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INFERENCE ON NONSTATIONARY
TIME SERIES WITH MOVING MEAN
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A semiparametric model is proposed in which a parametric filtering of a nonstation-
ary time series, incorporating fractionally differencing with short memory correc-
tion, removes correlation but leaves a nonparametric deterministic trend. Estimates
of the memory parameter and other dependence parameters are proposed, and shown
to be consistent and asymptotically normally distributed with parametric rate. Tests
with standard asymptotics for /(1) and other hypotheses are thereby justified. Esti-
mation of the trend function is also considered. We include a Monte Carlo study of
finite-sample performance.

1. INTRODUCTION

A long-established vehicle for smoothing a deterministically trending time series
yi.t =1,...,T, is the fixed-design nonparametric regression model given by

t
Yz=g(7)+ut, t=1,...,T, 1)

where g(x), x € [0, 1], is an unknown, smooth, nonparametric function, and u; is
an unobservable sequence of random variables with zero mean. The dependence
on sample size T of g(¢/T) in (1) is to ensure sufficient accumulation of infor-
mation to enable consistent estimation of g (z) at any 7 € (0,1). A more basic
trend function is a polynomial in ¢ of given degree, as still frequently employed
in various econometric models. A more general class of models than polynomials
(and having analogy with the fractional stochastic trends we will employ in the
current paper) involves fractional powers, i.e.,

yl:ﬂ0+ﬂltyl+“'+ﬁptyp+uts t=]>~"sT9 (2)
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where all the f; and y; are unknown and real-valued. Subject to identifiability and
other restrictions, these parameters can be estimated consistently and asymptoti-
cally normally, e.g., by nonlinear least squares (Phillips, 2007; Robinson, 2012a).
Models such as (2) can be especially useful in modest sample sizes. However, and
as with any parametric function of ¢, misspecification leads to inconsistent esti-
mation, and a nonparametric treatment affords greater flexibility when 7 is large
(recognizing that nonparametric estimates converge more slowly than parametric
ones). Apart from the nonparametric/parametric aspect, the models (1) and (2)
differ in that (1) entails a weak trend while (2) can describe stronger and weaker
trends (see Phillips and Sul, 2007).

With independent and identically distributed (i.i.d.) u,, with finite variance,
various kernel-type estimates of g in (1) were developed by Gasser and
Mueller (1979) and Priestley and Chao (1972), with statistical properties estab-
lished; in particular, under regularity conditions kernel estimates of g () are con-
sistent and asymptotically normally distributed as 7 — oo (see e.g., Benedetti,
1977). A suitable choice of kernel (and bandwidth) is an important ingredient
in this theory, although kernel estimates are essentially an elaboration on simple
moving window averages, which have a much longer history in empirical work.
More recent empirical uses of (1) include Starica and Granger (2005) in modeling
stock price series.

The i.i.d. assumption on u;, is very restrictive, but similar asymptotic properties
result when u, has weak dependence, for example is a covariance stationary pro-
cess, generated by a linear process or satisfying suitable mixing conditions, and
having finite and positive spectral density at degree zero (see e.g., Roussas, Tran,
and loannides, 1992; Tran, Roussas, Yakowitz, and Truong Van, 1996). The rate
of convergence of kernel estimates is unaffected by this level of serial correlation,
though the asymptotic variance differs from that in the i.i.d. case (unlike in the
stochastic-design model in which the argument of g in (1) is instead a weakly
dependent stationary stochastic sequence).

Long-range dependence in u; has a greater impact on large-sample inference.
If u, is a stationary and invertible fractional process, for example,

(I=L)Yu, =g, |60] <1/2, 3)

L being the lag operator and the ¢; forming an i.i.d. sequence, or if u; has a
“semiparametric” specification with spectral density f(4) having rate 172% as
frequency 4 approaches zero from above, then the convergence rate of kernel
estimates of g(7) is slower when Jdy > 0 and faster when dy < 0. References deal-
ing with (1) for such u, include Beran and Feng (2002), Csorgo and Mielniczuk
(1995), Deo (1997), Guo and Koul (2007), Robinson (1997), and Zhao, Zhang,
and Li (2014). The asymptotic variance of the kernel estimates depends on dp and
any other time series parameters; for the “semiparametric” specification Robinson
(1997) justified studentization using local Whittle estimates of dy.

The restriction dyp < 1/2 implies stationarity of u,, so that y, given by (1) is
nonstationary only in the mean. Stochastic trends are also an important source of
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nonstationarity in many empirical time series. However, a nonstationary stochas-
tic trend in y; generated by a nonstationary u,, for example, an /(1) trend, would
render g (¢/T) undetectable, so we do not pursue this line. An alternative, semi-
parametric, model which both incorporates a possibly nonstationary stochastic
trend and enables estimation of a nonparametric deterministic trend is

t
Af"yt=g(?)+uz, t=1,...,T, @)

where u; is a sequence of uncorrelated, homoscedastic random variables and, for
any real o, A;’ is the truncated fractional differencing operator,

1—1

A =>"ajOL), t>1, 5)
j=0

the a; () being coefficients in the (possibly formal) expansion

(1-2°"=>"0;(),

Jj=0
namely

' -9
L(=OHrG+1)°

The truncation in (5) reflects nonobservability of y; when ¢ < 0, and avoids explo-
sion of the moving average representation of (4) when dg > 1/2, the nonstationary
region for dp; this region may be of particular interest with economic data, but our
work covers also stationary settings, where dy < 1/2.

