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Consider the Cauchy problem for a one-dimensional compressible ° ow through
porous media,

vt ¡ ux = 0; x 2 R; t > 0;

ut + p(v)x = ¡¬ u;

(v; u)jt = 0 = (v0 ; u0)(x):

Hsiao and Liu showed that the solution (v; u) behaves as the di® usion wave (¹v; ¹u),
i.e. the solution of the porous-media equation due to the Darcy law. The optimal
convergence rates have been obtained by Nishihara and co-workers. When v0(x) has
the same constant state at x = §1 , the convergence rate k(v ¡ ¹v)(¢; t)kL 1 = O(t ¡ 1 )
obtained is òptimal’ , since k¹v(¢; t)k1 = O(t ¡ 1=2). However, this òptimal’
convergence rate is less su± cient to determine the location of the di® usion wave. Our
aim in this paper is to obtain the t̀ruly optimal’ convergence rate by choosing
suitably located di® usion waves.

1. Introduction

Subsequent to [13,17], we investigate the asymptotic behaviour of solutions to the
Cauchy problem

vt ¡ ux = 0; x 2 R; t > 0;

ut + p(v)x = ¡ ¬ u;

(v; u)jt = 0 = (v0; u0)(x);

9
>=

>;
(1.1)

which models a one-dimensional compressible ®ow through porous media. Here, v
(> 0) is the speci­ c volume, u is the velocity, p = p(v) = v¡ ® is the pressure with
the adiabatic constant ® > 1 and ¬ is a positive constant. The initial data are
assumed to have constant states (v§; u§), v§ > 0, at x = §1,

lim
x ! §1

(v0; u0)(x) = (v§; u§); v§ > 0: (1.2)

The solution to (1.1), (1.2) is expected to behave as that to

·vt ¡ ·ux = 0;

p(·v)x = ¡ ¬ ·u;

)

(1.3)
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178 K. Nishihara

due to the Darcy law. By (1.3), (·v; ·u), called the di¬usion wave, is determined by
the porous-media equation

·vt +
1

¬
p(·v)xx = 0; with ·vjx = §1 = v§;

p(·v)x = ¡ ¬ ·u:

9
=

; (1.4)

When v + 6= v¡, the di¬usion wave is a similarity solution of the form

·v = ·v(x + x0; t) = Á

µ
x + x0p

t + 1

¶
; Á(§1) = v§; (1.5)

where a shift x0 is uniquely determined by the initial data (v0; u0). Convergence of
the solution (v; u) to the di¬usion wave (·v; ·u) was ­ rst shown by Hsiao and Liu [2,3]
under suitable smallness conditions. The convergence rates were investigated in [13]
and the optimal convergence rates

k(v ¡ ·v; u ¡ ·u)(¢; t)kLp = O(t¡1=2¡(1¡1=p)=2; t¡1¡(1¡1=p)=2); (1.6)

as t ! 1 for p > 2 have been recently obtained in [17].
On the other hand, when

v + = v¡ =: v and, for simplicity, u + = u¡ = 0; (1.7)

·v is taken asymptotically as the solution to (1.4), with its initial data ·v0(x), or

·v(x; t) ¹ v +
¯ 0vp

4 º a(t + 1)
exp

µ
¡ (x + x0)2

4a(t + 1)

¶
; a =

¡ p0(v)

¬
; (1.8)

where

¯ 0v =

Z 1

¡1
·v0(x) dx:

In this case, the convergence rate

k(v ¡ ·v; u ¡ ·u)(¢; t)kL1 = O(t¡1; t¡3=2) (1.9)

(treat the L 1 -norm for simplicity) was obtained in [13]. As easily seen,

k·v(¢; t) ¡ v; ·u(¢; t)kL1 = O(t¡1=2; t¡1); (1.10)

the convergence rate (1.9) is `optimal’. However, the `optimal’ convergence rate (1.9)
is not satisfactory in the sense that the location of the di¬usion wave (·v; ·u)(x; t) is
not determined, since

k·v(¢ + x0; t) ¡ ·v(¢; t)kL1 = O(t¡1);

which is derived by

·v(x + x0; t) ¡ ·v(x; t) ¹ ¯ 0vp
4 º a(t + 1)

Z 1

0

exp

µ
¡ (x + ³ x0)2

4a(t + 1)

¶½
¡ (x + ³ x0)x0

2a(t + 1)

¾
d ³ :

Hence it is necessary to obtain

k(v; u)(¢; t) ¡ (·v; ·u)(¢; t)kL1 = o(t¡1; t¡3=2) (1.11)

for a suitably located wave (·v; ·u).
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Asymptotics toward the di® usion wave 179

Our aim in this paper is to reconsider (1.1), (1.2), in case of (1.7), and to obtain
the `truly optimal’ convergence rate satisfying (1.11) by deciding the location of
the di¬usion wave (·v; ·u). As far as we know, there have been few works in which
the location of the di¬usion wave around the constant state is considered.

We now explain the idea of how to decide the location of the di¬usion wave by
the following simple problem:

vt ¡ vxx = 0; x 2 R; t > 0;

vjt= 0 = v0(x);
Z 1

¡1
v0(x) = ¯ 0 6= 0:

9
>>>=

>>>;
(1.12)

The solution v to (1.12) is expected to behave as

·v(x + x0; t) =
¯ 0p

4 º (t + 1)
exp

µ
¡ (x + x0)2

4(t + 1)

¶
(1.13)

or

·vt ¡ ·vxx = 0;

Z 1

¡1
·v(x + x0; t) dx = ¯ 0: (1.130)

Since k·v(¢; t)kL1 = O(t¡1=2) and k·v(¢ + x0; t) ¡ ·v(¢; t)kL1 = O(t¡1), we need to
obtain

kv(¢; t) ¡ ·v(¢ + x0; t)kL1 = o(t¡1) (1.14)

for a suitably chosen x0, in the same manner as (1.11). To derive (1.14), de­ ne

V (x; t) =

Z x

¡1
v(y; t) dy; ·V (x + x0; t) =

Z x + x0

¡1
·v(y; t) dy: (1.15)

