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The stability of a strut under thrust, when buckling is resisted by
a force proportional to the displacement. By S. GOLDSTEIN, B.A.,
St John's College.

[Received 2 February, read 1 March 1926.]

1. The problem discussed in this paper is that of the stability
of a strut of length I, either clamped at both ends or pinned at both
ends, under a thrust R, with buckling resisted by a force equal to
K times the displacement. The problem was suggested to me by
Mr H. Jeffreys, of St John's'College, as being of some geophysical
interest (see 6). It later appeared that it might have some con-
nection with recent work on the collapse of thin films on water
(see 9).

2. Fundamental Differential Equation.
The usual elementary theory is used*. The strut being of fixed

length, we know by the principle of the exchange of stabilities
that when R is gradually increased from zero till a position of
equilibrium of the strut other than the straight form just becomes
possible, then the straight form itself becomes unstable. We there-
fore seek for the relation between R and I which holds when such
a position of equilibrium exists. The axis of x is taken along the
central line of the strut in its unbuckled state, which is also taken
to be the line of thrust. The axis of y is in the plane of buckling.

R

Fig. 1

Consider first a clamped strut. Take the origin 0 at one end,
and let P be a point whose abscissa is x, the strut being supposed
just buckled. Take moments about P for the portion OP of the
strut. This gives the equation

Bd^2 + Ry + f*Ky(t)(x --£)<%- M - Fx = 0 ...(1),

where M is the bending moment and F the shearing force at the
clamp, as shown (Fig. 1): B is the flexural rigidity of the strut, and
y (f) is the value of y at a distance f from the end.

* Prescott, Applied Elasticity, pp. 82 el seq. (1924).
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Differentiating this equation twice with respect to x gives

This equation is unaltered if the origin be taken at any other
point along the central line; and the same equation clearly holds
for a pinned rod.

3. Clamped Strut: R*< 1KB.
If J?2 < 1KB the equation

Bml + Rm2 + K = 0 (3)
has roots of the form ±a± ifi, where a and j3 are real and positive.

Let the ends be x = 0 and x = I. At the ends y and dy/dx vanish.
The solution of (2) is
y — A cosh ax cos fix + B cosh ax sin f3x + C sinh ax cos j3x

+ D sinh ax sin fix (4).
By the conditions at x = 0, A = 0 and (SB + aC = 0, and we

can write
y = D sinh ax sin fix — aH cosh ax sin ySa; + fiH sinh ax cos /&

(5)-
The conditions at x = I give, on eliminating H/D and simplifying,

or f! sinh al = ± a sin /SJ (6).
This cannot be satisfied with Z>'0, since sinh al>al and

sin pi < pi.
Hence, for values of R less than ViKB, there is stability for any

length.

4. Clamped Strut: R2 > 1KB.
For R* > 1KB, take the origin in the middle. Then y and

dy/dx vanish at x = ± \l.
The roots of (3) are ± iy, ± iS, where

(7),
(8),

y and S being real and positive.
The solution of (2) is then

y — A cos yx + B sin yx + C cos Sx + D sin 8x ...(9),
and the end conditions give

A cos %yl + C cos |8i = 0,
B sin $yl + D sin J8Z = 0,

yA sin $yi + 8C sin £8Z =0 ,
yB cos JyJ + 8D cos P = 0.

9—2
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Hence either B = D = O, fisinal + asin£J = 0 .(10),
or A = C = 0, /3sinaZ-asinj8Z = O (11),
where a = \(y + h), /3 = i (y - 8) (12).

The expressions for y in the two cases are of the forms
y = E (cos \U cos yx — cos \yl cos 8x) corresponding to (10)]
y = F (sin |SZ sin yx — sin %yl sin 8x) corresponding to (ll)j

To consider the equation ft sinal = ± a sin jSZ (a > /3) let
pl = x, /3/a = p ( p < l ) (14).

The equation is ± p sin (x/p) = sin x (15).
We are concerned only with positive values of x.

