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Abstract
In this study, we consider the nonclassical diffusion equations with time-dependent memory kernels

u, — Au, — Au — /"* k() Au(t —s)ds +f(u)=g

on a bounded domain  C R", N > 3. Firstly, we study the existence and uniqueness of weak solutions and then,
we investigate the existence of the time-dependent global attractors A = {A,},.r in H}(2) X Li/ (R*, H)(2)). Finally,
we prove that the asymptotic dynamics of our problem, when k, approaches a multiple m4, of the Dirac mass at zero
as t — 00, is close to the one of its formal limit

U, — Au, — (1 +m)Au+f(u)=g.

The main novelty of our results is that no restriction on the upper growth of the nonlinearity is imposed and the
memory kernel k,(-) depends on time, which allows for instance to describe the dynamics of aging materials.

1. Introduction

In this study, we consider the following semilinear nonclassical diffusion equation with time-dependent
memory

du—0,Au— Au— [T K()Ault —s)ds +f(u)=g, x€Q1>T,

u(x,t)=0, xeod,t>r1,

(1.1)
u(x, 7) = u, (x), X €,
u(x, T —s)=o.(x,s), xeQ,s>0,

where Q is a bounded domain in RY with smooth boundary 3€2. The first equation in (1.1) arises in
the classical diffusion theory when assuming that the diffusing species behaves as a linear viscous fluid,
which leads to include its velocity gradient in the constitutive laws [1, 22, 27]). In the past years, the
existence and long-time behavior of solutions to nonclassical diffusion equations have been studied
extensively, in both autonomous case [20, 24, 25, 28, 31, 32] and non-autonomous case [2—4, 25, 26,
33]. The time-dependent global attractor for the nonclassical diffusion equations was studied in [19, 21].

The convolution term takes into account the influence of the past history of u on its future evolution,
providing a more accurate description of the diffusive process in certain materials, such as high-viscosity
liquids at low temperatures and polymers (see e.g. [16]). In the past years, the existence and long-time
behavior of solutions to nonclassical diffusion equations with memory have been explored in the case
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of the memory kernel independent on the time [5, 6, 9]. In particular, the existence of global attractors
of weak solutions to a class of nonclassical diffusion equations with hereditary memory and nonlinear
terms of exponential type has been studied in [5].

To the best of our knowledge, although there are several results on attractors for evolution equations
with constant-in-time memory kernels, only M. Conti has studied time-dependent memory kernels [7].
In this study, we therefore build on the M. Conti’s results by removing the technical conditions imposed
on the memory kernels. We will prove the existence of weak solutions and existence of a time-dependent
global attractor under a weak assumption on the time-dependent memory kernel k,(s) and a very large
class of nonlinearities that particularly covers both above classes and even exponential nonlinearities.

When k, approaches a multiple mé, of the Dirac mass at zero as t — oo, we prove that the asymptotic
dynamics of our problem is close to the one of its formal limit

u, — Au, — (1 +m)Au+f(u)=g.

This is the main novelty of our paper.
To study problem (1.1), we assume that the initial datum u, € H,(£2) is given, and that the nonlinearity
f and the external force g satisfy the following conditions:

(H1) f:R — Ris a continuously differentiable function satisfying

fw=—¢, (1.2)
fu>—pu* — Cy, forall u e R, (1.3)

where ¢, B, C, are positive constants, 0 < 8 < A, with A; > 0 is the first eigenvalue of the
operator —A in € with the homogeneous Dirichlet condition,
It follows from (1.2) that 0 < fou (f'(s)s + €s)ds, and therefore by integrating by parts,
we obtain
2

¢
F(u) < fQou + % forall u € R, (1.4)

where F(u) = fou f(s)ds is a primitive of f.

(H2) The external force g € H ().

(H3) The convolution (or memory) kernel &, is a nonnegative summable function having the explicit
form

ki(s) = /Oo wi(r)dr, (1.5)

where (¢, s) — ©,(s) : R x Rt — R* is allowed to exhibit (infinitely many) jumps. Moreover,
we require that
(M1) For every fixed € R, the map s+ u,(s) is nonincreasing, absolutely continuous and
summable.
We denote the total mass of u, by

k() = / wi(8)ds.
0
(M2) There exists § > 0 such that

By1ai(8) + Ot (8) 4 Src (Dpni(s) <0

for every ¢ € R and almost every s > 0.
(M3) The function ¢ — «(¢) fulfills

inf k(1) > 0.

teR
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Remark 1.1. We recall the example of time-dependent memory kernels arising in the physical applica-
tions, already introduced in [7, 8].