Then, by (1.12){(1.130),

(V ¡ ·V )t ¡ (V ¡ ·V )xx = 0;

(V ¡ ·V )jt = 0 = V0(x) ¡ ·V (x + x0; 0); V0(x) =

Z x

¡1
v0(y) dy:

9
>=

>;
(1.16)

Since

V0(x); ·V (x + x0; 0) !
(

0 as x ! ¡ 1;

¯ 0( 6= 0) as x ! 1;

if v0(x) ! 0 fast as x ! §1, the shift x0 is uniquely determined by

Z 1

¡1
(V0(x) ¡ ·V (x + x0; 0)) dx = 0: (1.17)

Thus we arrive at the de­ nition

w(x; t) =

Z x

¡1

Z y

¡1
(v(z; t) ¡ ·v(z + x0; t)) dzdy; (1.18)
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which satis­ es

wt ¡ wxx = 0;

wjt= 0 = w0(x) :=

Z x

¡1

Z y

¡1
(v0(z) ¡ ·v(z + x0; 0)) dzdy:

9
>=

>;
(1.19)

If w0 2 L1, which is reasonably assumed, then we easily obtain

k(w; wx; wxx)(¢; t)kL1 = O(t¡1=2; t¡1; t¡3=2): (1.20)

Therefore, the desired estimate

kv(¢; t) ¡ ·v(¢ + x0; t)kL1 = O(t¡3=2) (1.21)

is obtained, provided that the initial data v0(x) tend to zero suitably fast as
x ! §1.

The simple idea on the linear heat equation can be applicable to our prob-
lem (1.1), (1.2) with (1.7). We reformulate our problem. Suppose ­ rst that

Z 1

¡1
(v0(x) ¡ v; u0(x)) dx =: ( ¯ 0v ; ¯ 0u); ¯ 0v 6= 0; (1.22)

and that (·v; ·u) is de­ ned as the solution to

·vt ¡ 1

¬
( ¡ p(·v))xx = 0;

·vjt= 0 = ·v0(x; x0);

·u = ¡ 1

¬
p(·v)x

9
>>>>=

>>>>;

(1.23)

or
·vt ¡ ·ux = 0;

p(·v)x = ¡ ¬ ·u;

(·v; ·u)jt = 0 =

µ
·v0(x); ¡ 1

¬
p(·v0(x))0

¶

9
>>>=

>>>;
(1.24)

for x0 uniquely determined later. Similar to [2], we introduce auxiliary functions

(v̂; û)(x; t) =

µ
¡ 1

¬
e¡ ¬ tm0

0(x); e¡ ¬ tm0(x)

¶
(1.25)

for a function m0 satisfying
Z 1

¡1
m0(x) dx = ¯ 0u; m0 2 C 1

0 (R); (1.26)

so that (v̂; û) satis­ es

v̂t ¡ ûx = 0;

ût = ¡ ¬ û;

(v̂; û)jt= 0 =

µ
¡ 1

¬
m0

0(x); m0(x)

¶
:

9
>>>=

>>>;
(1.27)
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Asymptotics toward the di® usion wave 181

By (1.1), (1.24) and (1.27),

(v ¡ ·v ¡ v̂)t ¡ (u ¡ ·u ¡ û)x = 0; (1.28 a)

(u ¡ ·u ¡ û)t + (p(v) ¡ p(·v))x = ¡ ¬ (u ¡ ·u ¡ û) +
1

¬
p(·v)xt; (1.28 b)

(v ¡ ·v ¡ v̂; u ¡ ·u ¡ û)jt= 0 =

µ
v0 ¡ ·v0 +

1

¬
m0

0; u0 +
1

¬
p(·v0)0 ¡ m0

¶
(x):

(1.28 c)

From (1.28a), Z 1

¡1
(v ¡ ·v ¡ v̂) dx = 0;

since Z 1

¡1

µ
v0 ¡ ·v0 +

1

¬
m0

0

¶
(x) dx = 0:

Also, since Z 1

¡1

µ
u0 +

1

¬
p(·v0)0 ¡ m0

¶
(x) dx = 0;

we have Z 1

¡1
(u ¡ ·u ¡ û) dx = 0

by (1.28 b). Hence integrating (1.28 a) twice with respect to x yields

d

dt

Z 1

¡1

Z x

¡1
(v ¡ ·v ¡ v̂)(y; t) dydx =

Z 1

¡1
(u ¡ ·u ¡ û) dx = 0;

and hence
Z 1

¡1

Z x

¡1
(v ¡ ·v ¡ v̂)(z; t) dzdx =

Z 1

¡1

½Z x

¡1
(v0 ¡ ·v0)(z) dz +

1

¬
m0(x)

¾
dx:

Hence we choose ·v0(x; x0) such that

·v0(x; x0) = v +
¯ 0vp
4 º a

exp

µ
¡ (x + x0)2

4a

¶
; (1.29)

with a shift x0 uniquely determined by
Z 1

¡1

Z x

¡1
(v0(z) ¡ ·v0(z; x0)) dz = ¡ 1

¬
¯ 0u: (1.30)

Thus we arrive at the de­ nition of the perturbation

w(x; t) =

Z x

¡1

Z y

¡1
(v ¡ ·v ¡ v̂)(z; t) dzdy; (1.31)

and

(v; u) = (·v + v̂ + wxx; ·u + û + wxt): (1.310)
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182 K. Nishihara

By (1.28), w satis­ es the second-order wave equation

wtt + p(·v + v̂ + wxx) ¡ p(·v) + ¬ wt =
1

¬
(p(·v) ¡ p(v))t; (1.32)

by integrating (1.28 a) twice and (1.28 b) once, with initial data

(w; wt)jt= 0 = (w0; w1)(x)

:=

µZ x

¡1

½Z y

¡1
(v0(z) ¡ ·v0(z; x0)) dz +

m0(y)

¬

¾
dy;

Z x

¡1
(u0 ¡ m0)(z) dz +

p(·v0(x; x0)) ¡ p(v)

¬

¶
:

(1.33)

Our present goal is to obtain a global solution w to (1.32), (1.33) and its behaviour
as t ! 1, provided that (w0; w1) is suitably small. To do this, it is necessary to
know the behaviours of ·v, the solution of the porous-media equation.

