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Let M be a compact Riemannian manifold with non-empty boundary M. In this
paper we consider an inverse problem for the second-order hyperbolic
initial-boundary-value problem u¢t + but 4+ a(z, D)u = 0 in M xRy, ulom xr, = f,
ult=0 = u¢|t=0 = 0. Our goal is to determine (M, g),b and a(z, D) from the
knowledge of the non-stationary Dirichlet-to-Neumann map (the hyperbolic response
operator) RT, with sufficiently large T > 0. The response operator RT is the map
f— ui lo x[0,7]> Where 71,5 is the normal derivative of the solution of the
initial-boundary-value problem.

More specifically, we show the following.

i) It is possible to determine R? for any ¢ > 0 if we know RT for sufficiently large T
p y y larg
and some geometric condition upon the geodesic behaviour on (M, g) is satisfied.

(ii) It is then possible to determine (M, g) and b uniquely and the elliptic operator
a(z, D) modulo generalized gauge transformations.

1. Introduction and main result

In this paper we study an inverse problem for the hyperbolic initial-boundary-value
problem

uy +bug +a(z,D)u=0 in M xR, (1.1)
ulormxry = fr uli=o = wlt=0 =0, f€ H&(@M xRy) (1.2)

on a compact connected C*°-Riemannian manifold M, dim M = m > 1, with metric
g= (ng)Zlel. The manifold is assumed to have a C°°-smooth non-empty boundary
OM. The operator a(x, D) is a first-order perturbation of the Laplace operator —Ag
on (M,g),

a(z,D) = -Ag+ P+ Q. (1.3)

Here, P is a complex-valued C'*°-vector field, which, in local coordinates x =
(z',...,2™) on M, has the form P = P'9;, while Q and b are complex-valued
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C*>-functions on M. The symbol a(x, D) is, in general, not formally symmetric.
Later in the paper we refer to the case (1.1), (1.2) with b(z) # 0 and a(x, D) of
form (1.3) as the ‘generic case’. We also study the ‘self-adjoint case’,

a(z,D) = a"*(x, D), b(z) =0, (1.4)

where the results are quite different from the generic case. Here, the adjoint sym-
bol a*(x, D) is considered with respect to a suitable L?(M,du) norm, with du =
ndmg(z), where 7 is a positive C*°-function on M and dmgy(z) is the Riemannian
volume on (M, g),

dmgy(z) = g"/? dat - - - da™.

In this case,
a(z, D) =n~tg™2(9; +1ip;)g"*ng’ (0 + ip1) + 4, (1.5)
with real p; and q.

REMARK 1.1. Any second-order uniformly elliptic symbol with real principal part
can be written in the form (1.3) and, in the self-adjoint case, in the form (1.5).

By H?*(A) we denote the Sobolev space of functions on A and by H§(OM x [0, t])
the space of u € H*(OM x R) with suppu € OM x [0,t]. We denote by v the
unit normal vector to dM with respect to g and define the boundary operator
Bu = 0,u — P,ulgrrxo,r), where 9, and P, = (v, P), are the normal derivative
and the normal component of P, correspondingly.

DEFINITION 1.2. Let T' > 0. The response operator
RT . H}(OM x [0,T]) — L*(OM x [0,T])
is given by the formula
RT(f) = ouf — Puuf|8M><[O,T]a
where u/ is the solution of the problem (1.1), (1.2).

In the following, we call the pair {9M, RT} the dynamical boundary data, cor-
responding to problem (1.1), (1.2), and abbreviate it as DBD.

The operator RT can be represented by making use of Green’s function, G =
G(z,t,y,s), of (1.1), (1.2),

(0} + b0, + a(x, D,))G(x,t,y,8) = 6, s(x,t) in M xRy,
G(l‘, ta Y, S)|(r,t)€8M><]R+ = 07 G(l‘, ta Y, S) |t:O = Gt(x7 ta Y, 5)|t:0 =0.
Indeed, the Schwartz kernel S(z,t,y, s) of the operator RT is then
S(.Z‘7 iy, 5) = au(r)au(y)G(x7 iy, S)|I,y€3M-

Hence the knowledge of response operator RT is equivalent to the knowledge of the
Cauchy data of G(x,t,y,s) on the lateral boundary

{(z,t,y,8) € OM x [0,T] x OM x [0,T1]}.

In this paper, we consider two problems.
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PrOBLEM 1. Let OM and RT, with some T > 0, be given. Do these data determine
the operator Rt with anyt > 0%

ProBLEM II. Let OM and RT', with some T > 0, be given. Do these data determine
(M, a(z,D),b) uniquely?

Problem I is equivalent to the problem of the unique continuation of Green’s
function along the lateral boundary.

PROBLEM I'. Let OM and the Cauchy data of Green’s function G(x,t,y,s) on the
boundary cylinder (OM x [0,T1)2, with some T > 0, be given. Do these data deter-

mine the Cauchy data of Green’s function on the whole lateral boundary (OM x
R,)2?

