of several parallel manipulators (PMs)
connected in serial. Thus, the S-PMs have higher stiffness than serial manipulators (SMs) and a larger
workspace than PMs. In this aspect, Tanio” presented an S-PM composed of two serially connected
PMs and gave its closed-form solution for the position problem using a vector approach. Romdhane?
designed and analyzed a hybrid S-PM formed by a pure translational PM which has a PPP-type
passive leg and a pure rotational PM which has an S-type passive leg, and used Euler angles to
analyze the direct position problem. Zheng et al.* studied the kinematics of a hybrid S-PM formed by
a pure translational 3-UPU PM and a pure rotational 3-UPU PM by using quaternions. Lu and Hu>~’
studied the kinematics, statics, and stiffness for several S-PMs formed by two PMs and extended their
research to the S-PMs formed by an optional number of PMs connected in serial. Gallardo-Alvarado
et al.3? studied the kinematics and dynamics of this class of manipulators via screw theory and the
principle of virtual work. Liang and Ceccarelli!®!! designed and analyzed this class of S-PMs used
as a waist—trunk system for a humanoid robot.

Dynamics is an important topic in mechanism theory. For the dynamics modeling, the most
commonly used approaches are the Newton—Euler method,'?!? the Lagrange formulation,'*'> and
the principle of virtual work.'®!” The Newton-Euler method uses the free body diagrams of the rigid
bodies. This method is comprehensive in that a complete solution for all the forces and kinematic
variables can be obtained. However, since this method needs to solve all the internal reactions of
the manipulators, it leads to large computations. In this aspect, Dasgupta'? derived a closed-form
dynamics model for the Stewart platform manipulator considering all dynamic and gravity effects.
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Ji'® studied the influence of the leg inertia on the dynamics model of the Stewart platform. The
Lagrangian formulation is a very useful method for solving the inverse dynamics of manipulators.
This method describes the dynamics of a mechanical system from the concept of work and energy with
the adoption of a generalized coordinate framework. The dynamics formula has well analytical and
orderly structure and thus has advantages for control. In this aspect, Lee et al.'* derived the equations
of dynamics formulated in joint-space using the Lagrangian formulation. Abdellatif et al.'> presented
a computational highly efficient method to derive explicit equations of dynamics of a 6-degree of
freedom (DOF) PM using the Lagrangian formulation. The principle of virtual work is considered as
a simple approach for mechanism dynamics. Based on the principle of virtual work, the constraint
wrenches of the manipulators have been eliminated from the formulation. This allows us to reduce the
complexity of the inverse dynamics. In this aspect, Gosselin,'® Tsai!” studied the inverse dynamics
of the Stewart—Gough PM using the principle of virtual work, respectively. In addition, some other
methods have also been suggested in dynamics analysis of manipulators including the screw theory,'
the recursive matrix method,'® Kane equation,20 and the influence coefficient method.?!

Although some efforts have been spent on S-PMs,?~!! the architectures of this class of manipulators
are very limited. For this reason, this paper presents a novel (3-UPU)-+(3-UPS+S) S-PM. The lower
PM of this S-PM adopts a 3-DOF 3-UPU PM with three translations, which has some potential
advantages in pure translational PM family.?? The upper PM of this S-PM adopts a 3-DOF 3-UPS+-S
PM with three rotations, which has a passive leg and thus can greatly enhance the stiffness. As the
pure translational and pure rotational motions are completely determined by the lower and upper PMs
respectively, the S-PM can be controlled easily to achieve its translations and rotations compared with
the general 6-DOF S-PMs. This manipulator has some potential applications for the robot arms, the
machine tools, the surgical manipulators, the tunnel borers, and the satellite surveillance platform.

Due to the complicated couplings and various constraints in structure for S-PMs, solving the inverse
kinematics and dynamics is a challenging work. The previous research for such manipulators mainly
focused on the forward kinematics based on the principle of motional superposition of the lower and
upper PMs. However, there are few efforts made towards the inverse kinematics and dynamics of S-
PMs.> ! Because of their highly nonlinear relations between joint variables and position/orientation
of the end effectors for the S-PMs, solving the inverse dynamics based on Newton—Euler method
or Lagrange formulation involves large computations. Inversely, the principle of virtual work can
eliminate the constraint wrenches and reduce the complexity effectively. For this reason, this paper
focuses on establishing the dynamics of the novel (3-UPU)+(3-UPS+S) S-PM using the principle
of virtual work. The method used in this paper can be used to guide the dynamics modeling for other
S-PMs.

2. Inverse Kinematics of the (3-UPU)+(3-UPS+S) S-PM

2.1. Description of the (3-UPU)+(3-UPS+S) S-PM

The architecture of (3-UPU)+(3-UPS+S) S-PM is shown in Fig. 1, which is composed of a lower
3-UPU PM and an upper 3-UPS+-S PM. Let the PMs from the bottom to top be the ith (i = 1, 2) PM.
Let r;; be the jth leg of ith PM. Let R;jx (i = 1, 2;j = 1, 2, 3) be the kth R joint of the jth leg for the
ith PM. Let L be a perpendicular constraint and || be a parallel constraint, respectively.

