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We prove results on the relaxation and weak* lower semicontinuity of integral
functionals of the form

Flu] == /Q f <% (Vu(x) + Vu(ac)T>> de, u:QcRY—RY

over the space BD(2) of functions of bounded deformation or over the
Temam-—Strang space

U(Q) :={ueBD(Q): divue LZ(Q)} ,
depending on the growth and shape of the integrand f. Such functionals are
interesting, for example, in the study of Hencky plasticity and related models.
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1. Introduction

Let Q € R%, d > 2 be a bounded Lipschitz domain occupied by some elasto-plastic
material body and let u :  — R¢ denote a displacement field. The classical mini-
mization problem in the theory of Hencky plasticity [5, 20, 37] involves the following
convex functional:

/ p(dev Eu) + g(divu)2 dz, (1.1)
Q

where ¢ : SD(d) — [0, +00) is a function which grows quadratically on some com-
pact set and linearly outside of this set, and k = A + 2u/3 > 0 is the bulk modulus
of the material with the Lamé constants A and u. Here, SD(d) denotes the space
of symmetric and deviatoric matrices in R4*¢ and dev A := A —d~'(tr A)Id is
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the deviatoric (trace-free) part of a matrix A € R4*?. We also write u for the
symmetrized gradient, i.e.

Eu = (Vu + VuT) .

N[ =

The minimization problem (1.1) and its relaxation have attracted much atten-
tion recently. For instance, in [13] the authors studied the same problem with an
additional jump penalization term. In [31] the L'-relaxation of (1.1) is identified,
further generalized in [22] to allow integrands for which deviatoric and trace com-
ponents are not necessarily separated additively. In [11, 12] the author investigates
the relaxation of Signorini problems in the framework of Hencky’s plasticity.

Here we consider the functional (1.1) to be generalized to include possibly non-
convex integrands, i.e. we consider functionals of the form

Flu, 0] = / F(E) da, (1.2)
Q
where the continuous integrand f : ngxn‘f — [0, +00) satisfies the anisotropic growth
conditions
m ((tr A)? + |dev A|) < f(A) < M (1+ (tr A)? + | dev A|) (1.3)

for some constants 0 < m < M and all A € ngxn‘f.

A first choice for a function space on which to define (1.2) with (1.3) is the space
of integrable functions w with integrable symmetrized distributional derivative Eu
and square-integrable distributional divergence, i.e.

LU(Q) == {u e L'"(4RY) : ue L' (QRYY), divu e L (Q)}.
Unfortunately, in this space the direct method of the calculus of variations does
not provide any solution to the minimization problem. The culprit is the lack of
reflexivity and consequently, the inability to infer the (weak) relative compactness
from the norm-boundedness of a minimising sequence.

Therefore, the functional (1.2) needs to be extended to account for displacement
fields u whose linear strains Fu are measures, since in the space of measures norm-
boundedness of minimising sequence implies weak™ relative compactness. Then the
usual direct method applies. For this, one first introduces the space BD(2) of func-
tions of bounded deformation as the space of all functions u € L*(Q;R%) such that
the distributional symmetrized derivative Eu := % (Du + Du”) is representable as
a finite Radon measure Eu € M(€; R‘Siyxnﬁl). Then, the Temam—Strang space U(2) is
the space of functions of bounded deformation with square-integrable divergence,
ie.

U(Q) :== {ueBD(Q): divue L*(Q)}.

For more information on BD,U and their applications in the theory of plasticity
we refer to [2, 20, 25, 30, 35-38].
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For an integrand f that is additionally symmetric rank-one convex (see below),
it was then established in [22] that the ‘continuity extension’ of the functional (1.2)
over the Temam—Strang space is given by

Flu, Q) := /Qf(c‘:u) dx—!—/ﬂfiv <dﬁ§:Z|> d|E*ul, ueUQ); (1.4)

see theorem 2.16 for details. Here, the strain Fu is decomposed into Eu =
Eu+ B*u = Eul?_Q + E*u according to the Lebesgue decomposition theorem,
dE*u/d|E*ul is the polar density of the singular part E°u with respect to |E%ul,
and fiv is the upper recession function of the restriction fyey of f to the symmetric
deviatoric (d x d)-matrices, denoted by SD(d), i.e.

(D) = tmsup 2D ¢ ). (1.5)

D'—D

§—00

As our first result, we extend the previous strong L'-relaxation result by Jesenko
and Schmidt (see proposition 3.15 in [22]) to a weak® relaxation in the Temam-—
Strang space with a weaker subcritical lower bound on the integrand. For this, we
define the relaxation F, of F for u € U() as follows:

Filu, Q] := inf {lihrgﬁgf]:[uh, Q] : (up) CLUQ), up = uin U(Q)} , (1.6)

where the weak® convergence is understood in a sense of definition 2.5 below.

THEOREM 1.1. Let Q C R? be a bounded Lipschitz domain and let f : R‘Siyxn‘f —
[0,00) be a continuous function satisfying the following conditions:

(1) there exist constants 0 < m < M such that for all A € Rg;nﬁl the growth
m ((tr A)? + |dev A]) < f(A) < M (1 + (tr A)* + |dev A)) (1.7)
holds;

(2) f is symmetric-quasiconvez, that is for any bounded Lipschitz domain w C RY,
any symmetric matriz A € REX? and any ¢ € W(l)’oo(w; R?) the inequality

sym

wmm</ﬂwwwm@

holds;
(3) there exist constants v € [0,2) and § € [0,1) such that for all A € REXS the
inequality
F(A) > £ (dev A) — M (|tr AP + | dev AP + 1) (1.8)
holds.

Then, the functional (1.4) is the relazation of (1.2) with respect to weak™ topology

in U(Q), that is Filu, Q] = Flu, Q.
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REMARK 1.2. The lower bound with subcritical growth in both trace and devia-
toric directions in the condition (1.3) is essential for the proof. It remains an open
question whether it can be deduced from the conditions (1.1) and (1.2).

It does not seem possible to prove theorem 1.1 using the blow-up argument
for both regular and singular estimates as in the usual BV lower semicontinuity
results [3,18]. The classical blow-up argument was tailored for functionals with an
isotropic linear growth imposed on the integrands. This, however, is not the case
here, as the admissible integrands in theorem 1.1 grow quadratically in the trace
direction. The problem is that if one attempts to utilize the blow-up argument at
singular points, one eventually faces the problem of controlling the blow-up rate
of the divergence terms of the blow-up sequence. A priori it seems not possible to
obtain a sufficient decay of this sequence of divergences, and so a different strategy
based on the Kirchheim—Kristensen convexity result [23, 24] needs to be employed.

As our second result, we give a refined relaxation theorem in BD for homogeneous
integrands, improving the results of [6,8,33] to an essentially optimal (under the
following growth conditions) result:

THEOREM 1.3. Let Q C R? be a bounded Lipschitz domain and let f : Rffrg —
[0,00) be a continuous function such that there exist constants 0 < m < M, for
which the inequality

mlA] < f(A) <M1 +]4]), AeRG (1.9)

sym >’
holds. Then, the functional

Flu, Q) = /Q(SQf)(Su) dx—i—/Q(SQf)# ((fgg) d|E*u|, u € BD(Q)

is the relaxation of the functional
Flu, Q] := / f(Eu)dz, welD(Q):=BDQ)N{u: E°u=0}
Q
with respect to the weak® topology in BD(Q).

Here, the relaxation F, of F is defined as

— 00

Filu, ] := inf {liminf]—"[uh,ﬂ} ¢ (up) CLD(Q), up — uin BD(Q)} . (1.10)

Moreover, SQf : ngxrﬁ — [0, 00) is the symmetric-quasiconvex envelope, defined by

sQf)i=nt { f fa+ e ay: v e Wh(DirD}.

The set D C R? in the above formula is an arbitrary bounded Lipschitz domain.
In theorem 1.1 in [33], only a weak™ lower semicontinuity result, and not a full

relaxation result, was established under the assumption that the strong recession

function f° exists. Our theorem 1.3 extends [8] and also corollary 1.10 in [6] to
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a relaxation theorem without any assumption on the recession function. We note
that in view of theorem 2 in [28], one can construct a function satisfying (1.9), for
which f°° does not exist.