Consider the Cauchy problem with, general initial data ~v0(x) instead of ·v(x; x0),

·vt ¡ ( ¡ p(·v))xx = 0;

·vjt = 0 = ~v0(x);
Z 1

¡1
(~v0(x) ¡ v) dx = ¯ 0v :

9
>>>=

>>>;
(1.34)

As an asymptotic pro­ le, we take

¿ (x; t; x1) = v + ¿ 1(x; t; x1) + ¿ 2(x; t; x1); (1.35)

with

¿ 1(x; t; x1) =
¯ 0vp

4 º a(t + 1)
exp

µ
¡ (x + x1)2

4a(t + 1)

¶
=: ¯ 0vG(x + x1; t + 1);

¿ 2(x; t; x1) =

Z t

0

Z 1

¡1
G(x ¡ y; t ¡ ½ ) ¢ bf ¿ (y; ½ ; x1)2gyy dyd ½ ;

9
>>>=

>>>;
(1.36)

where a shift x1 is uniquely determined by
Z 1

¡1

Z x

¡1
f~v0(z) ¡ (v + ¯ 0vG(z + x1; 1))g dzdx = 0 (1.37)

and

a =
¡ p0(v)

¬
; b =

¡ p00(v)

2 ¬
: (1.38)

Denoting the usual Sobolev spaces by Hm, W m;p (m = 0; 1; 2; : : : , 1 6 p 6 1), our
­ rst theorem is as follows.

Theorem 1.1. Let

V0 :=

Z x

¡1

Z y

¡1
f~v(z) ¡ (v + ¯ 0vG(z + x1; 1))g dzdy

https://doi.org/10.1017/S0308210500002341 Published online by Cambridge University Press

https://doi.org/10.1017/S0308210500002341


Asymptotics toward the di® usion wave 183

be in Hs \ L1 (s > 3). If both kV0kHs \ L1 and j ¯ 0v j are suitably small, then there
exists a unique (weak) solution ·v to (1.34) satisfying ·v ¡ ¿ 2 C([0; 1); Hs¡2) and
decay properties

k@j
x(·v(¢; t) ¡ ¿ (¢; t; x1))kLp 6 C(1 + t)¡(1¡1=p)=2¡j=2¡1 log (2 + t) (1.39)

for 0 6 j 6 s ¡ 3, 2 6 p 6 1,

k@j
x(·v(¢; t) ¡ ¿ (¢; t; x1))kLp 6 Ct¡(1¡1=p)=2¡j=2¡1 log t; t > 2; (1.40)

for 0 6 j 6 s ¡ 3, 1 6 p < 2, and

k@s¡2
x (·v(¢; t) ¡ ¿ (¢; t; x1))kL2 6 CkV0kHs \ L1 (1 + t)¡s=2; (1.41)

where C = C0(kV0kHs \ L1 + j ¯ 0v j). Moreover, if V0 2 Hs \W s¡1;1, then (1.39) holds
for 0 6 j 6 s ¡ 3, 1 6 p 6 1 for C = C0(kV0kHs \ W s ¡ 1;1 + j ¯ 0v j).

If the initial data ~v0(x) is given by ·v0(x; x0) in (1.29) with (1.30), then x1 = x0

and Z x

¡1

Z y

¡1
f·v(z) ¡ (v + ¯ 0vG(z + x0; 1))g dzdy 2 H 1 \ W 1 ;1;

and hence (1.39) holds for j = 0; 1; 2; : : : , in which x1 is changed to x0. As is easily
seen, since

k@j
x( ¿ (¢; t; x0) ¡ v)kLp 6 C¯ 0v(1 + t)¡(1¡1=p)=2¡j=2

(see lemma 2.1 in x 2), and kV0kHs \ W s ¡ 1;1 depends on ¯ 0v , we have the following
corollary.

Corollary 1.2. The solution (·v; ·u) to (1.23) or (1.24) with (1.29), (1.30) satis¯es
the decay properties

k@j
x(·v(¢; t) ¡ v)kLp 6 C¯ 0v(1 + t)¡(1¡1=p)=2¡j=2; (1.42)

k@j
x ·u(¢; t)kLp 6 C¯ 0v(1 + t)¡(1¡1=p)=2¡(j + 1)=2 (1.43)

for j = 0; 1; 2; : : : , 1 6 p 6 1.

Using this corollary and employing the L2-energy method, we arrive at the fol-
lowing result.

Theorem 1.3. Let (w0; w1) be de¯ned as in (1.33). If both (w0; w1) 2 H3 £H2 and
¯ 0 := j ¯ 0v j + j̄ 0uj are su± ciently small, then there exists a solution (v; u) to (1.1),
(1.2) with (1.7), which satis¯es the behaviours

kv ¡ ·v; u ¡ ·ukL2 6 O((1 + t)¡1; (1 + t)¡3=2); (1.44)

kv ¡ ·v; u ¡ ·ukL1 6 O((1 + t)¡5=4; (1 + t)¡7=4): (1.45)

The estimates (1.44), (1.45) are enough to determine the location of the di¬usion
wave (·v; ·u). However, by the Green-function method, we will be further able to
get the `truly optimal’ convergence rates, though unfortunately we could not delete
`log’ from the rates.
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Theorem 1.4. Suppose that

(w0; w1) 2 (H4 £ H3) \ (L1 £ L1):

If both kw0; w1kH4£H3 and ¯ 0 = j ¯ 0v j + j̄ 0uj are suitably small, then the solution
(v; u) to (1.1), (1.2) with (1.7) satis¯es, for t > 2,

k(v ¡ ·v; u ¡ ·u)(¢; t)kL1 = O(t¡3=2 log t; t¡2 log t) (1.46)

and

k(v ¡ ·v; u ¡ ·u)(¢; t)kL2 = O(t¡5=4 log t; t¡7=4 log t): (1.47)

As an asymptotic pro­ le of (v; u), we adopt ( ¿ (x; t; x0); ¡ (1=¬ )p( ¿ (x; t; x0))x).
Then, combining theorems 1.1 and 1.4, we get our main result.