The lower 3-UPU PM is an unsymmetrical PM with 3 translational DOFs. It includes a lower
platform A, an upper platform B and three UPU active leg r; (j = 1, 2, 3) with linear actuators. Each
UPU-type leg connects A with B by a U joint at A;, a prismatic joint P along r;, and a U joint at B;.
The U joint is comprised of two intercrossed revolute joints Ry;; and Ry j =1, 3).

For the 3-UPU PM, the first and the third legs are two symmetrical legs. The geometrical constraints
for the two legs can be expressed as following:

Rij1LA, RijiLRyjo, Rijsl|Rij3, Rij3LRij4, RijaLB (j=1,3) (1a)
The geometrical constraints for the unsymmetrical UPU-type leg can be expressed as following:

Ri21LA1A3, Rin||R123, Rizidlria, Riz LR, Ri2alBiB3 (1b)
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Fig. 1. CAD model of (3-UPU)+(3-UPS+-S) PM.

The upper 3-UPS+S PM is composed of a lower platform C, an upper platform D, three UPS-
type active legs ry; (j = 1, 2, 3) with linear actuators, and one S-type constrained leg r,. Each
UPS-type leg connects C with D by a U joint at C;, a prismatic joint P along r»;, and an S joint
at D;. The S-type constrained leg r, connects C with D by an § joint on C at o, a rigid rod
perpendicularly fixed to D at o,. For this PM, the geometrical constraints can be expressed as
following:

I",,J_D (IC)

The four platforms A, B, C, and D are regular triangles with three vertices A;, B;, C;, D; (i =1, 2,
3) and one center point o,, 0p, 0, 04, tespectively. B and C are fixed connected and have an angle of
60 degrees between them.

2.2. Inverse position kinematics of (3-UPU)+(3-UPS+S) S-PM
The inverse position kinematics of (3-UPU)+(3-UPS+-S) S-PM solves the actuated variables from a
given position and orientation in a given pose.

Let {A}, {B}, {C}, and {D} be the coordinate systems at the center o,, 05, 0., and
oq with xy,yy, and zy (N = A, B, C, D) are three orthogonal coordinate axes and
some constraints (xy||N1N3, yv LN N3, zy LN) are satisfied. Then {A} and {D} are the base
coordinate system and terminal coordinate system for the whole (3-UPU)+(3-UPS+S) S-PM,
respectively.

Let ™ Q.M v,,M a be the position, velocity, and acceleration vectors of the point Q expressed in
the coordinate systems {M}(M = A, B, C, D), respectively. Let ¥ R, ¥w, and } & be the rotational
matrix, angular velocity, and angular acceleration of {N} (N = A, B, C, D) relative to {M}.

The position vector of A; (j = 1,2, 3) in {A} can be expressed as follows:

0

E [ 4 E, (1

‘g =221, Aa=[E ], “as=-2L 1], ¢=+3. (2a)
2\ o 0 2 \o
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The position vector of C; (j =1, 2, 3) in {C} can be expressed as follows:

0

E, [ 4 g, 4

cc,=22 1|, ‘e=[E|. ‘cs=-2{1], ¢=+3, (2b)
2\ o 0 2 \o

where E; denotes the distance from o, to A; and E, denotes the distance from o, to C;.
The position vector of B; (j = 1, 2, 3) in {B} can be expressed as follows:

(4] q 0 (4] q
bp="221 -1, ?B,=|e |, ?Bs=—=|1]., qg=+3. (2¢)

2\ o 0 2 \o
The position vector of D; (j =1, 2, 3) in {D} can be expressed as follows:

q 0 q
1|, Ppy=|el. Ps=-2{1], ¢=V3 (2d)
0

2\ 0 2

€2
DDl —_ =

where e; denotes the distance from o, to B; and e, denotes the distance from o, to D;.
The position vector of B; (j =1, 2, 3) in {A} can be expressed as following:

AB; = 2R®B; +" o,. (3a)
The position vector of D; (j =1, 2, 3) in {C} can be expressed as following:
“D; = SRPD; +€ 04. (3b)
The position vector of C; (j =1, 2, 3) in {B} can be expressed as following:
bc;= ¢R"B;. (4a)
The rotational transformation matrix éR can be expressed as following:
2R = 2RER. (4b)
The rotational transformation matrix gR can be expressed as following:
AR =4RERSR. (4c)
B and C have an angle of 60 degrees between them, which leads to

1 0 (4d)
0 1
Asr,1 D, the position vector of the center of the terminal platform o, can be expressed as follows:

A A A
o,="0.+r, r,=r,zp, (5a)

40, =", —rizp. (5b)

Here, r, and r, denote the length and the vector of constrained leg respectively for the 3-UPS4-S
PM, “z is the third column vector of %) R. When “0, and 4, R are given, “o, can be solved from Eq.
(5b) directly.
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As B and C are fixed connected with their centers kept coincidence, it leads to
40, ="o,. (6a)