Let 1 € C'(R)NL'(R*Y) be a (nonnull and nonnegative) nonincreasing function with u(0) < oo.
Given a bounded positive function ¢ € C'(R) satisfying

g =<0, VieR,

we define the time-dependent rescaled kernel

o)
= Teor"\em )

According to (1.5), the corresponding integrated memory kernel reads
1 s *©
k.(s)= %k<s_t)> where k(s) = /; n(y)dy.

Especially, assuming k summable with total mass m > 0, the most interesting situation is when &(t) —
0 as t — oo. In this case, we recover the distributional convergence k, — mé, to (a multiple of) the
Dirac mass at zero. As shown in [7, 8], this u, complies with (M1)—(M3). Here, we make two further
assumptions: there exists o such that

w(s)+ouls) <0, Vs;
e )
ngs > —5

Example For instance, a possible choice is the exponential kernel u(s) = e~* and

=c| X an(@)|, 0 !
£ =C 2 arctan . <C<2.

The study is organized as follows. In Section 3, we prove the existence and uniqueness of weak solu-
tions to problem (1.1) by utilizing the compactness method and weak convergence techniques in Orlicz
spaces [15]. In Section 4, the existence of a time-dependent global attractor for the process associated
to the problem is studied. In the final section, we show the asymptotic closeness to the nonclassical
diffusion equation (without memory term) when the kernel approaches the Dirac mass.

2. Notations and preliminaries

In this section, we review some notations about function spaces and preliminary results.
As in [12], a new variable which reflects the history of (1.1) is introduced, that is

r'[(x’ S):’?(x’ t» S):/ u(x5t_r)dr’ SZO»
0
then we can check that
3:’77()@ S) = u(x, t) - axnr(-xa S)7 N Z 0

Since u,(s) = —k;(s), problem (1.1) can be transformed into the following system

ou — 0,Au— Au — fooo W (AN ()ds +f(u) =gx), xe€,t>r,

an'(x, s) = —an'(x, s) + u(x, 1), xeQt>1,5>0,

u(x, 1) =0, xed,t>1, @1
n'(x,s)=0, (x,5) €0 xR, t>1,

u(x, 7) = u.(x), x €,

nt(x,s) =n.(x,8):= f: go(x, rdr, (x,8) € Q x RT.
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Now, let

2(0) = (u(n), n"), and z, = (ur, ).

Unless otherwise specified, it is understood that we consider spaces of functions which are defined on
the domain €. Let (-, -) and | - || denote the L*(2)-inner product and L?(£2)-norm, respectively.

Let Lit(RJf,Lz(Q)) be the Hilbert space of functions ¢: R* — L*(2) endowed with the inner
product

(01, ¢2),, = / wi(8) {@1(5), 9a2(s)) ds,
0

and let |||, be the corresponding norm. In a similar manner, we introduce the inner products
O PP R P th(]Rﬂ H}(S2)) and Lil(Rﬂ H*(2) N Hy(2)) by

<'9 ')1,//,, = (V’ V')/l, 5 <" '>2¢//., = (A’ A')p_, s

and the corresponding norms are denoted by || - || 1, || - |20,
‘We now introduce the following Hilbert spaces

V, = H}(Q) x Li (RT, H)(2)),
W, = (H*(Q) N Hy(R)) x L (R, H(Q2) N Hy(Q)),
which are, respectively, endowed with the inner products
(wi, wady, = (V¥ Vi) + (01, ©2)1,, »

(Wh WZ)W, = <A1pl’ Al//2> + <(Pl, (p2)2,;4, 5

where w, = (¥, ) €V, W,, i=1,2.
The norms induced on V,, W,, are

I, o3, = IIVWII“r/ (SNIVe(s)|*ds,
0

I, @Iy, = ||Al/f||2+/ 1)l Ag(s)|I*ds.
0

The following results will be used to prove the existence of time-dependent global attractors.
For t € R, let X, be a family of normed spaces, the two-parameter family of operators

utt):X,— X, t>r,

is called a process on time-dependent spaces (see [10, 13]), characterized by the two properties:

(i) U(z, 1) is the identity map on X, for every t;

() U, t)U(r,s)=Ul(t,s) forevery t >t > .

As introduced in [10], we consider the following definitions and theorem.
Definition 2.1. A time-dependent absorbing set for the process U(t, T) is a uniformly bounded family
B = {B,},cr with the following property: for every R > 0 there exists 6, = 6,(R) > 0 such that
t<t—6,— U, 1)B,(R)CB..

Definition 2.2. Let K= {K={K}x:K, CX, compact, I pullback attracting}.  The family

A={A},cr €K is said to be a time-dependent global attractors if A is the smallest element of
K such that

A CK, VteR,
for any element K = {K,},cr € K.
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We know that the minimal element of K exists (and it is unique) if and only if K is not empty.