Theorem 1.5 (main theorem). Under the assumptions of theorem 1.4, it holds that

°°°°

µ
v ¡ ¿ (x; t; x0); u +

1

¬
p( ¿ (x; t; x0))x

¶°°°°
L1

= O(t¡3=2 log t; t¡2 log t) (1.48)

and
°°°°

µ
v ¡ ¿ (x; t; x0); u +

1

¬
p( ¿ (x; t; x0))x

¶°°°°
L2

= O(t¡5=4 log t; t¡7=4 log t): (1.49)

We ­ nally state the related works. Following the pioneering work of Hsiao and
Liu [2, 3], there are developments in several directions. One is to obtain the con-
vergence rates just treated in this paper (see [12, 13, 17]). Second, weak solutions
should be treated when no smallness condition is assumed (see [4, 7{9, 18, 20]).
Moreover, the initial{boundary-value problems, the problems for the full system
including the equation from the conservation of energy, etc., have been considered
in [5,6,10,11,15,16] and the references therein (see also the book [1] by Hsiao).

The plan of this paper is as follows. In x 2, we ­ rst investigate the behaviour
of solutions to the porous-media equation, so that the decay rates of ·v ¡ v are
obtained. In x 3, applying the L2-energy method, we prove theorem 1.3. Finally, we
prove the optimal convergence rate (theorem 1.4) by using the Green function of
the heat equation.

2. The porous-media equation

We consider the Cauchy problem for the porous-media equation

·vt ¡ ( ¡ p(·v))xx = 0;

·vjt = 0 = ~v0(x);
Z 1

¡1
(~v0(x) ¡ v) dx = ¯ 0v 6= 0:

9
>>>=

>>>;
(2.1)

Here, let ~v0(x) be given.
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Asymptotics toward the di® usion wave 185

First, the asymptotic pro­ le ¿ (x; t; x1) of ·v is de­ ned by (1.35) with (1.36){(1.38).
Of course, ¿ 1, ¿ 2 satisfy

¿ 1t ¡ a¿ 1xx = 0; ¿ 1jt= 0 =
¯ 0vp
4 º a

exp

µ
¡ (x + x1)2

4a

¶
=: ¿ 0(x; x1) ¡ v;

(2.2)

¿ 2t ¡ a¿ 2xx = b( ¿ 2
1)xx; ¿ 2jt= 0 ² 0; (2.3)

respectively, and so

( ¿ 1 + ¿ 2)t ¡ a( ¿ 1 + ¿ 2)xx ¡ b( ¿ 1 + ¿ 2)2
xx = ¡ b(2 ¿ 1 ¿ 2 + ¿ 2

2)xx;

i.e.

¿ t ¡ a¿ xx ¡ b( ¿ ¡ v)2
xx = ¡ b(2 ¿ 1 ¿ 2 + ¿ 2

2)xx ¿ jt = 0 = ¿ 0(x) := ¿ 0(x; x1): (2.4)

Denote the perturbation by

V (x; t) =

Z x

¡1

Z y

¡1
(·v ¡ ¿ )(z; t) dzdy or ·v = ¿ + Vxx: (2.5)

Then V satis­ es

Vt ¡ ( ¡ p( ¿ + Vxx) + p(v) + a( ¿ ¡ v) + b( ¿ ¡ v)2) = b(2 ¿ 1 ¿ 2 + ¿ 2
2);

V jt= 0 = V0(x) =

Z x

¡1

Z y

¡1
(~v0(z) ¡ ¿ 0(z; x1)) dzdy:

9
>=

>;
(2.6)

Linearizing this around v, we have the reformulated problem

Vt ¡ aVxx = 2b¿ 1 ¿ 2 + 2b¿ 1Vxx + O( ¿ 3
1 + ¿ 2

2 + V 2
xx) =: 2b¿ 1 ¿ 2 + ~F (Vxx);

V jt = 0 = V0(x):

)

(2.7)

To estimate V , it is necessary to have the properties of ¿ i (i = 1; 2).

Lemma 2.1. Let ¿ 1, ¿ 2 be given by (1.36). Then they satisfy the following esti-
mates:

k@j
x ¿ 1(¢; t; x1)kLp 6 C¯ 0v(1 + t)¡(1¡1=p)=2¡j=2; (2.8)

k@j
x ¿ 2(¢; t; x1)kLp 6 C¯ 2

0v(1 + t)¡(1¡1=p)=2¡(1+ j)=2 (2.9)

for j = 0; 1; 2; : : : and 1 6 p 6 1.

Proof. The estimate (2.8) is well known. We only show (2.9) for j = 0. For t > 2,

k ¿ 2(t)kL1 6 C

µZ t=2

0

k@2
xG(¢; t ¡ ½ )kL1 k ¿ 2

1(¢; ½ )kL1 d ½

+

Z t

t=2

k@xG(¢; t ¡ ½ )kL1 k ¿ 1 ¿ 1y(¢; ½ )kL1 d ½

¶

6 C¯ 2
0vt¡3=2

Z t

0

(1 + ½ )¡1=2 d ½

6 C¯ 2
0vt¡1
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and

k¿ 2(t)kL1 6 C

µZ t=2

0

k@2
xG(¢; t ¡ ½ )kL1 k ¿ 2

1(¢; ½ )kL1 d ½

+

Z t

t=2

k@xG(¢; t ¡ ½ )kL1 k ¿ 1 ¿ 1y(¢; ½ )kL1 d ½

¶

6 C¯ 2
0vt¡1

Z t

0

(1 + ½ )¡1=2 d ½

6 C¯ 2
0vt¡1=2:

By combining these with k¿ 2(t)kL1 \ L1 6 C (t 6 2), the desired estimate (2.9) is
obtained.

Using lemma 2.1, we have the following theorem.