There are at least two reasons why it is important to solve problem I without
solving the inverse problem. First, there is a point of view related to the applications.
Since the methods of solving inverse problems are usually unstable, it is often
efficient to first generate data on a larger time-interval without doing constructions
inside the manifold and then use the new, larger set of data to solve the inverse
problem. Second, many methods require boundary data to be known for all ¢, s > 0.
In particular, the inverse boundary spectral problems, that is, the inverse problems
for elliptic operators with a variable spectral parameter, can be considered as the
hyperbolic inverse boundary-value problems with data given on the time-interval
R,. Typical examples of this kind are quantum mechanical or acoustic inverse
problems, when measurements are made at many energy/frequency levels. Thus
problem I gives an opportunity to continue boundary data and then to solve the
inverse problem by a method that is the most suitable for the studied case. In
particular, the method that we use to solve problem II requires the knowledge of
the boundary data on a large time-interval and we first continue R” onto t > T.

In problem II, we consider how the boundary data can be used to reconstruct the
unknown manifold and the wave operator on it. Physically speaking, problem II
is analogous to the question of finding the speed of the wave propagation and
other physical parameters inside an unknown body by making measurements on its
boundary. This type of problem has been studied quite extensively and numerous
references can be found in [7].

In particular, the inverse boundary-value problem II for operators on manifolds,
or, more precisely, its spectral analogue, was considered in [8-10] for the self-adjoint
case, a(z, D) = a*(x, D). The non-self-adjoint case, a*(z, D) # a(x, D), with, how-
ever, b = 0, was studied in [12] and, for a quadratic operator pencil, in [13].

When b # 0, the known results concern mainly the Euclidean case M C R™,
g9 = 6Y. The scattering analogue of the inverse initial-boundary-value problem
was considered in [18]. For the case when boundary data are prescribed only on a
part of the boundary, we refer to [7]. The inverse boundary spectral problem where
one knows the generalized eigenvalues and the boundary values of the generalized
eigenfunctions of the operator pencil corresponding to wave equation (1.1) was
considered in [15].

Finally, in [17], the uniqueness of the reconstruction of a conformally Euclidean
metric g/ (x) = o(z)6?! in M C R™ and of some lower-order terms (with further
restrictions upon these terms) was proven in the geodesically regular case.
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The assumption b # 0 changes the nature of the problem quite dramatically,
because the term bu, is responsible for the dispersion of the waves governed by (1.1).
Ideologically, this difference in the nature of the problem implies that, to solve the
inverse problem with b # 0, we need RT with T > 2t,, where t, is the exact
controllability time (see definition 1.3). On the other hand, when b = 0, it is
sufficient to know RT when T > t, (see theorem 1.5). Technically, this result is
based on the consideration of the indefinite form (JU/(t), V9(s)) (see, for example,
lemma 3.3) when b # 0, rather then semi-definite energy-type forms, which was
used in the self-adjoint case and also the non-self-adjoint case with b = 0 (see, for
example, [9,10,12]).

This paper is based on the boundary-control method introduced in [2] (see
also [3]). In particular, we use here the geometrical formulation of the boundary-
control method [6,11], together with exact controllability results [1].

To formulate our results for problems I and II, we first consider how large time 7'
should be and impose some geometric conditions on (M, g) necessary for the generic
case.

To answer positively to problem I, it is clear that the waves sent from the bound-
ary at time ¢ = 0 should be able to reach all points inside M and return back to
the boundary before time ¢ = T'. Hence, in the self-adjoint case, we should assume
that T > 2p, where p = max{dist(z,0M) : x € M} is the geodesic radius of M.
On the other hand, in the generic case, we should know R” for larger T and, more-
over, should impose the following geometrical condition (for details, see [1]), which
generalizes the condition that the rays of the geometrical optics hit the boundary
transversally.

DEFINITION 1.3. (M, g) satisfies the Bardos—Lebeau—Rauch condition if there exists
t, > 0 and an open conic neighbourhood O of the set of the not-non-diffractive
points (z,t,&,w) € T*(M x [0,t,]), x € OM, such that any generalized bichar-
acteristic of the wave operator 07 — A, passes through a point of (z,t,&,w) €
T*(M x [0,t,]) \ O, z € OM.

(In the future, we refer to t, as to the exact controllability time.)
We can now formulate the first main result of the paper.

THEOREM 1.4. Assume that the following hold.

(i) In the generic case, the Riemannian manifold (M,g) satisfies the Bardos—
Lebeau—Rauch condition, with exact controllability time t., and RT is known
for T > 2t,.

(ii) In the self-adjoint case, RT is known for T > 2p.
Then these data determine uniquely R for any t > 0.

Moreover, in § 4 we give a corollary of theorem 1.4 for the case of the inverse prob-
lem with one measurement. Namely, we show that there exists f € HL _(OM x R})
such that the function auuf|aMX]R+ determines R for any ¢ > 0.

Returning to problem II, we first note that it is well known that, in general,
problem IT has a negative answer, since generalized gauge transformations preserve
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the boundary data. This means that, by replacing a(z, D) by a(z, D),
ax(x,D) = ka(x, D)1, (1.6)

where k|py = 1, & # 0 on M, we do not change R”. Thus the best we can hope for
is to recover the equivalence class of a(z, D) with respect to the generalized gauge
transformations, namely the set

[a(xz,D)] := {ka(x,D)x™" : k € C®°(M;C), klops =1, k # 0 on M}.
We now formulate the second main result of the paper.

