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We deal with the initial-value problem for parabolic equations with discontinuous
nonlinearities and establish the existence of its weak solution. Next, we show that for
a suitable class of initial data, the weak solution is locally or globally unique in time.
Lastly, we prove that there exist at least two different weak solutions in general if
initial data do not belong to this class.

1. Introduction
In this paper we will study weak solutions of the initial-value problem
U = Uge + f(u) — fF(O)H@u—N), 0<t<T, ve€R,
(1.1)
ult=o = uo, z €R,
where 0 < A < 1 is a constant, H is the function on R given by
0 in (—o00,0
=0 B0 o< H©0) <1,
1 in (0,00)
and f satisfies the following condition (see figures 1 and 2).
(Al) f is a Lipschitz continuous function on R and satisfies

f(0)=0, f(u)<Oon (0,A] and f(u)— f(1)>0on [A1).

A problem like (1.1) arises as the model of best response dynamics in game
theory [9]. A typical example of f in this model is f(u) = —u. Also, problem (1.1)
with f(u) = —u is a special case of the initial-value problem for the parabolic
system:

utumquH(ua)Jrv,} (1.2)

vy = bu — cv,
with constants 0 < a < 1, b < 0 and ¢ > 0. Parabolic system (1.2) is a simplification
by McKean [11] of the equations of FitzHugh [7] and Nagumo et al. [14],
Ut = Uge +u(l —u)(u —a) + v,
: (1-w(u-a) } )
vy = bu — cv,

(© 2005 The Royal Society of Edinburgh
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Figure 1. Condition (Al).
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Figure 2. Graph of u — f(u) — f(1)H(u — ).

which were introduced as a model for the conduction of electrical impulses in the
nerve axon.

As is well known, the method of upper and lower solutions combined with mono-
tone iteration offers constructive existence results for a variety of differential equa-
tions with continuous nonlinearities. This method was first developed by Sat-
tinger [15] for nonlinear parabolic boundary-value problems. Carl [2] showed that
this method is available even for the construction of weak solutions belonging to the
space L2((0,T); W12(§2)) of parabolic boundary-value problems with discontinuous
nonlinearities, where {2 is a bounded domain of R?. A constructive existence result
for parabolic boundary-value problems with more general forms was obtained by
Carl and Heikkild [3] in a similar space. Szilagyi [16] proved a constructive exis-
tence result for boundary-value problems for parabolic systems with discontinuous
nonlinearities. For existence results for ordinary and elliptic equations with discon-
tinuous nonlinearities, see Heikkild and Lakshmikantham [8]. In this paper we are
interested in bounded solutions taking values between 0 and 1 in (0,7) x R, for
example, spatially constant solutions, from the viewpoint of best response dynam-
ics. If there exists a solution u € Cg([0,T) x R) of problem (1.1), then, by a similar
argument to the proof of lemma 2.5(a), the solution u satisfies the integral equation

u(t,z) = /}RK(t,x —y)uo(y) dy

+ / / K(t— s,z —y)(fuls.9) — F)H(u(s,y) — ) dyds  (1.4)
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Figure 3. Graph of ug.

Figure 4. Graph of u — —u + H(u — A).

in (0,7) x R, where Cg([0,T) x R) is the space of bounded continuous functions on
[0,T) xR, and K is the heat kernel. Hence, we find from this integral equation (1.4)
that u belongs to the space C%1((0,T) x R) of continuous functions on (0,7) x R
that are continuously differentiable with respect to = € R. Therefore, we will study
solutions of problem (1.1) in the space Cg([0,T) x R) N C%!((0,7) x R) under the
following condition.

(B1) wg belongs to Cp(R) and satisfies the inequality 0 < up(z) < 1 on R.

First, we will show that the monotone iterative method also is available for the
construction of weak solutions belonging to the space Cg([0, 7)) xR)NC%1((0, T)xR)
of problem (1.1). Key points of the proof are to show that weak solutions of an
iteration scheme are expressed in explicit forms and, further, that an upper solution
and a lower solution respectively satisfy integral inequalities.

Owing to the discontinuous nonlinearities, we cannot expect the uniqueness of
weak solutions of problem (1.1) for general initial data. For example, for f(u) = —u,
both

u(t)=A—De "+1 and wus(t) = e "

are solutions if ug(z) = A on R. This corresponds to the fact that, in the best
response dynamics, players have multiple locally best responses at the time ¢ = 0 if
the initial state is equal to A. Secondly, we will find certain classes of initial data for
which the weak solution of problem (1.1) is unique locally or globally in time. Several
results on uniqueness of weak solutions of parabolic equations with discontinuous
nonlinearities have been obtained for only one space-dimensional case. Feireisl and
Norbury [6] and Feireisl [5] dealt with parabolic boundary-value problems. Feireisl
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and Norbury [6] showed that a certain class of initial data guarantees a uniqueness
result for the nonlinearity f(u) + ¢H(u — 1), with a positive constant ¢ and a
non-decreasing Lipschitz continuous function f. Feireis] [5] considered more-general
initial data and nonlinearities, but showed only a local uniqueness result. On the
other hand, Terman [17] dealt with the initial-value problem (1.1) with f(u) = —u
(see figure 4), and showed the uniqueness of solutions for a certain class of initial
data ug € Cp(R)NC*(R) such that ug(0) > A, up(z) = up(—z) in R and uj(x) > 0
n (—o0,0). The case ug(0) = A (see figure 3), in which the uniqueness of solutions
was proved under the two conditions that liminf, o 2272 [ug(0) — ug(z)] > 0 and

/ / VB—y7)/ (VT T> ,

liminf 227 2[ug(0) — up(z)] + A > —= rnax —& dedr,

o VT P20 P(1+v/7)/ (2V/T=7)

(1.5)
was discussed by McKean and Moll [13]. McKean [12] showed the uniqueness of solu-
tions of the initial-value problem for parabolic system (1.2) for a class of increasing
initial data.

The main purpose of this paper is to study the non-uniqueness of weak solutions of
problem (1.1). Let us consider problem (1.1) with f(u) = —u (see figure 4) and ini-
tial data ug like figure 3. Then it is easy to see that problem (1.1) has a weak solution
whose peak does not exceed A. Furthermore, according to McKean and Moll [13],
stated above, the weak solution is unique if liminf, o 2272ug(0) — uo(z)] > 0 and
if inequality (1.5) holds. However, McKean and Moll [13] did not discuss in detail
the case where inequality (1.5) does not hold, namely, the case that

VBA—VR/@VTT)
liminf 22~ 2[ug(0) — up(z)] + A < —= max/ / e ¢ dedr.
=40 VT p>0 VP(L+VT)/(2V/T=7)
(1.6)

In this case we expect that there exists a weak solution whose peak exceeds .
The existence of such a weak solution establishes the non-uniqueness of weak solu-
tions, since problem (1.1) has a weak solution whose peak does not exceed A, as
stated above. Thirdly, we will consider problem (1.1) with more general f and ini-
tial data ug, and will give a similar condition to (1.6) under which problem (1.1)
has at least two different weak solutions. The non-uniqueness of weak solutions of
parabolic boundary-value problems with discontinuous nonlinearities has been stud-
ied by Feireisl and Norbury [6] only for one space-dimensional case. They showed
that a certain class of initial data guarantees a non-uniqueness result for the non-
linearity f(u)+cH(u—1) with a positive constant ¢ and a non-decreasing Lipschitz
continuous function f satisfying f(u) =0 for u < 1.

It should be mentioned that the treatment of discontinuous problems in unbound-
ed domains is by no means a straightforward extension of corresponding problems
in bounded domains, and in this sense the subject of the paper is challenging and
worth pursuing.

