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Abstract. Fix an alphabet A ={0, 1, ..., M} with M € N. The univoque set % of bases
g € (1, M + 1) in which the number 1 has a unique expansion over the alphabet A has
been well studied. It has Lebesgue measure zero but Hausdorff dimension one. This paper
describes how the points in the set % are distributed over the interval (1, M + 1) by
determining the limit

f(g) = lim dimp(% N (g — 6.9 +9))

forall g € (I, M + 1). We show in particular that f(g) > 0if and only if ¢ € % \€, where
% is an uncountable set of Hausdorff dimension zero, and f is continuous at those (and
only those) points where it vanishes. Furthermore, we introduce a countable family of
pairwise disjoint subsets of % called relative bifurcation sets, and use them to give an
explicit expression for the Hausdorff dimension of the intersection of %/ with any interval,
answering a question of Kalle er al [On the bifurcation set of unique expansions. Acta
Arith. 188 (2019), 367-399]. Finally, the methods developed in this paper are used to give
a complete answer to a question of the first author [On univoque and strongly univoque
sets. Adv. Math. 308 (2017), 575-598] on strongly univoque sets.
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1. Introduction
Fix an integer M > 1. For g € (1, M + 1], any real number x in the interval Iy 4 :=
[0, M /(g — 1)] can be represented as

x =mg(@d)) =)~ (1.1)

i=1 q
where d; € {0, 1, ..., M} for all i > 1. The infinite sequence (d;) =dd> - - - is called a
q-expansion of x with alphabet {0, 1, ..., M}. Such non-integer base expansions have

been studied since the pioneering work of Rényi [36] and Parry [35]. In the 1990s, the
work by Erd&s er al [19-21] inspired an explosion of research papers on the subject,
covering unique expansions [2, 17, 23, 27], finitely or countably many expansions [11,
12, 26, 39], uncountably many expansions and random expansions [14, 37]. Non-integer
base expansions have furthermore been connected with Bernoulli convolutions [24],
Diophantine approximation [34], singular self-affine functions [3], open dynamical
systems [38], and intersections of Cantor sets [32].
Let

U :={q € (1, M 4+ 1] : 1 has a unique g-expansion of the form (1.1)}.

Then for each ¢ € % there exists a unique sequence (a;) € Q7 :=1{0, 1, ..., M}N such
that 1 =, ((a;)). The set % was extensively studied for over 25 years. Erd6s et al [19]
showed that %/ is uncountable and of zero Lebesgue measure. Dar6czy and Kétai [16]
proved that % has full Hausdorff dimension (see also [27]). Komornik and Loreti [28,
29] found its smallest element gk1, = gk1.(M), which is now called the Komornik—Loreti
constant and is related to the Thue—Morse sequence (see equation (6.1) below). Later
in [30] the same authors proved that its topological closure % is a Cantor set, i.e. a non-
empty compact set having neither interior nor isolated points. Recently, Dajani et al [15]
proved that the algebraic difference %7 — %/ contains an interval. Furthermore, the set %
also has intimate connections with the kneading sequences of unimodal expanding maps
(cf. [8, 9]), and even with the real slice of the boundary of the Mandelbrot set [13].

The main purpose of this paper is to describe the distribution of % . More precisely, we
are interested in the local dimensional function

f(g):= lim dimg (% N (g — 8.9 +8)). ged, M+1],
—
as well as its one-sided analogs
f-(q) == lim dimy(Z N (q — 38, q)), [f+(q):=lim dimy(% N (g, q +3)),
§—0 §—0

which we call the left and right local dimensional functions of %, respectively. Here
dimy stands for the Hausdorff dimension (cf. [22]). Note that f =max{f_, f;}, and
if g ¢ %, then f(q) = f_(q) = f1+(¢q) =0. Extending a recent result by Baker and the
authors [6], we compute f(q), f—(gq) and f1(gq) for every g € (1, M 4 1] in terms of a
kind of localized entropy. (See Figure 2 below for a rough graph of f.) As an application
we compute the Hausdorff dimension of the intersection of %/ with any interval, answering
a question of Kalle et al [25]. In addition, our methods allow us to give a complete answer
to a question of the first author [4] on strongly univoque sets.
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1.1.  Univoque set, entropy plateaus and the bifurcation set. In order to state our main
results, some notation is necessary. For g € (1, M + 1] let U, be the univoque set of x €
Iy,4 having a unique g-expansion as in equation (1.1). Let U, be the set of corresponding
sequences, i.e.

U, o= ((dy) € Q2 g ((d)) € Uy).

A useful tool in the study of unique expansions is the lexicographical characterization of
Uy (cf. [10, 17]): (d;) € U, if and only if (d;) € Q) satisfies

dygrdngn -+ < alq) ifd, <M,

— . 1.2
dysidpss > a(@) ifdy >0, 1-2)

where a(q) = (¢ (q)) € Q) is the lexicographically largest g-expansion of 1 not ending
with 0%, called the quasi-greedy g-expansion of 1, and a(q) := (M — «;(q)). Here and
throughout the paper we will use the lexicographical order between sequences and blocks
in a natural way.
Note by equation (1.2) that any sequence (d;) € U, \ {0°°, M*°} has a tail sequence in
the set
U, = {(d;) € Qu : a(q) < 0™ ((d) < a(q) ¥ n = 0}, (1.3)

where o denotes the left shift map on 2. Furthermore, U, and I~Jq have the same
topological entropy, i.e. h(Uy) = h(ﬁq), where the topological entropy of a subset X C
Qs is defined by
hX) = lim inf 2 #Br ()

n— 00 n
(cf. [33]). Here #B,,(X) denotes the number of all length n blocks occurring in sequences
from X, and ‘log’ denotes the natural logarithm. We may thus obtain all the relevant
information about U, by studying the simpler set ﬁq.

Since the map g — «(q) is strictly increasing on (1, M + 1] (see Lemma 2.1 below),
equation (1.3) implies that the set-valued map g — I~Jq is non-decreasing, and hence the
entropy function H : g — h(ﬁq) is non-decreasing. Recently, Komornik et a/ [27] and the
present authors [7] proved the following theorem.

THEOREM 1.1. [7, 27] The graph of H (see Figure 1) is a Devil’s staircase:

(1)  H is non-decreasing and continuous on (1, M + 1];

(1) H is locally constant almost everywhere on (1, M + 1];

(iii) H(g) > 0if and only if g > gL, where gk, is the Komornik—Loreti constant.

Aninterval [pr, pr] C (1, M + 1] is called an entropy plateau (or simply, a plateau) if
it is a maximal interval (in the partial order of set inclusion) on which H is constant and
positive. A complete characterization of all entropy plateaus was given by Alcaraz Barrera
et al [2] (see also [1] for the case M = 1). Equivalently, they described the bifurcation set

B:={qe(l,M+11:H(p) # H(q) Vp #q}, (1.4)

and showed that B C %, % is Lebesgue null, and dimyg %4 = 1. From Theorem 1.1 and
the definition of 43 it follows that

(1, M+ 11\ 2=, gx]UJipL, prl, (1.5)
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FIGURE 1. Graph of H for M =1 (using the base 2 logarithm instead of the natural logarithm). It is positive
above gk, ~ 1.7872.

where the union is taken over all plateaus [pr, pr] C (gkL, M + 1] of H. We emphasize
that the plateaus are pairwise disjoint and therefore the union is countable.

Recall that our main objective is to find the local dimensional functions f, fi and f_.
The following result is due to Baker and the authors [6].

PROPOSITION 1.2. (Allaart, Baker and Kong [6]) For any g € #\ {M + 1} we have
f(q) = f-(q) = f+(g) = dimg U, > 0,

and for any q € (1, M + 1] we have f(q) < dimy U,. Furthermore, for q =M + 1 we
have f(q) = f-(q) =1and f1(q) =0.

1.2.  Relative bifurcation sets and relative plateaus. In order to describe the local
dimensional function f of %, we introduce the relative bifurcation sets, which provide
finer information about the growth of g > U, inside entropy plateaus.

Definition 1.3. Aworday ---an €{0, 1, ..., M}™ with m > 2 is admissible if
ay - am—i X ajy1 - -ap <ay---ap—; forall <i<m. (1.6)
When M > 2, the ‘word’ a; € {0, 1, ..., M} is admissible if aj < a; < M.

For any admissible word a, there are bases g1, and gr such that

a(qgr) =a>, a(gr) =at@.

Here, for a word c¢:=ci---c,€{0,1,..., M}* with ¢, <M we set ct:=
¢y cp—1(cy + 1). Similarly, for a word ¢:=c¢---¢, €{0,1,..., M}* with ¢, >0
we shall write ¢~ :=c1 - - - ¢c,—1(cy, — 1). We call [gL, gr] a basic interval and say it is

generated by the word a. By [2, Lemma 4.8], any two basic intervals are either disjoint,
or else one contains the other. For any basic interval / generated by an admissible word a,
we define the associated de Vries—Komornik number q.(I) by a(q.(1)) = (6;) (cf. [31]),
where (6;) is given recursively by
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i 61---6,=at;
(i)  Op—1pyy - Ok, =01 - 'ezk—ler, fork=1,2,....
Thus,
a(g.(I)) =ataatatataa™a. .. . (1.7)

Note that g. (1) lies in the interior of I for each basic interval /; this is a direct consequence
of Lemma 2.1 below. Observe also that different basic intervals can have the same
associated de Vries—Komornik number.

We now construct a nested tree

{(Jizief{l,2,..V5n>1)

of intervals, which we call relative entropy plateaus, or simply relative plateaus, as
follows. At level 0, we set Jy =[1, M + 1]. Next, at level 1, we put Jo =1, gkr]
and let Jy, Jo, ... be an arbitrary enumeration of the entropy plateaus [pr, pr] from
equation (1.5). Note by [2] that these entropy plateaus are precisely the maximal basic
intervals, which lie completely to the right of gki.. We call Jy a null interval, since
% N (1, gxL) =9.