Theorem 2.1. If U(t, ©) is asymptotic compact, that is,
K={K ={K}er : K; C X, compact, KC pullback attracting}, K # &
then {U(t, T)} has a unique time-dependent global attractors A = {A,},cr and
A= ﬂ U U(t, 7)B,.
S<t T=S

Moreover, if U(t, T) is a continuous (or norm-to-weak continuous) map for all t > t, then A is invariant.

3. Existence and uniqueness of weak solutions

Definition 3.1. A function z = (u, n'") is called a weak solution of problem (2.1) on the interval (t,T)
with the initial datum z(t) =z, € V, if

u e C([t, T]; Hy(2)).f(u) € L'(Qr),

du € Lz, T:Hy (), 0" € C([7, TIL, (R*, Hy())),

Mt

and
(O, @) + (9, Vu, Vo) + (Vu, Vo) + (', @)1, + (F(W), @)1 = (8, @)1 41
(Om' +0m", )1y, = (U, )14

for all test functions ¢ € W = Hy(Q) N L¥(Q),§ € L, (R*, H)(Q)), and for a.e. t € [, T].

We are now ready to state the existence and uniqueness result for problem (2.1).

Theorem 3.1. Assume that hypotheses (HI1)—(H3) hold. Then for any z, = (u,, n,) € V, and T > t given,
problem (2.1) has a unique weak solution z = (u, n') on the interval (t, T) satisfying

ue C([r, TLH)(RQ), 1n'€ Lir(RJr, H,)(Q)).

Moreover, the weak solutions depend continuously on the initial data.

Proof. We use the Faedo—Galerkin method. As argued in [5], because of the separability of H(£2),
one can choose a sequence {w;}, which forms a smooth orthonormal basis in both L*(€2) and H,(2)
spaces. For instance, one can take a complete set of normalized eigenfunctions for —A in Hy(£2), such
that —Aw; = v;w;, where v; is the eigenvalue corresponding to w;. Next, we want to choose an orthonor-
mal basis {£;}%, of L], (R*, H;(£2)) which also belong to D(R*, Hy(2)), where D(I, X) is the space of
infinitely differentiable X-valued functions with compact support in / C R. For this purpose, we select
vectors of the form Lw; (k,j=1,...,00), where {lj}fil is an orthonormal basis in both Li,(R+) and
D(R*) spaces.

(i) Existence. Given an integer n, denote by P, and Q, the projections on the subspaces

span(wy, .. .,w,) € H)(Q) and span({,..., &) € L’ (RY, H)(RQ)),

Mt
respectively. We look for a function z, = (u,, n!) of the form

n

W)= atw; and 1s)=)_ b1} (s)

j=1 J=1
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satisfying
((atun - Aalun’ 3[7’]:1), (wk7 {j))vr

= <(Aun + f w(S)An,(s)ds + g — f(u,), u, — 9;m,,), (. §,~)>
0

Vi

oo
u,(t) =Py, = u, = Zozjwj in H)(S2), as n — oo,

j=1
(D) =0 = 0. =Y Big(s)  in L2 (RY, H(Q), asn— oo, (3.1)
=1

fora.e.t <t <T,foreveryk,j=0,...,n, where w, and ¢, are the zero vectors in the respective
spaces. Taking (w, &) and (w,, &) in (3.1), and applying the divergence theorem to the term

< f () AR, ()ds, w>
0

we get a system of Ordinary Differential Equation (ODE) in the variables a,(¢) and b, (¢) of the
form

d n
ar ((1 + Vk)“k) = =Wy — ; b; (Q, wk>14’m + (g, ox) — (f(u,), i),

d n n
d_tbk = Z a; <a)j’ §k>l.u, - Z bj <€j,’ ;k>1,;4, ’ (32)
J=1

j=1
subject to the initial conditions

ak(r) = <urv a)k)H[l)(Q) ’
b(t) = (0 Sy - (3.3)

According to standard existence theory for ODEs, there exists a continuous solution (ay, b;) of
(3.2)—(3.3) on some interval (t, T,,) for each n. The a priori estimates below imply that in fact
T, = +oo0.

Multiplying the first equation of (3.2) by a; and the second by b, then summing over k and
adding the results, we get

%%uznu; = —11Vat, 12— (0} mt), A+ (8t e
~ )+ [ anIv IR |
Using (1.3) and the Cauchy inequality, we have
(& ) g1 gy — (Fn), ) < el V| + illglli—l(g) + BllulI” + Gol 21, (3.5

where ¢ > 0 will be chosen later. From (3.4) and (3.5) we have

d t t = 13 ﬂ
e, +2 (0. m),, 2 f 3, VL(s)|ds + 2(1 - e) 1V,
0 1

1
= legllfﬂgﬁ%olﬂl-
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Integrating by parts and using (M2), we get

2(0ammy), . —2/ A ()IV, () ds
0 (3.6)