The rest of this paper is organized as follows. In § 2, we first give the definition of
a weak solution of problem (1.1) and, by using the monotone iterative method, we
establish the existence of maximal and minimal weak solutions of problem (1.1) in
an order interval (theorem 2.3). In § 3, we study the uniqueness of weak solutions of
problem (1.1). In fact, we find a certain class of initial data so that the weak solution
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of problem (1.1) is unique locally in time (theorem 3.1). Furthermore, we prove two
results on global uniqueness (theorems 3.3 and 3.4). In §4, we prove that there exist
at least two different weak solutions under some conditions (theorem 4.1). In §5,
we prove a result on the relationship between weak solutions of problem (1.1) and
solutions of problem (1.1) formulated as a differential inclusion (proposition 5.4),
from which we see that results similar to theorems 3.1, 3.3, 3.4 and 4.1 hold for
solutions of problem (1.1) formulated as a differential inclusion (remark 5.6).

2. Existence theorem

Before we describe our results, let us first explain some notation and definitions that
we will use. Let C(R) and Cg([0,7") x R) denote the space of bounded continuous
functions on R and [0, 7)) x R, respectively. Let C%1((0,T) x R) denote the space of
continuous functions on (0,7") x R that are continuously differentiable with respect
toz € R. If u,v € Cp([0,T) x R)N C%((0,T) x R) and u < v in [0,T) x R, then
[u, v] denotes the order interval {w € Cg([0,T) x R)NC%((0,T)xR) | u < w < v}.
Let K denote the heat kernel, namely,

2

1 < x > .
——exp| —— |, ift>0and xz €R,
K(t,z)={ 2Vnt 4t

0, ift<0and x € R.
We now define a weak solution of problem (1.1) as follows.

DEFINITION 2.1. A function v € Cg([0,T) x R) N C%1((0,T) x R) is said to be a
weak solution of problem (1.1) if the following two conditions are satisfied:

(i) ue = uge + f(u) — f(L)H(u—A) in D'((0,T) x R), namely,

T
/0 / (udhp — Dyudyip + (f(w) — F()H(u— N)g) dzdt = 0,

for all ¢ € D((0,T) x R);
(ii) for all zy € R,
lm  wu(t,z) = ug(xo).

t}0,x—x0

DEFINITION 2.2. A function u € C([0,7) x R) N C%1((0,T) x R) is called a weak
upper solution of problem (1.1) if the following two conditions are satisfied:

(i) for all non-negative functions ¢ € D((0,T) x R),

T
/0 / (udp — Do+ (F(u) — F()H(u— N))g) dadt < 0;

(ii") for all zp € R,

. - '
tw%gg@ u(t, z) = uo(wo)

A weak lower solution of problem (1.1) is defined by reversing the inequalities in
the conditions (i') and (ii’).
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Similar definitions to definitions 2.1 and 2.2 will be used for problem (1.1), with
nonlinearities depending on ¢ and x as well as u.

To show the existence of a weak solution of problem (1.1), we will impose the
following condition on f.

(A2) Problem (1.1) has a weak upper solution @ and a weak lower solution v such
that © < @ in (0,7) x R. Furthermore, there exist a non-positive function
wy € L((0,T) x R) and a non-negative function we € L>°((0,7) x R) such
that, for all non-negative functions ¢ € D((0,T) x R),

T
| @ = o000+ (5@ = 1) (0= 3) = wi)e) dactt =0,

T
/0 / (udrp — Dsudop + (f(u) — F()H(u— \) — ws)g) dadt =0,

where
- 1, ifu>0, . 1, if 0,
H(u)=<" 1 “ and H(u)= 1 v
0, ifu<0, 0, ifu<0.

THEOREM 2.3. Let A € (0,1), and assume that conditions (A1), (A2) and (B1) are
satisfied. There then exist the global mazimal and minimal weak solutions U and u
of problem (1.1) in the order interval [u, .

For the proof, we need the following three lemmas.

LEMMA 2.4. Let ug € Ca(R) and let g € L*°((0,T) x R). Then, for each T > 0,
the problem

Up = Uge + 9(t, ), 0<t<T, x€eR,

uli=0 = uo, xz eR,

has a unique weak solution u € Cy([0,T) x R)NC%1((0,T) x R), which is expressed
in the form

u(t, ) /Ktx— uo(y dy—|—//Kt—sx— y)g(s,y)dyds
A(t,z) + B(t, ). (2.2)
Moreover, we find that, for 0 <t <T and x € R,

|0:A(t, )| < \FIIUOIILm (R);

|0:A(t, )| < *IIUOIILwRy (2.4)

|0:B(t, x) \/>||9|L°°((0 T)xR)> (2.5)

and that, for 0 <r <t <T and v € R,
[B(t,z) = B(r,z)| < 2/ (t = 7)r + (t = 7)llgll > ((0,1)xR)- (2.6)
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Proof. We see that the function u given by (2.2) is a weak solution of problem (2.1),
by using the fact that the heat kernel K satisfies the equation K (t,x) = Ky (¢, )+
0(t,x) in D' ((—T,T)xR), where ¢ is the delta function. For the proof of uniqueness,
see [1, theorem 2]. Thus, it remains to prove the four inequalities (2.3)—(2.6). Since
the first three inequalities, (2.3)—(2.5), can be easily checked, the last one, (2.6),
will be proved.

We can easily see that, for 0 <r <t <T and =z € R,

|B<t7x>—B<r,w>|</or/RK(t—w—y)—m—s,x—y)|g<s,y>|dyds

+/tAK<ts,zy>g<s,y>dyds
=: By (t,rr, x) + Ba(t, 1, x). (2.7)
(1) Estimate of Ba(t,r,z): for 0 <r <t < T and = € R,
By (t,r,x) < (t —7)|lgllLe ((0,1) xR)- (2.8)

(2) Estimate of By (t,r,z): we see that, for 0 < r <t < T and x € R,

//|K(t—s,x—y)—K(r—s,x—y)|dyds
0o Jr

_/O/R /TtKT(Ts,xy)dT

T t 1/2 2
< / / / ( ! ) ! {1 M Chl) ]6@1,)2/(4(”)) dr dy ds.
o JrJr \Ar(T — ) 2(r —s) 2(r —s)

By the change of variable x — y = 2¢/7 — s&,

T t 1 1/2 1 (z —y)? o) (4
/0 /R/r (47T(T_s)> 2(r — s) |:1+2(T—S):|e ! drdyds
- /T /t/ e (L 267 dgdr ds
Jo Jo Jr2ym(r—s)

:/ logt_sds.
0 r—s

Note that logx < +v/x — 1 if x > 1. Hence, we have

" t— Tt —
/ log Sdsé/ 1/ Tds:%/(t—r)r.
0 r—s o Vr—s

dyds

Therefore,
Bi(t,r,x) <24/ (t = r)rllgllieom)xm)- (2.9)
By combining inequalities (2.7)—(2.9) we get inequality (2.6). O

LEMMA 2.5. Let A € (0,1), and assume that conditions (A1) and (B1) are satisfied.
Let L > 0 be any constant.
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A function u € Cg([0,T) x R) N C%1((0,T) x R) is a weak solution of prob-
lem (1.1) if and only if, for all (t,z) € (0,T) x R, it satisfies the integral
equation

u(t,z) = e It /R K(t,x — y)uo(y) dy

+ /0 /RK(t —s,x—y)frlu(s,y))e ) dyds, (2.10)

where fr(u) = f(u) — f(1)H(u— A) + Lu.

Let i € Cg([0,T) x R) N C%L((0,T) x R) be a weak upper solution of prob-
lem (1.1). If there exists a non-positive function wy € L>=((0,T) x R) such
that, for all non-negative functions ¢ € D((0,T) x R),

T
| [ oo - duadup + (@) - FOA@- )~ wn)p)dodt =0,
o Jr
then, for all (t,z) € (0,T) x R, the function u satisfies the integral inequality
u(t,x) > e*Lt/ K(t,z — y)uo(y) dy
R

+ /0 /RK(t —s,x—y)fo(u(s,y))e L) dyds, (2.11)

where H is as in condition (A2) and fr(u) := f(u) — f(1)H(u— \) + Lu.