Theorem 2.2. Let V0 2 Hs \ L1(s > 3) be su± ciently small and j̄ 0v j also small.
Then problem (2.7) has a unique solution V 2 C([0; 1); Hs \L1)\C((0; 1); W 2;1)
with Vx 2 L2(0; 1; Hs), which satis¯es the following for C = C0(kV0kHs \ L1 +j ¯ 0vj),

k@k
xV (t)kL1 6 Ct¡k=2 log t; t > 2; k = 0; 1; 2; (2.10)

k@k
xV (t)kLp 6 C(1 + t)¡(1¡1=p)¡k=2 log (2 + t); t > 0; k = 0; 1; 2; 2 6 p 6 1;

(2.11)

k@k
xV (t)kL2 6 C(1 + t)¡k=2; t > 0; k = 3; 4; : : : ; s; (2.12)

and Z t

0

sX

k = 0

(1 + ½ )kk@k
xV (t)k2

L2 d ½ 6 C; (2.13)

and, moreover,

k@k
xV (t)kLp 6 C(1 + t)¡(1¡1=p)=2¡k=2 log (2 + t);

t > 0; k = 0; 1; : : : ; s ¡ 1; 2 6 p 6 1;
(2.14)

k@k
xV (t)kLp 6 Ct¡(1¡1=p)=2¡k=2 log t; t > 2; k = 0; 1; : : : ; s ¡ 1; 1 6 p < 2:

(2.15)

In addition, if V0 2 W s¡1;1, then it holds that, for t > 0,

k@k
xV (t)kLp 6 C(1 + t)¡(1¡1=p)=2¡k=2 log (2 + t);

k = 0; 1; : : : ; s ¡ 1; 1 6 p 6 1; (2.16)

for C = C0(kV0kHs \ W s ¡ 1;1 + j̄ 0v j).

Theorem 1.1 is a direct consequence of theorem 2.2, since

·v(x; t) ¡ ¿ (x; t; x1) = Vxx:

The case ~v(x) = ·v0(x) is a special case with s = 1. So we easily have corollary 1.2.
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Proof of theorem 2.2. The method is similar to that in [19], so we only sketch the
proof.

De­ ne the solution space XM (T )(T 6 1) by

XM (T ) = fv j v 2 C([0; T ]; Hs \ L1) \ C((0; T ]; W 2;1);

vx 2 L2(0; T ; Hs) with kvkX(T ) 6 Mg;

where

kvkX(T ) = sup
0<t6T

2X

k = 0

tk=2(log (1 + t))
¡1k@k

xv(t)kL1

+ max
06t6T

µ 2X

k = 0

(log (2 + t))¡1

£ f(1 + t)1=4+ k=2k@k
xv(t)k + (1 + t)1=2+ k=2k@k

xv(t)kL1 g
¶

+

sX

k = 3

(1 + t)k=2k@k
xv(t)k +

µZ t

0

sX

k = 0

(1 + ½ )kk@k
xvx( ½ )k2 d ½

¶1=2

:

(2.17)

From now on, we denote the L2-norm simply by k ¢ k.
We de­ ne the iteration fV (n)(x; t)g by

V (0)(x; t) =

Z
G(x ¡ y; t)V0(y) dy +

Z t

0

Z
G(x ¡ y; t ¡ ½ )2b¿ 1 ¿ 2(y; ½ ) dyd ½ ;

V (n+ 1)(x; t) = V (0)(x; t) +

Z t

0

Z
G(x ¡ y; t ¡ ½ )F (V (n)

xx (y; ½ )) dyd ½ ;

and show that fV (n)(x; t)g is a Cauchy sequence in XM0"(T ) for some positive
constant M0 independent of T , provided that kV0kHs \ L1 + ¯ 0v is su¯ ciently small.
Here and hereafter, the integrand ( ¡ 1; 1) will be abbreviated. In fact, for t > 2,

kV (0)(t)kL1 6 (1 + t)¡1=2kV0kL1

+ C

µZ t=2

0

kGkL1 k ¿ 1 ¿ 2kL1 d ½ +

Z t

t=2

kGkL1 k¿ 1 ¿ 2kL1 d ½

¶

6 C(kV0kL1 + ¯ 3
0v)t¡1=2 log t (2.18)

and

kV (0)(t)kL1 6 C(kV0kL1 + ¯ 3
0v) log t: (2.19)

The estimates of ­ rst- and second-order derivatives are similar. Moreover, V (0)

satis­ es

V
(0)

t ¡ aV (0)
xx = 2b¿ 1 ¿ 2; (2.20 a)

V (0)jt = 0 = V0(x): (2.20 b)
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Hence, di¬erentiating (2.20a) k times with respect to x and multiplying the resul-
tant equation by (1 + t)k@k

xV (k = 0; 1; : : : ; s), we have

(1 + t)kk@k
xV (0)(t)k2 +

Z t

0

(1 + ½ )kk@k
xV (0)

x ( ½ )k2 d ½ 6 C(kV0k2
Hs + ¯ 3

0v): (2.21)

Noting that k@k
xV (0)(t)kL1 6 CkV (0)(t)kHs for k = 0; 1; 2, and combining (2.18){

(2.21), we have

kV (0)kXT 6 C1(kV0kHs \ L1 + ¯
3=2
0v ) (6 "):

In a similar fashion to that above, we have that, if kV (n)kXT
6 M0", then

kV (n + 1)kXT 6 C1" + C2( ¯ 0v ¢ " + "2) 6 M0"

if C1 + C2( ¯ 0v + ") 6 M0. Moreover, taking " smaller if necessary, we have that
fV (n)g is a Cauchy sequence in X<0"(T ) for any T 6 1.

Thus we obtain the solution V to (2.7) that satis­ es (2.10){(2.13).
Again, estimating the expression

V (x; t) =

Z
G(x ¡ y; t)V0(y) dy +

Z t

0

Z
G(x ¡ y; t ¡ ½ )(2b¿ 1 ¿ 2 + ~F (Vxx))(y; ½ ) dyd ½ ;

we have (2.14), (2.15) for t > 2. In particular, note that @s¡1
x V can be estimated

by

@s¡1
x V =

Z
@s¡1

x GV0 dy +

Z t

0

Z
@xG(x ¡ y; t ¡ ½ )@s¡2

y (2b¿ 1 ¿ 2 + ~F (Vxx)) dyd ½ :

Since V 2 Hs. For t 6 2, k@k
xV (t)kLp 6 C (p > 2, k 6 s) completes (2.14). Also, if

V0 2 W s¡1;1, then (2.16) holds.
Thus we have completed theorem 2.2.

