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THREE MODEL-THEORETIC CONSTRUCTIONS FOR
GENERALIZED EPSTEIN SEMANTICS

KRZYSZTOF A. KRAWCZYK

Nicolaus Copernicus University in Torun

Abstract. This paper introduces three model-theoretic constructions for generalized Epstein
semantics: reducts, ultramodels and S-sets. We apply these notions to obtain metatheoretical
results. We prove connective inexpressibility by means of a reduct, compactness by an ultramodel
and definability theorem which states that a set of generalized Epstein models is definable iff it
is closed under ultramodels and S-sets. Furthermore, a corollary concerning definability of a
set of models by a single formula is given on the basis of the main theorem and the compactness
theorem. We also provide an example of a natural set of generalized Epstein models which is
undefinable. Its undefinability is proven by means of an S-set.

§1. Semantics with syntactic relation. Besides algebraic semantics and closely
related matrix models, Kripke semantics constitute the traditional form of interpreta-
tion for most non-classical logics. Originating in the field of modal logic, its variously
modified versions expanded to other areas, such as intuitionistic or relevance logics.
The general idea behind Kripke structures is to define relation(s) based on some non-
empty domain, elements of which are often referred to as ‘worlds’. Valuations of such
structures (frames) are relativized to worlds, and thus, truth is defined in two variants:
locally—in a particular world, and globally—in all worlds. If we exclude the quite well-
known neighborhood structures (they share one of the basic ideas of possible-world
semantics: truth being relativized to members of the domain), it seems that the only
mainstream non-algebraic rivals of (generalized or modified) Kripke models are plain
valuations—either classical, or many-valued.

Another route has been set by Richard Epstein [3-5]. Having very specific goal in
mind, he introduced new types of models by enhancing a standard valuation with a
binary relation. Unlike Kripke, he chose not to define his relation on some arbitrary
domain, but on the fixed set of formulas. Thus he obtained semantics which enabled
him to interpret intensional connective (he focused solely on non-material implication).
His main philosophical motivation was to formalize the notion of content relation.
For this reason, he imposed various specific conditions on his relation. He indicated
two main classes of logics: dependence logics and relatedness logics. Epstein’s ideas
have been picked up by other researchers, to name a few, [7, 17, 18] for philosophical
exploration of Epstein logics, [11-13] for overall analysis of Epstein’s logics, [1, 2]
for proof-theoretical investigations into Epstein’s logics, [15] for alternative semantics
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for first degree relatedness logic and [16] for constructive proof of completeness (the
original one was given using the standard Henkin method: see [5]).

Epstein has outlined a research program in which his semantics are conjectured to
be an adequate interpretation for other non-classical logics. Following his plan, he has
used his semantics to obtain paraconsistent logic [6].

Recently. Epstein semantics were generalized [8] in a twofold way. First of all, no
restrictions have been put on a relation. Secondly, new connective has been introduced:
a special type of conjunction which was interpreted analogously as Epstein implication.
These simple generalizations opened new perspective on Epstein semantics: it can
be treated analogously as Kripke semantics, abstracting from specific applications
to relatedness and dependence. This way. both philosophical and mathematical
potential of Epstein semantics becomes even wider and Epstein program—easier to
achieve. Following the observation from [8], further philosophical applications of
Epstein semantics have emerged. It has been used in connexive logic [14] and deontic
logic [9].

Mathematical aspects of Epstein semantics remain vastly unexplored.' The goal of
this paper is to add some technical sophistication to meta-theory of Epstein semantics
by introducing new model-theoretic constructions and applying them to prove some
theorems about Epstein semantics. We will focus on the extended language from [8].

§2. Language and semantics. Let ® = {py. p1, p». ...} be the set of propositional
letters. We introduce one unary connective: the negation — and binary connectives:
V, A, —, <>, A, %. The set of connectives will be denoted by con. The set of formulas
FOR is the least set such that:

e ® CFOR,
e ¢ € FOR implies ~¢ € FOR,
e o,y € FOR implies ¢ * v € FOR where * € con \ {—}.