From here, we proceed inductively as follows. Let n > 1, and for eachi € {1, 2, ... }",
assume Jj has already been defined and is a basic interval [gr, gr]. Then we set
Jio =[qL, g (Jp)], and let Jji, Jip, . . . be an arbitrary enumeration of the maximal basic
intervals inside [g.(Jj), gr]. (It is not difficult to see that infinitely many such basic
intervals exist.)

Note that for each fixed n > 1 the relative plateaus Jj, i€ {1, 2, ...}" are pairwise
disjoint. Furthermore, for any word i€ U:il{l, 2,...Y" we call Jig a null interval,
because it intersects % only in the single point g.(J;). We emphasize that any basic interval
generated by an admissible word a not of the form bb is a relative plateau.

‘We now define the sets
o0
Coo := m U Ji
ie{1,2,..}"

n=1
and
o
6o = {qc(.li) e 2. .}"}.
n=0
Thus % is the set of points that are contained in infinitely many relative plateaus, and %

is the set of all de Vries—Komornik numbers (cf. [31]). The smallest element of % is the
Komornik—Loreti constant gk, = q.(Jy). Finally, let

€ =% U bo.

For the proof of the following proposition, as well as examples of points in €, we refer
to §2.

PROPOSITION 1.4.

i) Ccu;

(ii) ¥ is uncountable and has no isolated points;
(iii) dimg % =0.
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1.3. Main results. Let J =[qL, qr] be a relative plateau with J # [1, M + 1]. Then
there is an admissible word a = ay - - - a,, such that «(g.) = a*> and a(gr) =a™*(@)*. In
particular, a(g) begins with the prefix a™ for each g € (g1, gr]. Let

U,())i={() eUgix1 - xm=01(q) - om(@) =ar - a}}, g€ (gL grl. (1.8)

For the special case when J = Jy =[1, M + 1], we set qu(J) = I~Jq. We are now ready
to give a characterization of the local dimensional functions f, f_ and f4.

THEOREM 1.
(i) Letqgce U . Then
f@)=0 = f(@=0 < qe¥%.

(i) Letqe % \ €. Then N
h(Ug(J)) -

f-(q) = 0 0,
0gq
where J =[qL, qr] is the smallest relative plateau such that q € (qL, qr].
Furthermore,
0 ifqeu \%,
fr@ =1 h@,J
+ U)o rgew .
log g
where J = [qL, qr] is the smallest relative plateau such that q € (qL, qr). As a
consequence, ~
h(Ug(J))
flg)=—""=>0,

log g
where J = [qL, qr] is the smallest relative plateau such that q € (qL, gr).

It is difficult to produce a meaningful graph of f, due to its highly discontinuous nature.
We have made an attempt in Figure 2. The arc stretching from near the lower left corner to
the upper right corner represents left and right endpoints of entropy plateaus; these points
lie in 4, so f(q) =dimyg U, = H(q)/ log q for these points. The near-vertical chains
below this main arc represent endpoints of second- and third-level relative plateaus inside
eight representative entropy plateaus. In reality, there are infinitely many such ‘chains’.
These values were computed using Theorem 1 and Proposition 3.8 below, and modeled
after Example 4.7.

Remark 1.5. Note the asymmetry between f_ and f,. This is caused by the very different
roles played by the left and right endpoints g, and gr of a relative plateau. On the one hand,
we have f(qrL) = f—(qr) > 0 while f1(qr) = 0. On the other hand, suppose [qL, gr] = J,
and let I be the parent interval of J, that is, the relative plateau one level above J that
contains J. Then

BT E)) R (VI C)) N
log gr log gr
and since ﬁqR(J) - INJqR (I), we have f_(gr) < f+(qr) so f(gr) = f+(gr). In fact, the

inequality between f_(gr) and fi(gr) is almost always strict, with just one possible
exception; see Example 4.7 below for more details.

S-(gr)
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FIGURE 2. Approximate graph of the local dimensional function f for M =1. Note that f =0 almost
everywhere; only non-zero values are shown. The graphs of f_ and f4 look similar.

Theorem 1 suggests a closer investigation of the sets I~Jq(J ). Our next result gives a
detailed description.
Recall the definition (1.7) of g.(J), and let gg(J) and gr(J) be the bases in (gL, gr)
with
a(qa()) = @*ahH)®,  a(gr())) = @' aata)™.

Then gG(J) < gr(J) < qc(J).

THEOREM 2. Let J = [qL, qr] be a relative plateau generated by the admissible word a.
Then the entropy function
Hy:q— h(Uy(J))

is a Devil’s staircase on (qL, qrl, i.e. Hj is continuous, non-decreasing and locally
constant almost everywhere on (qr, qr]. Furthermore, the set f]q(l ) has the following
structure:

() Ifqu<q<qc()), thenUg()=0.

(i) Ifqc(J) <q =gr(J), then Uy(J) = {(aTat)>}.

(i) Ifgr(J) <q < qc(J), then Uy (J) is countably infinite.

Gav) Ifg=gq.(J), then qu (J) is uncountable but Hy(q) = 0.

V) Ifqe(J) <q = qr, then H;(q) > 0.

Remark 1.6. Theorem 2 can be viewed as a generalization of Theorem 1.1 and the classical
result of Glendinning and Sidorov [23] for the set U/, with g € (1, 2] and alphabet {0, 1}
(see Proposition 4.5 below).

Note that, while the function H : g — h(ﬁq) is constant on each relative plateau J, the
set-valued map F : g — INJq is not constant on J. Since F is non-decreasing, it is natural
to investigate the variation of the map g — dimH(ﬁq \INJqL) on J = [qL, gr], where the
Hausdorff dimension is well defined by equipping the symbolic space €23s with the metric
p defined by

p((i), (yp)) =27 =0 i), (1.9)
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As an application of Theorem 2 we have the following.

COROLLARY 1.7. Let J = [qL, qr] be a relative plateau. Then the function
10 10,00), g dimg(U,\T,)
is a Devil’s staircase on J. Furthermore, Dj(q) =0 if and only if g < q.(J).

Remark 1.8. Unfortunately, the analogous statement for topological entropy in place of
Hausdorff dimension fails: since sequences in Uq \ UqL can have arbitrarily long prefixes
from any sequence in Uq, the difference set Uq \UqL has the same entropy as Uq for all

q € J\{qL}.
Theorems 1 and 2 show that the local dimensional functions f, f_ and fi are highly

discontinuous on % (of course, they are everywhere continuous (and equal to zero) on
(L, M+ 1\%):

COROLLARY 1.9. The local dimensional function f is continuous at g € % if and only if
q € 6. The same statement holds for f_ and f.

Next, for any relative entropy plateau J we define the relative bifurcation set

B(J)=1q €I :h@,(1) #hTy())¥p e J, p#q).
As a special case, for J = Jy =[1, M + 1] we have #A(J) =

THEOREM 3. Let J = Ji=I[qL, qr] be a relative plateau with generating word a =
ai - - - ay,. Then the following statements hold.
i) #) =20 =I\UjZ 4js
() BU)CUNJ;
(iii) A(J) is Lebesgue null;
(iv) A(J) has full Hausdorff dimension. Precisely,
log2
mlog gr’

(v) Let pg be the base with a(pg) = aTa>(ataa™)*®. Then

dimg B(J) =dimyg(Z N J) =

log 2
3mlog po’

The representation of Z(J) in (i) explains why we call the intervals J;; relative entropy
plateaus: they are the maximal intervals on which h(ﬁq(Ji)) is positive and constant.
Comparing the statements (i)—(iv) above with the properties of % given after equation
(1.4), we can say that the set #(J) plays the same role on a local level (i.e. within J) as
the bifurcation set Z does on a global level. We may observe also that (v) is similar to [6,
Theorem 4], which gives the Hausdorff dimension of %\ 4.

From Proposition 1.4(i) and Theorem 3(i),(ii) we obtain the following decomposition
of %/ into mutually disjoint subsets (recall that % N [qL, g.(J)) = @ while q.(J) € € for
any relative plateau J = [qL, gr]):

dimg(Z N I\BJ)) =

U= %u%‘UU U B,

n=11ie{l,2,..
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Using Theorems 1 and 2 we can answer an open question of Kalle et al [25], who asked
on the Hausdorff dimension of % N [¢t1, ;] for any #; < 1.
THEOREM 4. Forany 1 <t; <ty <M + 1 we have
{ h(U,(J ))
logg

dimyg(7%Z N [t1, r]) = max qg € BJ)N[1, tz]}

where J = [qL, qr] is the smallest relative plateau containing [t1, t2].

Remark 1.10. If (¢, tp) intersects the bifurcation set 4, then J =[1, M + 1] and the
expression in Theorem 4 simplifies to

dimH(%ﬂ[tl,tg]):max{ l(gq) geBNIn, tz]}

=max{dimy U, : g € ZN[t, 12]}.

Setting #; = 1 and noting that the map g — dimy U, is continuous on (1, M + 1] and is
decreasing inside each entropy plateau, we obtain Theorem 3 of [25], namely

dimg(Z N[1,1t]) = mil?( dimy U, forany:re([l, M +1].
q=<

1.4. Application to strongly univoque sets. In 2011, Jordan et al [24] introduced the
sets

Uy = (i) € Qua1(g) -~ anlg) < X1 -+ Xk < 1(q) - - - eg) Yn = 0},
- (1.10)

(In fact, their definition was slightly different in that they require the above inequalities
only for all sufficiently large n. They also defined qu in a dynamical, rather than a
symbolic way, but the definitions are easily seen to be equivalent.) Jordan et al used the
sets qu to study the multifractal spectrum of Bernoulli convolutions. Recently, the first
author [3] used them to characterize the infinite derivatives of certain self-affine functions,
and studied them in more detail in [4] where they were called strongly univoque sets.