Let f (x) = sin x — p sin (xjp). Then, if r is an odd integer, we
have

/ (rw — sin-1 p) > 0, / (r7r + sin"1 p) < 0,
and, if r is an even integer,

/ (nr — sin"1 p) < 0, / (r-n- — sin-1 p) > 0.
Hence there is a root oif(x) = 0 in each of the interva. •

(m — sin-1 p, m + sin-1 y).
Also / (0) = 0, / ' (x) > 0 for x < \n. Therefore / (x) > 0 for x < \n.
For \n < x< TT — sin-1 p, sin x > p, and therefore/ (x) > 0. Hence
f(x) > 0 for 0 < x < IT — sin-1 p.

For 77 + sin"1 p < x < 2TT — sin"1 p, sin a; < — p and / (x) < 0;
for 2n + sin-1 p < x< 3rr — sin-1 p, $va.x> p and /(z) > 0; and
so on. Hence there is no root oif(x) = 0 outside the intervals

(rw — sin"1 p, rir + sin-1 p).
Similarly there is a root of sin x + p sin xjp = 0 in each of the

intervals (rir — sin-1 p, rtr + sin-1 p), and no root, outside these
intervals. There is only one root of each equation in each interval,
since otherwise we should have ^pn < sin"1 p. The root of one
equation is in the first half of each interval, the other equation
having its root in the second half. The first equation

(p sin xjp = sin x)
has its first root the smaller if the greatest integer contained in p~l

is even: it has its second root the smaller if the greatest integer
contained in 2p~x is odd: its third root the smaller if the greatest
integer in ip-1 is even, and so on.

All these results are easily obtained by drawing the graphs of
sin x and ± p sin x/p for a few values of p.

The first root for x is then certainly between \n and w, so that
pi lies between \n and TT. For the second root pi is between -n and
|7r: for the third root between \tt and 2TT, and so on. Now /S
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vanishes when R2 = 4KB and increases with R, so that if we
suppose I to remain fixed and R to increase from 2 y/KB, instability
will first manifest itself when the first root is reached, for which
fil lies between \n and IT. Further, if I is comparable with con-
tinental dimensions the first root will be reached by j8Z for a value
of R very near to 2y/KB (see 7).

5. Clamped Strut: wave-length and number of nodes after
buckling.

The expressions for y in (13) can also be written in the forms
y/E = sin/3 {\l + x) sina {\l - x) + sin|3 (^ - a) sina {\l + x)\
y/F = sin 0 (\l + x) sin a (£Z - x) - sin £ (£Z - x) sin a $1 + x)) { ''
and we may get some notion of the number of nodes corresponding
to the various roots of (15) by taking jSZ = mn, where m is a
positive integer. This reduces the forms (13) or (16) to
y = Gcos rmrxll cos rmrx/pl (m odd)) , ,, , . , ,

„ . „ . , . ' ^ for the symmetrical modes
= — G sin mnxjl sin nnrx/pl (m even)] '

(17),
M = /? cos mnxjl sin m-nxlvl (m odd) 1 , ., . . , ,
" „ . ' ' , . , > for the asymmetrical modes

= — H sin mwx/l cos mnxlpl (in even))
(18).

For m = 1 the number of internal nodes is of the order of p-1 and
the wave-length is of the order of 2pl. For higher values of m the
number of nodes is usually somewhat greater than mp~l. We may
compare this with the results for K = 0, in which case there are
no nodes when buckling first occurs, one node for the first sym-
metrical mode, two for the second asymmetrical mode, and so on.
(Of course, the higher modes have practical application only if the
lower ones are prevented by constraints.)

6. Note on the Formation of Mountains by Horizontal Com-
pression.

According, for example, to the thermal contraction theory of
mountain formation, the process of the cooling of the earth was
such as to leave the crust in a state of horizontal compression,
under which it gave way by crumpling. The objection has been
raised* that horizontal compression would give deformations only
on a very small scale, a thin crust being unable to transmit con-
siderable stresses across regions of continental extent without
buckling. We shall see that for buckling to occur the depth would
have to be a good deal less than is generally considered admissible.
The depth with which we are concerned is the depth of the crust
down to the level of no strain. The criticism applies not only to

* E.g. Bowie, J. Franklin Insl. vol. 198. p. 188 (Aug. 1924).
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the thermal contraction theory, but to any theory of horizontal
compression.