A generalized Epstein model is an ordered pair 9 = (v, R). where v : ® — {0, 1}
is a standard valuation and R C FOR x FOR is a binary relation defined on the set of
formulas. The domain of 90 is fixed in each case; it is the set of formulas FOR. This is
an important remark because—unlike in the case of first order or modal logic—we are
not impelled to the notion of a class when talking about objects the elements of which
are models. Actually, the set of all models is {0, 1}® x P(FOR x FOR). That is why we
can use the term ‘set of models’ without being involved in set-theoretical paradoxes.
Let o € FOR, 9t = (v, R). We say that ¢ is true in 9, symbolically 0t F ¢ iff:

v(p) = 1for p € ®,
M ¥ y for p = —y,
MEyandME yforo =w Ay,
MEpyorME yforo =wVy,
MEyorME yforo =w — y,
MEw T ME yforp =y &y,

! It should be mentioned that some research have been made on the language with additional
intensional connectives: intensional disjunction and equivalence in [10]. This dissertation
focuses mainly on axiomatization of logics obtained from certain classes of generalized
Epstein models.
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o MEwand ME yland (y, ) e Rforo =w A y,
o [MEworME yland (yw.y) e Rforp =y % y.

The last two connectives will be called intensional conjunction and intensional impli-
cation respectively. Notice that in order for an intensional conjunction/implication
to be true. the standard condition for the classical conjunction/implication has to
be fulfilled, as well as both conjuncts/the antecedent and the consequent have to
remain related by relation R. The intended reading of those formulas differs from the
philosophical interpretation, e.g., ¢ & y may be read as ‘p causes y’, if one wants to
analyze causality, ¢ A y as ‘p and (then) . if we want to use conjunction in a manner
that respects temporal succession (see [8]). A possible spectrum of applications seems to
be much wider—the general idea being that Epstein semantics provide the framework
within which behavior of some connectives mirrors the intensional character of the
words like ‘if..., then’ or ‘and’ from natural language.

When for some ¢, v € FOR, (¢, w) € R we will often write shortly pRy. Let £ C
FOR. We say that 9t = X iff for any ¢ € X we have 9t F ¢. By M we will denote the set
of all generalized Epstein models (shortly: models). The symbol = ¢ will mean that
for any 9t € M we have M F ¢. Let K C M be a set of models. We say that ¥ C FOR
is satisfiable in K iff there is 9t € K such that 9t F Z; if K = M we will simply say that
X is satisfiable.

We shall also specify the notion of definability of models which is crucial in the main
theorem we prove in the latter parts of the paper.

DerFINITION 2.1 (Definability). Let I' € FOR, and let K be some set of models. We say
that T" defines K when for any model 9t = (v, R) the following holds: 9t E T iff M € K.
We say that a set of models K is definable iff there is some I' C FOR that defines K.

Since we will use induction on the complexity of formulas in latter proofs, let us
state the definition of the formula-complexity function.

DEerNITION 2.2. Let N be the set of natural numbers. The formula-complexity function
¢ : FOR — N is given by the following conditions:

clp)=1iffp € D,
c(=p) =1+clp).
clo*w)=1+c(p)+c(y). where x = V. A, —. <3, 9, A .

Later on, we will not state the induction hypothesis explicitly in our proofs. When
referring to induction hypothesis in inductive step which shows that the result holds
for . we will assume that the hypothesis says that the result holds for any  such that

c(y) < clp).

§3. Reducts and inexpressibility of connectives. It is a common practice in classical
or modal logic to restrict its presentation to a chosen set of connectives and treat the
remaining ones as secondary notions by means of certain definitions, e.g., {—, A} plus
O if one is concerned with modal logic. In this section we will show why we need to
maintain all the connectives introduced in the previous section in case of JarmuZek—
Kaczkowski logic (contrary to what is stated in their paper; see Fact 3.1.5. [8. p. 57]).
It will be achieved by means of a reduct—our first model-theoretic construct. We shall
start from some conventions. Let @ C con be some set of connectives. By FOR? we will
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denote the set of formulas generated from ® and «. In this sense, FOR®" is just FOR.
Now, let us define the notion of a reduct.