In view of equatlon (1.3) it is clear that Uq - Uq for all ¢ € (1, M + 1]. On the other
hand, Uq >U p forall p < g (see [24] or [4, Lemma 2.1]). It follows that

U,=J 0, (1.11)
pP<q

and, since the function g +— dimy ﬁq is continuous, that dimg ﬁq = dimg I~Jq for every q.
A natural question now, is whether U, could in fact equal U, . Following [4], we define the
difference set

W, /\ U,

I
|| 38 C'J

U (x;) € I~Jq DXpgl s Xppk = a1(qg) - - - ap(g) orai(q) - - - ag(q)},

(1.12)
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and its projection, W, := m;(W,). One of the main results of [4] is that W, # @ if and
onlyifg € 7 , and then W is in fact uncountable. It is also shown in [4] that dimyg W, =0
whenever g € % is a de Vries—Komornik number.

Using the techniques developed in this paper, we can improve on the results of [4] and
completely characterize the Hausdorff dimension of W,,.

THEOREM 5. Forany q € (1, M + 1] we have
dimy W, = f(g).

Remark 1.11.
(1) By Proposition 1.2 and Theorem 5 it follows that for each g € & we have

dimyg W, = dimp U4, > 0.

This provides a negative answer to [4, Question 1.8], where it was conjectured that
dimy W, < dimy U, for all ¢ > gky.. Looking at equation (1.11), the above result is
not too surprising, since the set-valued function g — INJq is ‘most discontinuous’ at
points of Z.

(2) Letge x. By Theorem 1(i) and Theorem 5 it follows that dimy W, =0 if and
only if g € €. This completely characterizes the set {g : dimy W, = 0}, extending
[4, Theorem 1.5].

(3) In view of equation (1.11) and remark (2) above, we could say that, at points
of Z\€, the set-valued function g > INJq ‘jumps’ by a set of positive Hausdorff
dimension.

The remainder of this article is organized as follows. In §2 we prove Proposition 1.4
and give some examples of points in . In §3 we introduce for each relative plateau J
a bijection ®; between symbolic spaces and its induced map ®; between suitable sets of
bases, and develop their properties. These maps allow us to answer questions about relative
plateaus and relative bifurcation sets by relating them directly to the entropy plateaus
[pL, pr] and the bifurcation set % for the alphabet {0, 1}. This is done in §4, where
we prove Theorems 1, 2 and 3. Section 5 contains a short proof of Theorem 4, and §6 is
devoted to the proof of Theorem 5.

2. Properties of the set €
In this section we prove Proposition 1.4. Recall that «(g) is the quasi-greedy expansion of
1 in base g. The following useful result is well known (cf. [10]).

LEMMA 2.1. The map q v+ «(q) is strictly increasing and bijective from (1, M + 1] to
the set of sequences (a;) € 2y not ending with 0°° and satisfying

o"((a;)) < (a;) foralln>0.

Proof of Proposition 1.4. (i) It is known that all de Vries—Komornik numbers belong to %
(cf. [31]),1.e. 60 C % .Now let g € 6~ and (q) = a2 - - - . Then g belongs to infinitely
many relative plateaus. Hence, there are infinitely many integers m| < mj < - - - such that

for each k, aj - - - @, is admissible, since, if g lies in the relative plateau generated by
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by - - - by, then a(g) must begin with by - - ~b,j . It follows from equation (1.6) that for
each k,

1 Opy—j <Ol - Oy, SO - -y, —;  forall 1 <i < my.

This implies by induction that a(g) < o’ (x(g)) < a(g) for all i € N, and hence ¢ € 7%
(cf. [30]). Recall from [18, Theorem 1.2] that for each p € % \ % the quasi-greedy
expansion «(p) of 1 can be written as

a(p)=(ar - am)™

for some admissible word a; - - - a,; not of the form bb. So @\ % contains only left
endpoints of relative plateaus, and these points do not lie in €. Therefore, g € % .

(ii) Clearly, by the construction of % it follows that G is uncountable, because each
relative plateau of level n contains infinitely many pairwise disjoint relative plateaus of
level n + 1. That ¥ has no isolated points follows since any right neighborhood of a de
Vries—Komornik number contains infinitely many relative plateaus.

(>iii) In [6], the following was proved: if J = [gL, gr] is a relative plateau generated by
aj - - - an, then

. — log 2
dimy(% N [p, grl) = ———— forany p € [qL, gr). 2.1
m log gr
(This was stated in [6] only for entropy plateaus, i.e. the first-level relative plateaus, but
the proof carries over verbatim to any relative plateau.)

Observe that % is countable. Furthermore, for a relative plateau J; withi € {1, 2, ... }",
its generating block aj - - - a,, satisfies m > n. That dimy ¢ = 0 now follows from the
definition of %+, the countable stability of Hausdorff dimension, and equation (2.1). O

Example 2.2. 1t is easy to find specific examples of points in %»o. For instance, let a =
ai - - - ap be an admissible word not of the form bb (e.g. a= 1110010 when M = 1),
and construct a sequence oja - - - as follows: set oy - - - o = at, and recursively for
k=0,1,...1et

W3t * O3k = 0.3kl * " Akl = O~ gy -
Then oj; - - - = a(q) for some ¢, and this ¢ lies in €.

More generally, one can find many more examples by the following procedure. Let
again a=ay - - - a,, be any admissible word not of the form bb. Now let w be a word
using the letters a*, a, at, a beginning with a™ such that w~ is admissible (e.g. w =
ata’atatata™). Put vo := w, and recursively, for k =0, 1, 2, ..., let v;1| be the word
obtained from v; by performing the substitutions

a—>v,, atov, a~Vv' ate-V.

Since v;41 extends v;, the limit v := lim;_, o, V; exists, and v =«a(q) for some ¢, as the
interested reader may check using Lemma 2.1. Some reflection reveals that ¢ € €. The
de Vries—-Komornik numbers are obtained from w = a*a; all other examples obtained
this way lie in %, including the one given at the beginning of this example, which is
obtained from w = a™a>. (For each i, q lies in the relative plateau [g (i), gr(i)] given by
a(qL(i) = (v; )* and a(qr(i)) = v; (Vi 1)>®; we leave the details to the interested reader.)
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FIGURE 3. Labeled graph G = (G, £) with labels £ = {a, at. a, aj}ind the reference labeled graph G* =
(G, £*) with labels £* = {0, 1}. The map ¢ : £L — L* is defined by ¢(at) = ¢(a) =0 and p(a™) =p@) = 1.

3. Descriptions of the map ®j and the induced map D,
In this section we fix a relative plateau J = [g, gr] with

a(gr) =a> and a(gr) =at (@™

for some admissible word a = ay - - - a,,. Note by Definition 1.3 and Lemma 2.1 that g1,
and gRr are well defined and ¢, < gRr.

A special role in this paper is played by sets associated with the alphabet {0, 1}. When
the alphabet {0, 1} is intended, we will affix a superscript * to our notation. Thus, #* = %
when M =1, %* = % when M = 1, etc. We call * the reference bifurcation set. The
key to the proofs of our main results, and the main methodological innovation of this
paper, is the construction of a bijection ®, from B(J) to B*. More generally, d, maps
1mp0rtant points of J to important points of (1, 2] for the case M = 1. Associated with
oy isa symbolic map ®; which maps each set Uq(J ) to the symbolic univoque set U*

for M = 1, where g = D, (g). By using properties of the maps ®; and Dy, many classmal
results on univoque sets with alphabet {0, 1} can be transferred to the relative entropy
plateaus and the sets I~,Tq J).

Figure 3 shows a directed graph G with two sets of labels. The labeled graph G = (G, £)
with labels in £ := {a, a™, @, at} is right-resolving, i.e. the out-going edges from the same
vertex in G have different labels. Let X (J) be the set of infinite sequences determined by
the automata G = (G, L), beginning at the ‘Start’ vertex (cf. [33]). We emphasize that each
digit d in £ is a block of length m, and any sequence in X (J) is an infinite concatenation
of blocks from L.

Likewise, the reference labeled graph G* = (G, L*) with labels in £*:={0, 1} is
right-resolving. Hence for each g € (1, 2] the quasi-greedy expansion «*(g) of 1 in
base g is uniquely represented by an infinite path determined by the automata G*. Let

C {0, 1}V be the set of all infinite sequences determined by the automata G*, and note
that X* ={(x;) €{0, 1}N:x; =1}. Then {a*(q) : ¢ € (1, 2]} C X*, the inclusion being
proper in view of Lemma 2.1.
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PROPOSITION 3.1. INJq(J) C X (J) for every q € (qL, qr]-
To prove the proposition we need the following.

LEMMA 3.2. Any sequence (x;) € Qy satisfying x1 - - - X, =a™ and
ata® <o ((x))) <at@>® foralln=>0 3.1
belongs to X (J).