REMARK 1.4. In theorems 1.1 and 1.3 the weak upper recession functions fiv and
(SQf)* respectively are evaluated only on matrices from the symmetric rank-one
cone. As the integrands f and SQf are symmetric-quasiconvex, hence symmetric
rank-one convex, by a simple convexity argument one can show that the upper
recession functions agree with the lower recession functions (with the lower limit
in place of the upper limit). This means that in the statements of theorems 1.1
and 1.3 we could use the lower recession functions instead (which, in a sense, are
more natural for lower semicontinuity results). However, while (SQf)* can easily
be seen to be symmetric quasiconvex (by Fatou’s lemma), this is not possible for
the lower recession function; see also remarks 8 and 9 in [33] for further discussion
of this subtle point.

2. Preliminaries

By R? we denote the d-dimensional Euclidean space with d > 1. We write B(z,7)
for an open ball, B(x,r) for a closed ball and 0B(x,r) for a sphere centred at
r € R? with the radius r > 0. For any matrix A € R%*? its deviatoric projection is
defined as dev A := A — d~!(tr A)Id, where Id € R%*9 is the identity matrix. The
set of all symmetric and deviatoric matrices in R%*? is denoted by

R dxd . _
SD(d) := {M € Rsyxm DtrM = O}.
In this paper we always assume that © C R? is an open bounded Lipschitz
domain, unless stated otherwise.
We write LP(2), LP(Q; X), L] (), etc., for the Lebesgue spaces and Wk’p(Q),

WHP(Q; X), Wg’p(Q), etc., for the Sobolev spaces with suitable exponents.

2.1. Measure theory

We write B(X) for the Borel o-algebra on a topological space X. The d-
dimensional Lebesgue measure is denoted by £ and for the L£%-measurable set
A C R we occasionally write |A| instead of £I(A).

The cone of (finite) Radon measures is denoted by M™(R) and its subspace
of probability measures is denoted by M*(R%). We also use local versions of these
spaces denoted by M;f (R?) and M} (R9), where the measures restricted to any
compact set K C R% are in MT(K) or M'(K), respectively.

The following theorem provides a simple criterion for a set function to be a Radon
measure (for the proof see theorem 1.53 in [4]).

THEOREM 2.1 De Giorgi-Letta. Let X be a metric space and let U(X) denote the
set of open subsets of X. Let p: U(X) — [0,00] be a set function such that

(1) u(0) = 0;
(2) (monotonicity) for A,B € U(X) if A C B then u(A) < pu(B);
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(3) (subadditivity) for A, B € U(X) it holds that (AU B) < u(A) + u(B);

(4) (superadditivity) for A, B € U(X) with AN B =0 it holds that n(AU B) >
p(A) + u(B);

(5) (inner regularity) p(A) = sup{p(B): BelU(X), B € A}.
Then, the extension of i to every B C X defined by
w(B) :=inf{u(4): AcU(X), AD B}

is an outer measure. In particular, the restriction of u to the Borel o-algebra is a
positive measure.

Let 41 be a positive Radon measure in an open set Q C R? and let k> 0. We
define the upper k-density of p at x € € as

. o p(B(z,r))
O (1, ) = hnglsoup o

where wy, := 7%/2T'(1 4 k/2) is the Lebesgue measure of a unit ball in R¥.

The following result (see theorem 2.56 in [4] for the proof) asserts that the upper
k-density can be used to estimate the measure p from below by the k-dimensional
Hausdorff measure H*.

PROPOSITION 2.2. Let Q C R be an open set and let j1 be a positive Radon measure
in Q. Then, for any 0 <t < oo and any Borel set B C Q) the implication

Oi(m,z)>t YVeeB — u>tH'LB
holds.

We also use vector-valued Borel measures p : B(R?) — R, which are o-additive
set functions with p(@) = 0. The space of all such vector measures is denoted by
M(R?;RN). The space of local vector measures is denoted by My,.(R%; RY). For a
vector measure p € M(R%RY) we define its total variation measure |u| € MT(R?)
for every Borel set S C Q2 by

|| (S) := sup {Z |(Sk)|: S = U Sk, {Sk} is a Borel partition of S} .

keN keN

The restriction of a measure y € Mo.(R%RY) to a Borel set B € B(R?) is defined
as L B(S) := u(B N S) for all relatively compact Borel sets S € B(R?).

For a positive measure p on a locally compact separable metric space X, the
support of p, in symbols supp p, is the closed set of all points x € X such that
w(U) > 0 for every neighbourhood U of z. For a vector measure v we define its
support to be the support of its total variation measure |v|.
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THEOREM 2.3 Besicovitch differentiation theorem. Let € M(R%RY) be a vector-
valued Radon measure and let v € MT(RY) be a positive Radon measure. Then for
v-a.e. g € RY in the support of v, the limit

dp

i 1(B(zo,7))
EPACLUEE iy Ty

exists and is called the Radon—Nikodym derivative of p with respect to v.
Moreover, we have the Lebesque decomposition of p = (du/dv)v + u®, where
w® = pl E is singular with respect to v and

B
E = (R*\ suppv) U {:c € supp v : E%W = oo}
For the proof, see theorem 2.22 in [4]. See also theorem 5.52 in [4] for a more
general version, where a ball B(xzg,r) can be replaced with a set xg + rC' for any
open convex set C' C R? containing the origin.

2.2. Function spaces

In this section we briefly recall definitions and basic properties of the space
of functions with bounded deformation and its subspace with square-integrable
distributional divergences, called the Temam—Strang space.

2.2.1. Functions of bounded deformation In applications coming from plasticity
theory [35, 36, 38] one is often concerned with the class of functions

LD(Q) := {u € L"(%RY) : Eue LRI T,

where Eu 1= %(Vu + VuT) is the distributional symmetrized gradient of a mapping
u: Q — RZ The space LD(Q2) is a Banach space when endowed with the norm

[ullip == llulls + I€ully:-

However, in general we cannot infer weak relative compactness from boundedness,
since LD() is not reflexive. If a bounded sequence in LD(2) has equiintegrable sym-
metric gradients, then in virtue of the Dunford—Pettis theorem, we could infer the
weak relative compactness. The equiintegrability, however, is rare in applications,
so we need to consider a larger space instead.

Therefore, we define the space BD(Q) of functions of bounded deformation [2, 35,
36, 38] as the space of all functions u € L*(€; R?) such that the distributional sym-
metrized derivative is representable as a finite Radon measure Eu € M(€;REXY).
The space BD(Q2) is a Banach space when endowed with the norm '

lullgp = lulls + | 2ul(9).
According to the Lebesgue decomposition theorem, we split the measure Fu into
Fu = Eul? + E*u,
where Eu := dBu/dL? € L'(Q, L4 R2%?) is the Radon-Nikodym derivative of Eu

sym
with respect to the Lebesgue measure £¢ (called the approzimate symmetrized

gradient) and E*u 1 L% is the singular part of Fu.
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We have the following BD-analogue of Alberti’s rank-one theorem in BV
(cf. [1,29]).

THEOREM 2.4. Let Q C R? be an open set and let u € BD(Q). Then, for |E*ul-a.e.
x €, there exist a(z),b(z) € R?\ {0} such that

dE%u
d|Esul

(z) = a(z) © b(2),

where a ®b:= (a®@b+b® a)/2 denotes the symmetrized tensor product.

For the proof, see [16].

2.2.2. Temam—Strang space For the theory of elasto-plasticity in the geometrically
linear setting the class of functions defined as

LU(Q) := {u € LD(Q) : divu € L*(Q)}

becomes a natural choice [14, 20,22, 37]. Unfortunately, the space LU(2) inherits
the poor compactness property of LD(2) and again, it is reasonable to look for a
larger space which could be used instead of LU(2) to overcome this issue. Therefore
we define the Temam—Strang space U()) as a subspace of BD():

U(Q) :== {ueBD(Q): divue L*(Q)}.
The space U(Q) is endowed with the norm
[ully = [lullgp + [|divelc:,

which turns it into a Banach space. Similarly to the space BD, one usually works
in weaker topologies than the norm topology. We distinguish three such topologies
in the following.

DEFINITION 2.5 Weak™* convergence. We say that (up,) C U(2) converges weakly*
to u in U(Q) if u, — u strongly in L'(Q;R?), Euy, = Eu weakly* in M(Q; RE)
and div uy, — divu weakly in L?(Q).

We have the following simple fact.

