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A CONJECTURE ON C-MATRICES OF
CLUSTER ALGEBRAS

PEIGEN CAO, MIN HUANG anD FANG LI*

Abstract. For a skew-symmetrizable cluster algebra A, with principal
coefficients at to, we prove that each seed ¥, of Ay, is uniquely determined by its
C-matriz, which was proposed by Fomin and Zelevinsky (Compos. Math. 143
(2007), 112-164) as a conjecture. Our proof is based on the fact that the
positivity of cluster variables and sign coherence of c-vectors hold for Ay,
which was actually verified in Gross et al. (Canonical bases for cluster algebras,
J. Amer. Math. Soc. 31(2) (2018), 497-608). Further discussion is provided in
the sign-skew-symmetric case so as to obtain a weak version of the conjecture
in this general case.

81. Introduction and preliminaries

Cluster algebras with principal coefficients are important research objects
in the theory of cluster algebras. The g-vectors and the related c-vectors are
introduced to describe cluster variables and coefficients in some sense. As
shown in [11], c-vectors and g-vectors are closely related to each other, where
the c-vectors (respectively, g-vectors) are defined as the column vectors of
C-matrices (respectively, G-matrices) of a cluster algebra with principal
coefficients. In [4], the authors conjectured as follows.

CONJECTURE 1.1. [4, Conjecture 4.7] Let Ay, be the cluster algebra with
principal coefficients at Xy, (or say at ty), and let Xy = (Xy, By) be a seed of
Ay, obtained from Xy, by iterated mutations. Then ¥ is uniquely determined
by C,, where C, is the lower part of B, = (gﬁ)

Conjecture 1.1 is true in case Ay, is of finite type [14], and in the skew-
symmetric case [7] using the methods in [12, 13].

In this paper, we give an affirmation of Conjecture 1.1 for any skew-
symmetrizable cluster algebra A;, with principal coefficients at ¢y. The proof
depends on the positivity of cluster variables and sign coherence of ¢-vectors
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of A;,. Note that the positivity of cluster variables for skew-symmetric
cluster algebra was proved first by Lee and Schiffler [8] using the elementary
method and the coherence of c-vectors for skew-symmetric cluster algebra
was first proved by Derksen et al. [2] using the quivers with potentials and
their representations. Recently both properties have been proved for skew-
symmetrizable cluster algebra by Gross et al. [5] using the methods from
algebraic geometry.

This paper is organized as follows. In this section, some basic definitions
are introduced. In Section 2, we give the main result, that is, Theorem 2.5,
which gives an affirmation of Conjecture 1.1 in the skew-symmetrizable case.
In Section 3, we discuss the weak version of Conjecture 1.1 for acyclic totally
sign-skew-symmetric cluster algebra using the method in Section 2.

DEFINITION 1.2. Let A be an (m + n) x n integer matrix. The mutation

of A in direction k € {1,2,...,n} is the (m + n) x n matrix pu(A) = (a;),
satisfying
(1) al; =4 iZkijZk‘;

a;j + aix[—ar;|+ + [aik]+ar; otherwise,

where [a]4+ = max{a, 0} for any a € R.

Recall that an n x n integer matrix B = (b;;) is said to be sign-skew-
symmetric if b;jbj; <0 or bj; =bj; =0forany i, j=1,2,...,n. A sign-skew-
symmetric B is totally sign-skew-symmetric if any matrix B’ obtained from
B by a sequence of mutations is sign-skew-symmetric.

An n xn integer matrix B = (b;;) is said to be skew-symmetrizable
if there is a positive integer diagonal matrix S such that SB is skew-
symmetric, where S is called the skew symmetrizer of B.

It is well-known that skew symmetry and skew symmetrizability are
invariant under mutation; thus skew-symmetrizable integer matrices are
always totally sign-skew-symmetric.

For a sign-skew-symmetric matrix B, we can encode the sign pattern of
entries of B by the directed graph I'(B) with the vertices 1,2,...,n and
the directed edges (i, j) for bj; > 0. A sign-skew-symmetric matrix B is said
to be acyclic if T'(B) has no oriented cycles. As shown in [6], an acyclic sign-
skew-symmetric integer matrix B is always totally sign-skew-symmetric.

Let B= (g:;xx’;) = (bi;) be an (m+n) x n integer matrix such that

B is totally sign-skew-symmetric. B is said to be skew-symmetric, skew-
symmetrizable, and (totally) sign-skew-symmetric, respectively if so is B.
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DEFINITION 1.3. Let F be the field of rational functions in m +n
independent variables with coefficients Q. A (labeled) seed ¥ in F is a pair
(X, B), where

i) B= (g) is given as above, called an extended exchange matriz. The
n X n submatrix B is called an exchange matriz and the m xn
submatrix C' is called a coefficient matriz.