Proof. Take a sequence (x;) satisfying x1 -+ - x, =aT =aqay - - -a;n" and equation (3.1).
Then by (3.1) with n = 0 and n = m it follows that
a_-’_4)0114-1 ceeXom S A
So, either xp,41 - - - X2 = at or Xm+1 - - Xom = Q.
(1)  Ifxp41 - - - X2 = a™T, then by equation (3.1) with n = m and n = 2m it follows that

the next block X2, 41 - - - X3, =a™’ ora.
(i) If x4 --- X2 =2, then xy - - - X2, = a*a. By equation (3.1) with n =0 and n =
2m it follows that the next block x2/,+1 - « - X3, = at ora.
Iterating the above reasoning and referring to Figure 3 we conclude that (x;) € X (J). O

Proof of Proposition 3.1. Take q € (gL, gr]. Since a(gr) =a*™ and a(gr) =at @),
Lemma 2.1 implies that a1(q) - - - o, (q) =a™ and a(q) < a(gr) = a™(@)*°. Hence, by
equations (1.8), (1.3) and Lemma 3.2, it follows that U, (J) C X (J). O
We next introduce the right bifurcation set ¥ for the set-valued map g +— qu (cf. [17]):
¥V ={gel,M+11:U, #0, Vr > q}.
Recall that 7/ is the set of univoque bases. The following characterizations of %/ and ¥
are proved in [18].
LEMMA 3.3.
i) qgqeU\{M+1}ifand only if a(q) < o™ (a(q)) < a(q) forall n > 1.
(i) ge? ifandonlyifa(q) < o™ (a(q)) KX alqg) forall n > 1.
Clearly, Lemma 3.3 implies that % C . Furthermore, ¥ \ % is at most countable.
Set
U(J):={a(q) :q €% N(qL. qrl} and V(J):={a(g):q €V N(qL, qr]}.
As a consequence of Lemmas 3.2 and 3.3 we have the following.
PROPOSITION 3.4. U(J) C V(J) C X(J). Furthermore,
U(J) = {(e) € X(J) : (&) < 0" ((€)) < (e1) Yn = 1},
V() ={(e) € X(J): (e) < 0" ((€) < () Yn = 1}.
We shall also need the following sets. When M =1 we denote % by %™ and ¥ by
¥*, and we define
U :={a"(q):qge™}), V' :={a*(q):qec V™).
Then by Lemma 3.3 with M =1 it follows that
U\ (1%} = {(@) € (0, "+ (1 — &) < 0" (@) < (a;) ¥n = 1},

V= () € {0, BV : (1 —ap) < 0" (@) < (@) ¥ = 1], ©-2)
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3.1. Description of ®;. We now define amap ¢ : L — L* by

p@at)=¢@=0, and ¢p@=g¢@") =1 (3.3)
Then ¢ induces a block map ®@; : X (J) — X* defined by
@, ((dj) :==¢dDe(dr) - - - .

PROPOSITION 3.5. The map ®j:X(J)— X* is strictly increasing and bijective.

Furthermore,
®,;UWJ)=U" and @;(V(J)) =V*™

First we verify that @ is a bijection.
LEMMA 3.6. The map ®; : X(J) — X* is strictly increasing and bijective.

Proof. Note by Definition 1.3 that the blocks in £ are ordered by at <a<a~<at.
Take two sequences (c;), (d;) € X(J) with (¢;) < (d;). Then ¢; =d; =a™, and there
is an integer k > 2 such that ¢y - - - ¢x—; =dj - - - dg—1 and ¢ < d;. We will show that
¢ (cr) < ¢(dy). To this end we consider two cases (see Figure 3):

(I) Ifcy_;=at ora,thenc, = at and d;y =a, and so ¢ (cx) =0 and ¢ (dg) = 1.

I Ifcg_y=aor a_+, then ¢, = a and dy = a™, so again ¢ (¢c;) = 0 and ¢ (dy) = 1.
Thus, @ is strictly increasing on X (J). Finally, since the labeled graphs G and G* are
both right-resolving, the definitions of X (J) and X* imply that @ is bijective. O

LEMMA 3.7. The following statements are equivalent for sequences (¢;), (d;) € X (J).
() (d;) <0"((e) < (dy) forall n > 0;

(i) (dy) < o™ ((¢;)) < (d;) forall n > 0;

(iii) The image sequences (x;) := ® ;((¢;)) and (y;) := ©;((d;)) in X* satisfy

(I —yi) < 0" ((x;)) < (yi) forall n = 0.

Proof. Since a=a;j - - - a;, is admissible, Definition 1.3 implies

al...ant<al.+1...antm<al...a;:

and

+
m

ar---ay <dig1---amay - --a; <ap---a
forall1 <i <m.Usingd; =a* =a; ---a;; and (¢;) € X(J) we prove the equivalence
(1) < ().

Next, we prove (ii) = (iii). We only verify the second inequality in (iii); the first one can
be proved in the same way. Take (¢;), (d;) € X (J) satisfying the inequalities in (ii), and let
(xi) :=DPy((¢;)) and (y;) := D ((d;)). Fixn>0.If ¢;,41 € {a_+, a}, then by d; =a™ we
have x, 11 = ¢ (¢ 1) =0 < 1 = ¢(d;) = y;. Furthermore, if ¢, = a™, then ™" ((¢;)) €
X (J) and the second inequality in (iii) follows from Lemma 3.6. Therefore, the critical
case is when ¢, = a, which we assume for the remainder of the proof.

Since (¢;) € X(J), there is 0 <j <n such that ¢j4q1--- €41 =at@)" /. (See
Figure 3.) Furthermore, since ¢jii¢ji2---<didz--- < at (@)™, there is a number
k > n — j such that

Ciri € =a @ at, and dy- - diy=at@" (34)
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The second equality in equation (3.4) yields y; - - - yip1 = @ (d}) - - - ¢ (diy1) = 1¥F1, and
the first equality implies

N S NS e
Cotl -+ Ckpr = @) Hat,

Hence,

Xntl o Xjpka2 = B(Car1) - - - @€ pp2) = 1TOTIH0 < o0

=Y1" " Yk—(n—j)+2»

since j < n implies k — (n — j) + 2 < k + 1. Therefore, 6" ((x;)) < (y;), which gives the
second inequality in (iii).

Finally, we prove (iii) = (ii). First we verify the second inequality in (ii). Let
(xi), (yi) € X* and let (¢;), (d;) € X(J) such that ®;((¢;)) = (x;) and @, ((d;)) = (yi).
Fix n > 0. We may assume ¢, =a", as otherwise the inequality is trivial. But then

Cnt1Cny2 - - - € X (J), and since X, 1Xp42 - - - < y1y2 - - - it follows from Lemma 3.6 that
Cyt1Cn42 - - - < dydy - - - . This proves the second inequality in (ii). The first inequality is
verified analogously. O

Proof of Proposition 3.5. In view of Lemma 3.6 it remains to prove
®;(UJ)=U" and @,(V(J))=V*"
Since the proof of the second equality is similar, we only prove the first one.
Let (¢;) € U(J), and (x;) := ®y((c;)). Then by Proposition 3.4 it follows that

cg=a’, and (¢;) <0"((¢;)) < (¢;) foralln > 1.

By Lemma 3.7 with (¢;) = (d;) this is equivalent to
x1=1, and (1—x)=<0"((x;)) < (x;)foralln>1.

So, by equation (3.2) we have (x;) € U*, and thus ®;(U(J)) C U*.

Conversely, take (x;) € U* C X*. By Lemma 3.6 there exists a (unique) sequence (¢;) €
X (J) such that ®;((¢;)) = (x;). If (x;) =1, then (¢;) =a™ (@ =a(gr) € UWJ). If
(x;) € U*\ {1°°}, then by equation (3.2), Lemma 3.7, and the same argument as above it
follows that (¢;) € U(J). Hence, ®;(U(J)) = U*. O

3.2. Description of the induced map ®;.  Recall from Proposition 3.4 that V(J) C
X (J). Hence Proposition 3.5 implies that the bijective map ®; : V(J) — V* induces an
increasing bijective map (see Figure 4)

Sy ¥ N(qL.grl = V5 g (@) o dsoa(g).

The relevance of the map ®, is made clear by the following proposition. Here, for
M =1and g € (1, 2] we write U:; =U,.

PROPOSITION 3.8.
Q ;7N (qL, gqr] = V* is a strictly increasing homeomorphism;
(i) ®,(ZNQL, qr) =P (U NI)=U";
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~

D,
7/ N (QLa QR] 7/*
o (a*)~!
0]
V(J) ! \'&

FIGURE 4. Exchange map between <i>1 and .

(iii) Foranyq € ¥ N (qL, qr), and g := CiDJ(q) we have
h(U*)

@, Uy () ={0) €U :x1 =1} and h(U,(J))) =

Remark 3.9. In the special case when M = 1, Proposition 3.8(ii) implies that %/ can be
viewed as an attractor of an inhomogeneous infinite iterated function system: since % * =
%/ in this case, we can write

7 =] &5 @) (B U,

using equation (1.5) and the definition of J;.

Part (i) of Proposition 3.8 follows from the following lemma, which proves something
stronger: it implies Holder properties of the maps ®; and <I>;l. These will be important
later for Hausdorff dimension calculations.

LEMMA 3.10. There exist constants cy, ¢3 > 0 such that for any q1, g2 € ¥ N (gL, gr)
with q1 < q2 we have

c1(qa — q) BRI/ MIED) < & (gy) — By (q1) < e2(qr — q)MEW/ Mz ) (35)
where §; = &)J(qi)fori =1, 2
Proof. We first demonstrate the second inequality in equation (3.5). Recall that J =
[qL, gr] is a relative plateau generated by a=a; ---a,. Let q1,q2 € ¥V N (qL, qR)
with g1 < g7, and let g; := CDJ(q,) i =1, 2. Then ¢ < ¢, by the monotonicity of d>J
Furthermore, Lemma 2.1 gives «(g1) < «(q2). Note by Proposition 3.4 that «(q1), @(g2) €
V(J) C X(J). Therefore, we can write a(gq1) = (¢;) and a(g2) = (d;) withe; =d; =a™,
andc;, d; € {a, a™, a, at} forall i > 2. Since a(q1) < a(g2), there exists n > 2 such that

Cl:---Ch—1 = d1 s dn—l and ¢, < dn. (3.6)
Observe that a(q>) € V(J). By Proposition 3.4 it follows that
o™ (a(q2)) = a(q2) = ata™ = 0"10%,

which implies

_i (612) Z alg) 1
- i mn+m+1"
im1 iz 12 p)
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Therefore, by equation (3.6) with «(g1) = (¢;) and «(g2) = (d;) it follows that

1 A Ai(q2) = i) < @ilqo)
1 1 1
qmn+m+1 - <I- Z i = Z i - Z i

2 =1 9 i-1 4 -1 D

%(al (612) o (tIZ))

i=1 4 )

i( ): M(q2 — q1)
— ql 95 (g1 —D(g2— 1)’

Since g1, < q1 < g2 < gr, we obtain

IA

IA

1 Mql'{l'H
p < m(é]z —4q1). (3.7
Write (x;) := ®;((¢;)) and (y;) := ®;((d;)). Then equation (3.6) and Lemma 3.6
imply
X1 Xp—1=Y1" " Yn—-1 and Xn < Yn- (3.8)

Note that (x;), (y;) € V*. By the definition of ®; we have (x;)=®;(a(g)))=
a*(®y(q1)) = a*(q1), and similarly (y;) = a*(g2). So, by equation (3.8) it follows that

~ a n n Vi Xi
Dy(q2) —Ps(q) =q2 —q1 = p o p
i=1 92 i=1 91
n—1 00
< ( Vi . ).Cl ) Yi
i=l1 qé_l éi_l i=n Aé_l
1 4
< —.
T T o

Here the second inequality follows from the definition of the quasi-greedy expansion
a*(q2) = (y;). This, together with equation (3.7), yields

1 ) (log ¢2)/(m log q2)

dy(q) — dylq1) < 4( p
43

for some constant ¢, independent of g; and g>. This proves the second inequality in
equation (3.5).