One nonstationary dy has assumed wide empirical importance in connection
with a variety of econometric models, the I (1) case g = 1, when (4) becomes

() = (6)

(1—L)yt=g(%)+uz, r=1,...,T. )

The bulk of the econometric literature nests (7) as the unit root in autoregressive
structures, which suggests treating (7) as a special case of

t
(1_pL)yt:g(T)+uta t:lssTa (8)

rather than (4). The autoregressive unit root literature suggests that estimates of
p in (8) will have a nonstandard limit distribution under p = 1 (7), but a normal
one in the “stationary” region |p| < 1. By contrast we can anticipate, for example
from literature concerning (4) with g(x) a priori constant, that estimates of dp
such as ones optimizing an approximate pseudo-Gaussian likelihood, and Wald
and other test statistics, will enjoy standard asymptotics, with the usual paramet-
ric convergence rate, JT , whatever the value of dy, due essentially to smoothness
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properties of the fractional operator; tests are also expected to have the classi-
cal local efficiency properties. While (4) cannot, unlike (8), describe “explosive”
behavior (occurring when |p| > 1), it describes a continuum of stochastic trends
indexed by dp. A consequence of the 7-dependence in g(¢/T') is that the left side
of (4) is also T'-dependent, so the y; = y;r in fact form a triangular array, but in
common with the bulk of literature concerning versions of (1) we suppress refer-
ence to 7. The model (4) (which nests (1) with i.i.d. u; on taking dy = 0) supposes
that the fractional filtering of y; successfully eliminates correlation, but possibly
leaves a trend which we are not prepared to parameterize.

To provide greater generality than (4), the paper in fact considers the extended
model

t
é‘l(L950760)yl=g(?)+uta t=],,T, (9)

where 6 is an unknown p-dimensional column vector and

t—1

&(z50,0)=> 6,0, 1>1,

j=0

where the &; (6, 0) are coefficients in the possibly formal expansion

& (2:0,0) =D &5,0)7/,

j=0
such that
£(2:6,0)=(1-2)¢C (30),
where

C(z:0) =D GO)

j=0

is a known function of z and @ that is at least continuous, and nonzero for z
on or inside the unit circle in the complex plane. When ¢(z;60) = 1, we have
£(z;0,0) = (1 —2)°. Leading examples of ¢ (z;6) are stationary and invertible
autoregressive moving average operators of known degree, for example the first
order autoregressive operator {(z;0) = 1 — 60z, with 6 here a scalar such that
|0] < 1. In general ¢ leaves the essential memory or degree of nonstationarity dy
unchanged but allows otherwise richer dependence structure.

It would be possible to consider a nonparametric ¢, ¢(z), satisfying smooth-
ness assumptions only near z = 1, and hence a “semiparametric” operator on y;.
This would lead to an estimate of Jdy with only a nonparametric convergence
rate. However, establishing the parametric, /7', rate for estimating dy and 6
seems actually more challenging and delicate, because of the presence of the
nonparametric g(¢/T) in (9), estimates of which converge more slowly than VT.
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Proving consistency requires establishing that certain (stochastic and determin-
istic) contributions to residuals, whose squares make up the objective function
minimized by the parameter estimates, are negligible uniformly over the param-
eter space; these contributions are of larger order than would be the case with
a parametric trend (and this fact also explains why we find ourselves unable to
choose the parameter space for dy as large as is possible with a parametric trend).
Then, corresponding contributions to scores evaluated at dy, fp are also of larger
order than in the parametric trend case and have to be shown to be negligible after
being normalized by +/T, rather than by a slower, nonparametric, rate, in order to
prove asymptotic normality of the parameter estimates with VT rate. The strong
dependence in y, also impacts on the conditions, due to nonsummability of certain
weight sequences.

The following section proposes estimates of dy and 6y and establishes their
consistency and asymptotic normality and the proofs are presented in Appendixes
A and B. Section 3 develops /(1) tests based on Wald, pseudo-log-likelihood
ratio, and Lagrange multiplier principles. Section 4 proposes estimates of g(x)
and establishes their asymptotic properties. A small Monte Carlo study of finite-
sample performance is contained in Section 5. Section 6 concludes by describing
further issues that might be considered.

2. ESTIMATION OF DEPENDENCE PARAMETERS

Were g(x) =0 in (9) a priori, a natural method of estimating dyp and 6y would
be conditional-sum-of-squares, which approximates Gaussian pseudo-maximum-
likelihood estimation. We modify this method by employing residuals, which
requires preliminary estimation of g(x). Note that under the conditions imposed
below, g(t/T)—g((t—=1)/T)=0 (T_l), 2 <t < T, so we might instead first
difference (9) as this would effectively eliminate the deterministic trend; however,
this also induces a noninvertible moving average u; — u;_j.

Let k(x),x € R, be a user-chosen kernel function and % a user-chosen positive
bandwidth number. For any J, 8 write &s0(z) = & (z; 6,0) and introduce

T T
a0 =3 (L) wik (x _hs/T) /3 (x _;/T), (10)
s=1 s=1

for any x € [0, 1]. The corresponding estimate of Priestley and Chao (1972) type
replaces the denominator by T &, but we prefer to use weights (of the &s9(L)yy)
that exactly sum to 1 for all x. Define residuals

T
2= (oo (L) ye —Esoo (L) ys) ks
it (0,0) = & (L) yi — 80t/ T) = = ; : (11)
> ks
s=1
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where k;s = k((t —s)/Th). Denote by Vi, Vs chosen real numbers such that
V1 < Vy, write V = [V}, V3], and let ® be a suitably chosen compact subset of
RP. We estimate dy and 6y by

(6,0) = argéegl;lgne@Q(é,é)), 12)
where

T
0(3,0) =D i;(5.0). (13)

t=1
We first establish consistency of 6, §, under the following regularity conditions.

Assumption 1. The u; are stationary and ergodic with finite fourth moment,
and

EGulFon=0,  E(uf

.7:;_1) =0

almost surely, where F; is the o-field of events generated by ¢, s < ¢, and con-
ditional on F;_; 3rd and 4th moments of u; equal corresponding unconditional
moments.

Assumption 2.
(i) 6y € O;
@1i) 1¢(z;0)| # |¢ (z;60)|, for all 8 # Gy, 8 € O, on a z-set of positive
Lebesgue measure;
(iii) for all & € @and real 4, ¢ (e"’l; Q)is differentiable in Awith derivative in
Lip(¢c), ¢ > 1/2;
@iv) forall 4, ¢ (e”‘; H)is continuous in ;
(v) forall@ e @, |¢(z;0)#0,|z] < 1.