As the lower PM has no rotations, it leads to

1 00
GR=8R=E3;;=[0 10 (6b)
001
The position vectors of the vertices for each platform in {A} can be expressed as follows:
“Bj="0,+4R*B;, “C;="0,+¢R°C;, "D;="0,+}R"D;. )
The length of r;; (i =1, 2; j =1, 2, 3) can be solved as follows:
rij=|"B; =" Aj]. (8a)
r;=|"D; =" Cyl. (8b)

When the position and orientation of the terminal platform are given, the position vector of the
vertices for each platform can be solved from Eqs. (5)-(7), and the inverse kinematics of (3-UPU)+(3-
UPS+-S) S-PM can be solved from Eqs. (8a) and (8b), subsequently.

2.3. Inverse velocity of (3-UPU)+(3-UPS+S) S-PM
The inverse velocity analysis of the (3-UPU)+(3-UPS+-S) S-PM is to determine the required velocities
of actuators from a given velocity of the terminal platform in a given pose.

Let ¢ = [t.1y.]7, s = [s,5ys.]7 be two arbitrary vectors, # be a skew-symmetric matrix. There

must be
0 -1, t
=1\ t 0 —t |, f=—f", txs=fs. 9)
—t, t 0

Let vy, a,,; be the velocity and acceleration along r;;, @, be the angular vector of r;;.
By differentiating both sides of Eq. (5a) with respect to time, it leads to

A _ A A A
v, ="v, +Hh @ xr,. (10a)

The velocity of o, can be expressed as following:

Ay =4 —’l‘)waro. (10b)

0¢ 04
As B and C are fixed connected with their centers kept coincidence, it leads to
Yo, =", . (11a)

As the lower PM has no rotations, it leads to

20 = 03,1, (11b)

A A A A
v ="vc; ="v, =", (11c¢)

https://doi.org/10.1017/50263574714001817 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574714001817

692 Inverse dynamics modeling of a (3-UPU)+(3-UPS+S) serial-parallel manipulator

From Eqgs. (10b) and (11c), the velocity of ry; (j = 1, 2, 3) for the 3-UPU PM can be derived as
following:

A
A A A A A A AST (A A, \T v
vy =g 8y = (M, —p @ x ry) 8, =[], (8, x"ry) ][Aod],

D
A A
[“B; —* A}
The velocity of vertices D; can be expressed as following:
Ale_ =Av0d +ADwae2j, Aezj =*D; -0, (13)

From Egs. (10b), (11c), and (13), the velocity of rp; (G = 1, 2, 3) can be derived as

following:
A Ap. _A(C.
A A A T A A, \T o AST v A J J
v, = v, —%v.)-%8,, =0 (e.+r)x8.|:0«1i|, §p = —4 )
2j ( D; Cj) 2j [ 3x1 2j o 2]] ADw 2j |ADj A Cj|
(14)
From Egs. (12) and (14), it leads to
AST (Asll X Ara)T Up,,
A dp Qluxlro
v ) (18,5 x r,) v
V.=17] o | J = 13 13 0 , V.= 13 , 15
' |: Aba’ :| 03Tx1 (“ey +4r,)! x Asgl ' Ury (15)
03T><1 (Aezz +4r,)" x A‘ng Ury
L ngl (Ae23 + Ar”)T X Asg?’ _ Urys

where J is the Jacobian for (3-UPU)+(3-UPS+S) S-PM.

2.4. Inverse acceleration of (3-UPU)+-(3-UPS+S) S-PM
The inverse acceleration analysis of the (3-UPU)+-(3-UPS+S) S-PM is to determine the required
accelerations of actuators from a given velocity/acceleration of the terminal platform in a given
pose.

By differentiating both sides of Eq. (12) with respect to time, it leads to

_A A A Ag  _ A A A A A
ar;, ="ag -"8;+" vy "8, ="ap - "8 ;+ vy - (Cwr; x4, (16a)

A A

Ay — A A A A
where “ap ="a, —p e xr, —p @ X (Hw X °r,).

By diffejrentiating both sides of Eq. (14) with respect to time, it leads to

A A A A A A
ar,; = (“vp, = ¢;) - "8+ (Cap, —Tac;) - 78y,
A A A A A A A
=( vp, — Vo) (Cwry, X 62j)+( ap — ac;)- 52j, (16b)
where “a), = “a, +) e x ey +5 0 x (ho x ¢;)),Yac; =4ay.