LEMMA 2.6. Let (up) C U(Q) be a sequence such that u, — u strongly in L' (Q; R9)
and (up) is uniformly norm-bounded in U(2). Then, (up) converges weakly™ to u

in U(Q).

Note that the same result holds for a sequence in BD(2) and both statements
can be proved similarly to the proof of proposition 3.13 in [4].

DEFINITION 2.7 Strict convergence. We say that a sequence (up) C U(€2) converges
—

strictly to u in U(Q) if u, — u strongly in L'(Q;RY), |Eug|(Q) — |Eu|(Q) and
divuy, — divu strongly in L?(Q).
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For a measure y € M(R?; R?) with the Lebesgue decomposition

_ du
H=qcd

we define a Borel measure {u) : B(R?) — [0, 00] by

L4yt

4| e

2
| do [l (A).

DEFINITION 2.8 Area-strict convergence. We say that (up) C U(Q2) converges area-
strictly to w in U(Q) if up, — w strictly, (Eup)(2) — (Eu)(?) and (dev Eup)(Q2) —
(dev Eu)(Q).

The last type of convergence is particularly important, as it allows approxima-
tion of functions in U() by smooth functions (which is not possible in the norm
topology), see remark 2.17.

For u € U(Q2) we have that dev E*u = E*u, since the trace part of Fu, which is
equal to divu, is absolutely continuous with respect to the Lebesgue measure £¢.

2.3. Generalized convexity

In this section we recall some information about weaker notions of convexity.
These convexity notions are symmetric counterparts of the usual quasiconvexity in
the sense of Morrey [32] and rank-one convexity.

DEFINITION 2.9. Let f: R4 — R be a locally bounded Borel function. We call f

sym
symmetric-quasiconvez, provided that for all bounded Lipschitz domains D C R¢,
all test functions ¢» € Wy (D;R?) and all matrices A € R the inequality

sym

1
FA) < 5 /D A+ E(y)) dy (2.1)
holds.

If the function f additionally satisfies an asymptotic growth condition of the form
[f(A)] < CA+|AP), p € [l,00), then it is sufficient to test the above inequality
with ¢ € Wé’p (D;R?) instead of Lipschitz functions (the proof is analogous to
lemma 7.1 in [34], also cf. proposition 3.4 in [19]).

DEFINITION 2.10 Symmetric-quasiconvex envelope. Let f : ngﬁg — R be a Borel

function. Then, the symmetric-quasiconver envelope SQf : Rgﬁr‘f —RU{—o0} is
defined as

sar) =t { [ ja+esmar: vews=ory}. @2

REMARK 2.11.

(1) By the Vitali covering argument one can show that the inequality (2.1)
and the formula (2.2) are independent of the choice of the domain D
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(cf. lemma 5.2(i) in [34]). See also proposition 5.11 in [15] for a different
proof.

(2) For a non-negative continuous function f with p-growth, 1 < p < oo, the
symmetric-quasiconvex envelope S@f is symmetric-quasiconvex and also has
p-growth (see lemma 7.1 in [34]).

(3) For a function f as in (1.2), we can equivalently express the symmetric-
quasiconvex envelope of f as the greatest symmetric-quasiconvex function,
no larger than f, i.e.

SQf(A) =sup{g(A): g is symmetric-quasiconvex and g < f}.

DEFINITION 2.12. Let f: R%? — R be a locally bounded Borel function. We call

Sym
f symmetric rank-one convex if

Rot— f(A+ta®Db)

is convex for all A € RE<? and all a,b € RY.

By the one-directional oscillations argument, similar to the one in the proof of
proposition 5.3 in [34], one can prove that for a symmetric-quasiconvex function
[ REY — R the inequality

f(OA+(1—-0)B) <O0f(A)+ (1-0)f(B)

holds for A, B € R with B — A = a ® b for some a,b € R? and 0 € [0, 1]. This is
equivalent to f being symmetric rank-one convex.

The following convexity result for positively 1-homogeneous functions in conjunc-
tion with the BD-analogue of Alberti’s rank-one theorem (cf. theorem 2.4) plays an

important role in the study of the singular part of the relaxation F, of F.

THEOREM 2.13 Kirchheim-Kristensen [24]. Let C be an open conver cone in a
normed finite-dimensional real vector space V, and let D be a cone of directions in
V such that D spans V.

If f:C — R is D-convex (i.e. its restrictions to line segments in C in directions
of D are convex) and positively 1-homogeneous, then f is convex at each point of
cCND.

More precisely, and in view of homogeneity, for each xo € CND there exists a
linear function € :V — R satisfying ¢(xo) = f(xo) and f = £ on C.

We also record the following simple fact.

PROPOSITION 2.14. The set of symmetric and deviatoric matrices SD(d) is spanned
by the set

8::{a®b: a,be R a-sz}.

We draw the following important conclusion from theorem 2.13 and proposi-
tion 2.14.
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COROLLARY 2.15. A symmetric rank-one convexr and positively 1-homogeneous
function f:SD(d) — R is convex at each point of the symmetric rank-one cone S.
2.4. Functionals

The functional
LUQ) 5 u o Flu, Q] = / (@, Eulz)) da (2.3)
Q

can be extended to the functional

UQ) 5 u s Flu, ::/Qf@s,gu) dx+/ﬂfdﬁv (xfgﬁ) AlE.  (2.4)

The following theorem was proved by Jesenko and Schmidt [22]:

THEOREM 2.16. Let f: Q X ngxrg — [0,00) be a continuous function satisfying the
following conditions:

(1) there exist constants 0 < m < M such that for all (z,A) € Q x ngxn‘f the
growth estimates

m((tr A)? + |dev A|) < f(x, A) < M(1 + (tr A)? + | dev A|) (2.5)
hold,
(2) f(x,-) is symmetric rank-one convex;

(3) for every fited D € SD(d) the map x +— fﬁv(x,D) is continuous; here szv
is the recession function of the restriction faev := flaxspa) defined by

fiv(z, D) := limsup M (2.6)

D'—D 8

§— 00

Then, the functional (2.3) extends continuously, with respect to the area-strict
convergence in U(QY), to the functional (2.4).

REMARK 2.17. For u € U(Q) there exists a sequence (vy) C LU(2) N C>(;RY)
such that v, — u area-strictly in U(£2), see theorem 14.1.4 in [7] (the proof is similar
to the proof of lemma 11.1 in [34], with the strong L*-convergence of (div vj,) being
a consequence of the mollification). In virtue of theorem 2.16 we have that

dE*u
x,Ev dxﬂ/ x,Eu dx+/ #Zv <m,)dESu.
| rwemyar— [ seenas [t (o ) de

REMARK 2.18.

(1) The recession function f(ﬁv(x, -) is positively 1-homogeneous, i.e. for a > 0
and (z, D) € Q x SD(d) it holds that

i (@, aD) = aff, (z,D).
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(2) Since the symmetric rank-one cone S from proposition 2.14 spans SD(d),
the function fgev(x,-) is globally Lipschitz for every a € Q (this is a conse-
quence of fqey(,-) being separately convex with linear growth at infinity and
lemma 5.42 in [4]).

(3) Since fgev(z,-) is a symmetric rank-one convex function with linear growth
at infinity, the recession function f(ﬁv (z,-) is also symmetric rank-one convex
and by (2) we can write

x,sD
f(ﬁv(x, D) = limsup Jae(@, sD) )

§—00 S

(4) By corollary 2.15 the recession function fiv is convex at points of S.

3. Proof of theorem 1.1

Our proof is structured as follows. First, in lemma 3.2 we prove that the conclusion
of theorem 1.1 holds for linear weak™ limits. This step is essential for the blow-up
argument in the proof of the first part of proposition 3.10.

We investigate the relaxation F,. of F defined in (1.6). In proposition 3.5 we
prove that F. is lower semicontinuous with respect to the weak® convergence in
U(Q) (see subsection 2.2.2 for relevant definitions).

Next, we establish that for all v € U(Q) the map V — F.[u, V] is a restriction
to open sets of a finite Radon measure. We then decompose this measure into
the absolutely continuous part F® and the singular part F2 (with respect to the
Lebesgue measure) and prove the following lower bounds:

Filu, B >/f(5u)d;v (3.1)
B
and
dE®
£l b)> [ gt () aE 32)

for all Borel sets B C . For the proof of the regular bound (3.1) we use the clas-
sical blow-up sequence argument (cf. proposition 5.53 in [4]), whereas the proof of
the singular bound (3.2) relies on the Kirchheim-Kristensen convexity result for
positively 1-homogeneous functions [24].