Assumption 1 is weaker than imposing independence and identity of distribu-
tion of u,, and Assumption 2 is standard from the literature on parametric short
memory models since Hannan (1973), ensuring identifiability of 6y and easily
covering stationary and invertible moving averages. These assumptions corre-
spond to ones of Hualde and Robinson (2011), who established consistency of the
same kind of estimates when g(x) = 01n (9) a priori. In that setting they were able
to choose the set of admissible memory parameters (our V) arbitrarily large, to si-
multaneously cover stationary, nonstationary, invertible, and noninvertible values.
This seems impossible to achieve in the presence of the unknown, nonparametric
g in (9), which can only be estimated with a slow rate of convergence, and we
impose:

Assumption 3.

Vo—V, <1/2, (14)
o € V. (15)
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As can be inferred from the proof of Theorem 1, for consistency the weaker
condition V, —dy < 1/2 suffices, but since dy is known from (15) only to be no
less than V| and V, —dy < V, — V| the restriction (14) is appropriate. Condition
(15) can be satisfied by stationary or nonstationary values of dy, and V could be
chosen to include potential ones in both categories, for example with V| > 1/4,
V, < 3/4, or to cover the 1 (1) case dp = 1 one might pick V| > 3/4, V, <5/4.
Condition (15) is also consistent with V| > 0, V2 < 1/2 employed in the early
stationary long memory literature with g(.) = 0 a priori (e.g., Fox and Taqqu,
1986). But by more recent standards (14) is highly restrictive. It arises in showing
that the effect of estimating the nonparametric function g has a negligible effect in
proving consistency of the parameter estimates (5, @ , which entails establishing
uniform convergence to zero on V of the difference between T~'Q(d,6) and
the corresponding function with g(.) = 0 a priori. The restriction (14) is not a
consequence of the uniformity aspect of the proof, but arises even in establishing
pointwise convergence, as demonstrated in a lemma stated and proved after the
proof of Theorem 1 in Appendix A.

We also need conditions on g, k, and /.

Assumption 4. The function g(x) is twice boundedly differentiable on [0,1]
and (d/dx)g(0) =0.

Assumption 5. The function k(x)is even, differentiable at all but possibly
finitely many x,with derivative k’(x),and

/Rk(x)dx =1,

-1
k(x) = 0((1+x*tM)~h, Kx)=0 ((1 + |x|1+'7) ) , some 7> 0.
Assumption 6. As T — oo, the positive-valued sequence & = hr satisfies:
(Th)~' +12V2=V0pR3 5 0, (16)

Assumption 5 is virtually costless, covering many of the usual kernel choices.
Assumption 6, however, represents a trade-off with Assumption 3: in the latter,
Vo— Vj is desirably as close to 1/2 as possible, but as it approaches 1/2 from
below the range of & satisfying Assumption 6 reduces to (Th)~! +Th? — 0.

THEOREM 1. Let (9) and Assumptions 1-6 hold. Then as T — o0,
3—),, 5(), 5_>p 9().

The proof is in Appendix A. Asymptotic normality entails two further assump-
tions.
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Assumption 7.

(1) doe (V1, V2); By is an interior point of @.
(ii) forallreal 4, (e#;8) is twice continuously differentiable in 6 on a closed
neighborhood of radius < 1/2 about 6p;

(iii) the matrix

o n2/6 — 3 v @) /i
—22wi @) /i 2272 wi (o) v} (0o)
is nonsingular, where

0 [Z
b0 = g0 29O %8,

k=0

the ¢; (0) being coefficients in the expansion
o — (L =N 4 j
@O =00 =2 407

This condition again is based on one of Hualde and Robinson (2011), but is
similar to others in the literature, and practically unrestrictive. However, we have
to strengthen the first component of Assumption 6 on A.

Assumption 8. As T — oo, Th?/ (logT)*> — oo.

Recall that Assumption 6 requires /i to decay faster than 7 —2(V2=V1)/3,

where the latter rate is slower than T=!/3 in view of Assumption 3, whereas
Assumption 8 prevents & decaying as fast as 7~ 1/2.

THEOREM 2. Let (9) and Assumptions 1-8 hold. Then as T — oo
12 a— do —1
T (9—90)_>dN(O’Q ).

The proof is in Appendix B. Note that the same limit distributions result when
g is known or replaced by a parametric function. In the special case (4) of (9), we
deduce that as T — oo

T2 (6= ) =a N(0,6/72).

3. I(1) TESTING

We first consider 7-tests (based on the square root of the Wald statistic) for dyp = 1
in (9), based on Theorem 2. Define

. 26 —3 v 0)/f
20= (— SE O 5 Oy 0)
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-1

and denote by Q™D the element in the top left hand corner of Q ((/9) . Put

W=r2 (3_ 1 )/ﬁ(l,l)l/z.
Pseudo-log-likelihood ratio tests can also be constructed. Define

0 =argmin 07(1,0), an

and

ord, 9)
0r@.0)

Though it of course does not use 9, 0, for completeness we also present a
Lagrange multiplier-type test, as it and the Wald and pseudo-log-likelihood tests
are expected to have equal local power. Robinson (1994) developed Lagrange
multiplier tests for /(1) and other hypotheses against fractional alternatives for
the disturbances in multiple linear regression models. The stress there was on
frequency-domain tests, but starting from an initial time-domain statistic, and to
avoid introducing considerable additional notation we stay in the time domain
here. Writing 0 = 0/6(,6")’, from (13)

LR =log

T
2. X
00(5,0) == ;utw, 0)0ii; (9, 0), (18)
where

T
Z (0150 (L) yr — 8&ss0 (L) ys) ke

001(9,0) =& o0 (L) yr — 0860t/ T) = 7 , (19
> kg
s=1
in which
t—1 J
et (@) = 3,060,000, 056.0) = 3. (1T Gy oy

j=0 =0

In fact

— J
Z (Z )(y'_j = Yi—j-1)
00 (1,0) = | I ZON=!