3. L2-energy method

Consider the linearized problem for the reformulated one (1.32) with (1.33),

wtt ¡ awxx + wt = F (wxx); (3.1 a)

(w; wt)jt= 0 = (w0; w1)(x); (3.1 b)

where ¬ = 1 without loss of generality, a = ¡ p0(v) > 0, b = ¡ 1
2 p00(v) and

F = ¡ p(v + (·v ¡ v + v̂ + wxx)) + p(v + (·v ¡ v)) + p0(v)wxx + (p(·v) ¡ p(v))t

= b(·v ¡ v)wxx + O(jv̂j + j·v ¡ vj3 + w2
xx + j·vtj): (3.2)

To obtain the time-global solution to (3.1), we combine the local existence theorem
with the a priori estimates.

Proposition 3.1 (local existence). Suppose that (w0; w1) 2 H3 £ H2, with

kw0; w1kH3£H2 6 M:
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Then there is a positive number T0 such that problem (3.1) has a unique solution
w 2 C i([0; T0]; H3¡i), i = 0; 1; 2; 3, with

sup
06t6T0

kw; wtkH3£H2 6 C0M

for a constant C0 > 0.

Proposition 3.2 (a priori estimates). Let w 2 C i([0; T ]; H3¡i), i = 0; 1; 2; 3, be
a solution to (3.1) for any T > 0. Then there is some constant "0 > 0 such that, if
kw0; w1kH3£H2 + ¯ 0 6 "0, ¯ 0 = j ¯ 0v j + j̄ 0uj, then it holds that

3X

k = 0

(1 + t)kk@k
xw(t)k2 +

2X

k = 0

(1 + t)k + 2k@k
xwt(t)k2

+

1X

k = 0

(1 + t)k + 3k@k
xwtt(t)k2 + (1 + t)4kwttt(t)k2

+

Z t

0

µ 2X

k = 0

(1 + ½ )kk@k
xwx( ½ )k2 +

2X

k = 0

(1 + ½ )k + 1k@k
xwt( ½ )k2

+

1X

k = 0

(1 + ½ )k + 3k@k
xwtt( ½ )k2

¶
d ½

6 C(kw0; w1kH3£H2 + ¯ 0):
(3.3)

Propositions 3.1 and 3.2 yield the global existence theorem.

Theorem 3.3. Suppose that (w0; w1) 2 H3 £ H2 and that kw0; w1kH3£H2 + ¯ 0 is
small. Then there exists a unique solution w 2 Ci([0; 1); H3¡i) to (3.1), which
satis¯es

3X

k = 0

(1 + t)k=2k@k
xw(t)k +

2X

k = 0

(1 + t)1+ k=2k@k
xwt(t)k

+

1X

k = 0

(1 + t)3=2+ k=2k@k
xwtt(t)k + (1 + t)2kwttt(t)k

6 C(kw0; w1kH3£H2 + ¯ 0):

We only show the a priori estimates. Suppose that

N (T ) := sup
06t6T

µ 3X

k = 0

(1 + t)kk@k
xw(t)k2 +

2X

k = 0

(1 + t)k + 2k@k
xwt(t)k2

+

Z t

0

µ 2X

k = 0

(1 + ½ )kk@k
xwx( ½ )k2 +

2X

k = 0

(1 + ½ )k + 1k@k
xwt( ½ )k2

¶
d ½

¶

< " (6 1): (3.4)

Similarly to [13], we show (3.3) by series of estimates.
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Estimate 1. Multiplying (3.1 a) by wt + ¶ w for 0 < ¶ ½ 1 and integrating it over
R £ [0; t], we have

Z
( 1

2 w2
t + ¶ wtw + 1

2 ¶ w2 + 1
2 aw2

x)(x; t) dx

+

Z t

0

Z
((1 ¡ ¶ )w2

t + 1
2
¶ aw2

x)(x; ½ ) dxd ½

6 Ckw0; w1k2
H3£H2 +

Z t

0

Z
F (wxx)(wt + ¶ w)(x; ½ ) dxd ½

6 Ckw0; w1k2
H3£H2

+

Z t

0

( 1
2w2

t + Cfk·v ¡ vkL1 kwxx( ½ )k2 + kv̂k2

+ k·v ¡ vk6
L6 + kwxxx( ½ )kkwxx( ½ )k3g) d ½

+

Z t

0

C(k·v ¡ vkL1 + kwxx( ½ )k2 + kv̂k
+ k·v ¡ vk3

L6 + kwxx( ½ )k2
L4 )kw( ½ )k d ½

6 C(kw0; w1k2
H3£H2 + ¯ 0 + N (T )2)

+ C( ¯ 0 + N (T ))

Z t

0

(1 + ½ )¡5=4kw( ½ )k d ½ :

Hence

k(wt; wx; w)(t)k2 +

Z t

0

k(wt; wx)( ½ )k2 d ½ 6 C(kw0; w1kH3£H2 + ¯ 0 + N (T )2)

=: ·C0: (3.5)

Here we have used

jv̂(x; t)j 6 C¯ 0e¡ ¬ t; (3.6)

kj·v ¡ vj3k 6 Ck·v ¡ vk3
L6 6 C¯ 3

0(1 + t)¡5=4; (3.7)

etc., and Gronwall’s inequality. Using (3.5) and multiplying (3.1a) by (1 + t)wt

yields

(1 + t)k(wt; wx)(t)k2 +

Z t

0

(1 + ½ )kwt( ½ )k2 d ½ 6 ·C0: (3.8)

Estimate 2. Di¬erentiating (3.1 a) in x yields

wxtt ¡ awxxx + wxt = F (wxx)x: (3.9)