In Egs. (16a) and (16b), Awru and Awrzj are two unknowns, which are frequently used in the
dynamics model. In what follows, Awrlj and Aoo,z/.will be solved in the compact form.
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The angular velocity @, ;of ry; for the lower 3-UPU PM can be expressed as following:
A(’)’l_f = élAleljl + 9'1Aj2R1j2- (17a)
Here, 6, and 6, j, denote the angular velocity of R;; and R j, respectively.
Cross-multiplying both sides of Eq. (17a) by ry; yields
élAj]lel x4 rij +9'1AjZR1j2 x4 ri; =4 @y x4 ri;
=4 vp —vf);81; = — 51] vy +4 8 élgw, “ri;="B;-" A, (17b)
Dot-multiplying both sides of Eq. (17b) by R»;, it leads to
O1j1(*Ryjy x*ri;) A Ryjp =* Rlsz(Aij ,115“) = RlTjg( A5 j Vob +4 5 1,3(0)- (18a)
Dot-multiplying both sides of Eq. (17b) by Ry;, it leads to
01;2(Rij2 x*ry;)- Ryjy =4 Rlle(Aij - U;411~31j) = 1,1( voh +4 3 UB“)) (18b)
From Egs. (18a) and (18b), it leads to
A24 a24
0-1 L= (Aij - U;Alj(slj) A R j> _ (A‘s]j Vob —A 81]'31]‘3(‘)) A Ryj>
! (ARyj1 XA Ryjp) A ry (“Ryiji XA Ryjp)Ar '
(19)
A A Ag2 A R2AL A
p (“vpj — r1,51,) Rij (%81, vop —" 8y; 87, 50) -* Ry
= — - _
Y (ARyj1 XA Ryjp) Ay (ARij1 XA Ryj2)Ary;
From Egs. (17a) and (19), it leads to
Awr1; =601 Riji + 0, R jp = (ARlesz — R?jlerjl)(Aij — vf]]ﬁ]j)
rljy 1j1 J 12 J (Alel XA R1]2)~Ar1
A2 R
o (Alel x4 RlTjZ) x (‘vg; — rljalf) ( R1,1R1T/2 -4 Rszerjl)Aalj(A”bo —4 ef‘ij)
(Alel XAlez) Ary (Alel x4 R, ;) A
(20)

A2 A
(ARI/lRlTjZ — R?jZRlle)Aslj (AR1]1R1T]2 4 R1,2R1T,1) 5 el; |:AAv0b
(AR ;) XA R ;) A1y (ARy; x4 Ry) A ryj B®

Using the same method, the angular velocity of r»; for the upper PM in {C} can be derived as

(CR2j1 x€ Rszz) X (Cij r2162})
(CRZjl x¢ szz) Cr

c _5C , \C o
wrj =0, Roji +0,,Rajp =

a2
CpC pT C pC pT \C c C 4C
_( R2j1R2j2_ R2j2R2j1) 52;‘( Upj — e2ij)

c A c
( sz1 X szz)' ro;

(Cszleﬂ ¢ RgJZRg]l)C(sZJ(Céz + r())Dw

(CRz q %€ Rz;z)
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As the lower PM has no rotations, the motion of C relative to A is pure translation, which leads to

A A pT A A A
("Ryjy X" Ryjp) x ("wpj =" vej —v]5,82))

(AR2jl x4 R, ;) A1y

A __NA . VA P
;=05 Roj1 +0,,R0j0 =

A2 N N
_ _(AR§j1R§j2 —4 RZAjZRZle)ASZj(Aer +4 "o)g“’ 22)
(AR2j1 x A R2j2) A rp;
A2 A N
=10 (AR?leZTjZ —A R?jszTﬂ)A‘szj(Aegj +4 "o)gw |:AA”0d]
- 3x3 )
) (ARzﬂ xA szz) A ra;j D@

where “vp; =4 vp; —* v

Then, substituting the results to Eqgs. (16a) and (16b), the inverse acceleration of the (3-UPU)+-(3-
UPS+S) S-PM can be determined.

3. Inverse Dynamics of the (3-UPU)+(3-UPS+S) S-PM

3.1. Velocity mapping between each component and the terminal platform
3.1.1. Velocity mapping between the legs and the terminal platform for 3-UPU PM.. From Eq. (10b),
it leads to

A
Avob = Avor = [E3><3 Ai:o] |: Avod:| . (233)
D

From Eqgs. (11b) and (23a), the velocity mapping relation between B and D can be derived as

following:
A A A A
Vop | _ E 7, Vo | — v,, 23b
o]l on s )= [ ] »

Let ry,, be the distance from the mass center of the jth cylinder to point A;. By means of Eq.
(20), the velocity of the mass center of jth cylinder in {A} for the 3-UPU PM can be expressed as

following:
Ao, =4 xA8~r~——rA§Aw ;
fij = T 'y — f;01j%r1j
A 5 (ARA RT._ARA RT 1A A § (ARA RT _ARA pT yA32As Ay
— "flj 1/( 1j1 %152 12 ljl) 1j ”f]j 1_/( 1j1f152 12 ljl) 1j €1j A ob (243)
(AR ;i xR ;)11 (ARii xARyi)-Ary; B
From Eqgs. (20) and (24a), it leads to
A 7] A
Va; | I+ Vo,
A —Jh| A ’
(z)rlj i D@
— N 22 N 24,
*V?I_/-alj(AR?jlRsz*AR?jzRle)Aalj r}”qu‘s]j(ARl]AjlR{j27AR?j2Rle)A‘sljelj
(AR1ji1xARyj2)- Aryj (AR xARy)- Ary;
Jflj = - on Jcd, (24b)
(AR?jlRsz*AR?jlele)Aslj _(AR?jlRIT/Z*AR?jlerjl)A‘slj élj
L (AR j1x Ryj2)- A1y (AR j1x Ry jp)- Ary;

where J iy is a 6 x 6 Jacobian matrix of the jth cylinder of 3-UPU PM, which relates the velocity
mapping relation between the jth cylinder of the 3-UPU PM and the terminal platform D.