Finally, together with the upper bound F, < F from proposition 3.9 we obtain
that F, = ?, thus theorem 1.1 follows.

In order to prove theorem 1.1 we use cut-off arguments (see lemmas 3.2 and 3.8).
For a given function u € U(R) and some smooth cut-off function ¢ € CL(Q), the
product ¢u is in BD(2), but not necessarily in U(£2). Indeed, we have

div(pu) = Ve - u+ edivu

and the first term on the right-hand side does not belong to L*(£2) in general.
The following result due to Bogovskii (see [9,10] or §II1.3 in [21] for the proof)
is essential, since it provides a suitable correction term v such that pu + v € U(€2).
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THEOREM 3.1 Bogovskii. Let Q C R? be a bounded Lipschitz domain and 1 <
q < oo. There exists a linear operator B : LI(Q) — Wy (€ RY) with the following
properties:

(i) for every g € LY(Q) such that [, gdx =0 it holds that
divBg=g in €

(i1) for every g € LI(2) the estimate
IV(Bg)ll, < Callgll,

holds with a translation- and scaling-invariant constant Cy > 0, depending
only on Q0 and q;

(iii) if g € C°(R), then Bg € C°(;RY).

We begin with a series of lemmas. The first lemma asserts that the conclusion of
theorem 1.1 holds for linear limits.

LEMMA 3.2. Let A € R¥X? and let (uy) C U(Q) be a sequence such that uy — Az

sym

weakly* in U(Q). Then

[91(4) < liminf /Q f(Eun) da. (3.3)

Proof. In view of theorem 2.16 and remark 2.17 we can without loss of generality
assume that (uz) C LU(Q) N C™(Q;RY). The proof is divided into two steps. In
the first step we prove (3.3) for a sequence (up,) which has linear boundary values.
Then, in the second step we prove, using a cut-off argument, that the assumption
of the linear boundary values can be dropped.

Step 1. Suppose that up(z) — Az is compactly supported inside Q for all
heN and take 1y, (z) := up(z) — Az. Clearly, ¢, € Wy (Q;R?). Then, by the
symmetric-quasiconvexity of f we obtain

1(4) < /Q F(A+ En(y)) dy = /Q F(Eun(y)) dy

for all h € N. Therefore,
[Qf(A) < lihminf/ f(Eup)de.

Step 2. Let up, — Az weakly™ in U(2). Fix n € N and € > 0 and choose a Lip-
schitz subdomain Qg € © such that |Q\ Q| <e. Let R := dist(Qp, ) and for
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i =1,...,n define the sets
iR
Q; = {x € N dist(z, Q) < Z}.
n

Now, choose cut-off functions ¢; € CL(Q;[0,1]) such that
2n

Llo,_, Spi<lg, and [V < 7 (3.4)
and for x €  define
up,i(z) == Az + @;(z)(up(z) — Ax).
We have
Eupi =A+ pi(Eun — A) + Vo, © (u, — Az) (3.5)
and
divup,; = tr A+ ;(divu, —tr A) + Vo, - (up — Ax). (3.6)

Note that the last term in (3.6) belongs only to LY@~ (Q) by the embedding
BD(Q) € LY RY) for 1 < ¢ < d/(d—1), thus up,; € U(Q) for d > 2. In order to
overcome this problem we fix some 1 < ¢ < d/(d — 1) and define numbers

1

6= g [, Vo) ) — Ar)

where S; := Q; \ €;_1 is the open strip between €2;_; and ;. Note that supp V¢; C
S;. Define

fni ==V (up — Az) + &, € LI(S)). (3.7)
By theorem 3.1 there exist functions zj; € W(l)’q(Si; R?) such that
divzp; = frs in S
and such that the estimate

IVnilly < Coll fusill, (3.8)

holds. We also extend the functions z,; by zero outside S;. Let wy, ; € U(Q2) be
defined as

Wh,i = Uhi + Zh-

The correction term zjp, ; ensures that divwy, ; € LQ(Q).

Henceforth, for simplicity we write C' > 0 for a generic constant that changes
from line to line, possibly depending on Q, M, A, R,n,q, but never on h,i. Note
that we have the following estimate:

| fni

This estimate, in conjunction with the Poincaré inequality, (3.8), and the compact-
ness of the embedding BD(Q2) € L%(%; R?), implies that zj,; — 0 in W7(Q; RY) as
h — oo.

< Clluy, — Az, (3.9)

lg
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Note that the sequence (wy, ;) is bounded in U(R2) for fixed i. Indeed, this is a
consequence of the weak* convergence u;, = Ax in U(Q) and the estimate

—2/q
5z,z-<c( i }|5£> o — Az2 < Clur, — Az,

e{l,..,n

since |S;] > 0 for all i € {1,...,n}.

Since wy, ; — Az in L' (Q;RY) as h — oo, and (wy,;)p, is bounded in U(Q) for all
i=1,...,n, by lemma 2.6 it follows that wy; = Az weakly* in U(£2). Moreover,
whiloa = Az for every i =1,...,n and h € N.

By the upper growth bound (1.7) we obtain

| rewpao= [ _ f(Em)dr+ / e+ /| A

< /Q F(Eun)da+ /S F(Ewn ) dr 19\ 2l f(4)

</f(€uh)dm—|—M/ | dev Ewp, ;| + | divwy, ;|* do
Q Si

+CIQ\ Q-

The estimates (3.8) and (3.9) together with Holder’s inequality yield
/ |dev Ezp,4] dz < CJQ\ Q|4 supllun, — Az]],,
S h
where 1/g + 1/¢' = 1. Therefore, since |Q\ Q| < e, we estimate

/S‘ |dev Ewp, ;| da < | dev A |S;] +/S |oi| | dev Eup, — dev Al dx
—1—/5. |dev[Vp; © (up —Ax)]|dx+/s |dev Ezp ;| da
< |dev Al 1Q\ Qo +/S» | dev Eup, — dev A| dx
i /s | dev[Vip; © (up, — Az)]|dz + C[Q\ Qo7
<C(e+eV7) + /S |dev Euy, — dev A| dz

4
+i‘/ lun(z) — Az|1g, (z) do
R Jq
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< COfe+e'/9) +/ | dev Eup, — dev A| dx
Si
2 G lun — Ac), 1S,
R a7t
<Cle+eY) 4+ / | dev Euy, — dev Al du.
Si
Next, we estimate the divergence term:
/ | div wp, ;| dx
Si

g/ [tr A + ¢;(divuy, —trA)+§h,i|2 dz
Si

3/ [tr A]* + |divuy, — tr A* + & da
Si

12n

2
<3|tI'A|2|Q\Qo|+3/ |d1VU}L—tI‘A‘de—FmHU}L—Axnf
Cs+3/|d tr A2 dz + 122|| Az|?
1IvVvup — Ur xr u x
h R2|S| h — 1>

where we used the inequality

2 1 2 47’L2 2
§hi = se U V() - (up(z) — Ar)dr ) < Wlluh — Az}

Combining the above estimates yields

/f(é'wh’i)dxg/f(guh)dx—i—M/ | dev Eup, — dev Al dz
Q Q S

+3M/ |divuy, — tr A?dz + C(e + /)
S

12Mn?

2
Wllm—mlll-

By step 1 we have
Q1f(4) < liminf / f(Ewn ) dz
hmlnf {/ f(Eup) d:c+M/ | dev Eup, — dev Al dx

+3M/ |divauy, — tr A]* do + |||uh Ax||1

12n
R2[S;

+C(e 4 £V,
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Since uj, — Az strongly in L'(€;R?), the term

127?,2 2
——||up — Az
R2|SZ" H h ||1
vanishes as h — oo. Summing up over ¢ = 1,...,n, dividing by n, and using the

superadditivity of a lower limit yields
Q1£(A) < limin [ f(Ewns)do
— 00 O

M
gliminf/f(cfuh)der—sup/ |dev Euyp, — dev Al dx
Q nohoJo

h—o00
M /
+ 3—sup/ |divuy, — tr A2 dz + C(e 4+ /7).

n n Jo

Letting € | 0 and n — oo yields
1QIf(A) < liminf/ f(Eup) d. O
h—o0 Q
REMARK 3.3. Clearly, lemma 3.2 also holds for affine limits.
We are now going to prove that the relaxation
Filu, Q] := inf {lihrn inf Flup, Q] : (up) C LU(Q), up — u in U(Q)}

satisfies the lower bound
dESu
d|Esul

Folu, Q) > f(gu)dx+/ fiv< ) d|Eul. (3.10)
Q Q

We first prove that the relaxation is weakly* lower semicontinuous on U(£2), for
which we need the following lemma (for a proof see lemma 11.1.1 in [7]).