For the first inequality we proceed similarly. Fix bases g1, g2 € ¥ N (gL, gr) with g1 <
q>. Then the quasi-greedy expansions a(q1) = (¢;) and «(g2) = (d;) satisfy equation (3.6),
and therefore,

<og — ql)(logéz)/(m log ¢2)

N i (q2) = @i(q1)
YRR

q2 —q1=
i=1 9 i=1 9
" (wilg)  ailq) E ailg)
i(q2 i(q1 i(q2
<y (HER-m) ey we
i=1 D 4 i=m—1+1 92
1 Mm—H
< < (3.9
qgm—m—l qgm
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Let §; = ®;(¢;) for i =1, 2. Then §; < g2, and the quasi-greedy expansions a*(§;) =
(x;) and a*(g2) = (y;) satisfy equation (3.8). Since ¢» < gr, we have ¢, < 2. So there
exists a positive integer N such that a*(§2) < 1V0>. Note that §» € #*. Then

o ((3) = " (@*(§2)) = a*(g2) = OV 1%,
which implies

Vi Vi 1
1= E EAR YA —
Al ~ An+N+1

Thus, by equation (3.8) and using «*(§1) = (x;), it follows that

An+N+1 - Z Z Z yl
4,

i=l1 6]2 i=l 6]1 i=1 6]2
o0
1 1)
< -_— — — —_— — —
Z(ql qé) 2(@1 95
g2 — 41 - 42 — 41 (3.10)

@ =D@-1D " (G- DY
where §g = (1 4+ +/5)/2 is the golden ratio. Here we use that g, §» € #*, and ¥* C
[gG. 2]. Combining equations (3.9) and (3.10) we conclude that

. (C]G _ 1)2 (log 2)/(m log q2)
D(q2) — q’](Ql) = —q1> W(g’””)

> c1(ga — gp) 108 42)/(mlog 42)

for some constant ¢ independent of g; and g>. This establishes the first inequality in
equation (3.5). O

Proof of Proposition 3.8. That dy is increasing and bijective follows since it is the
composition of increasing and bijective maps. By Lemma 3.10, ®; and 53;] are
continuous. Thus, we have proved (i). Since qp. € %, we have U(J) ={a(q):q € % N
J}. Thus, the statement (ii) is a direct consequence of Proposition 3.5. It remains only to
establish (iii).

Take ¢ € ¥ N (gL, gr]. Then by Proposition 3.4 we have a(qg) € V(J) C X (J). Note
by Proposition 3.1 that ﬁq(J) C X (J). Now take a sequence (¢;) € X(J) and let (x;) :=
®;((c;)) € X*. Then we have the equivalences

(¢;) € qu(J) < c¢;=a" and a(g) <o"((c;))) <a(g) foralln>0
— x1=1 and ®;(a(g)) <o"((x;)) < Ps(x(g)) foralln>0
— x1=1 and (I1-0¢/(q) <0"((x;) <a(g) foralln>0
&~ x;=1 and (x,-)eflg.

Here the second equivalence follows by Lemma 3.7 with (d;) =a(g), and the

third equivalence follows since a*(¢) = ® j(a(q)). As a result, ](qu ) ={(x;) e ﬁ; :
X1 = 1}.
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For the entropy statement we observe that the map
@ :0,(N) =T ={x) e T =1} (&)~ ((e)
is a bijective m-block map. (Recall that m is the length of the admissible word, which

generates the relative plateau J.) Furthermore, ﬁ(’; is the disjoint union of ﬁ(’; (1) with its
reflection {(1 — x;) : (x;) € ﬁ;(l)}. This implies /(U (J)) = h(ﬁ;;)/m. O

Remark 3.11. In the recent paper [S], the first author takes the approach using the maps
@ and ® a bit further in order to obtain new information about the nature of the entropy
plateaus [pr, pr] and to present a more streamlined proof of the characterization of the
entropy plateaus given in [2].

4. Proofs of Theorems 1, 2, and 3
Our first goal is to prove Theorem 1. We begin with a useful lemma.

LEMMA 4.1. Let J = Ji=I[qL, qr] be a relative entropy plateau. Then the union
U;il Jij is dense in (qc(J), grl.

Proof. Recall from [2] that the entropy plateaus JJ’.“, J € Nare dense in (gg; , 2]. Note that
we may order the intervals Ji;, j € N so that o7 N Jijp)=7*nN J;-" for each j. Hence,
the result follows from the continuity of <f>;1 (cf. Lemma 3.10). O

For M =1 and ¢g € (1, 2] we denote the left and right local dimensional functions by
fX(g) ;= lim dimg(%Z* N (g —8.¢)) and f}(g) = lim dimp(%Z* N (g, q +9)),
§—0 §—0
respectively.

LEMMA 4.2. Let J =[qL, qr] be a relative plateau generated by a word ay - - - a,, and

q €% N (qL, qr). Then

log ¢ .
lgq fX(@,
0gq

f-(q) =

m
where q := Ci>1(q).

Proof. Since q € % N (qL, qr], there is a sequence (p;) in ¥ N J such that p; <g
for each i, and p; /¢ (cf. [18, Theorem 1.3 (ii)]). Let p; := CiDJ (pi). Then by
Proposition 3.8(i), p; < ¢ for each i and p; / g.

Observe from Lemma 3.10 that for each i, ® J 1s Holder continuous on [p;, g] with
exponent log p;/(mlog q), and dAD;I is Holder continuous on [p;, ¢] with exponent
m log p;/ log q. It follows on the one hand that

. N . N m lo .
dimp(%* 0 (B, §)) = dimy S, (% N (pi, q)) < log‘;;q dimp (% 0 (pi. 9)),
]
so letting i — oo we obtain
oA mlog g
J2@) = === - (@)
ogq
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On the other hand,
: O logg . A A
dimy (% N (pi, q)) = dimyg @ (7" N (pi, ) < ———— dimyg(Z ™ N (pi, 9)),
m log p;
so letting i — oo gives
log ¢ .
f-(q) = fX@.
mlog g
Hence, the lemma follows. O

For the right local dimensional function f; we have a similar relationship, but with a
subtle difference for the domain of ¢.

LEMMA 4.3. Let J =[qL, qr] be a relative plateau generated by a word ay - - - a,, and
q €% N (qL, qr). Then

f+@) = f+( ),
where q 1= CiDJ(q).

Proof. The proof is analogous to that of Lemma 4.2. If ¢ € ZZN(qL, gr), then we can
approximate q] from the rlght by a sequence of points (r;) from ¥ N J, and use the Holder
properties of ®, and d> in much the same way as before. On the other hand, if g €
(U\%) N (gL, qr). then q is a left endpoint of some relative plateau inside J. In this case,
q is the left endpoint of an entropy plateau in (1, 2], and we have f, (q) = f{(¢) =0, so
the identity in the lemma holds trivially. O

Motivated by [6] we introduce the left and right bifurcation sets %, and R, defined
by

PB={qge 1, M+1]:h(U,) # h(U,) forall p < q},

={ge,M+1]:h(U,) #h(U,) forallr > g}.

Then % = % N A. Furthermore, any g € % \ A is a left endpoint of an entropy
plateau, and any g € % \ £ is a right endpoint of an entropy plateau. As usual, when
M =1 we write ﬂfj = % and %’fg = Z.. Below, we will need the following extension of
Proposition 1.2, which follows from the main results of [6].

“.1)

PROPOSITION 4.4. [6]
(i) Ifqe P, then f_(q) =dimyg U,;
(ii) Ifq e %L, then fi(q) =dimyg U,.

Proof of Theorem 1. Note by equation (2.1) that for any g € ¥, Wwe have f(g) = f-(q) =
f+(g) =0. Suppose g € %y, i.e. g is a de Vries—Komornik number. Then f_(g) = 0 since
% N (q — ¢, q) =¥ for sufficiently small € > 0. Furthermore, g = g.(J) for some relative
plateau J, so oy (q) = gy, - Since f}(gg;) =0 (see [6, Theorem 2]) and g €  , it follows
by Lemma 4.3 that f (¢) = 0. Thus, the proof will be complete once we establish (ii).

Consider first f_. Take g € Z\€, and let J = [g1, gr] be the smallest relative plateau
such that ¢ € (g, gr]. If J =[1, M + 1], then g € %, and by Proposition 4.4(i),

h(Uy) _ h(Uy()))

f-(q) =dimyg U, = = > 0.
log g log g
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Otherwise, put § := ®;(q). Then § € 2 . By Proposition 4.4(i) it follows that
* T7*
h(Ué) B h(Ué)

logg loggq
Hence, Lemma 4.2 along with Proposition 3.8(iii) gives

> 0.