THEOREM 1.5. In the generic case, let the Riemannian manifold (M,g) satisfy the
Bardos—Lebeau—Rauch condition, with exact controllability time t,. Let OM and RT,
with T > 2t,, be given. Then these data determine M, b and the equivalence class
[a(z, D)] uniquely.

The analogue of this result for the inverse boundary spectral problem in the self-
adjoint case was proven in [6,9,10] (see also [4] for the dynamic inverse problem
with a(xz, D) = —Ay, when the group of gauge transformations is trivial).

EXAMPLE 1.6. Let us consider a general one-dimensional wave equation for u =
u(y,t),

e = E(y)tyy + by)ue+ By + i =0 in (2,1) € [0, x R,
Introducing new coordinates x = z(y), dz/dy = é(y), we reduce this equation to
Ut — Ugg + but + puy +qu =0 in (z,t) € [0,]] x R4. (1.7)

As the wave speed is equal to 1 for (1.7), p = 31 and (1.7) satisfies the Bardos—
Lebeau-Rauch condition with ¢, = I. We consider (1.7) with initial and boundary
conditions

u(z,0) =0, ug(z,0) =0, u(0,t) = fo(t), u(l,t) = f1(t).

Then the dynamical boundary data is given by the mapping

(fO(t)a fl(t)) = (uI(Ov t)v _ur(l7t))a

where fo(t), f1(t) € HL([0,T)) are arbitrary. These data correspond to the mea-
surements that one makes at the boundary on the time-interval [0, T].
The results presented in this paper imply that the boundary measurements on a
time-interval [0, T], T > 2l, determine all measurements at any time-interval [0, ¢].
Furthermore, one can uniquely construct the function b(x) and the equivalence
class

{(pmq;i) : /*i(.l‘) 7é 0, K(O) = 'Li(l) = 1}5
where
e =p—20,(k71), G = —0%(k™Y) + p0. (k™) +q.

To find p, g uniquely, one needs further a priori information about their behaviour.
For instance, if the coefficient p(x) is given, one can reconstruct functions b(x) and
¢(x) uniquely. Similar examples are considered in more detail in [8].
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At the end of this section, we explain what we mean by the reconstruction of a
Riemannian manifold (M, g). Since a manifold is an ‘abstract’ collection of coordi-
nate patches, we construct a representative of an equivalence class of the isometric
Riemannian manifolds, i.e. a metric space X that is isometric to (M, g). After con-
structing X, one can take any suitable local coordinates and construct the vector
field P and the potential ) in these local coordinates.

2. Continuation of data in the self-adjoint case
In this section we consider problem I for the initial-boundary-value problem
ul, + a(z,D)uf =0 in M xR,
ullonixr, = f, ullizo = ul =0 = 0,

where a(x, D) = a*(z, D) with respect to a suitable smooth measure du = ndmgy(z).
We point out that we do not assume that the Bardos-Lebeau—Rauch condition is
valid.
By A; and ¢; we denote the Dirichlet eigenvalues and the normalized eigenfunc-
tions of the operator a(z, D) in L?(M, du). Also, we choose r satisfying p < r < %T.
We start with a well-known result on approximate controllability.

LEMMA 2.1. The pairs
(! (2r),uf (2r)),  feCFOM x[0,2r])
are dense in H (M) x L*(M).

Proof. For the sake of simplicity, we only prove the statement for the case a(x, D) =
—Ag+q, with real ¢, and dy = dmgy(z). Necessary changes in the general case may
be found, for example, in [10,11].

Assume that a pair

(¥, —¢) € (Ho (M) x L*(M))" = H™ (M) x L*(M)
satisfy the duality
(uf (2r), V) -1y + (uf (2r), =) 12 =0
for all f € C§°(OM x [0,2r]). Let
e —Agje+qge=0 in M x |[0,2r],
€|at:vf = (i +€|(i_2r =0, et|t—[2r Z]T/)-} =)

By integration by parts,

0= / [ul (ery — Age + ge) — (ul, — Agut + qule] dpdt
M x[0,27]
_ B 2r _
= [ wlené-wenpaus [ [ mras.a
M om Jo

2r
= / fO,edS,dt
OM JO
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for all f € C§°(OM x [0, 2r]). This yields

elomxo,2r] = Ovelanxo,2r] = 0.

Since, by (2.1), e € D'(]0,2r[, Hj (M)), Tataru’s Holmgren—John uniqueness theo-
rem (see, for example, [19,21]) is applicable, so that e(r) = e;(r) = 0. Hence e = 0
identically on M X [0, 2r] and thus ¢ = ¢ = 0. O

Consider a bilinear form

B(uf utt) = /MK(V +ip)ud (t), (V +ip)u” (1)) + uf (t)uf () + qu! (t)u ()] du(=),

where p = (p1,...,pm) and, as usual, (a,b), = ¢''a;b,j,l = 1,...,m. Denote
B/ t) = E(uf,ul t).

LEMMA 2.2. The operator Rt determines E(uf,u9,t) for f,g € C(OM x [0,1]).
Proof. By integration by parts,
0

ot
2 [ (9 + i)l (0. (7 +ip? (@) + (el ) + ! (0 ()] )

2 [ lae. Dyt () + (O D dpta) +2 [ od 0T0TB a5,
M oM
=2 fe(t)RYf(t) dSy.
oM
Since, by initial conditions, F(u/,0) = 0, we can determine E(u/,t). Since
4E(u! w9 t) = E(u!19,t) — BE(u/ 79, 1),
this proves the assertion. a

Next we show that we can continue data without solving the inverse problem.