= - 2/ (Bspu(8) + Bt (NN Vi, () 1*ds = 0.
0

Thus,

d B
Ellznllf;, t20 - - Vi, |I* < Cllgll7-10, + -

1

Choosing ¢ > 0 small enough so that 1 — kﬁ — & > 0 and integrating on (7, 1), t € (r, T), lead
1
to the following estimate

,B t
Iz, + 2<1 - / IV, (NIPdr < llz/(DII3,, + CTAIgNG 10, + -
1 T

Hence, in particular, we see that

{u,} isboundedin L*(t,T; H)(R)),

{n!} isboundedin L*(r,T;L% (R*, Hy(Q)). G7)
Therefore, by the Banach—Alaoglu theorem, there exists a function z = (&, ") such that
u,—u weakly starin  L®(z, T; H)(RQ)),
m,—n'  weakly starin  L¥(z, T; L (R*, Hy(2))), (3.8)
and
Au,— Au  weaklyin L*(t,T; H'(Q)),
An,— An'  weaklyin L*(t,T; L (R",H '(Q))), (3.9)
up to a subsequence. Now, we estimate 9,z,. From (3.4) and (3.6), we get
d 2 2 2
TNzl 1V +2 / F,dx < 18121 (3.10)
Integrating (3.10) from t to T, we obtain
T
lz.(DI3, +/; IV, (1) |dt 42 Q’lvf(un)undxdt < Nze 3,0 + TlEl ;-1 0
In particular,
f(u,)u,dxdt < C. (3.11)

or

Multiplying the first equation of (3.2) by a, + €a; and the second by by, then summing over k&
and adding the results, we get

1d 0
3% (Ilunll2 + A+ Vu,|? +/ 1)1, 1% ds + 2 (F(u,), 1)) + 11V, |1?
0

+ & (18 1 4 11V 3,20, 11%) 4 (F (utn), ) — / (@,pi(8) + A (DI Vi()IPds - (3.12)
0

—— [ 6. Vo) + gty D)y
0
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Using Young inequality and « (¢) = fom W:(s)ds, we have

—/ i)V, (s), Va,un)dSSf (I OINVu, || ds
0 0

0 e /€
< \/55'((0/ w1V (9)]I*ds + %Ilvaﬂtnllz,
0

and

1 e
(8> tn + €0Un) 1y = EIIVM,«II2 + EII&VM;«II2 + C@)gll-10- (3.13)

Combining (3.12)—(3.13), and owing to (M2) and (1.4), we get

d o0

— <Ilunll2 + 1+ o) Vu,|I* + / ()|, |17 ds + 2¢ (F(u,), 1)) + 1V, |1?
0

dt
+2 (s - %) (10,1 1”4+ 1V 90, 1I7) + 2(f (), ) (3.14)

+2(1 = /e)dke (1) [ IV, $)Pds < Ce)lIglly-1 -
0

Integrating (3.14) from t to ¢ and using (1.4), (3.11) and (3.7), we can deduce that
{0u,} isboundedin L*(z,T; H)(Q)),
S0, up to a subsequence,
du, — du weaklyin L*(zr,T; HY(Q)),
8, Au, — 3,Au  weaklyin L*(t,T; H'(Q)). (3.15)

We now prove that {f(u,)} is bounded in L'(Q;) where QO = Q x (t, T). Putting h(s) = f(s) —
f(0) + y's, where y > £. Note that h(s)s = (f(s) —f(0))s + y s> =f'(c)s* + ys* > (y — £)s* >0
for all s € R, we have

/ V()| e < / V| et + / Ih(u,)] dxdi
or

OrN{lun|>1} OrN{lun =1}

< / I, undxdt + sup [h(s)] | Qx|

Is|<1
or
S /f(u;z)undth + V(0)| ”un”Ll(QT) + )/ ||un||i2(QT)
or

+ sup |A(s)] |Qr|

Isl<1
S C?
where we have used (3.7), (3.11) and the boundedness of {u,} in L*(z, T, H&(Q)). Hence it
implies that {/(u,)}, and therefore {f(u,)} is bounded in L'(Qr).
Using the Aubin-Lions lemma in [18], we can suppose that u, — u strongly in

L*(t, T; L*(R2)). Hence u, — u a.e. in Qr, up to a subsequence. Besides, using the definition of
h(s) and (3.10), (3.7), we have

f h(u,)u,dxdt < C.
or
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Therefore, by Lemma 6.1 in [14], we obtain that &(«) € L'(Qy) and for all test functions ¢ €
C¥ ([T, T1; Hy(2) N L*(R)),

/ h(u,)pdxdt — h(u)pdxdt.
or or

Hence, f(u) € L'(Q7) and

fu)pdxdt — | f(updxdt, forall p € C¥([T, T1; Hy(2) N L™()). (3.16)
or or

We are now ready to show that the limit z = (&, ") is a weak solution of (2.1). Choose an
arbitrary test function