1—

2 (06/0)/06) Gy =31

Define
LM = gaQ(l,g)/Q @)~'o01,d),

with @ given by (17).
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THEOREM 3. Let dg = 1 in (9) and let Assumptions 1-8 hold. Then as T — o0,
W =4 N©0,1), LR =4y}, LM =4 xi.

For W, the theorem follows from Theorem 2 and Q (5) — p Q, where the latter
is implied by the proof of Theorem 2. We can reject the /(1) null against more
nonstationary alternatives when W falls in the appropriate upper tail of the stan-
dard normal density, and reject against less nonstationary alternatives when it falls
in the appropriate lower tail. For LR, the proof is standard, given Theorem 2 and
a central limit theorem for & (see e.g., Hannan, 1973, or implied by Hualde and
Robinson, 2011). For LM the proof is likewise straightforward.

4. NONPARAMETRIC REGRESSION ESTIMATION

We can base estimation of g(x) on our estimates of 3, 0 and (10), but in view of
the stringent conditions on the bandwidth % in Theorems 1 and 2 we allow use of
a possibly different bandwidth, b, in

T T
T () = > & (L) ik (x _;/T) /Zk(’“ _;/T), @1
s=1 s=1

We provide a multivariate central limit theorem for g55(7;), i = 1,2, ..., ¢, where
7i,i=1,2,...,q, are distinct fixed points, imposing also:

Assumption 9. As T — oo, (bT)~'+5°T — 0.

The proof of the following theorem is omitted as univariate and multivari-
ate central limit theorems for the gs,9,(x;) are already in the literature (see
e.g., Benedetti, 1977; Robinson, 1997) and from Theorem 2 it is readily shown
that g55(x) — 85,0, (x) = O (T‘l/z) for all x.

THEOREM 4. Let (9) and Assumptions 1-9 hold. Then as T — oo, the (bT)'/?
(ggg(ri) - g(ri)) , I =1,2,...,q, converge in distribution to independent

N (O, o2 Ik k(x)zdx) random variables, where o is consistently estimated by
R

2=0(9,0).
This is the same limit distribution as results if dy and 0y are known, i.e., the
same as in the model (1) with i.i.d. u;.

5. FINITE-SAMPLE PERFORMANCE

A small Monte Carlo study was carried out to investigate the finite-sample
behavior of our parameter estimates, and of one of our unit root tests. To gen-
erate data, we took g(x) = sin(2Qzx), p =1, {(z;0) =1 —0z (so y; was a
FARIMAC(1, dp, 0)), for various values of dp and 6y, and ¢, standard normally
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distributed. Throughout, parameter estimates were obtained taking k to be the
standard normal kernel.

Tables 1-3 contain Monte Carlo biases bgs and by of 5 and @ and correspond-
ing Monte Carlo standard deviations ss and sy. In Table 1 (dy,6) = (1, %)
and (do,0) = (1,0); in Table 2 (%,0) = (3.3) and (Jo,6) = (3.0); in
Table 3 (do,6) = (3. %) and (d,6) = (3.0). We took V = [0.76, 1.24] and
® =[—0.99,0.99]. Note that in the cases §y = 0, one of which is included in each
table, y; reduces to a FARIMA (0, dg, 0), but we suppose that the practitioner does
not know this. Three different (7, Th) combinations were employed: (250, 30),
(600, 60), and (1,000,90). The results are based on 1,000 replications. In the
tables, somewhat surprisingly the biases bs are greater for § = 0 than for § = %,
though for by the pattern is opposite. Always bs > 0 and bs < 0. The stan-
dard deviations ss and sp are predominately greater for 0 = % than for 6 = 0.

TABLE 1. Bias and standard deviation of (5\,(/9), (d0,60) = (1, %), (1,0)

(%, 00) (1.3) (1,0)

T bs S§ bs S0 bs S5 by s

250 0.0956 0.1540 —0.0832 0.1756 0.1105 0.0526 —0.0751 0.0833
600 0.0853 0.0598 —0.0770 0.0808 0.0905 0.0320 —0.0670 0.0519
1000 0.0678 0.0449 —0.0653 0.0610 0.0710 0.0223 —0.0563 0.0430

TABLE 2. Bias and standard deviation of @,@, (00,60) = (%, %), (z O)

(%, 0) (3.3)
T bs kP by 59 bs kP by Y]

NI—

250 0.0940 0.1385 —0.1090 0.1116 0.1106 0.0524 —0.0966 0.1028
600 0.0866 0.0592 —0.0785 0.0801 0.0900 0.0319 —0.0679 0.0851
1,000 0.0685 0.0447 —0.0662 0.0608 0.0713 0.0255 —0.0568 0.0712

TABLE 3. Bias and standard deviation of (5,@), (60, 60) = (%, %), (2 O)

2,
(60,00) (3.2) (%-9)

T bs K9 bo SO bs K9 bp s

Bl —
ool\o

250 0.0981 0.1171 —0.1071 0.1065 0.1064 0.0528 —0.0934 0.0837
600 0.0838 0.0607 —0.0753 0.0817 0.0871 0.0420 —0.0763 0.0521
1,000 0.0670  0.0451 —0.0644 0.0612 0.0707 0.0255 —0.0559 0.0432
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TABLE 4. Sizes and powers of LR test at nominal 1% and 5% levels

Size, (5, 6o) = (1, %)

T 1% 5%
250 0.0111 0.0487
600 0.0095 0.0508
1,000 0.0102 0.0498

Power, (dy,0p) = (%, %) Power, (dg,6p) = (%, %)
T 1% 5% 1% 5%
250 0.1189 0.2855 0.1260 0.2946
600 0.3070 0.5089 0.2972 0.4998
1,000 0.4961 0.6998 0.5017 0.7023

Biases and standard deviations diminish with increasing 7, while there is reason-
able stability across corresponding elements of the three tables.