DEFINITION 3.3 (Reduct). LetO = (v.R),and a C con. Wesay that M = (v/,R/) isa
reduct of M to aiff v = v’ and R = R\ {{p. w) € FOR? : ¢ ¢ FOR" or y ¢ FOR"}.

We can prove the following reduct lemma, which will be used in the proof of
inexpressibility.

LeEmMA 3.4 (Reduct lemma). Let a C con, M = (v, R) and M* = (v', R') be its reduct
to a. For any ¢ € FOR" we have M E ¢ iff M* = .

Proof. The result obviously holds for propositional letters since v = v’. In case
of connectives of a that are among the set con \ {3, A} the result is an immediate
consequence of inductive hypothesis. Now, let us assume that &€ a. Letp = w & y €
FOR®. Assume M E y & y. Hence w Ry and M ¥ y or M E x. Both y, y € FOR?, so
wR'y. Furthermore, by inductive hypothesis we know that 9¢ ¥ w or 9M* F . This
means that MM“ E w & y. For the other direction, assume 9“ F y & ». Hence wR'y
and 9M* ¥ w or M* E y. By inductive hypothesis, I ¥ y or M E y. Obviously, R’ C
R.so wRy., whichmeans M E v & y. Let o = w A y € FOR?. Assume M E y A y.
Hence M E w, M E y and wRy. By inductive hypothesis, 9 E w and 9“ E y. We
also know that w, y € FOR“, so wR'y. This means that M“ F y A y. For the other
direction, assume that M* = w A y. Hence M E y. M* F y and wR'y. By inductive
hypothesis, 9t £ w and 9 E y. We also know that wR y, since R’ C R. This means that
MEw A g. O

DEFINITION 3.5. Let a C con. We say that a is con-expressible iff for any ¢ € FOR there
is w € FOR? such that F ¢ < w.

In the light of the remark from the beginning of this section, we can say that we can
restrict ourselves to some proper subset of con, only when this subset is con-expressible.
Now we will show that such subset does not exist.

THEOREM 3.6 (Inexpressibility). Let a C con. a is con-expressible iff a = con.

Proof. The right to left direction is trivially true. For the left to right assume that
a # con. Then there is * € con such that * ¢ a. Either 1) * = — or 2) * is one of
the binary connectives. Assume that x = . Let ¢ = = py & —py € FOR. Assume for
reductio that a is con-expressible. Let iy € FOR? be such thatF ¢ < . Let 9 = (v, R)
be such that R = {(=po. = po)}. Obviously, 9 E ¢. Hence, by the assumption we have
ME w. Let M = (v/,R’) be a reduct of M to a, i.e., v =" and R’ = ), because
—-po ¢ FOR?. By Lemma 3.4 we obtain: 91“ E w. But 9 ¥ ¢. Contradiction, so «a is
not con-expressible. Now, assume that = is a binary connective. Let ¢ = (po * py)
(po * po). Let M = (v, R) be such that R = {(po * po. po * po)}. Assume further that
a is con-expressible. Let v € FOR? be such that F ¢ <> . We know that 9 F ¢.
Hence also 90t E . Let 9M“ = (v, R') be such that v = v’ and R’ = (). By Lemma 3.4,
M E . But M £ p. Contradiction, so a is not con-expressible. O

To sum up the theorem just proven, it can be said that the only set of connectives
that is capable of expressing con is the set con itself. Or in other words: any proper
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subset of con is con-inexpressible. Observe that in the face of Theorem 3.6, Fact 3.1.5.
from [8] is false.”

§4. Ultramodels and compactness. Before moving to the next definition, we shall
quickly recall the notion of an ultrafilter. Let ¥ be a non-empty set. By P(W) we shall
denote the power set of W. F C P(W ) is a filter over W if the following conditions are
fulfilled: i) W € F.ii) X, Y € Fimplies XNY € F,andiii)if X €c Fand X C Y C
W .then Y € F. Filter F over W is said to be proper iff F # P(W). An ultrafilter U
over W is a proper filter that meets the following stipulation: for any X C W we have
XeUifWw\X¢U.