¢ = (¢,&) € D1, T], Hy(Q) N L™(Q)) x D([t, T], DIR", Hy(2)))
of the form
()= a®w;, and EB=Y by
=1 j=1

where m is a fixed integer, {a;}]", and {b;}]", are given functions in D((7, T)). Then (3.1) holds
with (v(?), £ (¢)) in place of (wy, ¢;). Integrating the resulting equation over (t, 7)) and passing to
the limits, in view of (3.8), (3.9), (3.15) and (3.16), we get

T
/ [(3% @) + (9, Vu, Vo) +(0n', §>1,M,:|dt

(VM, V(p) + <77t, (/7)1,,;,1|df

- / /f(“)‘/’dx — (g (p)Hl,H(l)]dt
T LJQ

- <8Jnlvé>l,m + (M’E)l,mi|dt'

Using a density argument, we conclude that z = (u, n') satisfies the equation in the weak sense.
By standard arguments, we can check that z satisfies the initial condition z(7) = z,. This implies
that z(-) is a weak solution of problem (2.1).

(ii) Uniqueness and continuous dependence on the initial data. We assume that z, = (u;, n}) and
2, = (up, n) are two solutions of (2.1) with initial data z,, and z,,, respectively. Denote w =
71 — 22 = (u3, 113), then

Qs — 9, Auz — Aus — / 11($) A (x, )ds + (F(u, (£) — f (u2)) — Lus =0, for all £ > 0,
0

3.17)
where f (s) =f(s) + ¢s. Here, because u;(f) does not belong to W = Hé(Q) N L>(£2), we cannot
choose u;(1) as a test function. Consequently, the proof will be more involved than that in [9,
29, 30].

We use some ideas in [15]. Let

k if s > k,
Bus)= s if [s| <k,
—k ifs < —k.

Consider the corresponding Nemytskii mapping B, : W — W defined as follows
By(u;)(0) = Bu(us(x), for all x € Q.
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By Theorem 4.7 in [17] (see also LAemma 2.3 in [15]), we have that ||I§k(u3) — uz]lw — 0 as
k — oo. Now multiplying (3.17) by B, (u3), then integrating over 2 we get

d . . 1, . .
4 / By (us)dx + f Vi VB, (us)d ——(||Bk<u3)||2+||VBk(u3)||2)>
dt\ Jq Q 2
+ / Vi, VB, (u3)dx + / wi(s) / V',V B (u3)dxds
Q 0 Q
- / (Fur) — F(:))Be(us)dx — € / By (u3)dx = 0.
Q Q
Thus,
d 5 D 1 D 2 D 2
— uBu(us)dx + | Vus VBi(uz)dx — = (I1Bu(us)II” + | VB(u3)I?)
dt\ Jq Q 2
+f IVu3|2dx+/ wi(s) Vi Vusdxds (3.18)
{xeQ : Juz(x,n)| <k} 0 {xeQ: |uz(x,0)| <k}
+/]?/($)M3Ek(u3)dX=£/ MSBk(MS)dx~
Q Q

Note that f”(s) > 0 and sB,(s) > 0 for all s € R, we have

/ FE)us By (us)dx > 0.
Q

Moreover,

/ |Vu3lzdx > 09
{xeQ2: uz (x| <k}

and

/ wi(s) Vn,Vusdxds
0 {xeQ: luz(x,n)| <k}
= / wi(s) V0, Vndxds
0 {xeQ: |uz (x,0)| <k}
+/ wi(s) Vn,0,Vnidxds
0 {xeQ: |luz(x,0| <k}

=/ 1 (s) V1,9, Vnsdxds
0 {xeQ: Juz(x,0)| <k}

1 o0
1 / 8.11,(5) |V, [2dxds.
2 0 {xeQ: luz (x.0)| <k}

From the above inequalities we deduce from (3.18) that

d ~ “ 1, ~ “
d—( / wsB(u)dx + / Vi VB — ~ (IBuus)l? + ||VBk<u3)||2)>
AUA ; 2

1 /°° d
+ ) — |V dxds
2 Jo (xe: luyeni<ky dE ’

“ 1 [*
<t [ ubiupdre 5 [ o |V Pdds.
Q 2 0 {xeQ: Juz (x,0)| <k}
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Integrating from t to ¢, where ¢ € (t, T), then letting kK — 0o, we obtain

lus (O + 1Vus O + 13117,

t
< IO + V@ + 1, +2¢ [ el
t o0
+f ( | G+ 3,-ur(S))IIVn§||2dS>dr
T 0

t
< @I+ IVus(OI? + 03117, +2¢ / s + I Vus() 1 + [Im317,, )ds.
By the Gronwall inequality of integral form, we get
w3, < W@, e < w3, e* ™, forall t € [z, T).