Proof of theorem 1.4 in the self-adjoint case. It is sufficient to show that RT deter-
mines R'f for any f € C§°(OM % [0,2r]) and any ¢t > 0.
Let ¢ = 3(T—2r) and to = 2r+e. By lemma 2.1, there exist f,, € C5°(OM x [0, 2r])
such that
lim (uf (2r), uf" (2r)) = (u! (to), uf (t0)) (2.2)

n—oo

in H} (M) x L?(M)-topology. We want to show that (2.2) is valid if and only if

nhl& E(u,ty) =0, (2.3)
Tim [R5 g0 | L2 (oarxfto.to-+e)) = O (2.4)

and, for every h € C§°(OM x [0, 2r]),
lim E(u?,u" ty) =0, (2.5)

n—oo
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where g, (t) = f(t) — fn(t — €). Since the direct problem depends continuously on
initial data [8,14], we see that (2.2) obviously yields (2.3)—(2.5). Thus we assume
that (2.3)—(2.5) are valid. We use the eigenfunction expansion w9 (tg) = Zj ajo;
and uh(t()) = Zj bj¢j. Then, by (2.3),

JE&(Z)\ 24 || n”Lz) =0. (2.6)

Let 0 < j— < j4 be such that A\; < 0 for j < j_ and A; > 0 for j > j; and
let P be the orthogonal projection in HJ (M) onto the space of the eigenfunctions
corresponding A; =0, j_ < j < jq.

Using this notation, we rewrite (2.6) in the following form,

Z _)\j( Z )‘ + ||ut (tO)”LZ(M) + O( ) (2.7)

where o(1) goes to zero when n — oo.

First we show that aj — 0 for j < j_. Indeed, assume that there exists k < j_
such that aj; /> 0. By choosing a subsequence, the sign of a} with j < j_ depends
only on j. Moreover, without loss of generality, we can assume that a7 > 0, j < j—.

Since (u”(to),ul(tg)) are dense in HE (M) x L?(M), we can choose h such that
its Fourier coefficients (b;) Satlsfy bj = dj<j_ + cj, where [|(}; AL/2 ¢j)llez < € and also
[l (to)llr2(ary < €, € €0, 3[. Then (2 5) yields

Z —Ajai(l+¢j) = Z Ajaje; + (ufn(tO)au?(tO))Lz(M) +o(1).
JS<J— j>j

Hence, by (2.7),
> a1 +e)

i< _ (; )\j(a?)2>1/2<§: )\j(Cj)2>1/2 + lud™ (to) l|ul (to)|| + o(1)

1/2
<o( S n@?) el @o)lie +o0)

I
1/2
< \/§s<2 —Aj(a;lﬂ) +o(1). (2.8)
AV
On the other hand, there exists C' > 0, which is independent of ¢, such that
1/2
S na+e) > o X -n@?)
JSJ- AYE

But for some k < j_, af 7 0. This leads to a contradiction with (2.8).
Thus we have proven that a} — 0 for all j < j_. By (2.6), this implies that
(1= P)u?"(tp) — 0 in H} (M) and u{" (o) — 0 in L?(M).
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The solution of the initial-boundary-value problem, and also auu|8M><[O,t]a de-

pends continuously on initial data [8,14], so that

= 0.
L2(OM x[to,T])

lim HRTgn — > alddslon

n—oo
2;=0

Finally, the linear independence of 9, ¢;|sns implies that (2.4) can only be valid if
aj — 0for j_ <j<ji.

Thus (2.2) and (2.3)—(2.5) are equivalent.

We can now use lemma 2.2 to construct f,, that satisfy conditions (2.2). The
functions ¥, (t) = u/" (t) for t € [2r, T| are the solutions of the initial-value problem

yyy +a(z,D)y" =0 in M x [2r,T],
Y 'lonxzrm) =0, ¥ limar = uf (20)iy7lem2r = ul" (21).
However, y(t) = u/ (t + ) satisfies the same equation with initial data

Ylimar = u! (t0), Yilemar = ul (to).

Then it follows from (2.2) and continuous dependence of solutions on the initial
data [8,14] that

lim 9, y"|on x[2r,1] = Ov¥lon x[2r,1]
n—oo

in L?-topology. Since we know that y" (t)|onrx2r, 7] = (R fo)(t), t € [2r, T], we can
determine RT+ef.
By iterating the above consideration, we get the assertion. O

3. Continuation of data and uniqueness results
in the non-self-adjoint case

In this section we study the inverse problem for the initial-boundary-value problem
in the generic case,

ul, + bul +a(z,Dyu/ =0 in M xR, (3.1)
wlonixr, = f, uli—o = wili—o =0, f€ HJ(OM x Ry), (3.2)

where a(z, D) is of the form (1.3) and (M, g) satisfies the Bardos-Lebeau-Rauch
condition. We use the notations

U7 (1) = <“;(x’t)> € I2M2,  J (“;) - (“2 +1b“1> o 33)

uy (z,t) u U
and denote the inner product in [L?(M)]? with respect to the Riemannian vol-
ume (1.4) by (-,-).
3.1. Adjoint equation
Let v9(x, s) be the solution to the adjoint initial-boundary-value problem
vl + v +a*(x,D)v9 =0 in M xR, (3.4)

vomxry =9, v |i=o = v{]i=0 = 0. (3.5)
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V() = <U§E“;> . (3.6)

For the adjoint equation we define the response operator

RT . HY(OM x [0,T)) — L*(OM x [0,T])

We write

as
RT(g) = B*1Y, B*v := 0,v|amx[0,1]- (3.7)

LEMMA 3.1. For any tg > 0, R* determines R%.