Let u € Cg([0,T) x R) N C%1((0,T) x R) be a weak lower solution of prob-
lem (1.1). If there exists a non-negative function wy € L*=((0,T) x R) such
that, for all non-negative functions ¢ € D((0,T) x R),

/0 / (uOp — Dyudpp + (F(w) — F()H(u— A) — wn)g) drdt =0,

then, for all (t,z) € (0,T) X R, the function u satisfies the integral inequality
u(t.o) <ot [ Kt~ g)uoly) dy
R

<+A‘éfﬂt—&x—yﬁmu@wbéiaﬂﬂmd&

where H is as in condition (A2) and fr(u) := f(u) — f(1)H(u— \) + Lu.

1. First, we show that assertion (a) of the lemma holds. Assume that u €
,T) x R)NC%1((0,T) x R) is a weak solution of problem (1.1). Put v(¢,z) :=

u(t, x)elt. Then v is a weak solution of the problem

Vi = VUgy + fL(ve_Lt)eLt7 0<t<T, xz€eR,

V|¢=0 = uo, z € R.
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We now consider the problem

(2.12)

Wy = Way + fr(ve F)el, 0<t<T, xR,
wli=o = Uo, z e R.

By lemma 2.4, problem (2.12) has a unique weak solution, w € Cg([0,T) x R) N
C%1((0,T) x R), which is expressed in the form

w(t,z) = /}RK(t7 x —y)uo(y)dy + /0 /}RK(t —s,x—y)fr(v(s, y)efLs)eLS dy ds.

Hence, w must be equal to v in (0,7) x R. Since v(t, z) := u(t, r)e’*, the function u
satisfies the integral equation (2.10). The converse is obvious from lemma 2.4.

STEP 2. Next, we show that assertion (b) holds. Put o(t,x) := @(t, z)el’. Then v
satisfies the conditions that, for all non-negative functions ¢ € D((0,7T) x R),

T
/ /(ﬁatgo — 0,00, + (fr(ve 1Y) —wy)ePp)dedt =0
0o JR
and that, for all o € R,

twl;nﬁlxo o(t,x) = u(0, xo).

Let us consider the problem in which, for all non-negative functions ¢ € D((0,T) x
R), we have

T
/ / (B0 — Dy 0o+ (i (o= H) —wr)ebp) dedt =0 (2.13)
0 R

and, for all zy € R,
lim (¢, x) = @(0,zo). (2.14)

tl0,x—xo

We now prove that the function
wlt,a) = [ Klto = y)u(0.9)dy
R

+ / / K(t - 5,2 — y)(fo(0(s, y)e") — wi(s,9))e"* dyds  (2.15)

is a unique solution of problem (2.13), (2.14) in Cy([0,T) x R) N C%1((0,T) x R).
Note that (f7,(o(t, z)e™ ) — wy (t, z))e"* is bounded in (0, T) xR and that @(0, z) is
bounded and continuous on R. Hence, by lemma 2.4, we see that @, given by (2.15),
is a solution of problem (2.13), (2.14) in Cg([0,T) x R)NC%*((0,T) x R). To prove
the uniqueness, it suffices to show that the zero solution is the only solution in
Cg([0,T) x R) N C%((0,T) x R) of the problem in which, for all non-negative
functions ¢ € D((0,T) x R),

T
/ /(w@tgo — O, wip)dadt =0 (2.16)
0o Jr
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and, for all zo € R,
lim  w(t,x) =0. (2.17)

tl0,z—xg

Assume that problem (2.16), (2.17) has a solution w that is different from the zero
solution. Fix § € (0, 17) arbitrarily and assume that ¢ € (0,6). Let ¢ be a fixed
element of D(R?) such that ¢ > 0, supp® C (—1,1)? and

//Q/J(t,x) dzdt = 1.

Put

and define a function w® := w x ¢, on [§,T — &] x R. Then, by equation (2.16), we
see that w® is a unique bounded classical solution of the problem

wi = w;,, §<t<T-4, x€eR,
w®|i=s = w (0, x), z e R.

Hence, w® is expressed in the form
U)E(t?I’) = / K(t - 6,58 - y)ws((S’ y) dy
R

in (6,7 — ¢) x R. By the continuity of w, we see that w® converges uniformly to w
on any compact subset of (6,7 — §) x R as ¢ | 0. Furthermore,

/K(t—é,x—y)ws(é,y)dy—)/K(t—é,x—y)w(é,y)dy ase 0.
R R

Hence, on taking the limit as § | 0, we find that w = 0 in (0,7") xR. This contradicts
the assumption that w is not the zero solution. Thus, @ given by (2.15) is a unique
solution of problem (2.13), (2.14) in Cg([0,T) x R) N C%1((0,T) x R), such that
w = v in (0,T) x R. Hence, by 9(t, ) := @(t, z)el’ and equation (2.15), we have

a(t,z) = e 1 /R K(t,x —y)u(0,y)dy

[ [ K= s =)t ) = w0 dy s

Since @(0,x) = ug(x) on R and w (¢, x) is non-positive in (0,7T) x R, the integral
inequality (2.11) is obtained.

Assertion (c) can be proved similarly. O

The proof of lemma 2.6 is omitted, since it can be shown by a slight modification
of the proof of [2, lemma 3].

LEMMA 2.6. Let A € (0,1), and assume that conditions (A1) and (B1) are satis-
fied. Furthermore, let u be any weak solution of problem (1.1). Then the Lebesgue
measure of {(t,z) € (0,T) x R | u(t,z) = A} is zero if f(A) — f(1)H(0) # 0.
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Proof of theorem 2.3.

STEP 1. First, we prove the existence of the maximal weak solution U in the order
interval [u,u]. Let H and H be as in condition (A2). By condition (Al), we can
choose a constant M > 0 such that u — f(u) + Mu is non-decreasing on R. Put

Far(u) o= f(u) = f(1)H (u = X) + Mu
and
Far(u) == f(u) = F()H(u—X) + Mu.
Then, by condition (A2) and lemma 2.5(b), the weak upper solution u satisfies the

integral inequality

a(t,x) > e Mt /]R K(t,z — y)uo(y)dy

+ /0 /RK(t —s,x —y) far(als,y)e M) dy ds. (2.18)

Similarly, we obtain the integral inequality

u(t,z) < e Mt /R K(t,z — y)uo(y)dy

t
[ [ R sa - futuls e M ayds. (219
o Jr
We now fix T' > 0 arbitrarily and consider the iteration scheme

urtt —untl e MUttt = f (U, 0<t<T, xeR,} 220,
2.20
U™ i—o = uo, z € R,

with the initial iteration U° = 4. We can then show that problem (2.20) may be
uniquely solved for each n € Ny and that the sequence (U™),en, converges to the
maximal weak solution U of problem (1.1) in the order interval [u, @]. The proof is
divided into three steps.

STEP 1.1. First, we prove the following claim.

CLAIM 1. Problem (2.20) has a unique weak solution UL, for each n € Ny, which
satisfies the following relationship:

u< U U< U KUY = (2.21)

Proof. Using lemma 2.4 and induction on n € Ny, we see that problem (2.20) is
uniquely solved and U™+! can be expressed in the form

U (1) = oM / K(t,x — y)uoly) dy

+ /0 /RK(t —s,x — ) far(U"(s,9))eME=) dyds.  (2.22)
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By inequality (2.18) and equation (2.22) with n = 0, we obtain the relationship
Ul < U° = @. Note that, by condition (A1), both far and fas are non-decreasing
on R and fi; > far on R. Furthermore, note that, by condition (A2), the relation-
ship u < @ holds. Hence, we get the relationship u < U from inequality (2.19) and
equation (2.22) with n = 0. A similar argument shows the relationship (2.21). O

STEP 1.2. Secondly, we prove the following claim.