£2(§) = dimp U =

hUZ)  n(U, (1))
= >
mlog g log g
Consider next f. Take again ¢ € Z\%. If ¢ € %\, then q is a left endpoint of a
relative plateau and f1(¢) =0. So assume g € Z\%, and let J = [qL, gr] now be the

smallest relative plateau such that g € (g1, gr). If J =[1, M + 1], then g € %1 and by
Proposition 4.4(ii),

f-@) = 0.

h(U h(U, (J
f+(q)=d1mHU = ( q): ( l]( ))>0

log ¢ log ¢
Otherwise, put § := ®;(q). Then § € #*, and using Proposition 4.4 (i) and Lemma 4.3

it follows in the same way as above that

h(U, (J)) o

f+(q) = 7
0gq

The statement about f(g) is a direct consequence of the statements about f_ and
J+ O

We next prepare to prove Theorem 2. Fix a relative plateau J = [gL, gr] generated by
a=aqj - - - ay. Recall from §1 that the bases gg(J), gr(J) € J satisfy

algg(J)) =(@ta™)™® and a(gr(J)) = (ataata)™.
Furthermore, the de Vries—Komornik number g.(J) = min(% N J) satisfies
alge())) = ataatatataata... .

By Lemma 3.3, the bases ¢gg(J), gr(J), and g.(J) all belong to ¥ N (gL, gr], so we may
define their image bases in 7™ by

dc = ®s(qc(/).  gr=>ds(gr(N).  and  Ge = dy(ge())).
The quasi-greedy expansions of these bases are given by
a*(gg) = (10)*°, a*(gp) = (1100)*°, and o*(g.) =1101001100101101--- .

We have gg = (1 + \/g)/Z ~ 1.61803, gr ~ 1.75488, and g. ~ 1.78723. Note that g, is
simply the Komornik—Loreti constant g, . The following result is due to Glendinning and
Sidorov [23] and Komornik et al [27]; see also [7].

PROPOSITION 4.5. Let g € (1, 2]. Then the entropy function
H:q h(T)

is a Devil’s staircase, i.e. H is continuous, non-deceasing, and locally constant almost
everywhere on (1, 2].
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(i) If1<q<dqc. then U} =40

(i) Ifgc < q < gr, then U* = {(01)*°, (10)*°}.
(iii) Ifgr < q < G, then U* is countably mﬁmte
(iv) Ifq = qc, then U* is uncountable but h(U*) =
W) Ifg.<qg=<2 then h(U*)>O

Proof of Theorem 2. Recall from Proposition 3.8(iii) that for each ¢ € ¥ N (gL, gr]
we have
- | ~ - h(U%)
U,(J) =@, ({(x)) eUs:x1=1}) and h(U,(J))) = A 4.2)
g m

where §:=®,;(q). Since %#* C %*, the function g > h(fJ;‘) is constant on each
connected component of (1, 2]\% *. Recalling from Proposition 3.8(ii) that ) JNnNJ)=
« *, it follows by equation (4.2) that the function Hy : g h(INJq (J)) is constant on each
connected component of (g1, gr]\(% N J). Since % is Lebesgue null, this implies that
Hj is almost everywhere locally constant on J. That Hj is also continuous follows since
2 N J has no isolated points, and the restriction of H; to % N J is the composition of
the map g — h(ﬁ;) with & J; the former is continuous by Proposition 4.5, the latter is
continuous by Lemma 3.10. Therefore, the entropy function H; is a Devil’s staircase.
Statements (i)—(v) of Theorem 2 now follow from the corresponding statements of
Proposition 4.5. For example, if g1, < g < gg(J), then by equation (4.2) it follows that

U, (1) CUggn () =7 () €Tl iy =1} =0
where the last equality follows from Proposition 4.5 (i).

Similarly, for (ii) we take ¢ € (gg(J), gr(J)]. Then by equation (4.2) and
Proposition 4.5(ii) it follows that

Uy () C Ugen () = @5 (i) € T x = 1) = @5 ({(10)°)) = {@@*a™)™).
Vice versa, one checks easily using equation (1.3) that {(a*a_+)°°} - ﬁq(J ).
For (iii), we take g € (gr(J), q.(J)). Then
{(atat)f@*taata)® ke N} c U, ().
On the other hand, we can find a sequence (g,,) in ¥ that converges from the left to g.(J):

if a(gc(J))=0616,---, we can take g, with oz(q,,) = (60 - ). Then for large
enough n, g < g, and g, := CIDJ(q,,) < gy, SO Uq (J)is countable by Proposition 4.5(iii)
and (4.2).

Statement (iv) is immediate from equation (4.2) and Proposition 4.5(iv), since
qg.(J)ev.

For (v), we first note that g.(J) € ¥ N (gL, gr] and g, € ¥*. Furthermore, there exists
asequence (r;) in ¥ N (gL, gr] such that r; \( ¢.(J). This follows from Lemma 4.1, since
the endpoints of relative plateaus lie in ¥". Accordingly, the image sequence (#;) in ¥'*
satisfies 7; \( g., where F; = &, (r). So, for any q € (qc(J), gr] there exists r; € ¥ N
(gc(J), q) such that

3 & . h(T;)
U,(J))DU,(J) and h(U,(J))) = TI - 0.

This proves (v). O
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Proof of Corollary 1.7. Take q € (q1, gr]. Then aj(q) - - - @ (q) = a1 - - - a;};. Note that
oz(qL) (ay - - - am)®°. Then by the definitions of I~J and quL it follows that fj J) C fj \
UqL Furthermore, any sequence (x;) € Uq \Uq,L or its reflection (x,) has a tail sequence
in Uq(J ) U {a®°}. Therefore,

dimy (U, \ U, ) = dimyg U, (J).

Hence, the result follows from Theorem 2. O

Proof of Corollary 1.9. Fix qo € % . If qo € €0, the same argument based equation on
(2.1) that we used to prove f(gp) =0 shows also that f(q) — 0 as ¢ — qo. Hence f is
continuous at gq. If go € 6o, then g9 = g.(J) for some relative plateau J. Since ﬁq(l ) C
qu(J ) whenever I C J, Theorem 1 implies that

h(Uq( )
log g

fg) < forall g € J, g # qo.

But by Theorem 2, h(qu(J)) — 0as g - qgo=gq.(J). Hence, f(g) — 0= f(qo). This
shows that f is continuous on €.

Now suppose go € % \%. Then, by Lemma 4.1, there is a sequence of relative plateaus
[pL@), pr(@)] such that pp.(i) " qo as i — oo. Each of these plateaus contains a point
gi € € (in fact, infinitely many), so that ¢; /" go. By Theorem 1, we obtain f(ggp) > 0=
lim; , ~ f(gi). Therefore, f is discontinuous at go. The corresponding statements for f_
and f4 follow in the same way. O

Finally, we prove Theorem 3.

Proof of Theorem 3. (i) Let J = J; =[qL, qr] be a relative plateau generated by a =
ap - - - ap. We show that the next level relative plateaus Ji;, j =1, 2, ... are exactly the
maximal intervals on which h(fj (J)) is positive and constant; this, along with Theorem 2,
will 1mp1y (i). Fix j € N, and write [ := Jl, = [pL, pr]- Then pr, pr € ¥, so we may put
pL = dDJ(pL) and pR := (D](pR) Then [ := [pL, pr]lis an entropy plateau in (1 2], and
SO h(U*) is positive and constant on I. By Proposition 3.8(iii), it follows that h(U J))is
posmve and constant on /.

By Lemma 4.1 the union UjeN Jij is dense in (g.(J), gr]. As aresult, I is a maximal
interval on which A (qu (J)) is constant.

(i1) Since UjeN Jij is dense in (g.(J), gr], each g € Z(J) is an accumulation point of
the set of endpoints of the intervals Jj;. Since these endpoints lie in " and ¥ is closed,
it follows that Z4(J) C 7. Hence, CfDJ(q) is well defined for all g € Z(J). It now follows
immediately from part (i) that

D (BJ)) =B (4.3)

Since B* C «*, it follows from Proposition 3.8(ii) that Z(J) C % N J.
(iii) That £ (J) is Lebesgue null is now obvious from (ii), since % is Lebesgue null.
(v) By (i), (ii) and the countable stability of Hausdorff dimension,

dimg (% N J\B(J)) = sup dimg(Z N Jij).
jeN
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If Ji; = [pL, pr] is generated by the block b; - - - b, then by equation (2.1)
log 2
llog pr’

dimyg(Z N Jij) = “4.4)
Furthermore, b - - - b; must be a concatenation of words from £ = {a, a*, a, a_+}, solis
a multiple of m. Since b - - - by is admissible and «(pr) > g.(J), it follows from equation
(1.7) that [ > 3m. (See Figure 3.) Moreover, the only relative plateau among the J;; with
| = 3m is the one with generating word by - - - by = ataat, whose right endpoint is pg.

It remains to check that this plateau is maximal for equation (4.4) to hold. To this end,
take any other relative plateau [ pr,, pr] C J generated by a block of length [ = km. If pr >
Po, then [ log pr > 3m log po. On the other hand, suppose pr < po. Then a(g.(J)) <
a(pL) < (a+§a_+)°°, and since a(pr) must correspond to an infinite path in the labeled
graph G = (G, £) from Figure 3, this is only possible when k& > 5. In [6] it was observed
that gk > (M + 2)/2. Estimating pr below by gk and pg above by M + 1, we thus
obtain for all M > 2,

M +2
l'log pr = 5Sm log gk1. > 5m log( + ) > 3m log(M + 1) > 3m log po,

where we used the algebraic inequality (M + 2)% > 32(M + 1)3, valid for M > 2. For
the case M =1 we can use the better estimate ggp > 1.78, giving 5log gkr. > 2.8 >
3log 2 > 3 log pg, where we have used the natural logarithm. Thus, in all cases, / log pr >
3m log po, as was to be shown.

Finally, we prove (iv). Since

M+2

3
p(3)>QI3(LZ< ) > M +1> qr,

it follows from part (v) and (2.1) that

log2 log 2
3m log po = m log gr
This implies (iv). 0

dimp((% N J)\ B(J)) = = dimy(% N J).