Proof. Let f,h € HY(OM % [0,t,]) and let e” be the solution of the backward wave
equation

el —bel +a*(z,D)e" =0 in M x [0, 1],
eh|8M><[O,to] = h, €h|t:to = €?|t:to =0.

Notice that for h(t) = g(to — t) we have e/ (t) = v9(ty — t). Integration by parts,
together with initial and final conditions (3.2), (3.9), yield that

to _ _
0= / / ((ul, + bul + a(z, D)ul)el — u! (el — bel + a*(x, D)eh)) dm, (x)dt
0o Jum
to _
= / / (Bule? — uf B¥eh) dS,dt
o Jom

to
:/ / (R fh — fB7eF) dS,dt.
0 OM

Since f is arbitrary and R f is known, we can determine B*eh|8M><[O,to] for each
h € HY(OM x [0,t0]), and thus find RL°. O

3.2. Controllability results and continuation of R”

We denote by £#, s € R, the subspace of functions in H3 (M) x H*(M) that sat-
isfy the natural boundary compatibility conditions for the hyperbolic problem (3.1),
(3.2) for t ¢ supp f (see, for example, [8,16]) and by L3, the analogous subspace
for (3.4), (3.5).

We use the following exact controllability result.

THEOREM 3.2 (cf. [1]). Assume that (M, g) satisfies the Bardos—Lebeau—Rauch con-
dition. Then

{UF(t1) : f € HYPHOM x [0,t])} = L5, t1 >t >t., s3>0,

where t, is the exact controllability time.
The analogous result is valid for the adjoint equation.

LEMMA 3.3. Assume that we know RT for some T > 0. Then, for any f,g €
H}(OM x [0,T]), t +s < T, we can evaluate

(JUY (1), V9(s)) = /M[u{(x,t)vg(x,s)+uf(t)v§(x, s)+b(z)u! (z, t)v9(z, s)] dmg(z).
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Proof. By integration by parts,

(@0 = 0T (0.V7(9) = [ [(u,+ 00 77— o (5, 0oF) iy )

= / [Bu! ()v9(s) — u’ () B*v9(s)] 45,
oM

= [ RO - SRS, (310)
oM
As RT and RT are known, all the functions in the last integral are known. Hence
(3.10) is a differential equation along the characteristic t + s = const. Furthermore,
(JUT(0), V() = (JUL(1),V(0)) = 0,

due to initial conditions (3.2), (3.5). Equation (3.10), together with the above initial
conditions, indicates the possibility to find (JUZ (t), V9(s)). ]

Next we prove that, in the generic case, R can be determined for all ¢ > 0.

Proof of theorem 1.4. Let e < %T —ty, Tp = %T. We will first prove that when RT
and RT are given, it is possible to find RT*¢ and R+,

Clearly, it is sufficient to determine RT+ef for any f € Hi(OM x [0,Tp]). As
Ty — & > t, then, by theorem 3.2, there exists f € HA(OM x [0, Ty — €]) for which

UNTy) = U (T — ¢).

Moreover, this function can be found by choosing f such that it satisfies the fol-
lowing equation,

(JU!(Ty), VI(Ty)) = (JUL (Ty — €), VI(Ty))

for all g € H(OM x [0, Tp)).
Now let F' € H}(OM x [0,T]) be the function

Flo.t) = f(z,t) forte0,Ty — el
>0 for t € Ty — &, 7).

Let ¢ = uf =z, and ¥ = uf|,—1,. Since u/ solves the equation
ul, +bul + a(z,D)uf =0 in M x [Ty, T + €],
w loreximyrie) =00 wlliery = 60 uflien, = ¥
and u¥ solves the equation
uf, +buf +a(z,D)uf =0 in M x [Ty —¢,T),
WFlorrsiry—er) =0, uli=ry—c =&, uf li=ry—c = 1,
we see that

uw (t+e)=ul'(t) forte [Ty —e,T).
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Hence we get
RT*Yf(.t) =RTF(-,;t —¢) forte [Ty, T +e¢.

Since, by assertion, (RT F)(-,t) for t < T is known, we reconstruct R7+¢. The claim
follows similarly for RT+¢.

By iterating the above procedure with fixed Ty, we can reconstruct RT*"e,
n=20,1,2,.... This proves theorem 1.4. O

Analogously to lemma 3.3, we can now obtain the following result.

COROLLARY 3.4. Assume that DBD are given for T > 2t,.. Then, for any f,g €
H}(OM x Ry) and t,s > 0, we can evaluate (JUY(t),V9(s)).