Let A C P(W). We say that A has the finite intersection property iff the intersection
of any finite number of elements of A4 is non-empty. The filter generated by 4 is the set
(WMF CP(W):ACF and F isafilter over W }. It can be easily proven that such
set is indeed a filter. We shall also recall the well-known fact about ultrafilters often
referred to as the ultrafilter theorem.

THEOREM 4.7. If A C P(W) has the finite intersection property, then it can be extended
to an ultrafilter.

Now we shall introduce the construction which is inspired by the well-known
ultraproduct.

DEFINITION 4.8 (Ultramodel). Let (90;);c; be a non-empty family of models where for
each i € IM; = (v;, R;), U an ultrafilter over I. We define the ultramodel of (9M;);¢;
modulo Utobe u 9M;/U = (v, R). where:
iel
for any ¢ € @ define: v(p) = 1iff {i € I :v;(p) =1} € U,
for any ¢, w € FOR define: pRy iff {i € I : pRiw} € U

Since there is no product of any domain within our construction, we named it simply
‘ultramodel’. We obtain the result completely analogous to £.o§’s theorem.

LEMMA 4.9 (Ultramodel lemma). Let I be the non-empty set and U an ultrafilter over I.
For any ¢ € FOR, M; = (v;, R;)

uMJUEiff{icl:MEp}el
iel

Proof. Let I be a non-empty set and U an ultrafilter over I. Let (9;);c; be
a family of models where 9, = (v;., R;) for each i € I. uIM;/U = (v,R). Let
il
¢ € FOR be an arbitrary formula. For the base case assume o € ®. u 9MM;/U E ¢
il
iffv(p)=1iff {i €l :vi(p)=1} € Uiff {i €I :9M; F p} € U. Now assume that
o =-w. uM;/UE —~ywiff u9M;/U ¥ yiff (from hypothesis) {i € I : M; Fy} ¢ U
iel ier
ff IN{iel:MEyteUiff iecl: MEy}tecU iff iel:ME-w}el.
Assumethaty = w V . u M /U Ew V yiff u9M;/U E wor u9M;/U E yiff (from
il il il

2 It states the following: Let FOR be the set of formulas built from {—. V. -} (so FOR C FOR).
For any ¢ € FOR there is w € FOR such that F ¢ <> w: see Fact 3.1.5 [8, p. 57].
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hypothesis) {i € I : M Fw}e U or {i €l :M;F y} € U. In either case {i €1 :
M EwtU{iel :MFEy} e U, which means {i € [ : 0; EyV x} € U. For the
other direction, assume that {i € 7 : 9%, F y Vv y} € U. This means that {i € I :
M; ¥y and M; ¥ y} ¢ U. This means that {i e [ : M, Fy}tn{iel My} ¢
USo{iel : MEwyt¢Uor{iel : M ¥y} ¢ U.Thismeansthat{i € I:9M;F
wreUor {iel:M;F y}eU. By hypothesis: u9M;/UEw or uM;/UE g,

iel iel
which means u 9;/U E w V y. The remaining Boolean cases are analogous. Let
iel
o=wAy Assume uM;/UEw Ay. u9M;/UFwand u9M;/UE y and yRy.
i€l iel i€l

From the earlier results we know that {i € 7 : 9t F w and 9, F y} € U and {i €
I:yR;y} € U. But then intersection of those two sets belongs to U, meaning
{iel : M Ew Ay} e U. For the other direction, assume {i € I : M; Ew A y} €
U.Notethat: {ie I : M EFy Ay} C{icl : MEyandIM; Fy}CIand {i €
I " MEyAy}C{iel wRiy}CI.So, {iel:MEwyandM;E y} e U and
{iel:wR;y} € U.Hence uM;/U E wand u9M;/U E y and wRy, which means

i€l il
uM/UEw A y.Letp =w & . Assume that 4 9, /U E w & y. This means that
iel iel