Remark 4.6. Note by equation (4.3) and Proposition 3.8(i) that the relative bifurcation sets
B(Jy) :ie{l,2,...}", neNare mutually homeomorphic.

To end this section, we illustrate how Theorem 1 can be combined with the entropy
‘bridge’ of Proposition 3.8(iii) to compute f(g) explicitly at some special points.
Example 4.7. Let J =[pL, pr] be arelative plateau generated by the worda =aj - - - a,.
For any integer k > 3, let [qL, gr] be the relative plateau generated by the admissible word

b:=ata*"2at. Then [qL, gr] C J, and J is the parent interval of [gr, gr]. Note that
gL € V. Hence, by Theorem 1 and Proposition 3.8(iii),

W0y (1)) _ hUG)
log q1. mlogqr’

flq) = f-(qu) =

where g 1= o 7(gL). Note that
a*(qr) = ®(a(qr) = @, ((@Ta* 2at)>®) = (1--10)>.
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Define the sets
Vii={(x) € {0, 1V:0%(@) 20" () 2@* (@ ¥n =0}, §e(l,2].

It is well known (see [27] or [7]) that h(fJ;) = h(f’;). Moreover, VZL is a subshift of
finite type and it consists of precisely those sequences in {0, 1} which do not contain the
word 1¥ or 0. A standard argument (see [33] or [6, Lemma 4.2]) now shows that h(sz) =
log ¢r—1, where foreach j € N, ¢; is the unique rootin (1, 2) of 1 +x + - - - + xI 7l =xJ,

Therefore,

1 _
flqr) = f-(qr) = —22=1L

mlog qr.-

Of course, f1(gr) = 0. Similarly, since h(ﬁq (J)) is constant on [gr,, gr], Theorem 1 gives

log g1
FgR) = fi(gr) = —= 2L
m log gr
On the other hand, by equation (2.1),
log 2
folqR) = —o
mk log gr

since the generating word b of [g1, gr] has length mk. Observe that f_(gr) < f4+(gr).
This last inequality holds generally, for any relative plateau [g1,, gr] in J: if [gL, gr] has
generating block b of length /, then / = mk for some k € N. Again putting g, := P 7(qL),
Lemma 3.1(ii) in [6] gives
log 2

©

T
hV;) >

and so

log 2 AVEY  h(VE)
flgR) = —2 o R _ ).
mkloggr mloggr mloggr

(There is one exception: if [g,, gr] is a first-level relative plateau (i.e. an entropy plateau)
generated by a =aj - - - a;,, then the parent interval J is Jy =[1, M + 1]. In this case,
there is no map @ relating 2(Uy, (J)) to the alphabet {0, 1}. Instead,

h(Ug)  h(Uy) log 2
loggr ~ loggr mloggr’
As shown in [6, Lemma 3.1 (ii)], these two quantities are equal if (and only if) M =
2j+1>3,anda=a;:=j+1.)
The above procedure generalizes to other relative plateaus: VZL is always a subshift of

fr(gr) = , and f (qr) =

finite type of {0, 1}V, so its topological entropy can be calculated, numerically at least,
by writing down the corresponding adjacency matrix and computing its spectral radius;
see [33, Ch. 5]. This method was used to produce the graph in Figure 2.

5. Proof of Theorem 4
Proof of Theorem 4. Let 1 <t <tp <M + 1, and let J = J; = [qL, gr] be the smallest
relative plateau containing [#1, #2]. Define

h(U,(J -
g, 1) = max{w iqeFBJ)N|t, tz]},
0gqg
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so we need to show that
dimyg(% N [t1, 6]) =g (t1, ). (5.1

Note first that, if #{ = g, then there exists § > 0 such that % N [¢1, t; + §] = @, and hence
BJ)Nt, ] =AB(J) N[t + 6, r2]. Therefore, both sides of equation (5.1) remain
unchanged upon replacing #; with #; + §. Consequently, we may assume that #; > gr..

We first demonstrate the lower bound. Since #(J) C %, we may assume without loss
of generality that % N (1, t2) # . Then by the definition of J we also have £(J) N
[t1, 2] # @. Since #; > g1, Theorem 1 gives for any g € %(J) N [t1, 12] that

h(U,(J)) _
log g

f-(@) = 0.

Since B(J) N [t1, ] C % N [t, t2], this implies

dimy (7% N [t1, ©2]) = sup{f-(q) :q € B(J) N [t1, ]} = gy (11, 12),

where in the last step we used the continuity of the map g h(qu (J)) (cf. Theorem 2).
This proves the lower bound.

For the upper bound, we use a compactness argument similar to that used in [25]. Recall
from Theorem 3(i) that

(g, qr1=B() U (gL, ¢e(NI1U | 4j-
j=1

Let Jij = [pL, pr] be arelative plateau that intersects [#1, 2] in more than one point. Then
either pp or pg lies in (21, 1), so at least one of these two points lies in A (J) N [11, 12].
Then by the proof of [6, Theorem 4.1] it follows that

log 2 <min{h(UpL) h(U )

dimg(Z N[pL, prl) = —— < ,
m log pr log p. ~ log pr

} <gs(t, r).

By the countable stability of Hausdorff dimension, we obtain

o0
dimH(% nJ &N, zz]) <gs(n, ). (5.2)
j=l

Now let ¢ > 0. Then for each g € #(J) N [t1, t2] there is a number §(g) > 0 such that

h(U,(J
dimy(%Z N(q —38(q),q +38(q) < f(q) +e = % +e=<gy(t, ) +e.

The intervals (¢ — 8(q), g + 8(g)) form an open cover of ZA(J) N|[t1, t2], and since
HAB(J) N [t, 1] is compact, this open cover contains a finite subcover. Therefore,

dimg(Z N AJ) N[, 1l) <gst1, 1) + . (5.3)

Letting ¢ — 0, equations (5.2) and (5.3) together give the upper bound in equation (5.1),
since % N (gL, qc(J)) = . a

https://doi.org/10.1017/etds.2020.38 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.38

Relative bifurcation sets and the local dimension of univoque bases 2267

6. Proof of Theorem 5
Recall the definitions (1.10) and (1.12) of IVJq and W, and that W, = ;(W,). When M =
1 we write Wy := W,. We will prove Theorem 5 indirectly, by showing that dimyg Wy =0
for g € ¢, and that if ¢ € @\‘5, then
h(@y ()

log g
where J = [gL, gr] is the smallest relative plateau such that ¢ € (g1, gr]. The result then
follows from Theorem 1.

Recall that on the sequence space 2); we are using the metric p from equation (1.9).
The following lemma allows us to work with subsets of €2, rather than sets in Euclidean
space.

dimH Wq =

LEMMA 6.1. Let q € (1, M + 1]. For any subset F C INLI, we have

. log2 .
dimy 7, (F) = @ dimy F.

Proof. 1t is well known (see [24, Lemma 2.7] or [4, Lemma 2.2]) that 7, is bi-Lipschitz
on U, with respect to the metric

P ((xi), (1)) 1= g MU0 Ayit)

Hence, with respect to the metric p; on Qy, F, and 7, (F) have the same Hausdorff
dimension for any F C U,. The lemma now follows since p; = ploga/log2 O

In view of Lemma 6.1, it suffices to compute dimg W,. The next lemma facilitates this.

LEMMA 6.2. Let J = [qL, qr] be a relative plateau generated by a=ay - - - a,,, and q €

Y N (gL, qr]. Then
1
dimyg W, = — dimy W,
m g

where § := & (q).

Proof. Since W, C ﬁq and every sequence in W, must eventually contain the word
ai(q) - - - am(q), we have

dimg W, = dimg (W, N T, (J)).
By a trivial extension of Proposition 3.8(iii),
® (W, NT, (1) =W; nT5(1),

where ﬁ;(l) ={(x;) € ﬁ; :x1 = 1}. Since ®; is bi-Holder continuous with exponent
1/m, it follows that

1 ~ 1

dimg W, = — dimy (W3 NU%(1)) = — dimyg W7,
m q q m q

as desired. O

We first consider the case when g € 6.
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PROPOSITION 6.3. If g € €, then dimy W, = 0.

Proof. If q =gy, then dimg W, < dimyg qu =0 by Proposition 4.5(iv), which holds
also for larger alphabets (cf. [32]). And if ¢ € %p\{gkr}, then ¢ =¢g.(J) for some
relative plateau J, so that g := ) 1(q@) = qu]_ and the result follows from Lemma 6.2 and
Proposition 4.5(@v).

Suppose g € €. Then g € % C ¥ by Proposition 1.4, and there are infinitely many
relative plateaus J = [gL, gr] such that g € (qL, gr]. If J is one such relative plateau
generated by a word of length m, then Lemma 6.2 gives

. I . 1 Ny 1
dimy Wy, = — dimyg W} < — dimyg{0, 1} = —
m 9" m
Letting m — oo, we obtain dimg W, = 0. O
Recall the definition of % (and %]") from equation (4.1).

PROPOSITION 6.4. Let g € PByr. Then

~

h(Uy,)
log 2

dimpg W, = = dimy U,.

The proof uses the following lemma.

LEMMA 6.5. Let G = (V, E) be a finite strongly connected directed graph with adjacency
matrix A, and let y be the spectral radius of A. Let 77,? Y be the set of all directed paths
of length k in G starting from vertex u and ending at vertex v. Then there are constants
0 < C1 < C7 such that the following hold:

(i) Foreachvertex v € V and for each K € N, there is an integer k > K such that

#’P,f’v > Cn/k.
(i) Forallk eN,
> #prt < oyt
u,veV

Proof. By the Perron—Frobenius theorem, y is an eigenvalue of A and there is a strictly
positive left eigenvector & =[&; - - - £y] of A corresponding to y, where N :=#V < oo.
We may normalize & so that max &; = 1. Clearly, for any two vertices u and v in V, there
is a path from u to v of length at most N. Fix v € V and K € N. Without loss of generality
order V so that v is the first vertex. Let e; =[1 0 - - - 0]7 be the first standard unit vector
inRN, andlet1=[11 --- 1] be the row vector of all 1 in RY. The number of paths in
G of length K starting anywhere in G but ending at v is
1AKe; > £ARe; = yXEe; > yX ming;.
Hence there is a vertex u in V such that
#Py' > N~'yK ming;.
Let L be the length of the shortest path in G from v to u; then L < N.Setk:=K + L. It
follows that
#P,{”’U > N_lyK min & = N_lyk_l‘ min §; > I]I;Lf/iykz: Clyk.
14

This proves (i). The proof of (ii) is standard (cf. [33, Ch. 4]). O
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Recall from [29] that the Komornik—Loreti constant gk, = gk, (M) satisfies
a(ggL) =Aihy -+, (6.1)
where foreachi > 1,
k+1t —1_1 if M =2k,
k+ 1 if M =2k + 1.