CLAIM 2. The sequence (U™)nen, obtained in claim 1 converges to a weak solu-
tion U of problem (1.1) in the order interval [u, ).

Proof. Let A(t, ) and B, (t,7) be the first and second terms of the right-hand side
of equation (2.22), respectively. Then, noting the monotonicity of fj; and using
claim 1 and lemma 2.4, we have the following four estimates: for n € Ng, 0 <t < T

and z € R,
oMt
0, A t,x) < ——||u o (R)
u o= Mt
|0:A(t, )| < Me™ ™" |ug|| Lo ) + ; llwoll Lo (),

t
‘6xBn(t7 l‘)‘ < Qe_Mt \/7’@
m

and forn € Ny, 0 <r <t < 7T and x € R,
| B, (t,z) — By(r,z)| < e*Mt(Q (t—r)r+({t—r)k+ (e*MT - e*Mt)t/i,

where x = mas{ | far (u(t, 2))eM* | e (0.1 8y Lo (@t 2))eM | o (0.7 ey} Thuss,
U™ is equicontinuous on every compact subset of (0,7) x R. Hence, by the Arzela—
Ascoli theorem and a diagonal method, we can pass to the limit as n 1 co along a
subsequence, and so obtain a function U™ in Cp((0,T") x R). Furthermore, by the
monotonicity of (U™)en,, the sequence itself must converge to U in the same
space. Since U™ (0, ) = up(x) on R for n € N, it follows that the limit U of (U™)nen,
on [0,7) x R is given by

Ut ) U*(t,z), f0<t<Tand xR,
71‘ = .
uo(x), ift=0and x € R.

Thus, it remains to show that U is a weak solution of problem (1.1) in the order
interval [u, @]. For this purpose, we consider the limit as n 1 co in equation (2.22). By
condition (A1) and the boundedness of (U™),cn,, we find that (far (U (¢, 2)))nen,
is bounded in (0,T) x R. Note that the right continuity of H means the right
continuity of fM. Hence, by using the fact that (U™),en, is non-increasing and

converges to U in (0,7) x R, we find that

(U (t,2)) = fu(U(t 7))
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in (0,7) x R as n 1 co. Therefore, we can apply Lebesgue’s dominated convergence
theorem to get the integral equation

Ult,z) = e~ Mt /R K(t,z — y)uo(y) dy

+ /0 /RK(t — s,z — ) fau(U(s,y)e M=) dy ds (2.23)

in (0,7) x R. It is obvious from equation (2.23) that limy | z—4, U(t, 2) = uo(xo)
for all 2y € R. Hence, U belongs to Cg([0,7') x R) due to the definition of U. Again,
from equation (2.23), we see that U belongs to C%!((0,7) x R). Hence, by using
lemma 2.5(a), we find that U is a weak solution of the problem

Uy=Upm+fU - fOHU =X, 0<t<T, z¢ R,}

Ult=0 = uo, r €R.
By condition (A1) and H(0) = 1, we see that f(\) — f(1)H(0) # 0. Hence, accord-
ing to lemma 2.6, the Lebesgue measure of {(t,z) € (0,T) xR | U(t,z) = A} is
zero. Therefore, U must be a weak solution of problem (1.1). Also, it is obvious
from claim 1 that U is contained in the order interval [u, @]. O

STEP 1.3. Finally, we prove the following claim.

CrLAaIM 3. The weak solution U obtained in claim 2 is a maximal solution in the
order interval [u, ).

Proof. According to lemma 2.5(a), any weak solution v € [u,u] of problem (1.1)
satisfies the integral equation

v(t,x) —e_Mt/ K(t,x — y)uo(y) dy

/ [ Ktt=sa = iuols)e M0 dyds, (220

where fy(u) := f(u) — f(1)H(u— \) + Mu. Hence, by equations (2.22) and (2.24),
we get the relationship v < U'. We can similarly derive the relationship v < U™
for each n > 2. Therefore, the relationship v < U holds. O

STEP 2. Next, we prove the existence of the minimal weak solution v in the order
interval [u, @. In this case, it suffices to consider the iteration scheme

WPttt Mt = f(it),  0<t<T, z€ R,} (225)

n+1 _
u"" |t=0 = uo, reR,

with the initial iteration u® = w. In fact, as in step 1, we can obtain the minimal
weak solution u of problem (1.1) in the order interval [u, @] as the limit of a sequence

(u™)pen of weak solutions of problem (2.25).

The proof of theorem 2.3 is now complete. O
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REMARK 2.7. There exist the maximal and minimal weak solutions U, u € [0, 1],
of problem (1.1) if A € (0,1) and if conditions (Al) and (B1) are satisfied, since
# =1 and u = 0 are a weak upper solution and a weak lower solution, respectively,
of problem (1.1) as in condition (A2). Remark that [0,1] is an order interval.

The following proposition shows that any weak solution v of problem (1.1) is
contained in the order interval [0, 1] under some conditions. Therefore, we see that
v satisfies the relationship v < v < U for the maximal and minimal weak solutions
U, u € [0,1] of problem (1.1).

PROPOSITION 2.8. Let A € (0,1), and assume that conditions (A1) and (B1) are
satisfied. Any weak solution of problem (1.1) is then contained in the order inter-
val [0, 1].

Proof. Fix T > 0 arbitrarily. By condition (Al), we can find a constant ¢ > 0
so that |f(u) — f(1)H(u — A)| < ¢(1 + |u]) on R. With this constant ¢ > 0, we
define w(t) := e“*(1 + ct) and u(t) := —e“(1 + ct) on [0,T). Then % and u are a
weak upper solution and a weak lower solution, respectively, of problem (1.1) as in
condition (A2). Furthermore, we can see that any weak solution u of problem (1.1)
satisfies the inequality

u(t) <u(t,z) < alt) (2.26)

in (0,7) x R. In fact, by lemma 2.5(a), the weak solution u satisfies the integral
equation

ult, ) = / Ktz — y)uoly) dy

+ / / K(t— s,z —y)(fuls.9) — F)H(u(s,y) — \) dyds.

Hence, by the definition of ¢ and condition (B1), we obtain, for 0 < ¢ < T,

t
lat, Moo <1+ / e(1+ [luls, | p=(ry) ds.

On applying the Gronwall inequality, we obtain inequality (2.26). We now show
that the maximal and minimal weak solutions Uy, u1 € [u, @] of problem (1.1) are
contained in the order interval [0, 1]. As may be seen from the proof of theorem 2.3,
the maximal weak solution U € [u, @] of problem (1.1) with initial datum 1 satisfies
Us > Up on (0,T) x R. Furthermore, by condition (A1), we see that Uy = 1
on (0,7) x R. Similarly, the minimal weak solution us € [u, @] of problem (1.1)
with initial datum 0 satisfies us < ug on (0,7) x R, and, furthermore, us = 0 on
(0,T) x R. Hence, Uy and u; are contained in the order interval [0, 1], such that u
is also contained in the order interval [0, 1]. O

The following proposition shows certain monotonicity properties of the maximal
and minimal weak solutions U and u of problem (1.1) in the order interval [u, .

PROPOSITION 2.9. In addition to the assumptions in theorem 2.8, let ug not be a
constant.
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(a) If U € [u, @] is the mazimal weak solution of problem (1.1), then U(t,z) is
increasing in x in cases when both ug(x) and a(t, z) are non-decreasing in x,
and U(t,z) is decreasing in x in cases when both ug(x) and a(t,z) are non-
mcereasing in x.

(b) If u € [u, ] is the minimal weak solution of problem (1.1), then u(t,z) is
increasing in © in cases when both ug(xz) and u(t, ) are non-decreasing in x,
and u(t,xz) is decreasing in x in cases when both ug(x) and u(t,x) are non-
mcreasing in x.