M /UEwy — yandyRy. Weknowthat{i € I : ; F w — y} € U from previous

iel
results for Boolean connectives and {i € I : wR;x} € U. Hence the intersection of

those sets is in U meaning that {i € I : M; E w & y} € U. For the other direction
assumethat {i € I : M; Fy + y} € U. Henceboth {i € I : M, Fw — y} € U and
{iel:yRiy}eUsince {iel MFy-y}C{icl : MEy — y}and {i €
I MEy y} C{iel:wyR;y}. From the previous results we also know that
UM /UE w — yand yRy meaning u M; /U E w & . O
iel iel

An important remark about our construction which differentiates it from the
ultraproduct construction is that an ultramodel of identical models (analogous to
an ultrapower in terms of an ultraproduct) always comes down to a single component
(does not produce any new entity)’, i.e.:

PRrOPOSITION 4.10. Let (9N;);c; be such that for each k.1 € I we have I, = My and let
U be an ultrafilter over I. Then u 9; /U = O ; where j is an arbitrary index from I.
iel

Proof. For the proof, it is enough to observe the following: either {i € I : v(p) =
1} =1.or{i € I:v(p)=1}=0depending whether v;(¢) =1 or v;(¢) = 0 for any
o € ®.Similarly {i € I : Ry} =TifeR;wand{i € I : pR;y} = 0if (p.y) ¢ R;.
For vi(p)=1iff {i eI :v(p)=1}=1€ U for any ¢ € ® and pR;y iff {i € :
eRiw} =1 € U for any ¢, € FOR. O

Now, we can move on to prove the next theorem. Compactness has been also proven

in [8]. However, our method will be completely different than the one employed by the
authors.

THEOREM 4.11 (Compactness). Let T C FOR. If all finite subsets of X are satisfiable,
then X is satisfiable.

3 Unlike an ultrapower, although it always gives an elementary equivalent model. An
ultrapower itself can be non-identical to a component: domains can have different
cardinalities.
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Proof. Let I be the set of all finite subsets of X. For each i € I let 91; be the model
satisfyingi. Let E = {6 : 0 € X}, where foreacho € Ewehaveg ={i €l :0 €i}. E
has the finite intersection property since for any oy, ..., g, € £{0¢.....a,} €GoN--- N
G,. By Fact 4.7 E can be extended to an ultrafilter. Let U be such ultrafilter. For any
cgeX.gelUanda C{iel MkEao}.So{iel: :MFEo}e U.ByLemmadwe

know that x4 9;/U E o forany o € . Hence p 9;/U F X. O
i€l i€l

§5. S-sets and (un)definability. Our last model-theoretic notion is the S-set
construction, which ascribes the whole set of models to a single generalized Epstein
model.

DErFINITION 5.12 (The S-set). Let 9t = (v. R) be a model. We define the set Q™ =
{{e, v) : MFE ¢ — w}. We define the S-set of 9t as follows:

SM = {(W . R):v =v. R\QM CR' C RUQ™}.

If we were to define the S construction as an operation, it would be O : M — P(M)
where O(M) = S™ for any M = (v. R) € M.

In order to prove Theorem 5.16, we shall first state some definitions and prove some
lemmas. Let us start with the definition of model equivalence.

DEFINITION 5.13. Let 91 be a model. By Th(9)t) we understand the theory of 901, i.e.,
Th(9M) = {¢ € FOR: M E ¢}. Given themodels M = (v, R), N = (v/,R') let M ~ N
iff Th(99t) = Th(M). Obviously, ~ is an equivalence relation, hence for arbitrary model
by |91|~ we shall denote the equivalence class: {91 : 9 =~ 91}.

LEMMA 5.14 (S-lemma). For any M = (v. R) we have S™ = || ~.