By (3.5), we can multiply (3.9) by (1 + t)(wxt + ¶ wx) for 0 < ¶ ½ 1, which results
in

(1 + t)k(wxt; wxx; wx)(t)k2 +

Z t

0

(1 + ½ )k(wxt; wxx)( ½ )k2 d ½ 6 ·C0: (3.10)

Again, multiplying (3.9) by (1 + t)kwxt, k = 0; 1; 2, and using (3.10), we have

(1 + t)2k(wxt; wxx)(t)k2 +

Z t

0

(1 + ½ )2kwxt( ½ )k2 d ½ 6 ·C0: (3.11)
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Estimate 3. Multiplying (3.9) by ¡ (1 + t)k(wxxxt + ¶ wxxx), k = 0; 1; 2, yields

(1 + t)2k(wxxt; wxxx; wxx)(t)k2 +

Z t

0

k(wxxt; wxxx)( ½ )k2 d ½ 6 ·C0: (3.12)

Hence we can multiply (3.9) by ¡ (1 + t)kwxxxt, k = 0; 1; 2; 3, and obtain

(1 + t)3k(wxxt; wxxx)(t)k2 +

Z t

0

(1 + ½ )3kwxxt( ½ )k2 d ½ 6 ·C0: (3.13)

Combining estimates 1{3 and taking N (T ) (6 ") small, we get

N (T ) 6 C(kw0; w1k2
H3£H2 + ¯ 0):

Moreover, since F (wxx) 2 C i([0; T ); H1¡i), i = 0; 1, utt 2 C i([0; T ); H1¡i). Using
these facts, we continue the estimates.

Estimate 4. Di¬erentiating (3.1 a) in t yields

wttt ¡ awxxt + wtt = F (wxx)t: (3.14)

By (3.8), we can multiply (3.14) by (1 + t)k(wtt + ¶ wt), k = 0; 1; 2, so that

(1 + t)2k(wtt; wxt; wt)(t)k2 +

Z t

0

(1 + ½ )2k(wtt; wxt)( ½ )k2 d ½

6 C(kw0; w1k2
H3£H2 + ¯ 0) =: C0: (3.15)

Hence we multiply (3.14) by (1 + t)kwtt, k = 0; 1; 2; 3, so that

(1 + t)3k(wtt; wxt)(t)k2 +

Z t

0

(1 + ½ )3kwtt( ½ )k2 d ½ 6 C0: (3.16)

Estimate 5. Finally, multiplying (3.14) by ¡ (1 + t)k(wxxtt + ¶ wxxt), k = 0; 1; 2; 3,
and ¡ (1 + t)kwxxtt, k = 0; 1; : : : ; 4, we obtain

(1 + t)3k(wxtt; wxxt; wxt)(t)k2 +

Z t

0

(1 + ½ )3k(wxtt; wxxt)( ½ )k2 d ½ 6 C0 (3.17)

and

(1 + t)4k(wxtt; wxxt)(t)k2 +

Z t

0

(1 + ½ )4kwxtt( ½ )k2 d ½ 6 C0; (3.18)

respectively. Using (3.14), we have

(1 + t)4kwttt(t)k2 6 C0: (3.19)

Combining (3.15){(3.19) shows (3.3).
Continuing this process, we have the regularity theorem.

Theorem 3.4. Suppose that

(w0; w1) 2 Hs £ Hs¡1 for s > 3:
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If kw0; w1kHs£Hs ¡ 1 + ¯ 0 is small, then there exists a unique solution to (3.1),
w 2 C i([0; 1); Hs¡i), i = 0; 1; : : : ; s, which satis¯es

(1 + t)k=2+ jk@k
x@j

t w(t)k 6 C(kw0; w1kHs£Hs ¡ 1 + ¯ 0) (3.20)

for j = 0; 1; : : : ; s ¡ 2 and k = 0; 1; : : : ; s ¡ j,

(1 + t)(k + 1)=2+ s¡2k@k
x@s¡1

t w(t)k 6 C(kw0; w1kHs£Hs ¡ 1 + ¯ 0) (3.21)

and

(1 + t)s¡1k@s
t w(t)k 6 C(kw0; w1kHs£Hs ¡ 1 + ¯ 0): (3.22)

Theorem 1.3 is a direct consequence of theorem 3.3. If we apply theorem 3.4 with
s > 4 to our original problem (1.1), then the solution (v; u) is classical. However,
this regularity theorem will be used in the next section, where we will try to obtain
the `truly optimal’ convergence rates.

For the proof of theorem 3.4, we only note that we can di¬erentiate (3.1 a) s ¡ 2
times with respect to t, from which we obtain the estimates

(1 + t)2(s¡2)k@s¡2
t w(t)k2; (1 + t)2(s¡2)+ 1k@s¡2

t wx(t)k2;

(1 + t)2(s¡2)+ 2k@s¡2
t wxx(t)k2 6 C(kw0; w1kHs£Hs ¡ 1 + ¯ 0)

in a similar fashion to estimates 4, 5. These derive (3.20). We cannot di¬erenti-
ate (3.1 a) more than s ¡ 2 times, and hence we only have (3.21), (3.22).

4. The Green-function method

We rewrite (3.1), using the Green function G of the heat equation, as

w(x; t) =

Z
G(x ¡ y; t)w0(y) dy +

Z t

0

Z
G(x ¡ y; t ¡ ½ )( ¡ w½ ½ + F (wyy))(y; ½ ) dyd ½ :

(4.1)
Remember that

F (wxx) = b(·v ¡ v)wxx + O(jv̂j + j·v ¡ vj3 + w2
xx + j·vtj): (4.2)