Let r,; be the distance from the mass center of the jth piston to point B;. By means
of Eq. (20), the velocity of the mass center of the jth piston of lower PM can be
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expressed as

A A A As
Vntj =" @p; X7 81(r1j — rm1j) +7 815715

A
_ AgA A AsT Az A ST Vob
= _(rlj _rmlj) ‘Sljwrlj + Slj ([ 61/_ elj X 81/'] |: A(z) :|>

B

(AR1/1><AR1j2)' Aryj (AR1j1><AR1j2)‘ Ay
A
Vob
X |: gw] . (25)
From Eqgs. (20) and (25), it leads to

A A
vmlj _ J Vo,
wrl} D

. VA3 (ARA RpT _ApA pT 52
(rm1j=r1j)701; (" RY; | Ry jp—"R{j, R ;)01

A a2 N 224,
— (rmlj*rl./‘)Aalj(AR?jlRlTjZ*AR?jlerjl)‘sl/ ASA 8T (rm]j*rl./)Aalj(AR?jlR{jzfAR?jlerjl)Aalj 1) ASA STAA
- + 19 - 1j9,; elj

. - VA3 (ARA RT __ApA _pT \A32A,
A 3T (rm1j—r1;)"01;( R 1R jp="RUjp R ;)01 815 _A 5A STAA

+43

e
(R, < R, ) Ary; 1% Ry, < R, ) A1y 1j%; ¢l
Jmlj = , n Jed»
ARA RT__ARA_pT \A§2 ApA RT.__ARA_RT \A§2A4
CRY Ry jp =" R Ry )76y _( RijIR =" Rijp Ry ;)91 815
(AR1j1x"R1j2)- Aryj (AR1j1x"R1j2)- Aryj

(26)

where J,,1; is a 6 x 6 Jacobian matrix of the jth piston of 3-UPU PM, which relates the velocity
mapping relations between jth piston of the 3-UPU PM and the terminal platform D.

3.1.2. Velocity mapping between the legs of 3-UPS+S PM and the terminal platform.. Let o fy be the
mass center of the jth cylinder in ith PM, ry,; be the distance from o to the point C;. The position
and velocity vectors of oy, - in {A} can be expressed as follows:

Yo5, =" Citry &, (27a)

A _A A Ag _A A A A Ag
vy, ="V, + rfzjw’z,/ x4 8yj =" vy, — p@ X" 1y + s, @, X LY
~ A2 R R A
=| g rfy, 82 C Ry Ry =" Ry Ry ;)" 8y, ("0 +1P0) Jou | (27b)
3x3 (ARZ;'I XARij)' Ara; +°7r, pw

From Egs. (22) and (27b), it leads to

R 22 4. R
A E rfy, 82 R Ry =" Ry Ry ;)18 (12 41 ,) +A R
A
vy, =J; |: vo,1:| J; = 33 ("R, xR, }5)- Araj o
2 ’ 2j 2 4 .
! ! 0 _(AR?]']R;j27AR?j2R2Tj])ASZ.;(A62‘/+A"0)II‘_“)")
3x3 (ARZ_,IXARZ,'Z)‘ Ara;

(27¢)
where J fy; is a 6 x 6 Jacobian matrix of the jth cylinder for 3-UPS-+S PM, which relates the velocity

mapping relations between the jth cylinder of the 3-UPS+S PM and the terminal platform D.
Let Om,, be the mass center of the jth piston for the ith PM, r,,,. be the distance from Om,, to the

point D ;. The position and velocity vectors of Om,, in {A} can be expressed as follows:

A0m2j =D, — i’,ﬁzl_ 82, (28a)
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A A A
vmz_/_ = "Vp, "y

A § (ApA pT _ApA pT \AR2 Ay L Aa
_ T 02j (R Ry =" Ry 1 Ry ;)7 0,;(2, ;+7F,) R Vo,
= |:E3><3 - —4g A0 | (28b)

A A A A A
2/(z),z/_>< 0rj =" vy, +pw x" eyj — 1

A
® X 8y
my; Ty 2j

(ARZ/'] XARZjZ)‘ Araj
From Egs. (22) and (28b), it leads to

R 2
A ApA pT _ApA pT AR Ay L Ap
o 02j(" Ry Ry —" Ry ;5 Ry ;1) 05,(1 8y, +7F,)

"y A 5
A — — .
vmzj _ J Av()d J B E3><3 @ Rz_/'l XARij)' A"z,‘ €;
Aa)r ) Y ?)(x) ’ My T (AR RT.—ARA_RT )ASZ (e, +A%,)A e ’
2j 0 _ 2114252 22121 2\ €2j o)p
3x3 (ARz_/leRzi,z)‘ Arzj

(28¢)
where J m,, is a 6 x 6 Jacobian matrix of the jth piston for 3-UPS+S PM, which relates the velocity
mapping relation between the jth piston of the 3-UPS+S PM and the terminal platform D.