LEMMA 3.4 Diagonalization lemma. Let (ag)k,; C X be a doubly-indezed sequence
in a first-countable topological space X such that

(1) hmlﬁoo ak,l = ag,
(2) limg— o0 ar = a.
Then, there exists a non-decreasing map 1 — k(1) such that
li =a.
Jim avs = @
We apply lemma 3.4 in proposition 3.5 below with X = B, where B C U(Q) is

a norm-bounded set. This way, X endowed with the weak* topology of U(Q) is
metrizable, thus first-countable.
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PROPOSITION 3.5. The relaxation F, is lower semicontinuous with respect to weak*
convergence in U(S).

Proof. We argue by contradiction. To this end suppose there is a sequence (u;) C
U(Q) such that u; = u for some u € U(Q2) and

Filu, Q] > lihm inf F,[uj, Q.

Let (uk)r := (uj, )x be a subsequence of (u;); such that

klim Filug, Q] = liminf F, [u;, Q.

j—oo
For each k € N, one can find a sequence (v,(cl))l C LU(Q) such that v,(cl) = uy and

liminf F,[u;, Q] = lim Filug, Q] = lim lim }"[ug),ﬂ]

j—o00 k—oo k—o0 l—o0

By the lower bound on F we obtain

Filu, Q] > lim lim f[vk .

k—o00 l—00

> lim sup lim supm (||d1vvk)|\L2 + Hdevgvk ||L1)

k—oo l—o0

Therefore, the sequence (v,(c)) is uniformly (with respect to both k and [) norm-

bounded in U(2), so we can find a large enough ball B C U(f2) and apply lemma 3.4
to the doubly-indexed sequence

@, Fu®, )i € B x (RU {+00}).

Hence, there exists a sequence (k;); such that v,(c) “, u as | — oo and

hm f[vk)7Q] = liminf F, [u;, Q].

j—00
We have
Filu, Q] > hm f[vk , Q]
> inf {lihnlgf]:[zh, Q: (z,) LUK, 25, ~uin U(Q)}
= Filu, Q,

which is absurd. Therefore, the relaxation F, is weakly™ lower semicontinuous in
U(Q). O

https://doi.org/10.1017/prm.2020.22 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.22

On the relazation of integral functionals 491

REMARK 3.6. Note that the relaxation F, can be written as

—00

Filu, ] = inf {liminff[uh,Q] : (up) CLUKRY), up — win Ll(Q;Rd)} .

Indeed, if this was false, we could find a sequence (up) C LU(Q?) with up — u
strongly in L' (Q;R%) such that

Filu, Q] > hlim Flup, Q] = limsupm (||divuh||iz + ||dev8uh||L1> )

h—o0

where the last inequality follows from the lower bound on the integrand f. We see
that (up) is uniformly norm-bounded in U(Q), hence uj, = u weakly* in U(2) by
lemma 2.6, whereby we get the contradiction Fi[u, Q] > F.[u, Q).

REMARK 3.7. The functional F, satisfies the following properties.

or any rigid deformation R : — R% ie R(x) = Wax + bfor z € R where
1) F igid def ion R:RY— R? ie. R W b f R?, wh

W e ngxei is a skew-symmetric matrix and b € R? is a vector, we have the

rigid invariance
Filu+ R, Q] = Filu, Q.
(2) For any o € R? we have the translation invariance
Filu(- = o), 20 + Q] = Fulu, Q.

(3) Let (R.)r>0 : RY — R? be a family of rigid deformations. Then, for a blow-up
of the form

u(y) = M0t r‘? —u@) | g (o)

where r > 0 and y € (Q — x¢)/r, we have the scaling property

Q*.TO

F. [u } =r U F[u, Q.

In order to prove the lower bound, we appeal to lemma 3.8 below, which asserts
that for a given u € U(Q?) the map V — F,[u, V] is the restriction to the open
subsets of 2 of a Radon measure on 2, which we still denote by F.[u,-]. Then,
we decompose this measure into the absolutely continuous and singular parts with
respect to the Lebesgue measure, i.e.

Folu,:] = Folu, | + Filu,-], Folu,- ] < LILQ, Filu, ] L LIQ
and then prove that

dE*?
ff[u,B}>/f(5u)dx and f:[u,B]>/ff w\ g B
B B v d‘ESU‘

for any Borel set B C Q.
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LEMMA 3.8. For all u € U(R) the set function V — F.[u, V] (V C Q open) is the
restriction to the open subsets of Q of a finite Radon measure.

Proof. Fix u € U(Q).
Step 1. Let A’, A’, B be open subsets of Q such that A’ € A”. We first prove that

Folu, A’ U B] < Fufu, A”) + F.lu, B). (3.11)

Fix ¢ > 0. By the definition of relaxation we can find sequences (uj) C LU(A”) and
(v5) C LU(B) such that u§ = u weakly™ in U(A"), v§ = u weakly™ in U(B),

Flug, A"] < Fulu, A"] + e, (3.12)
and
Flo, Bl < Fulu, Bl +e. (3.13)

Henceforth, we omit the dependence of sequences uy and vy, on . For each h € N
extend the functions u;, and v;, by zero outside A” and B, respectively. Let

C. :=sup (/ 1+ | divug|® + |€uh|dx+/ 1+ | div | + |Svh|dx) < 0.
" B

heN
(3.14)
Fix k € N and an increasing family of open sets

A=AeA e...eA,eA.

For each i = 1, ...,k choose the cut-off function ¢; € CL(Aj;[0,1]) such that ¢; = 1
on A;_;. Next, define maps @y, ; € L'(4'U B;RY) via

Whi = @iup + (1 —@))vp, heN, i=1.. k.
It is clear that Wy, ; € LU(A;_1), but wy,; € LU(A’ U B), since
divy,; = p; divup + (1 — ;) divep, + Ve, - (up, — vp)

and the last term on the right-hand side belongs only to L(=Y(4’U B). To
overcome this problem, as before we fix some 1 < ¢ < d/(d — 1) and define

1
6= 5 /S Vi) - (un(e) — ()

where S; := A; \ A;_1 for i =1,... k. Note that supp Vy; € S;. By theorem 3.1
applied in S; and with the right-hand side

fri = =Ve; (un —vp) +&pi € LI(S:),
there exist functions zj, ; := Bfy,; € Wé’q(Si; R?) such that
div Zhi = fh,i on Si

and the estimate

IVzn4ll, < Cllfnill, (3.15)
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holds. We also extend zj,; by zero outside S;. Define
Wh i 7= Whi + Zh;-
The correction term zj, ; guarantees that wy, ; € LU(A’ U B). Indeed,
divwy; = p;divuy, + (1 — ;) divoy, + &nils;,

which clearly belongs to L?(A’ U B). We have

Flwp, i, A"UB] = / f(Ewp,;)dx
A'UB

z/ f(c‘fuh)da:—&—/ f(Svh)dx—F/ f(Ewp,;) dx,
(A’UB)NA; 1 B\A; BNS;

where we used the fact that the corrector zj, ; vanishes outside of S;. Hence,
Flewnss AU B) < Flun, A"] + Flon, B + / F(Ewny) da.
BNS;

The last integral can be estimated as follows:

/ f(Ewp,)de < M 1+ |div wh’i|2 + [Ewp ;| dx
BNS; BNS;

< 3M 1+ |divug|? + |divos|® + €,
BNS; 7

+ Crlup, — vp| + [Eup| + |Evp| + |E2p.4] da,

where C, :=sup {[|Vyil| : 1 <i<k}. We have for 1 < i <k that

1 2
&= G ( /S V() - (un(a) — va(a)) dx)
C? 9
< ﬁ”uh —opll]

< CRISi| ™ s, — vnll-

Here and in all of the following the norms are with respect to the domain A’ U B.
Since |S;| > 0 for all ¢ € {1,...,k}, we get