Hence we get the continuous dependence on the initial data of the solutions, and in particular,
the uniqueness when w(t) = 0. O

4. Existence of a time-dependent global attractor

Theorem 3.1 allows us to define a process on time-dependent spaces U(t, 7):V, — V), associated to
problem (2.1) by the formula

U(t, t)z, == z(1),

where z(-) is the unique global weak solution of (2.1) with the initial datum z, € V.

4.1. Existence of a time-dependent absorbing set

Lemma 4.1. Under assumptions (HI1)—(H3), there exists a time-dependent absorbing set in V, for the
process U(t, 7).

Proof. Multiplying the first equation of (2.1) by u(#) and integrating over €2, we obtain

d ) 0
—— VZVZ/d/,V’,Vd
> (el 4+ 1V aell?) + I Vel + Qf(u)u x + i mi()(V'(s), Vu)ds @1
= (8 W u-10.H\ @
Using the hypothesis (1.3) and the Cauchy inequality, we have
/f(u)udx > —Bllull® - Gl
e | 4.2)
(8 u)H*‘(Q),H&(Q) <&l Vull* + 4_80 ”g”i]*l(g)'
Recalling that u(#) = 9,n'(s) + 9,n'(s), we have
/ w(){Vn'(s), Vu)ds
0
=/ M:(S)(Vn’(S),Vasn’(S)>dS+/ i)V’ (s), Vo' (s))ds
0 0
[~ 1d L[~ @3
==3 / e ()1 (s)11ds + EEIIH’(S)II2 3 / du()lIn'(s)[1°ds
0 0
-3 /°° (Bt (5) + B,pe(9) ' ()17 ds + 1illn’llz
2, ” 24t T
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From (4.3) and (M2), we get

o 1 1d
/0 w()(Vn'(s), Vu)ds > §8K(t)||n'||f,u, + EEIIH’IIT,M,- (4.4)

Combining (4.2), (4.4) and (4.1), we get

d B
7 (lell® + 1 Vall® + 1115 ,,) +2 (1 T 80) IVull* + sl ()7,

1
S Z ||g||i171(g) + 2CO|Q|
Using hypothesis (M3), we deduce 3§, > 0, so that «(f) > §, > 0 V¢ € R. Therefore
d

2 2 2 2 2 2
dt (el + 1 Vael® + 1'l13,,) + v (laell® + IVl + 10113,

<C (gl +1)-
By the Gronwall inequality, we get

y(t) < efy(tir)y(f) + C<”g”12*-11(sz) + 1>’
where
Y@ = llull® + 1 Vull® + 10113 ,,-

Hence, there exists p, > 0 such that

Iz, < po, 4.5)
for all z, € B and t >t, =t,(B), where B is an arbitrary bounded subset of V,. This completes the
proof. O

4.2 Asymptotic compactness

Recall that in this paper we only assume the external force g € H'(€2). However, we know that for any
g€ H'() and ¢ > 0 given, there is a g° € L*(2), which depends on g and ¢, such that

lg — & llur1 <e. (4.6)

Now, in order to show that the process is asymptotically compact, we shall exhibit a pullback
attracting family of compact sets. To this aim, the strategy classically consists in finding a suitable
decomposition of the process in the sum of a decaying part and of a compact one.

4.2.1 Decomposition of the equation
Since B = {B,(R)}cr is a time-dependent absorbing set for U(#, T)z,, then for each initial data z, € B,(R),
we decompose U(t, 7)z, as follows

U(t9 ‘C)Zr = Ul(t, T)Zr + U2(ta T)Z'u

where U, (t, T)z, = z;(t) and U,(t, T)z, = 2,(¢), that is, z = (&, ") = 21 + z,, the decomposition is of the
following form

u:vé‘_"_wf, nf:é-tE_‘r_slS’

=058, n=0,§),

https://doi.org/10.1017/S0017089522000027 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089522000027

728 Le Thi Thuy and Nguyen Duong Toan

where z,(¢) is the unique solution of the following problem
V" — 0,Av — AV +f(u) — f(w*) — fooo WAL (s)ds + ' =g —g°, A >,

8¢ =—=0,8" + V',

V(. Dla = 0. ¥ (5, Dy = 1,0, @D
£ (5, $)lim =0, £ 5) = £u(x.)i= [ gulx,
and z,(?) is the unique solution of the following problem
oW — 9,Aw° — Aw® + f(w°) — /;fo W (SAE(s)ds — AMu—w)=g°, L >{,
0" = —0,5" +w*,
(4.8)

w(‘?(x’ t)|0$l = 0’ Wg(x’ t)|t=7: = O’

gta(x’ S)l?)Q - 0’ é:r(x, S) = sr(xa S) = 0

By using similar arguments as in the proof of Theorem 3.1, one can prove the existence and uniqueness
of solutions to problems (4.7) and (4.8). Moreover, for problem (4.8), because the external force g° €
L*(€2) and the initial data are zero (so it belong to W, := (HZ(SZ) N Hé(Q)) x L (R, HA(2) N Hi(2))),

Mt

we can show that the solution (w®, £) is in fact a strong solution. In particular, we will have w* €
C([0, T1; H*(2) N Hy(S2)) for any T > 0. This will be used in the proof of Lemma 4.3 below.
We begin with the decay estimate for solutions of (4.7).