Proof. We will prove only assertion (a) of the proposition in the case when both
uo(x) and @(t, ) are non-decreasing in x. The other cases can be proved similarly.

As may be seen from the proof of theorem 2.3, the maximal weak solution
U € [u,q] is obtained as the limit of a sequence (U™),ecn of weak solutions of
problem (2.20) with U® = 4. Let us recall that U™ *! is expressed in the form (2.22):

U"H(t, x) = e Mt / K(t,z —y)uo(y) dy
R

—|—/Ol/RK(t—s,x—y)fM(U”(s,y))e_M(t_s)dyds

in (0,7) x R. Since ug is non-decreasing and is not constant on R, the first term
on the right-hand side of equation (2.22) is increasing in x. Note that, by con-
dition (A1), the function fj; is non-decreasing on R and that U°(t,z) is non-
decreasing in x. Hence, fi;(U°(t, x)) is non-decreasing in x and so the second term
on the right-hand side of equation (2.22) with n = 0 is non-decreasing in x. There-
fore, by equation (2.22) with n = 0, we see that U'(¢,x) is increasing in x. We
can repeat this process to derive the result that U™(t,x) is increasing in z for all
n > 2. Therefore, U(t, z) is non-decreasing in z. However, from equation (2.23), we
see that U(t,x) is increasing in x. In fact, the first term on the right-hand side of
equation (2.23) is increasing in z, since ug is non-decreasing and is not constant
on R. Furthermore, the second term on the right-hand side of equation (2.23) is
non-decreasing in x, since far(U(t,x)) is non-decreasing in x. Thus, we find that
U(t,z) is increasing in . O

3. Uniqueness theorem

In this section, we will investigate the uniqueness of weak solutions of problem (1.1).
We will first prove that there exists a certain class of initial data for which the weak
solution of problem (1.1) is locally unique in time. For this purpose, we impose the
following three conditions on ug.

(B2) ug € C1(R).
(B3) wo and wy are Lipschitz continuous on R, respectively.

(B4) There exist 6 > 0 and n > 0 such that

lug(z)] =8 >0 whenever ug(x) € [\ —n, A+ 1],
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uo(x) A

Figure 5. Condition (B4).
and the Lebesgue measure of {x € R | ug(z) € [A —n, A + 1]} is finite (see
figure 5).

THEOREM 3.1. Let A € (0,1), and assume that conditions (A1), (B1), (B2), (B3)
and (B/) are satisfied. Then the weak solution of problem (1.1) is locally unique in
time.

For the proof, we need the following lemma.

LEMMA 3.2. Let A € (0,1), and assume that conditions (A1), (B1), (B2) and (B3)
are satisfied. Assume that u € Cg([0,T) x R)NC%1((0,T) x R) is any weak solution
of problem (1.1). Then u(t,z) and u,(t,x) converge uniformly to ug(z) and uj(x)
on R as t ] 0, respectively. More precisely, we have the two assertions:

lu(t, ) = uo() | oo m) = O(V), 3.1
lua(t, ) = up ()| o=y = O(V). (3-2)
Proof. By condition (A1), we can choose a constant ¢ > 0 such that
|f(u) = F(DH(u =) < e(1+[ul) onR.
Hence, by lemma 2.5(a) and proposition 2.8, the difference u(t, ) — ug(x) satisfies
the inequality
|u(t7 'T) - U0($)| < / K(t7 T — y)|U0(y) - ’U,()(l’)| dy + 2ct
R

in (0,7) xR. Since, by condition (B3), the function ug is Lipschitz continuous on R,
there exists a constant L,, > 0 such that, for 0 < ¢ < T and z € R,

Ju(t, 2) — uol(2)]| < / K (.2 — y) Loy ly — | dy + 2t
R

2L,
— 4+ 2ct.
ﬁ\er c

Therefore, we obtain assertion (3.1). In a similar way, we can derive the inequality

() — (@) < 2L (L +20)

VT

with some constant L,; > 0 in (0,7") x R. Hence, assertion (3.2) follows. O
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Proof of theorem 3.1. We use an argument similar to that in the proof of [5, theo-
rem 1]. Assume that we have two weak solutions u and v of problem (1.1). Define
E(t) := [Jlu — v g (0,)xr) and Isa: := {y € R | [u(s,y) — A| < E(t)}. Then, by
lemma 2.5(a), the difference u(t, x) — v(t, x) satisfies

u(t,x) — v(t, )
- / / K(t— s,z — y)(f(uls.9)) — f(v(s,9))) dyds
/ / K(t— 5,2 — ) f(1)(H(u(s,y) — N) — H(u(s,y) — ) dyds

:Atx—i—th) (3.3)

(1) Estimate of A(¢,x): since, by condition (A1), the function f is Lipschitz con-
tinuous on R, there exists a constant Ly > 0 such that, for 0 < ¢ < T and = € R,

Alt, )] < / / K(t - 5,2 — y)Lylu(s, y) — v(s, )| dy ds

< Lytflu = vl Lo (0,6 xR)- (3.4)

(2) Estimate of B(t, z): by lemma 3.2 and the assumptions on w, there exist T3 > 0
and v > 0 such that |u.(t,2)] = v > 0on {(t,x) € (0,T1) xR | |u(t,z)—A| < E(T1)}
and

sup p(liam) = sup p({z € R [ fu(t, ) — Al < E(T1)}) < oo (3:5)
0<t<T) 0<t<Ty

Furthermore, by estimate (3.5) and the fact that u, is bounded in (0,7}) X R, there
exists m € Ny such that, for any 0 < t < Ty, the set {x € R | u(t,x) = A} consists
of at most m different points. Hence, for any 0 < t < T} and any 0 < s < t, we get
the inequality

2mE(t)

v

pIsae) = p{y € R | fuls,y) = Al < E(1)}) < (3.6)

Therefore, by inequality (3.6), the absolute value of B(t,x) satisfies the inequality

2m|f(1)|E / 1
B(t,z)| < ds
_ 4m|f()|VE
—Va l[w = vl oo (0,6)xR) (3.7)
in (O,Tl) x R.
By combining (3.3), (3.4) and (3.7), we obtain, for 0 < ¢t < 17,

Am|f(D)]V
lu = vl (0.0 xr) < (ﬁw + Lyt | [lu = vl L (0.6)xR)-

Therefore, we find that u —v = 0 in (0,Tp) X R by choosing 0 < Ty < T3 such that
4m|f(1)|VTo/(/7v) + Ly is less than 1. O
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Uy(x) A

Figure 6. Condition (B5-1).
To state another uniqueness theorem, we impose the following condition on ug:
(B5) wg satisfies either condition (B5-1) (see figure 6) or condition (B5-2):
(B5-1) g is increasing on R and satisfies ug(—o00) < A < ug(00);
(B5-2) wg is decreasing on R and satisfies ug(—o00) > A > ug(00).

THEOREM 3.3. Let A € (0,1), and assume that conditions (A1), (B1), (B2) and
(B5) are satisfied. The weak solution of problem (1.1) is then globally unique in
time.

Proof. The proof will be given only for the case that ug satisfies condition (B5-1).
The case that ug satisfies condition (B5-2) can be proved similarly.

Fix T > 0 arbitrarily. From theorem 2.3, remark 2.7 and proposition 2.9, it follows
that there exists a weak solution u € [0, 1] of problem (1.1) such that wu,(t,z) > 0
in (0,7T) x R. Assume that there exists a weak solution v different from u and define
Ty :=sup{t € [0,T) | u(s,z) = v(s,z) on [0,t] x R}. Then u(Ty,z) = v(T1,x) on R.
We will show that u(t,x) = v(t,z) in (T7,72) X R for some T} < To < T.