As in [14], since

Z t=2

0

G(x ¡ y; t ¡ ½ )( ¡ w ½ ½ )(y; ½ ) dyd ½

=

Z t=2

0

µ
¡ @

@½

Z
Gw ½ +

Z
G ½ w ½ ½

¶
d ½

=

Z
G(x ¡ y; t)w1(y) dy ¡

Z
G(x ¡ y; 1

2 t)wt(y; 1
2 t) dy

¡
Z t=2

0

Z
Gt(x ¡ y; t ¡ ½ )w ½ (y; ½ ) dyd ½ ;
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we have the following expression for w,

w(x; t) = Á(x; t) ¡
Z

G(x ¡ y; 1
2
t)wt(y; 1

2
t) dy

¡
Z t=2

0

Z
Gt(x ¡ y; t ¡ ½ )w ½ (y; ½ ) dyd ½

¡
Z t

t=2

Z
G(x ¡ y; t ¡ ½ )w½ ½ (y; ½ ) dyd ½

+

Z t

0

Z
G(x ¡ y; t ¡ ½ )F (wyy)(y; ½ ) dyd ½

=: I1 + ¢ ¢ ¢ + I5; (4.3)

with I5 =: I51 + ¢ ¢ ¢ + I54 from (4.2). Here,

Á(x; t) =

Z
G(x ¡ y; t)(w0 + w1)(y) dy (4.4)

or
Át ¡ aÁxx = 0;

Ájt = 0 = (w0 + w1)(x):

)

(4.40)

Using the estimates obtained the preceding section, we estimate the right-hand
side of (4.3).

Theorem 4.1. Suppose that (w0; w1) 2 Hs £ Hs¡1, with s = 4 as in theorem 3.4,
and that (w0; w1) 2 L1. Then the solution w to (3.1) satis¯es, for t > 2,

k@k
xw(t)k 6 Ct¡1=4¡k=2 log t and k@k

xw(t)kL1 6 Ct¡1=2¡k=2 log t (4.5)

for k = 0; 1; 2; 3 and

k@k
xwt(t)k 6 Ct¡5=4¡k=2 log t and k@k

xwt(t)kL1 6 Ct¡3=2¡k=2 log t (4.6)

for k = 0; 1; 2.

Theorem 1.4 is a direct consequence of theorem 4.1.

Proof of theorem 4.1. Since s = 4, theorem 3.4 gives the estimate

k@k
x@j

t w(t)k 6 Ct¡k=2¡j ; j = 0; 1; 2; k = 0; 1; 2; 3; (4.7)

k@k
x@3

t w(t)k 6 Ct¡(k + 3)=2; k = 0; 1: (4.8)

Using these, I1; : : : ; I4 are easily estimated. For example,

k@3
xI3kL1 6 C

Z t=2

0

kGtxxx(t ¡ ½ )kkw ½ ( ½ )k d ½

6 Ct¡1=4¡1¡3=2

Z t=2

0

(1 + ½ )¡1 d ½

= Ct¡11=4 log t

6 Ct¡2;
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k@3
xI4kL1 6 C

Z t

t=2

kGx(t ¡ ½ )kkw½ ½ xx( ½ )k d ½

6 Ct¡3

Z t

t=2

(t ¡ ½ )¡3=4 d ½

= Ct¡3+ 1=4

6 Ct¡2:

We now estimate I5,

kI51kL1 6
Z t

0

kG(t ¡ ½ )kL1 k(·v ¡ v)wxx( ½ )kL1 d ½

6 Ct¡1=2

Z t=2

0

(1 + ½ )¡1=4¡1 d ½ + Ct¡1=4¡1

Z t

t=2

(t ¡ ½ )¡1=2 d ½

6 Ct¡1=2;

kI53kL1 6
Z t

0

kG(t ¡ ½ )kL1 k(·v ¡ v)( ½ )k3
L3 d ½

6 Ct¡1=2

Z t=2

0

(1 + ½ )¡1 d ½ + Ct¡1

Z t

t=2

(t ¡ ½ )¡1=2 d ½

6 Ct¡1=2 log t;

kI54kL1 6
Z t

0

kG(t ¡ ½ )kL1 kwxx( ½ )k2
L2 d ½

6 Ct¡1=2

Z t=2

0

(1 + ½ )¡2 d ½ + Ct¡2

Z t

t=2

(t ¡ ½ )¡1=2 d ½

6 Ct¡1=2:

Since v̂ decays exponentially, I2 is easily estimated. L2-estimates and the higher
order in x estimates are similar to the above. Thus we have (4.5).

To get (4.6), we di¬erentiate (4.3) in t,

wt(x; t) = Át(x; t) ¡
Z

Gt(x ¡ y; 1
2 t)wt(y; 1

2 t) dy

+

Z
G(x ¡ y; 1

2 t)( ¡ wtt(y; 1
2 t) + F (wyy)(y; 1

2 t)) dy

¡
Z t=2

0

Z
Gtt(x ¡ y; t ¡ ½ )w½ (y; ½ ) dyd ½

¡
Z t

t=2

Z
G(x ¡ y; t ¡ ½ )w ½ ½ ½ (y; ½ ) dyd ½

+

Z t=2

0

Z
Gt(x ¡ y; t ¡ ½ )F (wyy)(y; ½ ) dyd ½

+

Z t

t=2

Z
G(x ¡ y; t ¡ ½ )@ ½ F (wyy)(y; ½ ) dyd ½ : (4.9)
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Here we have used integration by parts in ½ . Similar estimates for (4.9) yield (4.6).
We omit the details.

Remark 4.2. To apply theorem 4.1 to theorem 1.4, the estimates of wxx and wtx

are needed. To estimate wtx, we need the estimate of
Z t

t=2

Z
Gx(x ¡ y; t ¡ ½ )w ½ ½ ½ (y; ½ ) dyd ½ =: II5x

from the ­ fth term in the right-hand side of (4.9). If (w0; w1) 2 H3 £ H2, then we
have only kw ½ ½ ½ ( ½ )k 6 C(1 + ½ )¡2, so that

kII5xkL1 6 Ct¡2

Z t

t=2

(t ¡ ½ )¡3=4 d ½ 6 Ct¡7=4:

This decay order seems to be less su¯ cient. So we assume s = 4 in theorem 3.4.
In (4.6), (4.7), we could not delete `log’. These come from I53, etc., which depend
on the choice of the di¬usion wave ¿ (x; t; x0). We believe that `log’ will be deleted if
the di¬usion wave ¿ is selected more suitably. We also note that the L1-convergence
result should be obtained. But our present method will not be applicable.
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