Lemma 4.2. For any ¢ > 0, the solutions of equation (4.7) satisfy the following estimates: there is a
constant d, which depends on A\, £, such that for every t > 0,

10\t Dz 13, < Ollz: lIv,)e™ " + .
Proof. Multiplying the first equation of (4.7) by v* we get
1d €12 £ (12 €112 £112 * te £
Ed_(”V I+ IVVIP) + AP+ VIR + | wls) | VE Vv dxds
t 0 o

HF) — FOV) ) = (g — &V ).
Applying Cauchy inequality, we get

& £ 1 £112 1 en2
(g — &,V >H*1,Hé = E”VV ” + E”g — & ”Hfl(g)'
Noting that 9,¢* = —9,¢" + v* and reasoning exactly as in (4.3), (4.4), we obtain
o 1 1d
/ (VL (s), Vv )ds = =8k IE“(DIT,,, + 5= IE° G, 4.9)
0 2 24t !

Therefore, because f'(§) > —£, we have

d > e te ¢ ¢ te

o (Ilvé I+ 1VvI1° + i II?,,L,> + V1P 4+ 200 = OV 1P + s DNIE“ (I,

= ”g - gS”?-rl(Q)-
Using hypothesis (M3), we deduce 3§, > 0, so that k(¥) > §, > 0 YVt e R.
Thus, similarly to the proof of Lemma 4.1, we obtain for some d, > 0,

1 X
10\t D)z 13, < Oz v, )e™™" + Ellg — & 10
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Taking ¢? < Ce in (4.6) we have

U, D)z 113, < Qllze llv,)e™ " +e.
About the solution z,() of (4.8), we have the following lemma.

Lemma 4.3. For any ¢ > 0, there is M > 0 such that for any z. € W, there exists T > 0 large enough,
which depends on ”g”frl(sz)’ &, such that

|Ux(t, T)z: I3y, <M, forall 1> T. (4.10)

Proof. Multiplying the first equation of (4.8) by —Aw*, then using (1.2), (M2) and the Cauchy
inequality, we have

d €112 €12 te )2 £ 112 €112
7 VW™ AW+ 1715, |+ TAW" +2(0 = O Vw]

1
+ 8k IE“ IR, = 5 (181 + Ny, ) < A" ey + 0

when ¢ > #,(B). Note that we used the estimate (4.5) for this expression.
Hence, similarly to the proof of Lemma 4.1, we obtain a number 7 > 0 large enough such that

|Ux(t, T)z: I3y, <M, forall 1> T.

The proof is complete. O

Remark 4.1. From Lemma 4.3, we immediately have the following regularity result: A, is bounded in
W, (with a bound independent of t).

Since B = {B,},cr is a time-dependent absorbing set, collecting Lemmas 4.2 and 4.3 we infer that the

family of W,-ball K = {K,(r)},cr is pullback attracting provided that » > 0 is sufficiently large, for
disty,(U(t, T)B,, K,(r)) < sup [|D(t, )z |y, < Ce 20
zr €8¢

Unfortunately, there are not enough conditions to conclude the existence of the unique time-
dependent global attractor. Indeed, although closed balls of WV, are uniformly bounded by the embedding
constant of W, < V), is independent of ¢, they fail to be compact in V, due to the lack of compactness
of the embedding L] (R*, Hy(Q)) — L. (R*, H*(2) N Hy(R2)). The argument as in the proof of [30,
Theorem 3.13], where the same model is considered for a constant-in-time memory kernel, we get that
the process U(t, T) is asymptotically compact, which proves the existence of the unique time-dependent
global attractor in below.

Theorem 4.4. Assume that (HI)—(H3) hold. Then the process {U(t, T)};». generated by problem (2.1)
admits an invariant time-dependent global attractor A ={A,}cr.