In buckling the crust would have to take with it the matter
underneath, so that the problem is substantially the same as the
one that we have been considering. Further, for regions of con-
tinental extent, the breadth is sufficiently large compared with the
depth to prevent buckling horizontally, so that our two-dimensional
theory applies.

To obtain an estimate of the depth required, we take a strut
of rectangular section of depth d and breadth 6. Then B = El,
where E is Young's modulus and / is the moment of inertia of a
cross-section about the neutral line in its plane; / = -febd3 and
£ = 6 x 1011 dynes/cm.2 roughly, so that B = 5 x I010bd3 dynes x
cm.2 K = bgp, where p is the density of the material which the
crust must move in buckling. Then K = 36 x 103 dynes/cm.2
roughly, and iBK = 6 x 101462^3 dynes2. In order that buckling
may be produced before crumpling, we must have both R/bd less
than the breaking stress, which is nearly 19 dynes/cm.2, and R
greater than 2 \/BK. Hence we must have

6 x 10ubH3 < i?2 < lO1 8^2 , or d< 1-6 x 103 - J . ;
i.e. the depth of the level of no strain must not exceed 16 metres! The
present depth of the level of no strain is between 75 and 80 kilo-
metres, and its depth at the last epoch of mountain formation was
not much different*.

It follows that the stabilizing effect of gravity is such as to
ensure that any possible horizontal stress can be transmitted with-
out buckling, and yield will therefore occur first by fracture at the
weakest point; this is what is actually needed for mountain
formation.

7. Numerical Example of the Buckling of a Clamped Strut.
For America I is of the order of 4 x 108 cm., and for the Alpine

fold of order 3 x 107 cm. Hence, if we take the depth to be less
than the critical depth, the'lowest value of R that would produce
buckling would correspond to a value of /? of order, say 10~7 cm.-1,
and would be very near to 2 \/KB. If we take d = 103 cm. we
have B = 56 x 1019 dynes x cm.2, 4BK = 662 x 1028 dynes2 and the
critical value of R is 7-756 x 10u dynes. If we take R = 7-86 x 1011

dynes we get
y = 9-3 x 10-3 cm.-1, S = 8-3 x 10"3 cm.-1,

a = 8-8 x 10-3 cm."1, /3 = 5 x 10-* cm."1, p = 0-06
and sin-1 p = 0-06. For I of the order of 107 cm. the value of /3,
and therefore also of R, is already too large. This shows how near

• Jeffreys, Phil. Mag. vol. 32, pp. 583 and 585 (Dec. 1916).
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R must be to its critical value 2^/BK for I of anything like this
order of magnitude, and how near fil must be to n for the first
root in such cases. (j8 and p both continually increase from zero
as R increases from 2\/BK.)

The value of R chosen will be just large enough to cause
buckling for a length of the order of 2TT x 105 cm. The wave-length
would then be of the order of 7-54 x 103 cm., and the number of
internal nodes would be 16 or 17.

We shall see in 9 that the results for a pinned strut are prac-
tically the same.

(NOTE.—If the wave-length does not come out to be larger than,
or at any rate comparable with, the depth, the theory certainly
ceases to have any practical significance.)

8. Strut pinned at both ends: R2 < 4KB.
Equation (2) still holds. Take the origin in the middle. The

end conditions are y = 0, d2yjdx2 — 0 at x — ± $1.
If R2 < 4KB we may write, as before,

y= A cosh ax cos fix + B cosh ax sin fix + C sinh ax cos fix
+ D sinh ax sin fix (a, 8 real and positive).

The end conditions give
either B = C = 0, cosh2 $al cos2 $fil + sinh2 \al sin8 \$l = 0{
or A = D = 0, cosh2 \al sin8 \$l + sinh8 \al cos8 \fil = Oj ( 1 9 ) ;

and again there cannot be buckling if R2 < iKB.

9. Pinned Strut: R2> 4KB.
If R? > iKB we may write

y = A cos yx + B sin yx + G cos 8x + D sin Sa;,
where y and 8 are given by (7) and (8).