3.3. Construction of the boundary distance functions
Let r,.(y),z € M be the boundary distance functions
ra(y) = d(z,y), ye oM.
We define a mapping R : M — L*°(9M) by setting
R(x) =ry.

We are going to show that we can reconstruct the set R(M) = {r, : x € M}.

In the standard boundary-control method, one constructs the projections to the
spaces of the Fourier coefficients of the functions L?(A), A C M. Inspired by this,
we consider the Dirichlet boundary value f as a control parameter of Uf(T") and
define the following spaces.

DEFINITION 3.5. Let H C L® be a lineal, s > 0, and let
T > 2max{diam M, t.},

where diam M is the geodesic diameter of (M, g). We define the control sets H*(H)
for H by

HA(H) = {f € Hy " (0M x [0,4T)) : U/ (T) € H},
Hia(H) = {g € Hy* (0M x [0,4T)) : VI(T) € H}.
Let I' C M be open, t, > 0. Denote
M(I'yto) = {x € M :d(z,I") < to}. (3.11)

We remark that since M (I',tg) = M for ¢y > diam M, it is sufficient to consider
tog < diam M.

DEFINITION 3.6. For s > 0, let

LT tg) ={U € L® : suppU C cl(M (I, tg))},
LT tg) ={U € L® : suppU C cl(M \ M(I',t))}

and analogous sets £ ,(I' to), L34 .(I',%0)-
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Our next goal is to find the control sets for the above subsets of £*.

LEMMA 3.7. Let RT be given for T > 2t.. Then, for any f € H3T (OM x [0, %T]),
$20, and any I’ C OM, tg € [0, %T], it 1s possible to determine whether

my (supp U (T) N M (I, t)) = 0

or not. Here, mg is the Riemannian measure on (M, g).
An analogous statement takes place for the adjoint solutions VI(T).

Proof. By theorem 1.4, we can assume that we know R? for any ¢ > 0. In particular,
we know R3T/2.
Recall that, in the assertion, f(x,t) =0 for ¢ > %T. Thus, if

mg(supp Uf(T) NM(T,tg)) =0,
then, by the finite velocity of the wave propagation,
Buf|r><[T—to,T+to] =0 and f|F><[T—t0,T+tO] =0.

On the other hand, by Tataru’s Holmgren—John theorem [19], the converse is also
true. Since Buf|aMX[o,3T/2] = R3T/2f is known, the statement follows. The claim
for adjoint solutions follows from lemma 3.1. O

COROLLARY 3.8. Let I' C OM, to =2 0 and s > 0. Then DBD determine lineals
HA(LA( to)), HA(LE(T to)) and Hig(£34(1t0)), Hog (£ag (I to))-

Proof. By theorem 3.2,
{UNT): f e T (OM x [0,3T))} = L°.

Thus, by lemma 3.7, DBD determine H*(L: (I t9)) and H;4 (L3, (I to))-
For f € H3™(0M x [0, 1T)), we have f € H*(L*(I',ty)) if and only if

(JUN(T),V(T)) =0

for all g € H3,(£5,..(Lt0)). Hence we can determine H*(L(1to)).

The case H2,(L:,(I,to)) can be considered analogously. O

COROLLARY 3.9. Let I'; C OM, tj' >t 20,i=1,...,1. Denote by M the set

I
My = (\(M(L3, )\ M(T;,t7)). (3.12)

i=1
Then DBD determine whether mg(Mr) =0 or not.

Proof. Using intersections of sets described in corollary 3.8, we find whether £?,
s = 0, contains functions supported in the closure of M;. These kind of functions
exist if and only if mg(M;) # 0. |

Corollary 3.9 is the basic analytic tool in the reconstruction of R(M).

THEOREM 3.10. The response operator RT with T > 2t, uniquely determines R(M).
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Proof. For every ¢ > 0, we choose a collection I; C M, i = 1,...,I(¢g), of disjoint
sets such that diam([;) < e, |JI; = OM. Let

p=P1.--.010))s Pi €Ly, tf=(pi+1le, t; =(p;— 1. (3.13)

Denote by M (e,p) the set My (see (3.12)), with £ of form (3.13). For every p,
we define a piecewise constant function r, € L (9M) by setting r,(y) = ps;e when
y € I;. Using corollary 3.9, we define whether m (M (¢,p)) > 0 or not and introduce
the set

Ro(M) = {r, : p € Z- such that my(M(e, p)) > 0} C L®(9M).
As ||ry — 7pl| < 2¢ + maxdiam(I;) when x € M (e, p), then
dists (Re (M), R(M)) < 3e.

Here, disty(£2,(2) is the Hausdorff distance between subsets 2,2 € L>®(OM).
When € — 0, we find the set R(M) C L>*(0M) as the limit of R.(M). a

Let R(M) C L*°(OM) be given. It is shown in [11] that it is possible to uniquely
define a Riemannian structure on R(M) such that R : M — R(M) is an isom-
etry. In this paper, we use another method to reconstruct (M,g) and also b and
[a(z, D)]. This method is based on an approximation of d-functions. We start with
the following result (see [11]).

LEMMA 3.11. R(M) C L*®(0M) is homeomorphic to M.