Let v,,and a,, be the velocity and acceleration vectors of the mass center of r,. Let ®,, and Aero
be the angular velocity and angular acceleration vectors of r,. It leads to

A A A A
@, = [, &, = pE. (29a)

v,, can be solved by the following formula:

A
A v
Yo, =t v+ @y, XA /2= v, — @, x* 1,2 =[Esxs F,/2] [ A:;] ) (29b)
D

From (29a) and (29b), it leads to

Al) Av ’ E3 3 —Af /2
ro — - 0, , , — X o , 30
[Aw,,l Ir, [ Ao ] In [ 033 Esxs G0

where J,, is a 6 x 6 Jacobian matrix of the r,, which relates the velocity mapping relations between
r, and the terminal platform D.

3.2. Inverse dynamics modeling
The inverse dynamics analysis of the (3-UPU)+(3-UPS+-S) S-PM is to determine the required forces
of actuators from the given kinematics of the terminal platform in a given pose.

3.2.1. The inertia force and torque of each component.. Letmy I g, f . .ny and Gg, (i=1,2;]
=1, 2, 3) be the mass, inertia matrix, inertia force, inertia torque, and the gravity of the jth cylinder
in the ith PM, respectively. Let mu;j, Lnij, f ij»Mmij> and G, be the mass, inertia matrix, inertia
force, inertia torque, and the gravity of the jth piston in the ith PM, respectively. Let m,,, L,,, f,, . 1o,
and G,, be the mass, inertia matrix, inertia force, inertia torque, and the gravity of the upper platform
for ith PM. Letm, .1, , f r,+Mr,, and G, be the mass, inertia matrix, inertia force, inertia torque, and
the gravity of r,. Let F ,, T ,; be the workloads applied onto D at o,.

Differentiating both sides of Eq. (20) with respect to time, the angular acceleration of r; for the
lower PM can be derived as following:

A A A A A RT A A A A
—0{, Ry jp x gy —v/1;81) + (YR x* R ) x (Yag; — aly ;81 — vfy 0,15 x* 81))

rlj rlj
A A Ap
(“Ry;y XA Ryj5) - 2y

€r1j =

A A pT A A
_( R, ;) X7 Ryjp) x( ij_vrljalj)

2
[(Alel x4 lez)’ Arlj]

[“as, - (Alel x4 R1Tj2)] : (31a)
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Differentiating both sides of Eq. (22) with respect to time, the angular acceleration of r,; can be
derived as following:

jA A A A A A A A A A
=031 Ry, x ("vp; =" v¢; — vr2j821)+ ( R,;, x R2j2) x (“ap;, =" ac; — ay;;82; — vy,

j j@r2j x4 32j)
A A A
(“Ry;1 X" Ryj) - "1y

J

A
erj ==

B (ARZjl XA R2j2) X (AUDJ' —A ij — 'UA 62.,')

r2j
2
[(ARZjl x4 R,;,)- A"Zj]

[“vp; =" ve)) - (ARZjI x4 Rz_,'z)] . (31b)

Differentiating both sides of Eq. (24a) with respect to time, the acceleration of the mass center of
the jth cylinder of the lower PM can be derived as following:

A A A A A
a,1j =" €.1; X" 81r1; +" @r1; X C@p1; X7 81)r1;. (32a)

Differentiating both sides of Eq. (25) with respect to time, the acceleration of the mass center of
the jth piston of the lower PM can be derived as following:

A =€) X811 — rm1) 2 @01 X P XA 81)(r1j — 1))
+ 4817 4+ 2(R 0 x* 81)); (32b)

Differentiating both sides of Eq. (27b) with respect to time, the acceleration of the mass center of
the jth cylinder of the upper PM can be derived as following:

A A A A A A A
af2i ="a,, + rfz_,-sfzj' X 62]' + rf2j Cdf2j X ( cof2j X 62]'). (33a)

From Eq. (28b), it leads to

A A A
am, =" ap, —r, & g

. 2j

e, X8y —ry @, x (e, x4 8)). (33b)

Differentiating both sides of Eq. (29b) with respect to time, a,, can be solved as following:

Aa, =4 a,, A &, xA r,/2 —A ®;, X (Acora x4 r,)/2. (34)

0

From Egs. (31)-(34), the corresponding inertia force, torque, and the gravity can be derived as
follows:

“fp=my e G =my g ey, = =G e " @, x (M000),

Afmij = _mrélijamij’AGmij = mmijg’Anmij = _Alzije”lij —4 wrij x (Alrf'xlijwrii)’