(ii)) X =(z1,...,Tm4n) is an (m + n)-tuple, called an extended cluster
with z1, ..., Zmyn forming a free generating set of F. z1,...,x, are
called cluster variables and xp41, . . ., Tymyn are called frozen variables.
Sometimes we also write frozen variables as yi, ..., ¥, in this paper,
that is, xp4; =y; fori=1,... m.

DEFINITION 1.4. Let k€ {1,2,...,n}. The mutation of the seed ¥ =
(X, B) in the direction k is the seed ¥’ = (X', B") where B’ = ui(B) and
X' = (2}, ..., 2,,,) with 2/ =z; if i # k and

m—+n

m+n  _ m—+n

b; —b;
ahay = H $£ Rl H $£ K+
=1 i=1

We write X/ = p(X), where py is called the mutation map in k.

It can be seen that the mutation map is always an involution, that is,
ik (X) = 2.

DEFINITION 1.5.  The cluster algebra A(X) is the Zlyi, ..., Ym]-
subalgebra of F generated by all cluster variables obtained from the seed
Y = (X, B) by iterated mutations. ¥ is called an initial seed of A(X).

A cluster algebra is said to be acyclic if it admits an acyclic exchange
matrix.

Denote by I,, an n x n identity matrix. If B = (}i), then A(X) is called
the cluster algebra with principal coefficients at 3. In this case, m = n.

DEFINITION 1.6. [9] A cluster pattern M in F is an assignment for each
seed Y; to a vertex t of the n-regular tree T,, such that for any edge
t —k ' Sy = pup(S;). The pair of ¥; is written as 3y = (X3, Bt) with
X = (T1ts - - oy Trntnst)s By = (gz), where B; = (b’;j), C;= (cﬁj), Tptist = Yi
fori=1,2,...,m.
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Let Ay, be the cluster algebra with principal coefficients at ¥;, (or
say at tg). The authors [4] introduced a Z"-grading of Z[xlt 7"'737?1:;%07
Yl - - -, Yn) as follows:

deg(wi;,) = e, deg(y;) = —by,

where e; is the ith column vector of I, and b; is the jth column vector
of By, 4,7 =1,2,...,n. As shown in [4], every cluster variable z;; of Ay,
is homogeneous with respect to this Z™-grading. The g-vector of a cluster
variable x;.; is defined to be its degree with respect to the Z"-grading and we
write deg(z.) = (gt;, gbis - - -, gb;) T € Z"™. Let X, be a cluster of Ay,. We call
the matrix Gy = (deg(z1y), . .., deg(xny)) the G-matriz of the cluster X;.
In addition, C} is called the C-matrixz of ¥;, whose column vectors are called
c-vectors (see [4]).

PROPOSITION 1.7. Let Ay, be a cluster algebra with principal coefficients
at to, let Xy be a seed of Ay, and let Ly = ug(X). Then

(i) o = —Cij J=k
Y c;?j + b’ék[—szh + [cfk]er',;j otherwise.

(ii) /4, Proposition 6.6]

9% J#k;
t/
g. [ p— .
Y —0ik + Z 9galbil+ — Z —b (e, G=k
Proof. (i) It can be obtained from equality (1). [

Let Ay, be the cluster algebra with principal coefficients at ¢y. Each cluster
variable z;; can be expressed as a rational function

t
XO €Q(z1itgs -+ s Trstgr Y1y - - - » Yn)-

Xto it is called the X-function of cluster variable z;.;.

DEFINITION 1.8. The F-polynomial of x;; is defined by
FZ% = X’L't;%|a71;t():"'wn;t0:1 € Z[:’Jl? c yn]

A vector ¢ € Z" is said to be sign-coherent [4] if any two nonzero entries
of ¢ have the same sign.
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PROPOSITION 1.9. [4, 5] Let A, be a cluster algebra with principal
coefficients at to, and let x;4 be a cluster variable of Ay,. Then

plo

. 95 A ~ A i
(i) @i = (H?:l xj?tO)Fit;(z’]:(yl;tov c s Onsto)s where Gig =y [y Ticgy for
ke{l,2,...,n}.

(ii) The following are equivalent:

(a) The column vectors of Cy are sign-coherent.

(b) Each F-polynomial has constant term 1.

(¢) Each F-polynomial has a unique monomial of maximal degree,
which has coefficient 1 and is divisible by all other occurring
monomials.

§2. Affirmation of Conjecture 1.1 in the skew-symmetrizable case

In this section, we give an affirmation of Conjecture 1.1 (see Theorem 2.5)
in the skew-symmetrizable case depending on the results in [5], that is,
Theorem 2.1 and Proposition 2.2.