Proof. Obviously, R is continuous. Assume that r, = ry, z,y € M. If z € OM
is a nearest point to x, r, achieves the minimum h = min, cgps 7, (2’) at z. Thus
z lies on the normal geodesic from z and z = exp,(hv), exp being the standard
exponential map on T'M. The same holds for y and hence R : M — R(M) is one
to one. By definition, it is onto. Since M is compact, R is a homeomorphism. [

3.4. Reconstruction of the Riemannian metric and the operator

Let f,g € Ht'(OM % [0,3T)), s > 0. We define a bilinear form

(f,9) = (JU(T),VI(T)).
Let
R(e,p) = R(M(e,p)), e>0, pez'®, (3.14)

Here, M (g,p) is defined as in the proof of theorem 3.10, i.e. R(e,p) is the set of all
boundary distance functions r, with x € M(e,p) C M.
Let ry, € R(M\OM). Then, for any ¢, there exists p. € Zi(s) such that zy €
M(e,pe) and
R(e,pe) — {rzy} when e — 0,
i.e. the Hausdorff distance between the above sets goes to 0 when ¢ — 0. By
lemma 3.11, this yields that

M(e,p:) — {zo} whene — 0. (3.15)

Denote by g(¢),e > 0 a family of functions in H}(OM x [0, 4177]) such that
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(i) supp VIEN(T) C (M (e, pe));

(ii) for any f € Hit (OM x [0,37)), s < 4m < s+ 1, there exists a limit

W () = lim (£, g(e))-

Such families exist. Indeed, it is sufficient to take V9() to be C§°-approximations
to (0,8(-—xp)). On the other hand, assume that for every f € Ht(9M x [0, 117),
the limit

lim(f,g(e)) = lim(JU/ (1), VIE(T))

exists. Then, by the Banach—Steinhaus theorem, there exists
W e (L£°) c HiT' (M) x Hy(M)'
such that
lim(f, g(c)) = (JUI(T), ™),
E—

where the right-hand side is understood in the distribution sense. Assumption (i)
above, together with (3.15), implies that supp(W*°) C {xg}. Since any distribution
supported in a point is a finite sum of derivatives of the J-distribution, and since
W e Hg(M)' x HiT (M), s < im < s+1, it follows that there exists a constant

k(zo) that
= (m(m)a?- - xo>> |

LEMMA 3.12. Let (M, g) satisfies the Bardos—Lebeau-Rauch condition and let RT
be given for T > 2t,., where t. is the exact controllability time. Then it is possible
to construct functions g(e) such that

W (f) = k(zo)u! (xo, 1),  f € HFT'(OM x[0,3T]), t>0, s<zm<s+1

and
k€CYUM), kloar=1, K#0 on M. (3.16)

Proof. To prove the statement is sufficient to show that, for any r,, € R(Int(M)),
it is possible to find a family g, (¢), € > 0, such that the corresponding W"° satisfy
assumptions (i), (ii) above and the following conditions.

(iif) W* #£ 0 for any zo € M.

(iv) The function 7, — W?T(f) has a continuous extension to R(M) when f €
Ce(OM % 0,17).

(v) For f e Cg°(OM x [0,T]) and x; € OM,
lim W?*(f) = f(z1,T).

To—T1

As we already know, such a sequence exists. Indeed, we can take functions g, (¢)
such that V920(2)(T) are smooth approximations to (0,d(- — xo))*. On the other
hand, corollary 3.4 makes it possible to algorithmically verify conditions (i)—(v). O
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COROLLARY 3.13. Let DBD and ry, € R(M) be given. These data determine
k(z)uf (zo,t) for anyt >0 and f € HF(OM x R,).

Proof. The statement follows from corollary 3.4 and lemma 3.12. O

We want to emphasize that we do not know x(x) and, henceforth, cannot recon-
struct uf (x,t). However, we have the following.

THEOREM 3.14. The DBD determines a metric E on R(M) such that the metric
space (R(M), E) is isometric to (M, g).

Proof. Let ry, 7, € R(Int(M)) and let R(e,p.) (see (3.14)) be a sequence satisfying

R(e,pe) — {rs}

when ¢ — 0. We write h. = diam M (g, p-). By corollary 3.9, we can construct the
set

X(e) = {f € HS" (OM x [0,3T)) : supp U/ (T') C cl(M (e, p:))}. (3.17)

Let 7 > 0. Assume that d(z,y) > 7. Then, due to the finite velocity of the wave
propagation and the fact that h., — 0, there exists g such that, for € < gg, we have
the following property.

(A) There is a neighbourhood N of y such that, for any f € X(¢),
Uf | v 17,7+ = 0.

Using lemma 3.7, we can check if property (A) is satisfied.
Now let s(rz, ry) be the supremum of all 7 > 0 for which property (A) is satisfied
with some € > 0. Then
s(rg,ry) = d(z,y). (3.18)

On the other hand, assume that z and y are so near to each other that d(z,y) <
2d(z,0M) and there exists a unique minimal geodesic (t) = exp, (tv) from x to y.
Let 7 > d(x,y). Then, for every € > 0, there is a solution (uf(z,T),0), f € X(¢),
such that (z,T,v,1) € T*(M x R, ) is in the wavefront set of u/. By the standard
theory of propagation of singularities,

singsupp(u’) N {y}x |T,T + [ # 0.