Table 4 contains Monte Carlo sizes and powers for the LR 7 (1) test described
in Section 3, based on nominal 1% and 5% levels. Sizes were obtained using
(d0,60) = (1, %) and powers using (dp,0o) = (3, %) and (dy,0p) = (%, %), with
the same 7 and h as before, but now on the basis of 10,000 replications. The
Monte Carlo sizes seem quite satisfactory, and given that the alternative dy are
both close to 1 the differences between powers and corresponding sizes seem
quite satisfactory.

Table 5 contains corresponding results for the LM 7 (1) test described in Sec-
tion 3, but for data generated with g(.) =0 in (9), and this assumed in the param-
eter estimation, so that no nonparametric estimation was involved, and the setting

TABLE 5. Sizes and powers of LR test at nominal 1% and 5% levels

Size, (5, 00) = (1, %)

T 1% 5%
250 0.0109 0.0511
600 0.0097 0.0497
1,000 0.0101 0.0507

Power, (dy,6p) = (%, %) Power, (dy,0p) = (%, %)
T 1% 5% 1% 5%
250 0.3305 0.4841 0.3215 0.4785
600 0.5249 0.6760 0.5337 0.6830
1,000 0.7179 0.8696 0.7203 0.8705

https://doi.org/10.1017/50266466614000875 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466614000875

NONSTATIONARY TIME SERIES 443

is like that in Robinson (1994). It might be expected that the sizes would be better
than in Table 4 (though the LR and LM tests are not strictly comparable), but they
are actually almost the same, though the powers are significantly better.

6. FINAL REMARKS

The paper has justified large sample inference on the fractional and short mem-
ory parameters and nonparametric regression function in a semiparametric model
incorporating nonstationary stochastic and deterministic trends. For parametric
inference, the restrictions on the admissible memory parameter interval and the
range of bandwidths are relatively strong, due to the presence of the nonparamet-
ric function and the extent of the time series dependence. As always when non-
parametric estimation is involved, bandwidth choice is a practical issue, though
as in other semiparametric settings one might expect parameter estimates to be
less sensitive than nonparametric estimates, and the problem, in our fixed non-
parametric design setting, may also be less acute than in the stochastic design
setting in which the density of explanatory variables varies over their support.
In our Monte Carlo study only one value of 4 was used for each T, but sen-
sitivity of estimates and tests to 4, and b, can be gauged by carrying out the

computations over a range of choices. With respect to automatic rules, in the
model (1) a cross-validation choice of b is known to minimize mean integrated
squared error (MISE), and we can extend this property to our setting, using 3,
0, though as usual the minimum-MSE rate does not quite satisfy conditions (our
Assumption 9) for asymptotic normality about g; for &, as is familiar in the semi-
parametric literature the minimum-MISE rate is clearly excluded by the condi-
tions (our Assumption 8) for asymptotic normality of parameter estimates, and a
more appropriate goal may be to make a selection that matches the orders of the
next two terms after the normal distribution function in an Edgeworth expansion
for distribution function of 9, &, and thereby minimizes the departure from the
normal limit and leads to better-sized tests and more accurate interval estimates;
in some settings this problem has a neat solution, but we do not know whether this
is the case in ours. Bootstrapping is also likely to improve finite-sample proper-
ties. Inference issues that might be investigated include testing constancy or other
parametric restrictions on g(x). Possible model extensions that require nontrivial
further work include adding a nonparametric function of explanatory variables to
g(t/T) in (9), and allowing for unconditional or conditional heteroscedasticity
in u;. Our work might also be extended to a panel setting, including individual
effects and possible cross-sectional dependence.
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APPENDIX A

Proof of Theorem 1. Fort=1,...,T

Vi = & (L: 6, 00) " (g (;) +Mz) & (L: 0. 00) [(g (;) +ur) 1> o>],

SO
& (L;6,0)yr = (1— L)° %7 (z;m{(g (;) +ut) 1> 0)},
where
1 (0)=¢ @0 (00 =D 1 0)2.
j=0
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From Zygmund (1979, p. 46), Assumption 2 implies that the Fourier coefficients z;(¢)
satisfy

sgp}fj(ﬁ)\ =0(~17%). (A1)

The Fourier coefficients y;(d,0) of

(1= 07 (5:0) = 7;(6.0)2/

Jj=0
are given by
J
%j(6,0) =D "7 (0)aj_1(5— ).
=0

(Note that a; (0) = 7; () = x;(d9,6p) =0, j > 1.) From (6), uniformly in 6 € V \ {dp}
aj(6—d9) = 0(jP7071), as j — oo, (A2)
and so, using also (A.1)

1j/2] j
1%/ @6.0)] <| D u@aj_1G=d)|+| D, 7O)aj_(6—0d)

1=0 1=[j/2]4+1

00 J
< Kj%7 S @)+ KT D] a0 — o)
=0 =0

< Kj50_6_1 +Kj60_(5_1_g < KJ'(SO_&_I (A.3)

uniformly in J, 0, where K throughout denotes a generic finite, positive constant. Also for
future use note that from (6), uniformly ind € V \ {dy}, 0 € O,

|j (6= 00) — aj 41 (0= d0)| = 0P ™72), as j — o0, (A4)
J
|%70.0) = 2j+10.0)| < | D 7(0) (16— ) — atjp1—1 (= ) | +]7j41(0)]
1=0
o o0
< KOO )+ KT Y 10T ke
1=0 =1
< ijax(éo—é,l—g)—Z. (A.5)
With the abbreviations
t—1 ) : 1 T
— . J — _ [
XZ(SQ—ZX](5>0)L ; gt—g(T), kt_Th Zkts
Jj=0 s=1
we have from (11)
1 < 1<
i (6,0) = Th > (uisogr — xso08s) kis [ ki + T > Gusos — xssous) ks / ku
s=1 s=1

= xro0ut + Diso — Sto0
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where
1 T
Dy = Th Z (X160 81t — X560 8s) kes/ ke
s=1
and