Proof. Let 9 = (v, R). For the left to right inclusion assume 9 = (v, R’) € S™.
We will show that for any ¢ € FOR we have 90t F ¢ iff 91 F ¢, which means 9t ~ 1.
For the base case assume that ¢ is atomic: ¢ € ®. By Definition 5.12 we know that
v’ = wv, so we get the result immediately. Assume further that ¢ = -y, MM E -y iff
M ¥ w iff (from hypothesis) N ¥ y iff N F —y. For ¢ = w A y we have the following:
ME w A yiff M E wand M = y iff (from hypothesis) N F w and N E yiff N E y A y.
The proof for the rest of the Boolean connectives goes in a similar way. Now assume that
@ = w b y. Assume further that M E w & . Hence 9 ¥ w or M E y. By inductive
hypothesis, we obtain that also 91 ¥ w or 91 E y. We also know that (v, y) € R. Since
it is not the case that M ¥ y — y, we know by Definition 5.12 that (w, ) ¢ Q™.
Then (y. ) € R\ Q™ and R\ Q™ C R, so (y. x) € R’ which means MF v ¢ y.
For the other direction, assume that 91 = w % y. This means that 91 # w or Mk y.
From inductive hypothesis we get 9 ¥ w or M E y. Also (w, y) € R’. Since R’ C
RUQ™ we know that (y. y) € RUQ™. But again ME y — y, so (y. ) ¢ Q™
which means (i, y) € R. This means that 9t F w ¢ 7. Now let o = v A y. Assume
ME w A . Hence M F w and M F y. By inductive hypothesis 91 F w and 9T F y. We
also know that (w, y) € R. Since M F y A y, itis not the case that M ¥ w — y. Hence
(w,x) ¢ Q™. Then (y. ) € R\ Q™ and R\ Q™ C R', so (w. 7) € R’ which means
M E w A y. For the other direction, assume that 9t F w A y. This means that T E w
and 91 E y. From inductive hypothesis we get M E w and M E y. Also (v, ) € R'.
Since R’ € R U Q™. we know that (. y) € RUQ™. But again M F ¢ A w. so also
ME o — w.Then (y, y) ¢ Q™ whichmeans (y, y) € R. Thismeansthat M F y A y.
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Now, for the right to left inclusion assume 91 = (v/. R’) ¢ S™. Then at least one of
the following holds: i) v # v’ ii) R \ Q™ ¢ R’ oriii) R’ ¢ R U Q™. Ifi) holds, then
we immediately know that 0 % 1. Ifii) is true, then thereis (¢. ) € R \ Q™ such that
(o, w) ¢ R'. We already know that 0t ¥ ¢ 9 . But since (. ) ¢ Q™. we know that
M E ¢ — . We also know that (p, w) € R, so 9 F ¢ & w. The desired result holds:
9N % MN. Finally, let us consider iii). There is (o, w) € R’ such that (¢, ) ¢ R UQ™.
Since (i, ) ¢ Q™ we know that 9 F ¢ — w. We also know that 9 ¥ ¢ & y, for
(p,w) ¢ R. Either MFE ¢ — w or NF ¢ — . If the first one holds we obtain the
result: 21 % N. If the second one holds, then 9 F ¢ & y, which also means that
M £ N. O

We say that a set of models K is closed under S-sets when the following holds for
M= (v,R), N= (v R

if M € K and 91 € S™, then 9 € K.

K is closed under ultramodels when for any non-empty 7 and any ultrafilter U over I
we have:

ifVielfmi € K, then y2i im,/U € K.
iel
Let K be a set of models. By K we shall denote K’s complementation, that is: {90t =
(v, R) : M ¢ K}. Note that the following is true about closure under S-sets:

PROPOSITION 5.15. Let K be a set of models. K is closed under S-sets iff K is.

Proof. Assume that K is closed under S-sets but K is not. Then there is 9 € K
and M ¢ K such that 9 € S™. Hence M € K and M ~ M so M € S, which means
M € K—contradiction. O

Now we are ready to state and prove our main theorem:

THEOREM 5.16. Let K be a set of models. K is definable iff K is closed under S-sets and
ultramodels.