Afo = —mhas G =my g ny, = =106, —" 0y x (“w0i). 1, = 3R"1,,, (35)
Af, =-mla, "G, =m,g n, =-"I'e, " 0, x "I}w,),

Alf}/- - E‘}Rijlﬁ/_’AImU — EL}RijIm,-_,,AIOI — gRBIgl,Aloz — gRDIUI,
AR =[Rijz 8 xRipp 8],
where 3R denotes the rotational matrix of {ij} relative to {A}. {ij} is a coordinate frame with R;,,

d;j X R;j>, and §;; are the diction vectors corresponding to their three orthogonal coordinate axes,
which is used to express the inertia matrices.
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3.2.2. Dynamics formula derivation.. From the principle of virtual work, it leads to

2 3 A A
A ¢T AnRT AT Vi, A T AGT  ApT VUnij
N (VRSN | i) B RV R | et )
i=1

A A
+[ f01+AGZ;] An£1]|: Av:)bi| [AFZ; Afoo"l‘AGT ATT +A (7);]|:Av:)di|
B D

+ [ f), +16] Ani][f,,o]ﬂ- (36a)

Substituting Egs. (15), (23b), (24b), (26), (27¢), (28c), and (30) into Eq. (36a), it leads to

T Ap 2 3 T Ay T Ay
P30 o ol (TR R PO B SR P

i=1 j=l1

A A
+ [Af] +4G6L A T]ch[ v"”}+[AFoTZ+Af§2+AGOTZ AT§2+An§2][A”0d}

D@

[ f +AGT A T]Jr“|:Av:)di|=0‘ (36b)

D

From Eq. (36b), the formula for solving dynamics is derived as following:

- (de [fm +Gm]+ [FvﬁfoﬁrGoz}

n()] T02 + noz

23
+ ZZ (J?’j |:ffijn+'Gfiji| + Jrzi;ij |:fmijn+”Gmij i|> + J,Ta [fr”’;‘_ Gr”:| . (36¢)

i=1 j=1 fii mtj To

4. Workspace

The workspace of (3-UPU)+(3-UPS+S) S-PM can be solved using CAD variation geometry
approach.’ In CAD software, the simulation mechanism of the (3-UPU)+(3-UPS+S) S-PM can be
easily constructed. When given the maximum extension ry,,,, = 1.6 m and the minimum extension
Timin = 1.2 m for ry; (j = 1, 2, 3), the maximum extension rymax = 1.2 m and the minimum
extension ropi, = 0.85 m for rp; (j = 1, 2, 3), and the increment §r; = 0.05 m (i = 1, 2) for each
active leg, by varying the driving dimensions of r;; in the given extent, the simulation mechanism
varies correspondingly and the position components of the center of the terminal platform are solved
automatically. The workspace of the (3-UPU)4-(3-UPS4-S) S-PM is formed by some sub-workspaces.
When four of r;; (i =1, 2; j = 1, 2, 3) reach their limited values, varying the remaining two of r;;
from 7;pmin tO 7imax, €ach sub-workspace can be constructed. The construction processes of one sub-
workspace are described as follows:

Step 1: Set 713 = Fimax, ¥21 = 22 = 723 = Famax; 11 = Fimin + (j — Dér;(j = 1,..., ny), where
ny= (rlmax - rlmin)/3rl-

Step 2: Set j = 1, increasing rjp by dr; at each increment from ryyi, t0 rimax, the position
components (X, Y,Z,) are solved. By transferring the position solutions into spatial spline curves in
the 3D software, a spatial curve is formed from the solved points.

Step 3: Repeat step 2 — except set j = 2,...,n;, other spatial curves can be constructed.
Constructing the n; spatial curves ¢;(j = 1, ..., n;) by the loft command, one sub-workspace surface
can be obtained.

Step 4: Repeat steps 1-3: except set r;; verifying versus Table I, other sub-workspace can be
obtained.

https://doi.org/10.1017/50263574714001817 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574714001817

Inverse dynamics modeling of a (3-UPU)+(3-UPS+S) serial-parallel manipulator

Table I. The construction processes of sub-workspace.

I 2 3 1 2 23

Flmin — 71 max Flmin — 71 max T Imax T2max F2max 2max

Flmin — 7'l max T Imax Flmin — 71 max T2max T2max T2max

T Imax Flmin — 7'l max Flmin — 71 max T2max T2max T2max

F1min Flmin — F1max T Imax 2min — 72 max T2max 2max

T 1min T min FImax 2min — 72 max 2min — 72 max T2max

T1min — 7'l max T Imin T Imax T2max "2min — 72 max T2max

¥ 1max ¥ Imin Flimin — 71 max T2max "2min — 72 max 2max

T max F1min ¥ Imin T2max 2min — 72 max 2min — 72 max
TImax Flmin — 7'l max T Imin T2max T2max 2min — 72 max
Flmin — 71 max T Imax T Imin T2max 2max "2min — 72 max
F1min T Imax Fmin 2min — 72 max T2max 2min — 72 max
T1min T Imax Flmin — 71 max 2min — 72 max T2max T2max