T
1
Stop = Th E Asoouskes / ke
s=1

are respectively the deterministic and stochastic errors contributing to the residual that are
absent when g(¢/T) =0 in (9). Thus

T

1
00,0) =+ > Gurogus + Dygo — Ston)*
=1

1< 1< 1<
2 2 2
= = 2 Uooun)* + = D Digg+ = > S
=1 t=1 t=1

T T

2 2
+7 > Guisour) Disy — T > Guesour) Sto
t=1 =1
) T
-7 Z D;56S156- (A.6)

t=1

Hualde and Robinson (2011) show that the estimates minimizing

1 T
T z (){1549’41)2 (A7)
t=1

are consistent for dy, dy. From their proof it suffices to show that as 7 — oo,

T

sup % Z} tha-e — 0, (A.8)
I &,

sup - ; 5% —=p 0, (A.9)
1 T

sup | — Z;(Xté@ut) Dys9| —p O, (A.10)
1 T

sup ;Z}(){za‘euz)&a‘e —p 0, (A.11)
1 T

sup ?EDM{)&(S& —p 0, (A.12)
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where the suprema here and subsequently are over d € V, 8 € 0. Given (A.8) and (A.9),
and using the Cauchy inequality, (A.10)—(A.12) follow from the fact, implied by the proof
of Hualde and Robinson (2011), that (A.7) is uniformly Op(1).

To prove (A.8) note first that Lemma 3 of Robinson (2012b) gives, for all sufficiently
large T,

1
inflk/| > . (A.13)
t 8

Suppressing reference to d,6 in x; = x;(J,0),

T

Z(m‘agz—){sa‘ags)kzs—z Zx,gz - Zx]gs —j | ks

s=1 s=1 \j=0

Defining g (x) = g (0), x € (—1,0), this is

T
ZX/ Z 8t—j — 8s— /kts g(O)Z ZX/ Z){/ kis. (A.14)
s=1

s=1 \j=t
Considering the first term in (A.14),
T T-1 T
sup| > (x10081 — xs68s)kes| < D sup|yj] z 81—j — 8s—j) kus |- (A15)
s=1 j=0 s=1
From (A.3) and Assumption 3
sup|yj| < kj V27V (A.16)

Applying Assumption 4 and with g, denoting the derivative of g(x) atx =1/T,

T

T 2
t—s
> (8r—j = 8s—j)kis = &— ,Z( )km+0 Z(T) lkesl ), (A17)

s=1 s=1

©

where g; =0, < 0. By, e.g., Lemma 2 of Robinson (2012b)

T T

z (I—TT) ks = Th? % Z (tTh )k[s /uk(u)du =0 (h) (A.18)

s=1

uniformly in ¢ € (Th,T —Th). Uniformly int < Th,t >T —Th,

T
t a—
> (Ts) kes = O(Th?) (A.19)
s=1
from, e.g., Lemma 1 of Robinson (2012b). By the same lemma,
L ri—5)\2
> (T) lkis| = O(Th?) (A.20)

s=1
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uniformly in #. Thus from (A.17)—(A.20),

T
max| > (g = 85— j) kis|= O (h+Th*), 1€ (Th, T =Th)
J s=1
- O(Thz), t<Tht>T—Th,
uniformly.

Next, considering the second term in (A.14),

T T s—1 t—1 [t—1
Z ZXJ ZXJ kis = Z Xj kts_z Z){/ kis
s=1 \Jj= Jj=s s=t+1 \j=t s=1 \Jj=s
T—tt4+r—1 t—1 t—1
:Z Z Xjkt,t+r_z Z Xikt,i4r-
r=1 j=t r=1j=t—r
Fort < (T +1) /2 this is
t—1 ft+r—1 T—tt+r—1
Z Z Xj— Z Xj ktt+r+z Z ik t+4r
r=1 j=t j=t—r r=t j=t—r
by Assumption 5. Now
t4+r—1 t—1 r—1
Dooai— 2 x| =20 i = ximjm1)
j=t j=t—r j=0
r—1

j= 1m0l = (4 PR

IA

Ra
M
—

J=0
r—1
< Kl&—JO—ZZj < Kt5—§0—2r2’
Jj=0
so from Assumption 5
=1 [t4r—1 -1 -1 0
w33 5= 3 1) ko] < KIS (14200)
r=1 j=t j=t—r r=1
t—1
< Ktv2_v1_22r_” < KtV2=Viml=n,
r=1
For (T 4+ 1) /2 we have
T—tt+r—1 t—1 t—1
2. 2 k=2 D kit
r=1 j=t r=lj=t—r
T—t [t+r—1 t—1 t—1

:Z Z X~ Z Xj | Keer = z Z Xiket4r,
r=1 j=t =t—r

j= r=T—t+1j=t—r
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where much as before

t+r—1 r—1
0—dp—2,2
D a2 x| < KT
j=t j=t—r
and thence
T—t [t4+r—1 t—1
Vo=Vi—1—
|3 (3 5 T || 2 T
r=1\ j=t j=t—r

From these results and also (A.13), (A.15), and (A.16),

T—1
sup|Dyspl < K(Th)™! (h+Th3) >4 Vil Ve Viston
0,0 N
s j=0

<K (TVZ—VI—‘ n TVZ—Vth) ., te(Th,T—Th),

and
T-1
sup|Dysgl < K(Th)™H( Th? D (14 j)¥ 27 V1t g V2mviton
0,0 .
B j=0

<KTV2"Vih, t<Th, t>T—Th,

uniformly over the stated ranges of z. Thus
I
sup - ZDIZM <K (TZ(Vz—Vl—l) +72(Va=Vip4 T2(V2—V1)h3) >0

by Assumption 6, verifying (A.8).
To prove (A.9), we have

[Th]
ZXvéﬂuskts = Z XjCtj = ZX]CIJ + Z XjCtj»
Jj=I[Th]+1
where
r—j
Crj = Z urkt,r+j,
r=1
S0, using (A.3),
[Th] (Th] [Th]
Vo—Vy—
sup ZXJCU < > (sup i) el < & D7 V27V ey
j=0 j=1
and thus
(Th] 2 [ThiTh) )
E | sup ijctj <K Z Z jvz_vl_llvz_vl_1 (Ectszctzl) . (A.22)
j= j=11=1
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Now