Proof. For the left to right direction, let K be a definable set of models. Let I' C FOR
define K. Assume 9 € K and 91 € S™. Mk I'. But also 91 £ T’ by Lemma 5.14, so
1 € K. Now assume that for each i € I9; € K for some non-empty /. Let U be an
ultrafilter over I. Since for each y € I we have {i € I : I; F y} = I, we know from

Lemma 4.9 that x4 9;/U ET. Hence u M;/U € K.
iel iel
For the right to left, assume that K is closed under S-sets and ultramodels. Let

I'={p € FOR: forall M e KN E ¢}. We will show that I" defines K. Obviously,
M € Kimplies M E I'. For the opposite direction, let 9t = (v, R) be an arbitrary model
such that 9t = T'. Each finite subset of Th(90) is satisfiable in K. For otherwise there
would be finite ¥y = {0y, ..., g, } such that for each 9t € K we would have 0 ¥ %. This
would mean that —gy V --- V =g, € TandsoM F —a( V --- V —g,. Contradiction. Let /
be the set of all finite subsets of Th(901). For each i € I let 9; be the model satisfying
i.Let E = {G:0 € Th(OM)}, where foreachag € Th(MM)g = {i € [ : ¢ € i}. E has the
finite intersection property since for any ay. ..., g, € Th(9){oo.....0,} € Go N -+~ N Gy.
By Fact 4.7 E can be extended to an ultrafilter. Let U be such ultrafilter. For any
cgeThMgeUanda C{iel M Fo}tSo{iel : M Fo}e U.ByLemmad.9
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we know that x4 9; /U F ¢ foranyo € Th(9). Hence u 9;/U E Th(9M). By Lemma
il il
4SS U ic
5.14 we know that 9t € §ic! . Moreover, u 9;/U € Kso 9 € K. O
iel
As a corollary of the definability theorem, compactness and Fact 5.15, we can state
the following:

COROLLARY 5.17. Let K be a set of models. K is definable by a single formula iff K is
closed under S-sets and ultramodels and K is closed under ultramodels.

Proof. Let K be a set of models defined by a single formula. Let ¢ € FOR be such
formula. By Theorem 5.16 we know that K is closed under S-sets and ultramodels. In
order to show that K is closed under ultramodels, it is easy to notice that K is defined
by —. For otherwise there would be 9t € K such that 9 £ ¢ or 9t € K such that
M = —p. Both disjuncts immediately lead to contradiction with the assumption that
¢ defines K. Hence —¢ defines K. This enables us to state that K is also closed under
S-sets (which we knew already) and ultramodels. For the other direction, let K be
closed under S-sets and ultramodels and K be closed under ultramodels. By Fact 5.15,
K is also closed under S-sets, so from 5.16 we know that both K and K are definable. Let
I' C FOR define K and = C FOR define K. We know that there is no model 9t = (v, R)
such that 9t E T U X because this would mean that 9t belongs to K as well as K, which
is impossible. For this reason, I U X is not satisfiable. By compactness, there is a finite
subset A C I' U X such that A is not satisfiable. We know that there are finite I'¢ C T,
Xy C X such that A =Ty UZXZ. If one of those sets is empty, then either K =M or
K =M which means that the defining formula is poV —py for M. Let us now
assume that both I'y and X, are non-empty. Let I'g = {yo..... yx}. Zo = {00.....0,}.
We know that po A -« Ay E —ag V-V —a;. Let ¢ =y A -+ A yr. We conclude that
 defines K. O

Up to this point, the reader may have an impression that the notion of an S-set
seems to be some ad hoc construction introduced only to prove definability theorem
5.16. To prove him wrong, let us present some more concrete application. We will use
S-lemma 5.14 to prove undefinability of some naturally emerging set of models, e.g.,
models with symmetric relation.

PROPOSITION 5.18. Let M* be the set of symmetric models, i.e., M* = {{v.R) : pRy —>
wRe}. M is not definable.