¥ 1min Flmin — 71 max T Imin 2min — 72 max 2max 2min

Flmin — 71 max Flmin — 71 max T Imin T2max T2max 2min

T1min — 71 max T Imin T Imin T2max "2min — 72 max 2min

Flmin — 71 max ¥ 1min T Imin T2max 2min 2min — 72 max
Flmin — 1 max T 1min Flmin — 71 max T2max 2min F2max

T1min T 1min Flmin — 71 max 2min — 72 max 2min T2max

¥ 1min T Imin Fimin — 71 max 2min "2min — 72 max 2max

T 1min Flmin — 71 max Flmin — 71 max T2min T2max T2max

T1min Flmin — 7'l max T Imin 2min 2max 2min — 72 max
F1min T 1min T1min 2min — 72 max 2min "2min — 72 max
¥ 1min T 1min T Imin 2min — 72 max 2min — 72 max 2min

Tmin T Imin T Imin 2min 2min — 72 max 2min — 72 max
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Fig. 2. A reachable workspace of the (3-UPU)+(3-UPS+S) S-PM: (a) the isometric view; (b) the front view.

The workspace of (3-UPU)+(3-UPS+S) S-PM is constructed as follows (see Fig. 2):

5. Analytic Solved Example
Set the dimension parameters of the (3-UPU)+(3-UPS+S) S-PM as: E| = 120/qm, e¢; = E, = 80/q
m, e; = 60/qm, r, = 0.90 m. Set the workloads applied onto D at o4 as: F, = [—20 — 30 — 60]7,
T,, =[—30 —30100]T. Set the mass and inertial parameters as: m,; = 67.84 Kg, mpo= 14.83
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Fig. 3. Solved results of the (3-UPU)+(3-UPS+S) S-PM: (a) length of r;;; (b) velocities of r;;; (c) accelerations
of ri;; (d) active forces of r;;.

Kg, Mgl =nMyg1p =mMyg13 = 943 Kg, M1 = Mgy = M f23 = 3.90 Kg, Myl = My 120 = My13 =
5.54Kg, myn = My = myns = 2.80 Kg, m,, = 3.55 Kg, 21, = diag[2.5725 2.5725 4.9206]
Kg m?, P1,, = diag[0.3281 0.3281 0.6525] Kg m?,!! I41; ='2 1115 ="3 1,13 = diag[0.6596 0.6596
0.0133]1 Kgm?,2! I3y =% 172 =7 153 = diag[0.2107 0.2092 0.004615] Kg m?,'" 1,11 ='% L,,1o =
B3 113 = diag[0.4249 0.4249 0.0065] Kg m?,%! 1,51 =?? 1,120 =2 1,123 = diag[0.1596 0.1596 0.0006]
Kg m?,” I, = diag[0.3237 0.3237 0.00739] Kg m.

Support the independent parameters (4X4,4Y;,* Z4, o, B, A) varying according constant
accelerations with (0.03 m/s> 0.02 m/s> 0.03 m/s> —3° /s> 2° /s> 3° /s? ) begin at initial pose (0
m 0 m 2.10 m 0° 0° 0°) from immobile state. The extension, velocity, acceleration of active legs r;;
(i=1,2;j=1,2,3) are solved as shown in Figs. 3(a)-3(c), the driving forces are solved as shown
in Fig. 3(d).

Finally, in order to verify the numerical example, the results obtained using the analytical
model are compared with the simulation results generated with a simulation model in Matlab/
SimMechanics.??

Under Matlab/SimMechanics, the dimensional, mass, inertial, kinematics parameters and
the workloads for the (3-UPU)+4(3-UPS+S) S-PM are given according to the analytical
model.

The simulation mechanism and the dynamics result generated in Matlab/SimMechanics for (3-
UPU)+(3-UPS+S) S-PM are shown in Figs. 4(a) and 4(b), respectively.

From Figs. 3(d) and 4(b), it is shown that the numerical results of the case study using analytical
model are in excellent agreement with the simulation result generated in Matlab/SimMechanics.
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Fig. 4. Simulation results of the dynamics for (3-UPU)+(3-UPS+S) S-PM: (a) simulation mechanism; (b)
dynamics simulation result.

6. Conclusion

The main contribution of this paper lies in the presentation and the derivation of the dynamics model
of a novel (3-UPU)+(3-UPS+S) S-PM with 6 DOF. The translational and rotational motions of
this S-PM can be easily controlled by the lower and the upper PMs respectively. The workspace
analysis shows that this novel S-PM has large workspace. This S-PM has some potential applications
for the robot arms, the machine tools, the surgical manipulators, the tunnel borers, and the satellite
surveillance platform. The formulae for the inverse position, velocity, and acceleration of this S-PM
are derived in explicit form. The dynamics model is established on the basis of the principle of virtual
work and the kinematics model. The analytic results of the dynamics of this S-PM are verified by its
simulation results. The established dynamics model presented in this paper will be valuable in the
development of this S-PM. In addition, the analytic method for this S-PM is fit for other S-PMs.
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