2
Ecli =0 Zkt vy =O(Th)

by Assumption 6, so (A.22) is O((Th)>V2=VD+1) = o((Th)?) uniformly in 7, by
Assumption 3.
By summation—by—parts

T-2
Z XjCtj = Z (xj = xj+1)dij+ xr—1ds,7-1- (A.23)
Jj=[Th]+1 Jj=[Th]+1

where

J
dij = .
=0

Now (A.23) is bounded uniformly by

T-2
S (suplrj— x4t ]) |+ (sup [ x7—1]) |dr.7—1]
J=[Th]+1
<K > 7 7Mdy|+ KT |diro] (A.24)

J=[Thl+1
using (A.3) and (A.5) and writing y = max(V, — Vy, 1 —¢) — 1. Rearranging,

T [min+7)
dij=>> uy > ks s
r=1 s=r
SO
T [minG+i,T) \ 2 T 2
Edf=c>D | > ks | <Kj|[D lWasl| <Kj(Th)?
r= s=r _

and (A.24) has second moment bounded by
T-2 T-2
K(Th? > > TRk (2 T < K (T T = o((Th)?)
J=[Th1+11=[Th]+1

uniformly in ¢, since y < —1/2. We have established that E sup St266 = o(1) uniformly in
t, whence follows (A.9), to complete the proof of the theorem

In the preceding proof it was shown that supy 7! Z 52, = 0p((Th)»’*1), and
since y > Vp — V) — 1, (14) bites in order to estabhsh (A 9) In a more specialized setting
the following Lemma implies that supy 7~ 1 Z E (Sn%)) >c (Th)2(V2_()°)_1 and when

as indicated after Assumption 3 and elsewhere 1n the proofs we replace V, —dp by Vo — V|
here it appears that (14) may be sharp. |
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LEMMA. Under (4) with 6 — 3¢ > 0 and k (u) = 1 (|u| < 1) /2, for a generic arbitrarily
small ¢ > 0,

T

%ZE (s30) > crmO=+1,
t=1

Proof of Lemma. With the above definitions, and since for given ¢ y; is either always
positive or always negative,

2
T T—1
(Th)? ZE (snw) ; SE (Z X,-c,j)
t=1 j=0

T—-1T-1 T—jT-C

1
= ZZ%/X{ZZE(M)MS)Zktr+/kts+Z
]:0[ 0 r=1 s=1
0_2 T—1T-1 T—max(j,l) T
= T2 a2 Dk
j=0 (=0 r=1 =1
0_2 T—-1 T-1 T T-¢
=S i DD Wr =t < Th) 1(Ir+j—1] < Th)
Jj=0t=j+1 t=1r=I
lTh/4J [Th/2] T T—[Th/2]
S 3D 375 S T ETre
j=0 t=j+1 =1 r=I
[Th/4] [Th/2]
> ¢Th Z j()—(io—I z g(s—()n—l
j=0 {=[Th/4]+1

> ¢(Th)20=d0+1

to complete the proof. u

APPENDIX B

Proof of Theorem 2. Writing & = 8/8(6,0’), by the mean value theorem
0=200(3,0)/2=20(d,00)/2+Q 9=y
03 0 0 0

where 8Q(0,6) is given by (18)—(20) and Q is obtained from | the matrix a2 0 0,0) /2=
00’ Q(a‘,ﬁ) /2 by evaluating each row at a generally different 6,0 such that |0 — &g, 0" —
Goll < [0— 0,0 — 9 || The theorem follows if

7172
T@ 0(59,60) = a4 N(0,Q), (B.1)

Q- ,Q (B.2)
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From (11)
iy (00,00) =ur + Dy — Sy

T T
=Uur +Z(gt —gs)kis — Zuskts,
s=1 s=1

where
T T
D = Z(gt —gs)kis/ki, St = Zuskm/kz'

s=1 s=1

From (19) and (20)
o111 (3,0) = dyro9ur +0Dysp — 85150

Write
J
11(90)506;—1(50)/55) ( it ) ~
F =0y = = R > 1.
7 =02 oo g(aj—l(éo)afl(%)/@ﬁ i (0o) /
Then

6121 (50,9()) =+ 6D[ - 65;,

where

-1
vr = 100Ut |50,00 = Zﬁjux—j,
j=1

T [t—1 s—1
0Dy = 0D156 | 6.0 ZZ zgt—jﬂj—zgs—jﬂj kis/ ke,
s=1 \j=1 j=1

T s—1

08t = 08100 |sp.00 = D, D ts—jjkes/ ki
s=1j=1

Thus from (18)

T
2
006, 00) = 7= > (s + Dy = 1) (v +0D; = 0S).
t=1

Hualde and Robinson (2011) show that

T
T2 s =4 N©,Q).
t=1
Thus (B.1) holds if all the following are 0 (1) :

T T T T
T7V23 won, TV was, TTYEY D, TV S0y,
t=1 t=1 =1 t=1

T T T T
17123 piop,, TV Drosi, T7V2Y S0, TV 08, (B.3)
=1 =1 t=1 =1
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Note first that, as in (A.14), and using (A.13), (A.21), and |z} || = ( —‘),

A

K T T
||5Dt||_T7 Z Z’ 8t—j —8s—j kts

K T T
—1
TR E (81—j —8s—j) kus| D J

=1

IA

-0 ((T—1 +h2)logT), t € (Th,T —Th)
— O(hlogT), t < Th,t > T —Th, (B.4)

uniformly over the stated ranges of . Similarly but more easily, we derive, uniformly,

D=0 ((T—‘ +h2)), te(Th, T —Th)
=00h),t<Th,t>T—-Th. (B.5)
We check each claim of (B.3) in turn; for notational convenience, when j < 0 we take