By lemma 2.5(a), the function u satisfies the integral equation

u(t,x):/Kt:c— Yug(y) dy

=: A(t,z) + B(t,x). (3.8)
By condition (A1), we can find a constant ¢ > 0 so that

If(u(t,z)) — fF(L)Hu(t,z) = N)| < el + |ut,z)]) in (0,T) x R.

Hence, using proposition 2.8 and inequalities (2.4) and (2.6) in lemma 2.4, we find
that, for 0 <t < T and x € R,

1
A @) < 5

and that, for 0 <r <t < T and z € R,

|B(t,z) — B(r,z)| < 2¢(2+/(t — r)r + (t —1)).

https://doi.org/10.1017/50308210500004315 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500004315

Parabolic initial-value problems with discontinuous nonlinearities 1157

Thus, the family (u(-,x))zer is equicontinuous on every compact subset of (0,7).
Therefore, by the Arzela—Ascoli theorem and a diagonal method, we can pass to the
limit as « 1 co along a subsequence and so obtain a function (-, 00) in Cg((0,T)).
Furthermore, by the monotonicity of u(t,z) in x, the family itself must converge to
u(+, 00) in the same space. We now consider the limit as « 1 oo in equation (3.8). By
condition (A1) and the boundedness of u, we find that f(u(t,z))—f(1)H (u(t,z)—\)
is bounded in (0,T) x R. Furthermore, using the fact that u(t, z) is increasing in =
and converges to u(t,00) in (0,7), we have

flut,x)) = F)H (u(t, ©) = A) = f(u(t, 00)) = f(1)H (u(t, 00) — A)

in (0,7) as 1 oo, where H is as in condition (A2). Therefore, we can apply
Lebesgue’s dominated convergence theorem to get the integral equation

u(t, 00) = uo(0) +/O (f (u(s,00)) = fF(1)H (u(s,00) — A)) ds (3.9)

in (0,7). Hence, u(t,00) > A on (0,T), since ug(occ) > A by condition (B5-1).
A similar argument shows that u(t,—o0) < X on (0,7T). Therefore, u satisfies
|ug(t,z)] = v > 0 on {(t,z) € (T1,T3) x R | |u(t,z) — A\| < E(T3)} for some
v > 0 and for some 77 < T3 < T, where F is as in the proof of theorem 3.1.
Furthermore, by the monotonicity of u(t,z) in «, for any ¢t € (731,73) the cardinal
number of {z € R | u(t,z) = A} is equal to 1. Hence, we can apply the same argu-
ment as in the proof of theorem 3.1 to get u(t,x) = v(t,x) in (T1,T2) x R for some
T, < Ty < T3. This contradicts the definition of T} and so the assertion follows. [

We consider the following condition on wuyg.

(B6) wug satisfies one of the following three conditions:

(B6-1) wug is non-decreasing on R, and ug(—00) < A < ug(00);
(B6-2) wug is non-increasing on R, and ug(—00) > A > ug(00);

(B6-3) wg is a constant on R.

We then obtain the following uniqueness theorem by combining the arguments in
the proofs of theorems 3.1 and 3.3.

THEOREM 3.4. Let A € (0,1), and assume that conditions (A1), (B1), (B2), (B3),
(B4) and (B6) are satisfied. The weak solution of problem (1.1) is then globally
unique in time.

Proof. First, we discuss the case that condition (B6-1) is satisfied. Fix T' > 0 arbi-
trarily. From theorem 2.3, remark 2.7 and proposition 2.9, it follows that there
exists a weak solution u; € [0,1] of problem (1.1) such that (u1),(¢t,z) > 0
in (0,T) x R. Assume that there exists a weak solution v; different from w; and
define Ty :=sup{t € [0,T) | u1(s,x) = v1(s,x) on [0,t] x R}. Since the assumptions
in theorem 3.4 are stronger than the ones in theorem 3.1, it follows that 77 > O.
Obviously, u1(Ty,z) = v1(T1,z) on R, and wy(Ty,x) = v1(T1,x) satisfies condi-
tions (B1) and (B2). Furthermore, we can apply a similar argument to the proof
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Figure 7. Graph of ug.

of theorem 3.3 to find that wy (T, z) = vy (T, x) satisfies condition (B5-1). It fol-
lows from theorem 3.3 that wy(t,x) = v1(¢,z) in (T1,T) x R. This contradicts the
definition of Tj. The case that condition (B6-2) is satisfied can be argued similarly.

Next, we discuss the case that condition (B6-3) is satisfied. Fix T' > 0 arbitrarily
and consider the integral equation

us(t) = o + / (F(us(s)) — F() H (ua(s) — N)) ds. (3.10)

Since, by condition (B4), the constant ug is not equal to A, equation (3.10) has
a unique classical solution us € [0,1] on [0,T). Furthermore, by lemma 2.5(a)
it is easy to see that ug is a weak solution of problem (1.1). Now, assume that
there exists a weak solution ve different from uy and define T := sup{t € [0,7T) |
uz(s) = wa(s,z) on [0,t] x R}. We then see that uz(Th) = v2(T2,z) on R and
that us(Ta) = va(Th,x) satisfies conditions (B1), (B2) and (B3). Since us(t) does
not belong to [A — n, A + 1] on [0,T) for sufficiently small > 0, we see that
u2(Ty) = vo(Ty, x) satisfies condition (B4). Hence, we can apply theorem 3.1 to
find that us(t) = va(t,x) in (T, T5) x R for some Ty < T3 < T. This contradicts
the definition of T5. Thus, the assertion follows. O

REMARK 3.5. Results on global uniqueness for other classes of initial data are
obtained by Terman [17], McKean and Moll [13] and Deguchi [4].

4. Non-uniqueness theorem

In this section, we will study the non-uniqueness of weak solutions of problem (1.1)
with initial data like figure 7 and nonlinearities like figure 8. More precisely, we
impose the following conditions on ug and f:

(B7) wg satisfies the inequality vo(z) < ug(z) < A on R, where vy is a function
on R such that, for some zy € R (see figure 7),

vg € Cp(R) N C*(R), v, v4 € C(R), vo(z + o) is even on R,
vy(z) >0 and 0 < vo(x) < \in (—o0, ), vo(zo) = A

(C1) For vy and xq given in condition (B7), there exists a constant p > 0 such that

_(p—|— 2)1}6’((50) — infocyen f(u) - i /1 /—ﬁ(l—\ﬁ)/(2\/1—7)
N

_52
: o€ dcdr.
JA) = f(1) —infocyan f(u) VB(+y7)/(2vI=7)
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Figure 8. Graph of u — f(u) — f(1)H(u — ).

THEOREM 4.1. Let A € (0,1), and assume that conditions (A1), (B1), (B7) and
(C1) are satisfied. Then the mazimal weak solution U € [0,1] of problem (1.1) is
different from the minimal weak solution u € [0, 1], where [0, 1] is an order interval.

REMARK 4.2. Let f(u) = —u. Assume that condition (B7) with ug = vy and g =0
holds. Then condition (C1) for non-uniqueness becomes the condition that there
exists a constant p > 0 such that

VRIS
—(p+2)ug(0) + A < / / —dedr.
NG B(14+/7)/(2v/I=T)

On the other hand, according to McKean and Moll [13], the weak solution of prob-
lem (1.1) is unique if u{(0) < 0 and if

o) VP—V7)/(2v/1=7) e
0+)\>—max// d¢ dr.
VT p0 VBV /(2VT=7)

Proof of theorem 4.1. In fact, we will show that the minimal weak solution u € [0, 1]
of problem (1.1) satisfies
u(t,x) < A (4.1)

for (t,z) € (0,T) xR, and further that the maximal weak solution U € [0, 1] satisfies
Ut,z) > A (4.2)

for (t,z) € (0,Tp) x [—v/pt + xo, /Pt + 2] With some Ty > 0.