THEOREM 2.1. (Positivity, [5]) Any cluster variable x;; can be expressed

+1 +1

as a Laurent polynomial in Zsolyi, ..., yml[@Ts - Tpyy) in a skew-

symmetrizable cluster algebra A(X,) with initial seed ¥y, .

PROPOSITION 2.2. [5] Let Ay, be a skew-symmetrizable cluster algebra
with principal coefficients at ty, and let x;;y be a cluster variable of Ay,.
Then the column vectors of Cy are sign-coherent.

ProprosITION 2.3. [1, 10, 11] Let Ay, be a skew-symmetrizable cluster
algebra with principal coefficients ty and with skew symmetrizer S, and let
¢ be a seed of Ay,. Then GtBtS_IG;r :BtOS_1 and SC'tS_IG;r =1, and
det(Gt) ==1.

LEMMA 2.4. Let Ay, be a cluster algebra with principal coefficients at to,
and let ¥y = (Xy, Bt) be a seed of Ay,. If Gy = I, then ¥ = 3, .

Proof. By Proposition 2.3 and G = I,, = Gy,, we obtain B; = B;, and
Cy=1,. So we can also view Ay, as a cluster algebra with principal
coefficients at t. Let ¥;, be a seed of Asy; the C-matrix of ¥, is always
the lower part of By, no matter which seed (3, or %) is chosen as the
initial seed. By Proposition 2.3 again, we know the G-matrices of ¥;, with
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respect to X, and X; are the same. By Proposition 1.9(i), we know

n t n t
to | | bz? | | bzyol
(2) Tt = xi;to-Fi;t Y1 xl;t(ﬂ < Un ‘Tl;t() )
=1

=1

by viewing ¥, as an initial seed and

t |n| by |n| b

. P— . n

(3) Ljito = 'rJ;tF‘j;tU Y1 w[;t y+ 2 Yn xl;t )
=1

=1

by viewing ¥; as an initial seed for ¢,j€{1,2,...,n}. Replacing
Tlitgs - - - s Tnsto 10 (2) with those in (3), we obtain that

n . n .
— t | | 1 | | I
Tt xi;tF;‘;tO n xl;tla <o Yn :El;tn
=1

=1
1
NG
t n
Z(Ig ylH xlt‘Flto ylnxkta'-‘aynnl‘kl;t )
k=1
t
. RN
oo [ | mFig ylﬂxmv---yynﬂwk’f: ,
=1 k=1
which implies that
n bt n bt
¢
L=F |n H Tpts - Yn H )
=1 =1
t
NG
t n
FZ,(;, ylH xlt‘FltO ylH"Bkt7"‘7yonk];t ’
k=1
t
n n bin
Ve
’ynH xltﬂto ylekta"'7ynH$k;t
=1 k=1
Take x1,4 =294 = - - =xpy = 1 in the above equality; then we have
1= Fto(yl7"'7yn)
n . n ,
t t b 0 t b 0
@ F (o [T @ wa)P oy [T s - - )i
= =1
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By Theorem 2.1 and the definition of F-polynomial, we have Fjot, F; to

Zzoly1, - - - ynl- Then we know each y; [}y (Fj (y1s - - - yn))bla has the
form of h;/gj, where hj, g; € Z=o[y1,...,yn), 7=1,...,n. We claim
that FtO (Wi, yn) =1 1If Ft(’ *(Y1,---,Yn) # 1, then by Propositions 2.2

and 1.9(11), we can assume F,f(g = y’fhyg?z gk iy, ) 1,
where (k14 ..., kni) #0, u; € Z>o[y1, - . -, yn|, and each monomial in w; is
a factor of yf“yé“ -+ ykni. We assume Ffto =wi(y1,-..,Yn) + 1, where

w; € Z=0Y1s - - - Yn)-
Then equality (4) has the form

h\"™ ()™ h hn
1= (w; +1) <1> <> —i—uZ( 1,...,)+1 :
g1 9n g1 In

and thus
k1i  koi ni
gll g22 “e . gf}‘:
kl' k. - kl' k. : hl hn kl' k. :
:(lerl) h’ll'”hnmngl e gt u | —y oy — +.gl eeegn™ .
g1 9n
We obtain that
. _ h h . .
0 = w; <h’f11 . hknz + gklzgkzz [P gsnzui (17 cey n) =+ g]fll . .. g’ﬁ"’b)
g1 9n
. _ h h
(5) + <h]191z . hkTLL + gklzgk2z . gf;/nzuz <17 ce n>> .
g1 gn
Note that gk“gkm e gﬁ“iui(hl/gl, cooshn/gn) € Z=oly1, - - -, yn|, since
each monomial occurring in u;(y1,...,ys) is a factor of ylf“ygzi cgli

Then equality (5) is a contradiction, since each term in equality (5) is an
element in Zxo[y1, . . ., yn] and A% - .. hfni £ 0 by the fact that h; #0, j =
1,...,n. Thus we must have F. O(yl, ..., Yp) =1, which implies .+ = x4,
by the equality (2). Then ¥y = Z‘to. 0

Now, we obtain the main result as follows.