7j = 0 and interpret 1/j to be 0.
First, using (B.4) and Assumption 6,

2
T K T 5
-1/2 K
E|T7V2> uon, TZ|8DzII
=1 t=1
K
5?( T—1+h2 10g2T+Th3log2T)
- 0( 72 log? T+h4log2T+h3log2T) = o(1).
Next,
2
T 1 T T T s—1 kt T qg—1
— S
S W RV S 3P ) SAEIL TS 3) ST
t=1 t=1 r=1 s=lj= q=1I1=1

T

Zﬂ_,ﬂ_ ktsktq
itq—s+j 5 1
J74q J keky

~

T T T T kes krq
+7ZZZZ” A

t=lr=1s=1g=1

AL I T T k”qu
P DDR R,

T T T ok
ZZZ”uqr” -
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By boundedness of &, the final term in the last displayed expression is bounded by

T T T log? T
Ay > Loboo(beD),

tlalql

while the other terms are bounded by

T T s—1 T T T T T

R 3)Ip3pIL LI 30 3 3) Wty

t=1s=1j=1¢g=1 t=1r=1s=1qg=1
T T s—1T T T T T

sl 1 L
SES353)3) I BN 3 3) 3 Jpeato
t=1s=1j=1qg=1 t=1r=1s=1g=1
KTzhlog T long -
=R _0( i )=o0

by Assumption 8.

Next, noting that

T T T
ZDﬂ)t = Z ug Z Dsms—¢,
t=1

=1 s=t+1
from (B.5)
T 2 T T 2
E T_]/ZZD,vt =02T—‘EZ > Dymos
=1 t=1|s=r+1

T

T
<kt 'y D) -7

t=1 \s=r+1
< Kh*10g®>T =o0(1),

by Assumption 6.
Next, using (B.4) and (B.5),

T
2
T“/ZZD,aDt=0<T_]/2T (T“+h2) logT+T—1/2Th3logT)
t=1

=0 (1732108 T+ 7121t log T+ 723 10g T) =0 (1),

by Assumption 6.
Next,

T T T T

E T_l/zzsﬂ)t _T—IE Zzuékm Zﬂ: Uy ]zzuqkrrqzmur 1

t=1s=1 r=1¢g=1
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which equals

T t—1 T T T

S103) 3L RED ) ) LS
1=1s=1 t=1s=1r=1 "7
41TTTTkk T T T
RSP IPISISCHATRTD 3 3) 2L
t=1s=1lr=1qg=1 t=1ls=1r=1

and using boundedness of k this is bounded by KT-Y(Th)y=212 log2 T+KT™! (Th)_2
Tlog2 T <K log2 T/ (Thz) =o0(1), by Assumption 8.

Next,
1/2 2 1 L kts qu
E|T~ ZD,@S, =o’T~ ZZD,D, Z > D wimy- T T
t=1r=1 s=1 g=1j=1
T T T

<KT'amTR YYD Ikle |- S+J”Z””}”

t=1r=1s=1
< KT~ Y Th)™2h>T?(Th)log? T
< Khlog?T =0(1),

by (B.5) and Assumption 6.
Next,

2 T T 2

T
E|T712 Y s0m,) =TTV 00 Y
t

=1 t=1 s=1

kesk
2 1 / tsKrs
=0T oD;0D
=0 ZZ rzkk
t=1r=l1 s=1
T T T

<SKT7H T2 WPl T DD Hkickss|

t=1r=1s=1
< KT~V (Th)~2n2 (log2 T) T(Th)? < Kh21og? T =0 (1),

by Assumption 6.
Finally,
T 2
E|T7Y2%" 508
t=1
T T k T r—1 k T T k T n—1
— ts tr
=17'E ZZ”S Zzur J ]k Z Up quzun l”l >
t=1s=1 rlj—l q=1p=1 n=11[=1
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which equals

k k k, k
SRDDADIED ) S
t=1s=1 qg=1p=1 n=1 4
T r—1

+mﬁzz“zz,“zwzwﬁw”

t=1s=1 r= lj—l

471 ks r < kop < kqn
D35 39 LS SLTS S

r=ls=1""1 r= lp 1 g=1 "9 n=1
T T
p/p— ks ktr kqs kqn
Ty Y zukzrzmqa
t=1s=1 q=1 9 p=1 q

which is bounded by
2

T T T
KN ™ [ DD ks Dl

t=1s=1 r=I1
T r—1

+KT (TR~ ZZ lkis) D || Z |kgs| Z |Zn—r+ ]

t=1s=I r= ]]_1

+KT7! (Th)_422|kts|z Z |lzp—r| Z lkgp| Z Zn—s |

t=1s=1 rlpl

+KT7! (Th)—“zz lks | Z lzr—s Z |kgs| Z 17n—s |

t=ls=1  r=1 g=1 n=1
< KT~ Y (Th)™ (Tzhlog T)2 KT N Th)y™ T (ThlogT)?
<K (Thz)_l l0g2 T = o(1),
by Assumption 8.

This completes the proof of (B.3), and thus of (B.1).
Finally (B.2) follows if

1
50%0(0.00) > Q
and, given Theorem 1, for a neighborhood N\ of &y, &,

sup Ha2Q((5,9)—a2Q(50,00)H 5,0

(B.6)

B.7)

The proof of (B.6) partly employs Theorem 2.2 of Hualde and Robinson (2011) and partly
methods used above to deal with contributions from deterministic and stochastic errors,
where these are less delicate than in Theorem 1’s proof because Vo — V is replaced by an
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arbitrarily small positive number, and less delicate than the proof of Theorem 1 because
T-1/2 norming is replaced by 7! norming. The proof of (B.7) uses that of Theorem 2.2
of Hualde and Robinson (2011) and standard techniques. The full details of the proofs of

(B.6) and (B.7) are very lengthy but straightforward relative to what has gone before and
are thus omitted. |
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