—2/q
<2 (,min 151) = onl} < Cogulun — wnl

By the estimate (3.15) and Holder’s inequality we obtain similarly

/ (E2nildz < [Vznsll, 1B N SiIY0 < Cogillun — nll,,
BNS;
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where 1/g + 1/¢’ = 1. Note that for every h € N there exists i, € {1,...,k} such
that

/ L4 [ divun|? + | divon]? + [Eun| + [Evs| de
BNS;,

1
< 7/ 1+ [ divup|? + | divon|? + [Eun| + [Evn| de
k JBn A\ A0)

where C. is defined in (3.14). Therefore, combining the above estimates yields

/ f(Ewp,;,) da
BNS

in
3MC;

< Conran (lun = onll2 + llun = wnlly + llun = wn, ) + 22—

Hence, since (up,) and (vy) are chosen such that (3.12) and (3.13) hold, we have
f[wh,ih R AU B] < f[uh, A//} + f[vh, B]

+ Ca,mq.k <||uh — wnll2 + lfun — vally, + [lun — Uh||q)

. 3MC.
k
< Filu, A"] + Filu, B] + 2¢

+ Caraue (llun = vull} + llun = vally + llun = vil, )

n 3MC,
k

Note that wy, ;, — u strongly in L*(A’ U B;R?%) and (wp_, ) is uniformly norm-
bounded in U(A’ U B). Lemma 2.6 thus implies that (wy, ;, )5 converges weakly™* to
u in U(A’ U B). Moreover, (uj, — v);, converges strongly to zero in LY(A’ U B;RY).
Therefore we obtain

Filu, A" UB] < lihm inf Flwp, ;,, A" U B]

3MC.
k

Letting k — oo followed by e | 0 yields the inequality (3.11).
Step 2. We now prove that for any open subset A C €2 it holds that

Filu, Al = sup {Fi[u, A']: A’ € A, A" open}. (3.16)

< Fulu, A" + Filu, B] + + 2e.

In virtue of remark 2.17 and the growth assumption on the integrand f, we obtain
the inequality

Filu,A] < M </A | divul|? da + LY(A) + |Eu|(A)> : (3.17)
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Therefore, for a fixed € >0 we can choose a compact set K C A such that
Filu, A\ K] < e. Choose open sets A’ and A” such that K ¢ A’ € A” € A. By
step 1 with B = A\ K we have

Fulu, Al < Filu, A" + Fulu, A\ K] < Filu, A"] + ¢

Letting ¢ | 0 gives (3.16).
Step 3. Let A, B be open subsets of €. We now prove that

Filu, AU B] < Filu, A] + Filu, B]. (3.18)
Fix € > 0. By step 2 there exists an open set U €@ A U B such that
Filu, AU B] — e < Filu, U].
Choose A’ € A open such that U € A’ U B. By step 1 we have
Filu,AUB] — e < Filu, A" U B] < Filu, A] + Fiu, B).

Letting € | 0 yields (3.18).
Step 4. Finally, we prove that for open sets A, B such that AN B = the
inequality
Filu, AU B] > F.[u, A] + F.[u, B] (3.19)

holds.
We choose a sequence (u;) C LU(AU B) converging weakly* to u € U(A U B)
and such that

hlim Flup, AU B] = Fi[u, AU B].
Since the sets A and B are disjoint, we have
Filu,AUB] = hlim Flup, AU B

> liminf Flup, 4] + lihm inf Flup, B]

—00

> Filu, Al + Filu, B],

hence we proved (3.19). By theorem 2.1 we infer that the set function V' +— F,[u, V]
is a restriction to open sets of a finite Radon measure. (|

PROPOSITION 3.9 Upper estimate. The relazation F. satisfies the upper bound

dE%u
Filu, Q g/fgudx+/f(’iv< )dEsu.
[ ] o ( ) 9 1 d|E§u| | |

Proof. By remark 2.17 we can find a sequence (u;,) C LU(Q2) N C*(Q;R?) converg-
ing area-strictly to u € U(£2). Since the area-strict convergence is stronger than the
weak™ convergence, by the definition of F, it follows that

dE*
Folu, Q] < liminf Flun, @) = | F(Ew)da + / 1 “ 4B,
h—o0 Q oV \d|E*u]
where the equality follows from remark 2.17. (]
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The conclusion of theorem 1.1 will follow once we prove the lower bound.

PROPOSITION 3.10 Lower estimate. For u € U(Q) the inequality

dE%u
Fulu, Q] = Eu)d " d|E*
w > [ fewars [ it (f5) dE

holds.
Proof. We treat separately L%a.e. regular point z¢ € Q and |E°ul-a.e. singular
point zg € €.

Regular points. The proof is based on a blow-up argument. Fix zy €  such
that

(1) u is approximately differentiable at zg,
(2) limy (| Eul(B(zo,7))/war?) = (d|Bul/dL)(z0) = |Eu(zo)|,
(3) x¢ is an L%Lebesgue point of div u.

Since u € U(R), these properties hold for £%almost every = € €. In particular (1.1)
is a consequence of theorem 7.4 in [2], whereas (1.2) follows from theorem 2.3. For
y € B(0,1) define maps

u(zo + ry) — w(xo)

ur(y) == " , 0 <r <dist(xg, 00),

where @ is the precise representative of u. For ug(y) := Vu(zg)y we have the strong
convergence u, — ug in L' (B(0,1); R?). Indeed, by the approximate differentiability
we have

1
[ ) -y = |
B(0,1) " JB(wzo,r)

as r | 0. Moreover, we have strict convergence:

w(z) — a(xg) — Vu(xo)(z — x0)

dz—0

Ful(B
lim | By (B(0, 1)) = wglim 1241807
rl0 10 war

= wy|Eu(zo)|
= [Buo|(B(0,1)),

thus (u,) is bounded in BD(B(0,1)). Note also that for ¢ € L*(B(0,1)) we have

/ @(y)(divu,(y) — divug(y)) dy
B(0,1)
< el / | divu(zo + ry) — divu(zo) 2 dy
B(0,1)

= wd||<p\|2][ | divu(z) — divu(zo)|* dz.
B(xo,r)
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The right-hand side vanishes as r | 0 by the Lebesgue point property (1.3). Hence,
uy = ug weakly* in U(B(0,1)). In virtue of lemma 3.2 and proposition 3.5 and the
scaling properties of F, we obtain

F [U> B(ZOa T)]

lirrr}ii(Jnf v = lirrr}li(Jnf Filur, B(0,1)]

> F. [u07B(0, 1)]
> /B CTEY

= waf(Eu(wo)).

Therefore, by lemma 3.8 and proposition 2.2 we obtain
Filu,B] = / f(Eu)dx
B

for any Borel set B C ().
Singular points. We want to prove that for all Borel sets B C € the inequality

dE%u
STy, Bl > # —— ") qE®
f*[u’ ] /decv (d|E5u|> | u|

holds. We fix xg € ) such that

dE%u

———(29) =a®b beR? 1L b

d‘Esul(xO) a®b, a,b € \{O}a a
This property holds for |E*ul-a.e. xg € Q by theorem 2.4. It suffices to establish
the inequality

lim Filu, B(zg,r)]

Lt DAX0, 1)) o, ot
r10 [Eu|(B(xo,7)) > fdev(a@ b)

at any point zo € € for which the limit on the left-hand side exists, which is the
case at |Eul-almost every xq (cf. corollary 2.23 in [4] with u = |Eul|). By the coer-
civity of F and a diagonal argument similar to the one contained in the proof of
proposition 3.5, we can choose a sequence (up) C LU(B(zg,r)) such that up = u
weakly* in U(B(zg,r)) and

hlim Flup, B(xo,7)] = Filu, B(xo,7)].
We then have

Filu, B(zo, 7))

= hlim Flup, B(zo,T)]

= lim f(Eup) de
h—o00 B(Io,’r’)
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= lim F(Eun) — fE(dev Eup) dz + / f7 (dev Eup) dz
h— o0 B(zo,r) B(zg,r)

= lim (1) +12)) .
In virtue of (1.8) we have

1;513 = / f(Eur) — fE (dev Euy) dz
B(zo,r)

>-M 14 [divaup|” + | dev Euy|® dz
B(xzo,r)

for v € [0,2) and 4 € [0,1). We can assume that
|dev Eupl® — € weakly in LY (B(xo,7))

for some ¢ € LY°(B(zq, 7).
For 0 < v < 2 by Holder’s inequality we obtain

/ | div up,|” dz < sup ||div ug||] | B(zo, )| ~7/2
B(zo,r) h

Thus,

—

lim I,(llz > —Cuy |B(aco,r)|1_7/2 + |B(z,7)| —|—/ Edx | .
h—oo B(zo,r)