Here (7;){2, = 0110100110010110 - - - is the classical Thue-Morse sequence.
In the proof below we use the sets

V, i ={(x) €Qu:alg) <o"((x) <a(@Vn=0}, ge(,M+1].

)‘-i Z)\i(M) =

It is well known (see [27] or [6]) that dimy INJq = dimgyg Vq for every q.

Proof of Proposition 6.4. Fix g € %;.. Then g > gkr., so «(qg) = LAz - -+, and hence
there is a number /o > 1 such that oy - - - ogy—1 = A1 - - - Ajy—1 and oy, > Ay, where for
brevity we put o; := «; (q).

By [2, Lemma 3.16] (see also [6]), there is an increasing sequence (I,,) of integers with
I, > lp such that for each n, there is an entropy plateau [pr.(n), pr(n)] with a(pL(n)) =
CIREE o )*°, and moreover py (n) ' g. By the continuity of the function p > dimyg INJP
it is enough to prove that dimy W, > dimy U p(n) for eachn.

Fix neN, and put p:=pr(n) and [ :=1,. Then V,, is a subshift of finite type,
characterized by

(xi)evp & Al < Xjg] - Xkl <oy ---0p forall k> 0.

We represent '\vfp by a labeled directed graph G = (V, E, L) in the usual way: the set V of
vertices consists of allowed words in V p of length [ — 1, and there is an edge uv from u =
X]---Xx—1tov =y VI ifandonlyifxy ---xj_1=y1---y—2and xy - - - xj_1y;—1
is an allowed word in V ,, in which case we label the edge uv with y;_;.

Case 1. Assume first that V p is transitive, so the graph G is strongly connected. Let y
be the spectral radius of the adjacency matrix of G, and let Cy, C be the constants from
Lemma 6.5. Put C := max{Cs, Cl_1 }.Letu =0 - - - aj—1 be the lexicographically largest
vertex in V.

Next, fix 0 < s < dimg U p- We will construct a subset Y of W, such that dimg Y > s.
Since the Hausdorff dimension of a subshift of finite type is given by its entropy, we have

s <dimy U, =dimy V), = log, y. (6.2)

Let (m) jen be any strictly increasing sequence of positive integers with m > [ such
that o - - - Uy is admissible for each j. We claim that for each j there exists a connecting
block by - - - b,,j such that oy - - - oe,;jbl cee bn/.u is an allowed word in INJq. This follows
essentially from the proof of [2, Proposition 3.17], but for the reader’s convenience we
sketch the main idea.

Setip :=m. Recursively, forv =0, 1, 2, . . ., proceed as follows. If i\, < [y, then stop;
otherwise, let i, be the largest integer i such that

—
O, —j4+1 " O, =0 - .
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(If no such i exists, set i, = 0.) We now argue that
iy+1 <iy, foreveryv. (6.3)

This will follow once we show that oy ---ap >a; - --ar " for every k >1ly. This
inequality is clear for k > 2, since ¢ > gk implies a1 > o. On the other hand, if [p =1,
then o) > A1 > A_1+ > &1, yielding the inequality for k = 1 as well.

In view of equation (6.3), this process eventually stops, say after N = N (j) steps, with
iy <lp. Itiseasy to check that g - - - oet.: is admissible for each v < N. Since ¢ € %y, and
alq) = (ag - - ~a;)°°, it follows that
+)OO

alg) oy ---a;, (07 - -, , v=1,2,...,N—1.

Hence there is a positive integer &, such that
alg) = ar---a, @ o, D, v=1,2,...,N—1, (6.4)
where by @(g) > 1 - - - Bi we mean that oy - - - o; > By - - - B;. Put

By:=(a;---a ), v=1,...,N—1,

Ly
and by - - ~bn_,. := BBy - By_1,whereif N =1 wetake B1B; - - - By_1 to be the empty
word.

Since |u| =1 — 1 > [, it can be verified using the admissibility of g - - - o for each v
that oy - - - a,;/_b 1---by ;u is an allowed word in ﬁq. Here we emphasize that the length
nj of the connecting block depends only on m j, since the word u is fixed throughout.

We now construct sequences (r;) and (R;) as follows: set Ry=m; +ni, and
inductively, for j =1, 2, ..., we can choose by equation (6.2) and Lemma 6.5 an integer
r large enough so that

(logyy —s)r=(Rj_1+mjy1+njp1+1—1Ds+(j+2)log, C (6.5)

and
#pUu > clyr, (6.6)

Put
rji=r, and Rj = Rj_l +rit+mjrr+nj,
to complete the induction step. We also set
J
M; .= Z(m,- +ni+r), Nj:=Mj+mj forj=>0.
i=1
Observe that M1 — Rj =rjy; for j > 0.
Now let Y be the set of sequences (y;) in €2 satisfying the following requirements for
all j > 0:
(D YMjt1 - VM = @1 Oy
2 YNj+1 " YNj+njy = by--- bn(,~+1;
() YR+1 YR =W
(4)  YRj+1 -+ YMj, +i-1 = the word formed by reading the labels of any path of length
rj+11in G that starts and ends at u.
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Note that (4) is consistent with (1) despite the overlapping definitions, since for each j,
u is a prefix of a1 - - - . By the construction of the connecting block by - - - by, the
word yum;+1 -+ ym;, 18 allowed in ﬁq, for each j. It now follows easily that Y C W,,.
Next, we construct a mass distribution on Y. Let #; denote the number of words of
length 74 satisfying the requirement of (4) above, and note that by equation (6.6),

1> C—IV’HI’ j=0. (6.7)
Define a measure i on Y by
Folyy -
w(yr -y = g Y (l)_)Ej t.yk) forj>0and R; +/—-1<k <My, (6.8)
i=0 "

where [y - -yl ={(xi)eY:x1---xx=y1---y} is the cylinder generated by
Y1+ Yk, and 7j(yi - - - yx) is the number of paths in G of length Mj 1 +1—1—k
starting at vertex yg—;4+2 - - - yx and ending at u. Note that 7;(y; - - - YR;+I—-1) =1; and
TRTCIRE - ym;) = 1, so that

w(yr -« yrj+1-1D = plyr - - - ym; D (6.9)
Observe furthermore that
fj(i -+ y0) < CyMimH=I=k, (6.10)
We complete the definition of u by setting w([y; - - - yx]) =1 fork < Ry +1 — 1, and
wlyr---wD=plyr---ym;D) forj=land M; <k <R; +1—1. (6.11)

It is easy to see that Kolmogorov’s consistency conditions are satisfied, so that u defines a
unique mass distribution on Y. We claim that

w(y1 -+ yel) < Cdiam([y; - - - yx]))* (6.12)

for any k€N and any cylinder [y; --- yx], where C := C22Rotl=Ds  Note that
diam([y; - - - yx]) = 2=*. In view of equation (6.9), it is sufficient to check equation (6.12)
for Rj +1—1<k < Mjy;, where j > 0. Assuming k is in this range, equation (6.8) and
the estimates (6.7), (6.10) give

logy pw(lyr -+~ yk) + ks
j+1
<(j+2)log, C+ (Mj+1+l—1 —k—Zr,->10g2y+ks

i=1

j
:(j+2)log2C+(Rj+l—l—k)logzy—Zrilog2y+ks

i=1

J
<(Rj+1—1Ds+(j+2)log, € — ) rilogy y,
i=1
using that log, y > s and M1 = Rj +r;y1. For j =0 this last expression reduces to
(Ro+!—1)s +2log, C =log, C. For j > 1, it can be written as
j—1
(Rji—1+mjq1+njp1+1—Ds+ (j+2)log, C — Zri log, y —rj(log, ¥y —s),
i=1

which is < 0 by equation (6.5). Thus, in both cases, we obtain equation (6.12).
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By the mass distribution principle, equation (6.12) implies dimyg W, > dimyg Y > s,
as required. Finally, since s < dimy U, was arbitrary, we conclude that dimy W, >
dimy U,,.

Case 2. When V p is not transitive, \~7p contains by [2, Lemma 5.9] a transitive subshift
Z, of finite type with the same entropy log v, and a(p) € Z,. Hence the directed graph
associated with Z,, still contains the vertex «y ---a;—1, and the above argument goes
through with Z, replacing V. O

Proof of Theorem 5. Note that W, =¢ for any g€ (1, M+ 1] \%. In view of
Propositions 6.3 and 6.4 it remains to prove the theorem for g € @\ (¢ U %,). Then
q e %N (gL, gr] for some relative plateau [gr., gr]. Assume J = J; = [qL, gr] is the
smallest such plateau, and let its generating word be a; - - - a,,. Then either g € #(J)
or g is the left endpoint of Jj; for some j € N. Let g := ®;(¢). Then § € 2 . So using
Lemma 6.2, Proposition 6.4, and Proposition 3.8(iii) we obtain

hUD _ 1h@,())
mlog 2 log2

1 1 ~
dimH Wq = — dimH W; = — dimH U; =
m m

By Lemma 6.1 and Theorem 1 this implies
log2
log g
completing the proof. O

_ h@y ()

dimH w, =
log g

= f-(q),

dimH q
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