THEOREM 2.5. Let Ay, be the cluster algebra with principal coefficients
at to, and let Xy, and 3, be two seeds of Ay,. If Cy, = Cy,, then Xy, =24,

Proof. By Proposition 2.3 and due to C}, =Cy,, we have By, = By,
and Gy, = Gy,. Since X;, can be obtained from 3; by a sequence of
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mutations, we write Xy, = s, - - - fso sy (Bty ). Let Xp = g, - -+ flsy sy (Sty)-
Since (Gy,, Cy,, Bt,) = (Gty, Ct,, Bt,), by Proposition 1.7, we know that
(Gt, Ct, Bt) = (Gyy, Cry, Bry) = (In, I, Bty). By Lemma 2.4, we know ¥; =
i, and thus g, fis, - - - s, (X¢) = sy fsy - - - fs, (Xt,), that is, ¥y, =%, [J

As readers can see, the proof of this result depends mainly on the
positivity of cluster variables and sign coherence of c-vectors of a cluster
algebra. Positivity and sign coherence are two deep phenomena in cluster
algebras. It is known in [11] that sign coherence can relate to many other
properties of cluster algebras. Also, we believe that positivity can be used
to explain some other properties of cluster algebras. Through the method
of the proof of Theorem 2.5, we attempt to provide an evidence for the
essentiality of positivity and sign coherence.

It was proved that ¥; is uniquely determined by G; for a skew-symmetric
matrix By, in [2]. By Proposition 2.3, C, = Cy, if and only if Gy, = Gy,.
So, the result of Theorem 2.5 means that 3; is uniquely determined by Gt,
which gives a generalization of the result in [2] in the skew-symmetrizable
case.

83. How to determine seed in the sign-skew-symmetric case

Finally, we discuss how to determine a seed using the C-matrix or G-
matrix in the sign-skew-symmetric case. The obtained result may be thought
of as the weak version of Conjecture 1.1.

In this section, we always assume that Ay is an acyclic sign-skew-
symmetric cluster algebra with principal coefficients at ;. Here, the
“acyclic” condition is assumed since we need the following conclusion.

PROPOSITION 3.1. [6, Theorems 7.11 and 7.13] Let Ay, be an acyclic
sign-skew-symmetric cluster algebra with principal coefficients at tg. Then

we have the following.
(i) Each cluster variable xiy € Z=olyi, - - - » Ym) [xﬂo, ce f%o]

(ii) Each F-polynomial has constant term 1.

LEMMA 3.2. Let Ay, be an acyclic sign-skew-symmetric cluster algebra
with principal coefficients at ty. If ¥y = (X4, By) is a seed of Ay, satisfying
(Gt, Ct, Bt) == (Gtm Cto, Bto); then Zt = Eto-

Sketch of Proof. Since Cy=Cy, =1, and Gy =Gy, =1,, A, can be
also seen as a cluster algebra with principal coefficients at t. Based on

https://doi.org/10.1017/nmj.2018.18 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.18

A CONJECTURE ON C-MATRICES OF CLUSTER ALGEBRAS 45

Proposition 3.1, we can use the same method with that of Lemma 2.4
so as to show X; = Xy,, which implies ¥; =¥, since B; = By, is already
known. [

Note that since we do not have the skew symmetrizer S in this case,
Proposition 2.3 cannot be used here as in the proof of Lemma 2.4. This is
the reason we need the condition (G, Cy, By) = (Gy,, Cy,, By,)-

Following Lemma 3.2, using the same method with the proof of
Theorem 2.5, we have the following proposition.

PROPOSITION 3.3. Let A, be an acyclic sign-skew-symmetric cluster
algebra with principal coefficients at to. If ¥y, and X4, are two seeds of Ay,
with (th, Ctl, Btl) = (Gtz, CtQ, Bt2)7 then Zt1 = ZtQ.

REMARK 3.4. When By, is skew-symmetrizable, by Proposition 2.3,
either th = Gt2 or Ctl = Ctg 1mphes (th, Ct17 Bt1) = (GtQ, Ct2, BtQ). SO,
Proposition 3.3 can be thought of as a weak version of Theorem 2.5 in the
acyclic sign-skew-symmetric case.
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