The end conditions give
A cos %yl + C cos J8Z = 0,
B sin \yl + D sin $81 = 0,

y*A cos \yl + 88C cos $81 = 0,
y*B sin £yZ + 82D sin $81 = 0.

Since, in general, y $ 8, it appears that we must have
A cos yi = B sin $yl = C cos $81 = D sin $81 = 0 (20).

Hence three of A, B, C, D must be zero and either yl or 81 must
be equal to nn, where n is a positive integer.

As R increases from 2 \/KB, y increases and 8 decreases, and
buckling will first take place when y or S becomes equal to a
multiple of n/l. We have then that

y = A cos mrxjl or B sin mrxjl (21),
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where nn/liB the multiple of n/l first reached by

as R increases from 2 i/KB. The wave-length is 21/n, and the number
of internal nodes is n — 1.

When I is of the order 2TT X 106 cm. and d is 103 cm., so that
4BK = 662 x 1028 dynes2 and R increases from 7-756 x 1011 dynes
as before (see 7), y increases and S decreases from 8-8 x 10~s cm.-1,
while n/l is 5 x 10-« cm.-1 When R = 7-86 x 10u dynes,
y = 9-3 x 10"* cm.-1 and 8 = 8-3 x 10-4 cm.-1, so that a multiple
of n/l is'reached for a value of R nearer the critical value. Thus
the pinned strut buckles before a clamped strut of the same length
would do so. Also, for the ease considered, n is 17 or 18, so that the
wave-length and the number of nodes are about the same as for
a clamped strut.

10. The Compression and Collapse of.Surface Films on Water.
In a series of papers* Mr N. K. Adam has discussed the be-

haviour, under compression, of surface films on water. iritiese films
are of one molecule thickness, and when the area per molecule is
Sufficiently reduced (to about 2-2 x 10-ls cm.2) the film behaves
like a solid and there is a linear relation between the compression
and the thrust. The linear relation holds when the thrust is
increased from 3 or 4 dynes/cm, until we reach the stage at which
the film gives wayf.

The atoms being in equilibrium under their mutual attractions
and repulsions, we suppose that when the system is compressed,
the restoring force on any atom is approximately proportional to
its relative displacement, and the usual elementary elastic theory
may be applied. First, we can calculate from the compressibility
the value of E, Young's modulus for the film. Then if the film were
to buckle, it would have to raise and lower the water with it, so
that we can employ the theory of 2-5, 8 and 9 to find under what
thrust instability should first manifest itself. The first effect would
be to cause buckling, which in a film of one molecule thickness
would necessarily be imperceptible; but very shortly after this the
film should give way. We assume that the film does not collapse
before the thrust reaches its theoretical value for buckling.

-11. The Value of Young's Modulus for a Solid Film.
We deal with a breadth of 1 cm- Thenf, since any error in

experiment will increase the observed compressibility, we shall use
the lowest value obtained, 0-4 per cent, for a thrust of 10 dynes.

• Proc. Soy. 8'oc. A, vol. 99, p. 336 (1921); vol. 101, p. 452 (1922), etc. Re:
ferencea to the two papers mentioned will be given as Part I and Part II.

t Part I. t P»rt H. P- 458-
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We may take the depth of a film as being of the order of 2-5 x 10~7

cm.* Then E is equal to the force per unit depth divided by the
compressibility. This gives E = 0 (1010) dynes/cm.2

12. The Collapse of a Solid Film.
The value of the thrust that produces collapse cannot be

determined with accuracy, but is anything from 20 to 45 dynesf.
If we suppose buckling to precede collapse the value of R that gives
buckling should not be very different from the value for collapse,
preference being given to the smaller values.

Now B = El, I — -fed3, K = g, and with our data and the above
value for E, B = 0 (10-11) dynes x cm.2, BK = 0 (10-8) dynes2.