5. Recovering nonclassical diffusion equation

In the last section, using the idea of Conti et al. in [7], we discuss the case when k, — md, for some
m > 0, that is,

o m ife=0
li k(s)ds = ’ 5.1
tlr?o i (()ds !O if ¢ > 0. -1

Then, for long times our problem becomes the nonclassical diffusion equation (without memory kernel)

u, — Au, — (1 + m)Au+f(u) = g. (5.2)
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Equation (5.2) generates a Cy-semigroup of solutions
S(1) : Hy(Q2) — H, (),

possessing the global attractor A in the classical sense. Besides, A is a bounded subset of H*(Q) N H) (),
and coincides with the sections at (any) time f, € R of the set of all complete bounded trajectories (CBT)
of S(¥) (see, [28]). Namely, for any fixed #, € R,

A={3(t):2 CBT of S},
where a CBT the semigroup S(¢) is a map
t> 2(t) = i(t) € Hy(Q)
satisfying
sup [12(0lluye <00 and  2(6) =S(0i(t) V1> 0,¥T € R.

teR

On the other hand, according to Theorem 4.4 and [11, Theorem 3.2], the invariant time-dependent
global attractor is characterized as the set of all CBT of the process, that is,

A ={z(t): z CBT of U(t, 1)},
where a CBT of U(¢, 7) is a map

> z(t) = (u(?), du(t),n') €V,
satisfying

sup [lz(D]ly, <oco and z(H)=U(t, 1)z(r) V>t €eR.
teR

Using ideas as in [7], we have the following theorem which establishes the closeness of the long-term
dynamics of (1.1) to the one of the “limit problem” (5.2) when k, — md,.

Theorem 5.1. Assume that (5.1) hold. Then, for any sequence (u,, n\,) of CBT of U(t, T) and any t,, — oo,
there exists a CBT u of S(t) such that the convergence

sup [lu,(t + 1,) — u(®)ll sy = 0 (5.3)

tel-T.T]

holds up to a subsequence as n — oo for every T > Q.

Defining the canonical projection P,:V, — H}(2) by P.(u,n) =u, and denoting the Hausdorff
semidistance of two (nonempty) sets B, C C X by

disty(B, C) = sup inéf lx — yllx,

xeB *
then we have an immediate corollary.
Corollary 5.1. Assume that (5.1) hold. Then, we have the convergence
[1_1210 I:diStHz(Q)ﬂHtl)(Q)(]P)tAt’ A)] =0.
Indeed, from (5.3), we deduce that for every f, — oo the convergence
diStHz(Q)ﬁHé(Q)(PlAw A) -0
holds (up to a sequence) as n — oo. This is clearly enough to draw the desired conclusion.

Proof of Theorem 5.1.Let w,(-) = u,( - +t,), for every n. Then the function w, fulfills the equation

Ow,(1) — Adw, (1) — Aw, (1) — / ) ki1, () Aw, (1 — 5)ds + f(w, (1)) = g. (5.4
0
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From the estimates of Lemmas 4.2 and 4.3, we get that
w, is bounded in L®(R; H*(2) N Hy(2)). (5.5)
Then, there exists & € L*(R; H*(2) N H,(£2)) such that, up to a subsequence,
w, — it weakly-star in L*(R, H*(Q) N H}(2)).

Since lim,_ o, k;;,, = mé, in the sense of (5.1), we can see that, for every 7 > 0,

sup / ki, (s)ds < 2m,
0

tel-T.T]

for every n sufficiently large (depending on T').
Multiplying equation (5.4) by w, 4+ 9,w, then integrating from —7 to T we conclude that

o,w, is bounded in L*(— T, T; Hg(Q)). (5.6)
From (5.5) and (5.6) and applying the classical Simon-Aubin Theorem [23], the strong convergence
w, — iin C([— T, T], Hy(2))

holds (up to a subsequence), implying in particular (5.3).
Now, we are left to prove that & solves the nonclassical diffusion equation, namely

At — Adit — (1 + m)Al+f(ir) = g.

Indeed, we will prove that the equality above is recovered when passing to the limit as n — oo in (5.4),
the only nonstandard convergence being

- /00 ki, () Aw,(t — s)ds — —mAu(t).
0
Let ¢ be fixed, and
A, ()= /000 kiyr, (8) (W, (t — 5), —A@)ds.
Then, we decompose the function A, () into the sum

A= AN+ AX) + AL@D),

where
1
Al = f ki (5) (Ut — ), — AD)ds,
0
1
A = / ko ()00t — 5) — it — 5), — A)ds,
0

AN = /m kits, ($){wa(t — 5), —A)ds.
1

Since (w,, —A¢) € L*(R) uniformly with respect to n, and (w,, —A¢) — (i, —A¢) in C(I) for every
closed interval 7, and using (5.1) once again

1
|AND) + A < [[{w, — &, —A¢>||c<[1—1,zj>/ kiiy, (s)ds
0

10 —AG) iy / ke (s)ds — O,
1

while

AL > m{it, —Ag).
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Therefore, we conclude that

A1) = /OO Kisi, ()W, (t — 5), —Ag)ds — m(it, —Ag),
0

for any sufficiently regular ¢. Thus

- / ki, () Aw,(t — s)ds — —mAu(t).
0

This completes the proof. g
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