Therefore

7
lim lim ———" >0,
710 h—oo |Eu|(B(z0,7))

By proposition 2.14 the set
S = {a@b: a,be R a-b:O}

spans the space of symmetric and deviatoric matrices SD(d). Moreover, the
recession function fiv is positively 1-homogeneous and convex at points of S
(see remark 2.18). In virtue of theorem 2.13 for each orthogonal a,b € R? there
exists a linear function ¢ : SD(d) — R such that fd;iv(D) > {(D) for all D € SD(d)
and f(ﬁv(aQ b) = £(a ®b). For all but finitely many r > 0 we can assume that
A(OB(z,r)) =0, where A € MT(Q) is the weak* limit of (a subsequence of) the
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measures |¢(dev(Euyp))|L4. Therefore, we have

lim I\°) = lim FE . (dev Eup) da
h—oo ’ h—oo B(:vo,’l")

h—o0

> limsup / ((dev Eup) dx
B(zo,r)

= E(dev Eu(B(QTO; 7“))),

499

where the last equality follows from the linearity of ¢ and proposition 1.62(b) in [4].

Combining the above estimates yields

Filu, B(zg, )] {(dev Eu(B(zg,1)))

im ———2> > limsu
"0 [Eu|(B(z0,7) ~  ro T |Eu|(B(zo,r))

= limsu ev Bu(B(zo,m))
=t (des (G0

Eu(B(xo,7)) >)

r]0

- (dev <lfn [Bul(B(xo,1))
=/{(dev(a ®b))

={l(a®b)

= f# (a®b).

This finishes the proof.

4. Relaxation in BD

In this section we prove theorem 1.3. The strategy of the proof is effectively the
same as the one used for theorem 1.1, except that we may prove the lower bound at
singular points without using the Kirchheim—Kristensen theorem 2.13. In fact, the
BD counterparts of our auxiliary results are substantially easier to establish than

in the mixed-growth case, so we omit their proofs.

In all of the following we assume that f is already symmetric-quasiconvex. This
is no restriction since an inspection of the proof of the main result in [8, theorem

3.5] yields that the relaxation of the functional

/ f(Eu) dx
Q
for all u € LD(2) is given by

/ (SQ/)(Eu) d,
Q

without any restriction on the recession function (the condition (3.2) in [8] is only

used for the jump part).

We have the following analogue of lemma 3.2 (note that there is a BD(2)-analogue

of lemma 2.6, see the remark after that lemma).
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LEMMA 4.1. Let A € R%X4 and let (up) C BD(Q) be a sequence such that uy, — Az

sym

weakly* in BD(Q2). Then
1Q|f(A) gnhminf/ f(Eup) d. (4.1)
L— OO 0

Since the topology of weak* convergence in BD({2) is metrizable on bounded sets,
it follows that the relaxation F, as defined in (1.10), is lower semicontinuous with
respect to this topology (cf. [7] for details).

In the remaining part of this section we will establish an integral representation
for F,, that is

Folu, ) = /f (€u) dx—i—/ 1 (dﬁgz |) d|E°ul. (4.2)

More specifically, we will establish the upper and the lower estimate on the
relaxation F, by the right-hand side of (4.2). We begin with the upper estimate.
Let us denote by D(R%*%) the class of continuous functions f : R4*¢ — R with

Sym sym
linear growth at infinity and for which the strong recession function
sA’
fe(4) = lim f(s4)

A'—A, s—o0 S
exists. For such functions we have the following continuity result.

THEOREM 4.2 Reshetnyak [27]. Let (up) C M(Q;R?) be a sequence of measures,
such that pp — p area-strictly for some p € M(Q;R%). Then, for f € D(REXD) it

sym
holds that
dpn, oo (i, s
/Qf(dﬁd) s [ 1 (d| ZI) Al
dp o0 s
H/J(dﬁd) s (d|u|>d'“'

Furthermore, it turns out that the admissible integrands f in theorem 1.3 can be
approximated by functions in D(RZX?) (cf. [26, lemma 2.2]).

sym

as h — .

LEMMA 4.3 Pointwise approximation. For every continuous function f : Rgfn‘f — R

with a linear growth at infinity, there exists a decreasing sequence (fi) C D(R‘Siyxn‘f)
such that

inf fr, = lim fp=f and inf f° = lim f = f7#,
k k—oo k k—o0
with pointwise convergence.

We are now ready to establish the upper bound.
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LEMMA 4.4 Upper estimate. For u € BD(Q) the inequality

dE*u
# s
Filu, ] < /fé'udx—i—/f (d|5>d|Eu.

holds.

Proof. Fix u € BD(Q). There exists a sequence (uy,) C LD(Q) N C>(2;RY), such
that w, — u area-strictly (cf. [7, theorem 14.1.1]). Let (fx) C D(RZ:?) be a
sequence as in lemma 4.3. By theorem 4.2 we have for each k € N:

drs ;
Jm fk(guh dx—/fk Eu) dx—i—/ fi (d|ESZ|> d|Eful.

Hence,

hmlnf f(é’uh /fk Eu) dx+/ i ((ﬁgsa) d|E*ul.

Since the area-strict convergence is stronger than the weak® convergence, by the
definition of F,, it follows that

Filu, hmlnf/ f(Eup)d /fk (Eu) dx+/ 1 <d€}§§z|) d|E®ul.

By the monotone convergence theorem, letting k — oo ends the proof. O

As in the proof of theorem 1.1, to prove the lower estimate, we first prove that
for a given w € BD(2) the map V — F.[u, V] is the restriction to the open subsets
of Q of some Radon measure, which we still denote by F,[u, -]. Then, we decompose
this measure into the absolutely continuous and singular parts with respect to the
Lebesgue measure, i.e.

f*[uv']:ff[uv']+ff[ua'}a ff[u,-]<<£dl_Q, ff[u,]lEdLQ

and then prove that

fg[u,B]>/f(eu)dx and ]—'f[u7B]>/f# AE™ Y sy
B B d|Esul

for any Borel set B C (2.

LEMMA 4.5. For all w € BD(Q) the set function V — F[u,V] is a restriction to
the open subsets of Q0 of a finite Radon measure.

The proof of lemma 4.5 is a straightforward adaptation of lemma 3.8 so we omit
the details here.

REMARK 4.6. The relaxation F, satisfies the same invariant properties as in
remark 3.7.
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LEMMA 4.7. Let Q be an open d-cube with side length 1 and faces either parallel or
orthogonal to a, let v € BD(Q) be representable in @Q as

v(y) :=g(y-a)b+cla®b)y + Wy + v,

where g : R — R is a locally bounded and increasing function, a,b € R®\ {0}, ¢ > 0,
W e R and 5 € R, Let u € BD(Q) be such that supp(u — v) € Q. Then,

Felu, Q) = f(Bu(Q)).

Proof. We only treat the case where a, b are not parallel. The case a, b parallel is in
fact easier. In virtue of the above remark, we may without loss of generality further
assume that a = ey, b = ey and Q = (0,1)%. Then,

v(y) = g(y1)ea + cyaer + Wy + v.
Let
q:=[Dg|(0,1) = g(17) — g(07).
Since u € BD(Q), the function
w(z) == u(x — |x]) + gea|x1| + cer|xa] + Wa +0, x€RY,

is in BDyoe(R?). Here the floor function of a vector x € R? is understood component-
wise. Let up(y) := w(hy)/h, h € N. For

uo(y) = qeay1 + cerya + Wy + 0
it holds that

/ fun () — wo(y) dy
Q

= 5 .ty = Vo)) = gesths — Ui ) — ces s = L dy

1
— e ot = La]) = aea(or = o)) — e = L)

1
= E/ lw(y) — (geayr + ceryz + Wy + v)| dy,
Q

hence wu;, — uo in L'(Q;R%). The sequence (uy,) is uniformly norm-bounded in
BD(Q), so we also have that u; = ug weakly* in BD(Q) (the argument is the same
as in lemma 2.6).

Let @1, ...,Qpa be the canonical decomposition of ) into open cubes with sides
parallel to those of @ and side length 1/h. Then, by the scaling property of F., for
all i = 1,...,h% it holds that

Folun, Qi) = Fulun, (0,1/h)Y = h=4F.[u, Q).