STEP 1. First, we show inequality (4.1). Let H be as in condition (A2). Then by

condition (A1) and H(0) = 0, we see that f(A\) — f(1)H(0) < 0. Put w(t,z) := A
in (0,7) x R. Then w satisfies the integral inequality

e‘Mt/RK(t,x —y)uo(y) dy

+ [ [ K= sa—phtotpe 0 aas, @)

where M > 0 is a constant such that u +— f(u) + Mu is non-decreasing on R, and
fu(u) == f(u) — f(1)H(u — A\) + Mu. Note that u(t, z) is obtained as the limit of
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the sequence (u™)nen given by
u"t(t,x) = e_Mt/ K(t,z — y)up(y) dy

//Kt—s z —y) far(u(s,y))e M%) dy ds (4.4)

with u® = 0. Since uo < w in (0,T) x R, it follows from inequality (4.3) and
equation (4.4) that u! < w in (0,7) x R. We can repeat this process to get u" <
w=Ain (0,T) xR for n > 2. Thus, we obtain inequality (4.1).

STEP 2. Next, we show inequality (4.2). As seen from the proof of theorem 2.3,
the relationship U > v holds for any weak lower solution v < 1 of problem (1 1)
as in condition (A2). Hence, it suffices to construct a weak lower solution v < 1 of
problem (1.1) that satisfies condition (A2) and inequality (4.2).

By condition (A1), we have info<y,<x f(u) < 0. Furthermore, by conditions (A1)
and (C1), we can choose small §; > 0 so that infy<y<xts, f(u) — f(1) > 0 and

—(p + 2)vg (z0) — infocuan flu)
infacucrys, flu) — f(1) — lnf0<u<>\ f(u

VP(1=/T)/(2V/1=7) )
/ / e S dedr.  (4.5)
VP(I+v/T)/(2¢/T1=7)

Put d; := infycyerts, f(u) — f(1) > 0 and dy := —infocy<n f(u) > 0. By using
the constants d; and ds, we define

d if —y/pt+x9<a< t -+ x
g(t,x)Z{ 1, Vvt + x0 Vpt + x0,

—ds, otherwise,

in (0,7) x R. We consider the problem

Vg = Vge +9g(t, ), 0<t<T, x€eR,
¢ g(t,x) } (4.6)

V|¢=0 = o, r € R,

with the function vy given in condition (B7). According to lemma 2.4, problem (4.6)
has a unique weak solution v, which is expressed in the form

olt,z) = /R K(t, 2 — y)vo(y) dy + /0 /R K(t—s,e—y)gls,g)dyds.  (47)

The function v then satisfies the properties stated above. The proof is divided into
four steps.
STEP 2.1. First, we prove the following claim.

CramM 1. v(t,z + xo) is even on R for each 0 <t < T.

Proof. By condition (B7), we see that vg(z + o) is even on R. Furthermore, by the
definition of g, we see that g(¢,z + zp) is even on R for each 0 < ¢t < T, so that
v(t,x + xg) is also even on R for each 0 < ¢t < T. O
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STEP 2.2. Second, we prove the following claim.
CLAIM 2. v, (t,x + o) >0 for0<t <T and x < 0.

Proof. Differentiating v(t,z + x¢) in z, we have

v (t,x + ) = /K t,x +z0 — y)vo(y) dy
//K —s,x+x9—y)g(s,y)dyds

=/K (1 — €)uo(€ + o) dé

\/ﬁ-‘rabo
// (t— s,z +x0—y)(d1 +do)dyds
\/ZTS+$O

= /RK(t,x — (€ + xo) dE

+(d —|—d2)/0 (K(t = 5,0+ Vp5) — K(t — 5,0 — /P5)) ds
=: A(t,x) + B(t, ).

We can easily see that B(t,z) > 0 for 0 < t < T and = < 0. Furthermore, we have
A(t,z) 2 0for 0 <t < T and z < 0. Indeed, since v((§ + x) is odd in &, the term
A(t,z) can be rewritten as

Aty ) = /OOO(K(M = &) = K(t,z+&))vp(€ + o) d.

Note that v{(§ +x0) < 0 for £ > 0 by condition (B7) and that K (t,z—&)— K(¢t,x+
&) <0for0<t<T,z<0and& > 0. Hence, we have A(t,z) 2 0for 0 <t < T
and x < 0. Thus, claim 2 follows. O

STEP 2.3. Third, we prove the following claim.
CLAM 3. v(t,x) > A for (t,z) € (0,11) X [—/Dt + x0, /Dt + xo] with some Ty > 0.

Proof. By claims 1 and 2, it suffices to show that v(¢, —/pt +x¢) > X in (0,77) for
some T7 > 0.
By equation (4.7), we have

o(t, —/pE + o) / Kt —/pE + 0 — y)voly) dy

¢
+/ / K(t —s,—Vpt +z0 —y)g(s,y) dy ds
o Jr
: C(t) + D(t).
(1) Estimate of C(t): we rewrite C(t) as

Ct) = % / e~ v (Pl + o — 2VE) de

https://doi.org/10.1017/50308210500004315 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500004315

1162 H. Deguchi

Note that vo(zg) = A and v{j(z¢) = 0 by condition (B7). Hence, by the mean value
theorem, we have

o) - f/ (= VE + 0 — 2VEE) — v (o)) A
= [ e bl — (VB + 2vR00m) — )~V — 2VEE) de
\F/e Coll(mo — (VDE+ 2VEE) k1 ka) (VDE + 2v2€) 2k, dE
\F/e Eoll (o — (VPE+ 2VEE) k1K) (VD + 26)%t dE

for some k1, ko € (0,1) depending only on ¢ and £. Therefore, we see that

o) A > vg (o) (p + 2). (4.8)

lim inf
t10

(2) Estimate of D(t):

/Ds+xo
/ / K(t —s,—/pt + 1o — y)(dy + d2) dy ds — dat

V/Ps+xo
d d VB(VT—/5)/(2V/T=3)
1t 2// e~ deds — dot
VB(VEHVE)/(2/F73)
d d VP(1=/T)/(2V/1=T)
[ s 2/ / e € dedr — dy |t (4.9)
VB4V /(2VT=7)

From inequalities (4.5) and (4.8) and equation (4.9), it follows that

Ct)— A+ D(t)

lim inf

tl0 t
Qi dy [1 VPOV
> il / / e & dedr — dy + vl (x0)(p+2) > 0.
VT Jo e masvm) ey

This means that
C(t) =X+ D(t)
t

in (0,77) with sufficiently small 77 > 0. Hence, we get
o(t, VP + 70) = C(t) + D(t) > A
for0 <t <Ty. O

>0

STEP 2.4. Finally, we prove the following claim.

CLAIM 4. v satisfies v < 1 in (0,Tp) X R and is a weak lower solution of prob-
lem (1.1) in (0,T5) x R as in condition (A2) for some 0 < Ty < T3.
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Proof. By equation (4.7) and condition (B7), we obtain, for (t,z) € (0,T) x R,
—dat < v(t,xz) < XA+ dit.