If we were to take R to be 16 dynes, we should, employing the
results of 4, find that 0 = 0 (4-5 x 105) cm.-1 This value of )3 is
much too large for a length anywhere between 2 or 3 cm. to
20 or 30 cm. We want a value of j8 not greater than about 1 cm.-1,
and this means a value of R of the order of 10~4 dynes, which is
nonsense. With R 16 dynes, values of B between 6 x 10~2 and
6-4 x 10~2 dynes x cm.2 givevalues of j8 between 2 and 0, so that
for this value of R we should want B = 0 (6 x 10~2) dynes cm.2,
E = 0 (6 x 1019) dynes/cm.2

The results if we considered the film as pinned would be
practically the same, and would show the same discrepancy.

Clearly then there are other factors to be considered that make
for stability.

13. The Effect of Surface Tension.
Sinae in both compression and buckling the area of the water-

nlmsurface is changed, we may expect surface tension to play a
part. For compression," if T is the surface tension,

E = (R + T)j{d x compressibility).
Since the surface tension of a solid film cannot vary appreciably
with additional compression, we mayf take T to be 70 dynes/cm,
at temperatures between 10° and 20° C, the temperature of
Mr Adam's experiments on palmitic acid§. Then

E.= 6 (S x 1010) dynes/cm.2

The equation (2) becomes
s 3 + ( f l - r ) 2 + ^ = o (22)-

The value of R that produces buckling musj; exceed T. Ac-
cording to the experimental results, however, the-film collapses
for values of R (20-45 dynes/cm.) less than T, and therefore

* Part II, p. 463. t Part I. P- 340-
t Cary and Rideal, Proc. Soy. Soc. A, vol. 109. p. 320 (1925).
§ Part I. p. 340.
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less than the theoretical value for buckling. Hence instability
must first manifest itself by a weakness in the film causing
collapse; this happens before the film has a chance to buckle.

14. The Frequency of Vibration of an Atom in a Solid Film.
From the value of E we can make a very rough calculation for

the frequency of vibration of an atom in a solid film. The cross-
section of the head of a molecule is of the order of 26 x 10~16 cm.2*,
i.e. (5 x 10~8 cm.)2. We take 5 x 10~8 cm. as the original distance
D, between two atoms, that is decreased to D — 8 by compression.
Then we have

Force per unit area across a cross-section = E8/D.
If n is the number of atoms in the molecule, d the depth of the

unimolecular layer, then the restoring force on an atom
= (E8/D) + (n/dD) = Edhjn.

The frequency is -\/II/2TT, where
fi = restoring force -r (S x mass).

The mass of an atom is 1-65 x 10~24 A gm., where A is its atomic
weight. Take A = 12 (for a carbon atom), and n = 60, for example.
With E = 0 (8 x 1010) dynes/cm.2, /x = 0 (1-7 x 1025) and the
frequency = 0 (6-5 x 1011).

We may compare this with the corresponding frequency for
crystals, as obtained by the method of residual raysf. The fre-
quencies are c/A, where c is the velocity of light (= 3 x 1010 cm./sec.)
and A, the wave-length of the residual rays, is between 1-2 x 10~3

and 1-2 x 10~2 cm. for most crystals. This gives frequencies
varying between 2-5 x 1O1S and 2-5 x 1012.

15. Summary.
For a strut under thrust when buckling is resisted by a force

proportional to the displacement, it is shown that for both a
clamped and a pinned strut there is stability for any length when
the thrust is less than a certain critical value; and the relation is
found between the length and the first value of the thrust above
this that will give buckling. A notion of the wave-length and
number of nodes after buckling is obtained.

The results are applied to the theory of the formation of
mountains by horizontal compression, and it is shown that the
crust of the earth would be able to transmit, without buckling,
stresses right up to the breaking stress across regions of continental
extent, unless the depth down to the level of no strain were less
than 16 metres.

• Part II, p. 463.
t Born, Dynamik der KristaUgitter, p. 623 (1923).
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An attempt is made to employ the results also to consider the
stability of solid surface films under compression, and it is seen
that other factors, making for stability, must enter besides rigidity
and gravity. This is supplied by surface tension, and it then
appears that collapse due to a weakness in the film must precede
buckling.

A rough calculation is given of the frequency of vibration of an
atom in a solid film.

16. I have to thank Mr H. Jeffreys for advice and assistance
in the preparation of this paper, and Mr E. K. Bideal for showing
me an experiment similar to those of Mr Adam.
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