Proof. Assume that M® is definable. Let I' C FOR define M*. Let 9t = (v, R).
where v(po) =0 and for each ¢ € ® such that ¢ # py we have v(p) =1. Let
R = {(po. p1).{p1.po)}. R is symmetric so M € M*. This means that MM =T.
Observe that (py, po) € Q™ since M ¥ p; — po. Let M = (v/, R’) where v’ = v and
R’ = {{po. p1)}. Notice that R’ = R \ Q™ so 91 € S™ which by 5.14 means 90 ~ N.
This means that 91 £ I". But R’ is not symmetric, so 91 ¢ M*! Contradiction. M* is not
definable. O

§6. Conclusion. The main results of the paper are 1) the inexpressibility of
connectives by any of its proper subsets, 2) purely model-theoretic proof of
compactness and 3) (un)definability theorems. Those results were achieved by means
of the three novel constructions introduced in the paper: reducts, ultramodels and

https://doi.org/10.1017/51755020321000368 Published online by Cambridge University Press


https://doi.org/10.1017/S1755020321000368

1032 KRZYSZTOF A. KRAWCZYK

S-sets. The author believes that the potential of the S-set construction reaches beyond
the theorems just proven. These investigations will be subject of the future work.

BIBLIOGRAPHY

[1] Carnielli, W. (1987). Methods of proofs of relatedness and dependence logic.
Reports on Mathematical Logic, 21, 35-46.

[2] Del Cerro, L. F., & Lugardon, V. (1991). Sequents for dependence logics.
Logique et Analyse, 133/134, 57-71.

[3] Epstein, R. L. (1979). Relatedness and implication. Philosophical Studies, 36(2),
137-173.

[4] . (1987). The algebra of dependence logic. Reports on Mathematical
Logic, 21, 19-34.

[5] . (1990). The Semantic Foundations of Logic. Vol. 1: Propositional Logics.
Nijhoff International Philosophy Series. Vol. 35. Dordrecht: Springer.

[6] . (2005). Paraconsistent logics with simple semantics. Logique et Analyse,
48(189/192), 71-86.

[7] Iseminger, G. (1986). Relatedness logic and entailment. The Journal of Non-
Classical Logic, 3(1), 5-23.

[8] Jarmuzek, T., & Kaczkowski, B. (2014). On some logic with a relation imposed
on formulae: Tableau system F. Bulletin of the Section of Logic, 43(1/2), 53-72.

[9] Jarmuzek, T., & Klonowski, M. (2020). On logic of strictly deontic modalities.
Semantic and tableau approach. Logic and Logical Philosophy. 29(3). 335-380.

[10] Klonowski, M. (2020). Aksjomatyzacja monorelacyjnych logik wiazacych
(Axiomatisation of Monorelational Relating Logics). PhD Thesis, Nicolaus Coperni-
cus University in Torun.

[11] Krajewski, S. (1982). On relatedness logic of Richard L. Epstein. Bulletin of
the Section of Logic, 11(1/2), 24-30.

[12] . (1986). Relatedness logic. Reports on Mathematical Logic, 20, 7-14.

[13] . (1991). One or many logics? (Epstein’s set-assignment semantics for
logical calculi). The Journal of Non-Classical Logic, 8(1), 7-33.

[14] Malinowski, J., & Palczewski, R. (2020). Relating semantics for connexive
logic. In Logic in High Definition. Trends in Logical Semantics. Berlin: Springer.

[15] Paoli, F. (1993). Semantics for first degree relatedness logic. Reports on
Mathematical Logic, 27, 81-94.

[16] . (1996). S is constructively complete. Reports on Mathematical Logic,
30, 31-47.

[17] Walton, D. N. (1979a). Philosophical basis of relatedness logic. Philosophical
Studies, 36(2), 115-136.

[18] . (1979b). Relatedness in intensional action chains. Philosophical
Studies, 36(2), 175-223.

DEPARTMENT OF LOGIC
NICOLAUS COPERNICUS UNIVERSITY IN TORUN
TORUN, POLAND
E-mail: krawczyk@doktorant.umk.pl

https://doi.org/10.1017/51755020321000368 Published online by Cambridge University Press


mailto:krawczyk@doktorant.umk.pl
https://doi.org/10.1017/S1755020321000368

	1 Semantics with syntactic relation
	2 Language and semantics
	3 Reducts and inexpressibility of connectives
	4 Ultramodels and compactness
	5 S-sets and (un)definability
	6 Conclusion