Thus the function u/ cannot vanish in any neighbourhood of yx |T,T + 7| and
property (A) is not satisfied with any e. Thus s(rg,ry) < d(z,y). Hence, for y
sufficiently close to x, s(ry,r,) = d(z,y).

Define the distance

!
E(rg,ry) == inf{z 5(ry;sTy;) i®o =2, Y=y, y; € Int(M), 1 > 1}.
j=0

For any curve v C Int(M), we see that the E-length of R(v) is equal to the length
of 7. Hence E(ry,ry) = d(z,y) for any =,y € Int(M). By continuation of E onto
R(OM), we obtain (R(M), E'), which is isometric to (M, g). ]
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Thus (R(M),E) can be identified with (M, g) as a metric space. In order to
construct local coordinates on R(M), we can first use the distance E to con-
struct geodesics. By using triangular comparison theorems, we can then find the
angles between intersecting geodesics. This defines normal coordinates near any
r, € R(M) and, henceforth, the differentiable structure on R(M).

Using this structure, we can go back to lemma 3.12 and demand (see (iv) in the
proof) that k € C°(M).

LEMMA 3.15. The functions
el (x,t) = k(z)u! (z,t), €M, t>0,

where f € HP (OM x [0,4T)) and k € C®(M) is of the form (3.16), determine
a.(x,D) and b(x).

Proof. The functions e/ (z,t) = x(x)uf(x,t) are the solutions of the initial-boun-

dary-value problem (see (1.6))
el + bel + an(x, D) = 0, } (3.19)
eomxr, = f, € limo = el =0 = 0.

However, theorem 3.2 implies that, for any xzg € Int(M), the vectors
(ef (an T)a aj(ef (an T))a akal(ef (an T))a 6{(.1'0, t));'?k,l:la

with different f € C§°(OM x [0,T)), span the space C™ +3m+4)/2 Hence (3.19)
may be used to determine b and a.(z, D).
Theorem 1.5 is proven. O

4. Results for one measurement and further remarks

In the first part of this section we analyse the possibility of the reconstruction of
the response operator R using only one measurement.

THEOREM 4.1. For any tq > 0, there exists f € HL _(OM x R,), fli=0 = 0, such
that d,u’|orrxw, determines R™.

Proof. Our main tool is the consequence of energy inequality (see, for example, [8,
14]),

10vu! (| L2 ore x 0.1y < o€ N ez onrxpo,ys | € Ho(OM x [0,1)), (4.1)

where ¢y and c¢; are independent of .

For ty > 0, let (f; : j = 1,...) be an orthonormal basis of Hg(dM x [0,t0]).
Let gn, n = 1,2,..., be a sequence where each f; occurs infinitely many times.
Consider

flx,t) = Z e gn(x,t —nto)
n=1

with ¢ > ¢1tg, where ¢; is the constant in (4.1). Assume that 8uuf|aMX]R+ is known.
By inequality (4.1), we see that

2
e 3uuf(x,t + nt0)|8M><[O,to] - (Rtogn)(x,t)HLz < c'ne~ 1Mo,
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As ne~“™° — (0 when n — oo, this shows that we can determine all R™ f;,
ji=1,2,.... O

COROLLARY 4.2. In the generic case, let (M, g) satisfy the Bardos—Lebeau—Rauch
condition. There exists f € Hlloc(aM X Ry), flizo = 0, such that auuf|aMX]R+
determines M, b and the equivalence class [a(x, D)] uniquely.

In the self-adjoint case, the Bardos—Lebeau—Rauch condition is not necessary.

We conclude the paper with several remarks.

(i) The Bardos—Lebeau-Rauch condition is always satisfied for M C R™ with
the metric g’! = 67! or its C''-small perturbations (see, for example, [1,20]).

(ii) In the case b = 0 but a(z, D) # a*(x, D), an analogue of theorem 1.4 states
that given RT for T > t, determines R for all ¢. Indeed, in this case,
we can use a sesquilinear form uf (t)v9(t) — u/ (t)vY(t). Then an analogue of
lemma 3.3 states that given R’ it is possible to find the value of this form for
t < T. Further proof of theorem 1.4 (with T' > ¢, instead of T > 2t,) follows
as in §3.

(iii) The question concerning the minimum time 7" needed to reconstruct the man-
ifold and the operator remains open. Indeed, in the case b = 0, as we have
just shown, T' > t, is sufficient. In the self-adjoint case, T' > 2p is sufficient,
where p is the geodesic radius of (M, g), p < %t*. Moreover, it is known that,
in the one-dimensional case, when 2p = t,, the case b # 0 does need time
T > 2t,.

(v) Clearly, the considerations of the paper remain valid for (M, g) satisfying the
Bardos—Rauch-Lebeau conditions for a part of the boundary I C OM.

(iv) Theorem 4.1 remains open if there exists f € H}(0M xR ), that is, a bound-
ary source with finite energy that determines RT. By modifying the proof of
theorem 4.1, we see that this is true if ¢; < 0 in inequality (4.1).

(vi) Instead of the boundary operator B = 9, — P,, we can use B = 0, — 3, where
[ is an arbitrary complex-valued C*°-function on M.
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