Moreover, since supp(u — v) € @, the measure |Fw| vanishes on every hyperplane
of the form z; = k, withk € Z, j = 1,...,d. Thus we have that |Eu|(Q N 0Q;) =0
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for all i = 1,...,h?% Note that for any open set A C @ the inequality
Fulu, A] < M (LU(A) + | Eul(4))

holds as a consequence of the linear growth of the integrand and the density
of smooth functions with respect to the strict convergence. By the regularity of
measures this inequality can then be extended to any Borel set, hence

f* [u, Q n 8@2] =
Therefore, for any h € N we obtain
hd
lun, Q Z]—' up, Q Zh CF.[u, Q] = Fulu, Q]
i=1

By the weak™ lower semicontinuity of F, we obtain
f*[an] = hlinolof*[uh,Q] > ]:*[UOaQ]

Let S € ngxegv be the skew-symmetric matrix defined as

—c
Stiq (61®€2*62®€1).
Then, by remark 4.6 we obtain

Filuo, Q] = Fulglea ® e1)y + cler @ e2)y + Wy + 1, Q)
= Filglea @ e1)y + cle1 ® ea)y + Sy, Q)
= Fullg+c)(e1 @ e2)y, Ql.

In virtue of lemma 4.1, for every (vy) C LD(Q) such that vy, = (¢4 ¢)(e1 ® e2)y
weakly* in BD(Q) it holds that

lim inf Flon, Q) > Fl(g + ¢)(e1 © e2)y, Q).

Taking the infimum over all such sequences yields

Fellg+c)(e1 ®e2)y, Q] = Fl(qg+ c)(e1 ® e2)y, Q).
Since Fu(Q) = Ev(Q) and, by the definition of ¢, Ev(Q) = Euog(Q) = (¢+ ¢)(e1 ©

€2), we can write

Fulu, Q] = Filuo, Q] = Fl(q + ¢)(e1 © e2)y, Q] = f(Eu(Q)).

This proves the lemma. O

LEMMA 4.8 Lower estimate. For u € BD(Q) the inequality

Filu, Q) >/Qf(8u)dx+/f# (ddgz |>d|ESu|

holds.
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Proof. We treat separately L%a.e. regular point z¢ € Q and |E®ul-a.e. singular
point xg € €.

Regular points. For regular points, the argument is exactly the same as in the
first part of the proof of proposition 3.10.

Singular points. We want to prove that for all Borel sets B C ) the inequality

dE*u
S B > # ES
Flul > [ 1# (g ) dE

holds. In order to do that we fix x¢ € 2 such that

(1) (dE*u/d|E*ul)(zo) = a ® b for some a,b € R?\ {0};

(2) a, :==r"YBul(Q(xo,7)) — o0 as 7 | 0, where Q(xo,7) := 2o +rQ and Q is a
(fixed) open d-cube with centre 0, side-length 1 and sides either parallel or
orthogonal to a.

These properties hold for [E*ul-a.e. xg € Q in virtue of theorem 2.4 and theorem 2.3.
As in the proof of proposition 3.10, it suffices to establish the inequality

F [u» Q(wo, 7")]

bl Set e ANl SRS | #
O Bul(@Qao,r) =7 @Y

for all |Eul-Lebesgue points z¢ € § such that the limit on the left-hand side exists
(cf. corollary 2.23 in [4] with u = |Eul).
Define a blow-up sequence

u(zo + 1Y) — [UlQ(ao,r)
roy

vy (y) = +R-(y), yeQ, 0<r<dist(xg, ),

where R, : R — R? is a family of rigid deformations and [u]q(zo,r) = fiy(p, ) w A%
is the average of u over Q(zg, ).

In virtue of lemma 2.14 in [17], up to a subsequence, the blow-up sequence (v,)
converges weakly* in BD(Q) to the function

vo(y) :==h(y-a)b+cla@b)y + Wy + 7,

with a bounded and increasing function h:(—1/2,1/2) = R, ¢ > 0, and a rigid
deformation Wy + 0, where W € R¥¢ 5 e R4,

skew?

Note that for any Borel set B C @ we have

_ 7 9Bu(zo+rB) _ Eu(wg+rB)
Evr(B) = rag ~Eu[(Q(z0,7)) (43)

hence |Ev,|(Q) = 1. Consequently, by proposition 1.62(b) in [4], we also have
[ Evol(Q) < 1.
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Fix 0<t<1 and let Q;:=tQ be a re-scaled cube. There exists a (not
particularly labelled) sequence of radii r | 0 such that

Bu|(Qro, ) _
o Bl Qo) ~

Indeed, if it was not true, then for some 0 < tg < 1 we could find 0 < ry < 1 such
that

(4.4)

| Bul(Q(0, tor)) < t§|Eul(Q(z0,7))
for all r < rg. Iterating the above inequality yields:

| Bul(Q(z0, t570)) < 5| Bul(Q(z0,70))

k1
to

for all k € N. Since any 0 < 7 < g is in the interval (t§ 7o, tkr] for some k € N

we obtain

Bul(Qro, 1)) < |Bul( @, thro) <t Bul(@o, 7o) < (200N
0’0

Hence for any 0 < r < g,

< | Eu|(Q(z0,70))

VAN d..d
670

)

which is a contradiction, since o, — 400 as r | 0. So, (4.4) follows.
Note that (4.4) yields

lim | Bv,|(Q) > t. (4.5)
Then, for any weak* limit v of |Ev,.| in @ we get by example 1.63 in [4] that
v(Q,) = t%. On the other hand, Ev, = Evg and Evy(Q) = (a ® b/|a ® b)v(Q) by
theorem 2.3, (4.3), and (1). Moreover, |Ev|(Q) < v(Q) = |Evo(Q)| < |Evol(Q),
hence, together with v > |FEvy| we obtain that v =|Evy| on Q. Thus,
| Evol(Q,) > 1.
Define w, := @u, + (1 — @)vg, where ¢ € CL(Q;[0,1]) with ¢ =1 on a neigh-
bourhood of @Q,. Clearly, the sequence (w,.) converges to vy strongly in Ll(Q;Rd)
and

|E(w, —0:)[(Q) < [E(vr —00)|(Q\ Q) + /Q Vel [or — vol dy

< B0 @\ Q) + | Ewl(@\ Q) + /Q Vol [0, — vol dy.

Therefore, by (4.5), we have

lim sup | E(wr — v,)](Q) < 2(1 — t9),
rl0

Similarly,

B |(Q\ Q) < [Ev @\ Q) + |Ewl(@\ Q) + /Q Ve o — vol dy
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and thus we also have
limsup |[Bw, [(Q\ @) < 2(1 —t9).
rl0

Using the scaling and growth properties of F, we obtain

Filu, Qzg, )] _ Filayv,, Q)

|Eul(Q(xo, 7)) ar

> f*[arwraat]
o

_ Flaw.,Ql  Filoyw,,Q\ Q]

Qi Ay

Felorwn @ o (a7 1@\ @il + 1w, (@0 D)) -

ar

>

Since o, — 400 as r | 0 we obtain

. f*[U,Q(l'(),T)} . ]:*[O[»,‘U}T,Q]
lim ——————2> > limsup ———
P10 [Bul(@Q(o,r) ~ ot an

By lemma 4.7 in conjunction with the Lipschitz continuity of f (cf. [34, lemma 5.6]),
we obtain

Filoww,, Q] = flar Bw,(Q)) = f(arEvr(Q)) — e L| E(wr — ;) [(Q)
for all » > 0. Here L > 0 denotes a Lipschitz constant of f. Therefore

—2M (1 —t).

Filu, Qxo,m)] _ . flarEv(Q)) d
im—————= > limsup ————= — 2(L + M)(1 — t%).
0 [Bul@Cro, ) ~ o0t ar (L+ M)~ #)
Since
Eu(Q(xo,1)) dE*u
FEv, = — r9) =a®b as 7|0,
@)= @)~ aE !
we obtain
lim sup flarBu(Q)) = f*aob),
rl0 Oy
We thus have
. f*[U,Q(ﬁo,’l’)} # d
lim —————— > a®b)—2(L+M)(1-1t%).
M8 (@G, = 17O N T2 ANA =
Letting ¢ T 1 concludes the proof. O
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