Hence, v < 1in (0, (1 —X)/dy) x R. Thus, it remains to prove that v is a weak lower
solution of problem (1.1) in (0,7p) x R as in condition (A2) for some 0 < T <
min{T7, (1 — A\)/d1 }. This can be proved as follows. By claim 3 we have
t,x)) — f(L)H(v(t,z) — \) — g(t,z) > inf —f(1)—di =0
£l ) = FOHE() = X) - glt2) > | _in )~ (1)~ dy
for (¢,z) € (0, min{Ty, (1—X)/d1, 81 /d1}) X [—+/Pt+z0, V/DPL+x0]. By condition (A1),
there exists a constant do > 0 such that

inf = inf .
75211<1u<)\f(u) O<12<>\f(u)

Hence, we have

flot,2)) = fOH(v(t,2) = A) —g(t,2) > inf f(u)+d2=0
for (t,.l?) € (O,min{Tl, (1 — /\)A/dl,(sl/dl,(SQ/dQ}) X (R \ [—\/ﬁ + o, \/ﬁ + .130])
Furthermore, f(v(t,z)) — f(1)H (v(t,z) — X) — g(t, z) is bounded in (0,7) x R and,
by condition (B7), the inequality vo(z) < ug(z) holds on R. Hence, v is a weak lower
solution of problem (1.1) in (0,Tp) x R as in condition (A2) for Ty := min{Ty, (1 —
A)/dv,01/d1,62/d2}. O

The proof of theorem 4.1 is now complete. O

REMARK 4.3. In the case that the maximal and minimal weak solutions U, u €
[0,1] of problem (1.1) are different, results on their asymptotic behaviour may be
obtained from [4]. On the other hand, results on asymptotic behaviour of unique
weak solutions of problem (1.1) with f(u) = —u have been obtained by Terman [17]
and McKean and Moll [13].

5. Concluding remarks

Hofbauer and Simon [10] dealt with problem (1.1) with a bounded and Borel mea-
surable function as the nonlinearity and a bounded, uniformly continuous function
as initial datum. They formulated the first equation in problem (1.1) as a dif-
ferential inclusion, and showed the existence of its solution. To distinguish weak
solutions of problem (1.1) from solutions of problem (1.1) formulated as a differ-
ential inclusion, we call the latter ‘HS-solutions’. In this section, we will study the
relationship between weak solutions and HS-solutions. For this purpose, in addition
to conditions (A1) and (B1), we will impose the following conditions on ug and f.

(A3) f satisfies the condition

(B8) wg is uniformly continuous on R.
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As stated in §1, we are interested in solutions taking values between 0 and 1
from the viewpoint of best response dynamics. Hence, f(u)— f(1)H (u— A) may be
regarded as zero outside the interval [0,1], and so in this sense condition (A3) is
not strong. The definition of an HS-solution of problem (1.1) is given as follows.

DEFINITION 5.1 (Hofbauer and Simon [10, definition 1]). A function
u e C([0,T) x R)nC®'((0,T) x R)

is said to be an HS-solution of problem (1.1) if the following two conditions are
satisfied:

(i) there exists a bounded Borel measurable function & on (0,7) x R such that,
for all ¢ € D((0,T) x R),

T
[ [ wbre~ o.uto+ (7(0) + (e, 0))g) et =0
o Jr
and that
—fH(u(t,z) — N) < k(t,2) < —f(DH(u(t,z) — ) ae. in (0,T) x R,
where H and H are as in condition (A2).
(i) for all zy € R,
lim  w(t, z) = uo(zo).
tJ0,x—x0

The following theorem is a special case of [10, theorem 1].

THEOREM 5.2. Let A € (0,1), and assume that conditions (A1), (A8), (B1) and
(B8) are satisfied. Then there exists an HS-solution of problem (1.1).

We now briefly explain their proof of theorem 5.2. Let ¥ be a fixed element of
D(R) such that ¢ > 0, suppy) C (—1,1) and [¢(u)du = 1. For each n € N, put
n(u) := nip(nu) and define two functions,

fn(u) = /jo f)n(u —v)do,

H,(u—M\):= /_OO H(v— N, (u—v)do,

on R. Since u — f,,(u)— f(1)Hy(u— A) is Lipschitz continuous on R for each n € N,
there exists a unique bounded classical solution u™ of the problem

W= ) — fOH - N), 0<t<T, z€R]
Un|t:0 = ug, x €R. '

They proved that a subsequence of (u™),en converges to an HS-solution of prob-
lem (1.1). From this, we can obtain the following proposition.

PROPOSITION 5.3. Let A € (0,1), and assume that conditions (A1), (A3), (B1)
and (B8) are satisfied. Then the HS-solution u obtained by Hofbauer and Simon [10]
of problem (1.1) is contained in the order interval [0,1].
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Proof. By condition (A3), it is easy to see that f,(1+1/n)—f(1)H,(1+1/n—=X) =0
and fn,(=1/n) — f(1)H,(=1/n— X) = 0 for each n € N. Hence, u}(t,2) :=1+1/n
and u3(t,x) := —1/n are classical solutions of problem (5.1) corresponding to
initial data 14 1/n and —1/n, respectively. Furthermore, for each n € N, note that
—1/n < up(xz) <1+ 1/n on R and that u — f,(u) — f(1)H,(u — A) is Lipschitz
continuous on R. Therefore, we can apply a comparison theorem to obtain the

relationship

1 1
uy (t,z) = - <u'(t,x) <ul(t,z) =1+ -

for each n € N. Hence, on taking the limit as n 1 oo, we obtain the assertion. [

It is easy to see that the maximal and minimal weak solutions U, u € [0,1]
obtained in theorem 2.3 of problem (1.1) are HS-solutions of problem (1.1). The
following proposition shows the relationship between them and other HS-solutions.

PROPOSITION 5.4. Let A € (0,1), and assume that conditions (A1), (A3), (B1)
and (B8) are satisfied. Then the mazimal and minimal weak solutions U, u € [0, 1]
obtained in theorem 2.3 of problem (1.1) are the maximal and minimal HS-solutions,
respectively, of problem (1.1) in the order interval [0, 1].

Proof. We will prove only that the maximal weak solution U € [0, 1] of problem (1.1)
is the maximal HS-solution of problem (1.1) in the order interval [0, 1]. The assertion
for the minimal weak solution u € [0, 1] can be proved similarly.

Let v € [0, 1] be any HS-solution of problem (1.1). Then, by definition 5.1, there
exists a bounded Borel measurable function &k on (0,7) x R such that v is a weak
solution of the problem

Uy = Uy + f(v) + E(t, ), 0<t<T, xER,}

U\t:o = Uo, z € R.

Since, by condition (A1), the function f is Lipschitz continuous on R, there exists
a constant M > 0 such that u — f(u) + Mu is non-decreasing on R. With this
constant M > 0, we define w(t,z) := v(t,z)e™!. We then find that w is a weak
solution of the problem

wy = Wayp + (f(we™) + Mwe™M! 4 k(t, x))eM?, 0<t<T, zeR,
wi=0 = o, x €R.

We can apply a similar argument to the proof of lemma 2.5(a) in order to find that
w(ta) = [ Ko = puofy) dy
R

+/t/K(t—s,z—y)(f(weMS)—FMweM5+k(s,y))eMsdyds.
o Jr

Note that w(t, ) := v(t, z)eM? and that

k(t,z) < —f()H(v(t,z) — A) a.e. in (0,T) x R.
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Hence,
o(t,x) < e_Mt/ K(t,z — y)uo(y) dy
R

t
_ _ £ —M(t—s)
+ / / K(t— s, — y) Far(v(s,9))e dy ds,

where fy;(v) := f(v) — f(1)H(v — \) + Mv. Therefore, as in step 1.3 of the proof
of theorem 2.3, we can show that v < U in (0,T) x R. O

REMARK 5.5. By propositions 5.3 and 5.4, the HS-solution v obtained by Hofbauer
and Simon [10] of problem (1.1) satisfies the relationship v < v < U for the maximal
and minimal weak solutions U, u € [0, 1] obtained in theorem 2.3 of problem (1.1).

REMARK 5.6. By proposition 5.4, theorems 3.1, 3.3 and 3.4, which are local or
global uniqueness theorems for weak solutions of problem (1.1), hold for HS-solu-
tions of problem (1.1) in the order interval [0, 1]. Furthermore, theorem 4.1, which
is a non-uniqueness theorem for weak solutions of problem (1.1), explains the non-
uniqueness of HS-solutions of problem (1.1) in the order interval [0, 1].
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