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SUMMARY
In this paper, we propose a model-based control system
design for autonomous flight and guidance control of a
small-scale unmanned helicopter. Small-scale unmanned
helicopters have been studied by way of fuzzy and neural
network theory, but control that is not based on a model fails
to yield good stabilization performance. For this reason, we
design a mathematical model and a model-based controller
for a small-scale unmanned helicopter system. In order to
realize a fully autonomous small-scale unmanned helicopter,
we have designed a MIMO attitude controller and a trajectory
controller equipped with a Kalman filter-based LQI for a
small-scale unmanned helicopter. The design of the trajectory
controller takes into consideration the characteristics of
attitude closed-loop dynamics. Simulations and experiments
have shown that the proposed scheme for attitude control and
position control is very useful.

KEYWORDS: Small-scale unmanned helicopter; Model-
based MIMO control; Attitude control; Position control;
Aero robot.

1. INTRODUCTION
Small-scale unmanned helicopters have many applications
in dealing with emergency situations; humans cannot come
close to a dangerous natural disaster such as an earthquake,
flood, an active volcano, or a nuclear disaster.

Among the wide variety of HAVs (unmanned aerial
vehicles) that have been developed, small HUAVs (heli-
copter-based HAVs) have the ability to take off and land
vertically as well as the ability to cruise in flight, but the
most important capability is hovering. Hovering at a point
enables effective observation of the target. Small-scaled
HUAVs offer the advantages of low cost and easy operation.
Since the development of the first UAVs, research efforts have
been focused on military applications. However, nowadays,
demand has arisen for UAVs that can be used in handling
emergency situations and in industrial applications as an
aero-robot.

Unmanned helicopters have been studied with fuzzy1 or
neural network theory,2,3 but it is not so good performance
for unmodel-based control to stabilize it when the system
will be changed. Because it will be identified whenever it
will be changed.

∗ Corresponding author.

Small hobby helicopters differ from manned helicopters
in rotor head structure and dynamics. Recently, Mettler4

established the model structure of small helicopters (using a
bell-hiller mixing rotor head). Mettler confirmed the validity
of the model by a model-based design of PD controller.5

In our previous studies,6 we used a method of system
identification and designed a SISO controller. However,
many parameters are uncertain, including the change of
rotor revolution speed and the moment of the fuselage.
More importantly, cross-coupling is hard to identify. In many
studies, HUAVs are controlled by a SISO (single input single
output) controller, but we consider the model as a MIMO
(multi input multi output) and design an MIMO controller
by LQI (Linear Quadratic Integral). Our research group uses
the SF-40, which has the structure of a bell-hiller mixing
rotor head.

This paper is organized as follows. In Section 2 we use
Mettler’s modeling to describe the control concept and the
coupled attitude model of SF-40. In Section 3 we design
the attitude* feedback gain by LQI and a 2-input 2-output
observer-based controller using a Kalman filter. In Section 4
we describe the position dynamics model, which includes a
virtual attitude actuator, and design the position controller by
LQI. In Section 5 we validate the attitude control and position
control through simulations and experimental results in time
domain. In the last section we present conclusions about our
verified approaches and flight experiments. SF-40 is shown
in Figure 1, and the specifications are shown in Table I.

2. ATTITUDE MODEL STRUCTURE
First, we describe the concept illustrated in Figure 2. We
use a separated feedback system as shown in Figure 2 in
order to guarantee flight safety. Even if the hovering feedback
system becomes unstable, the input (attitude reference) can
be limited by the attitude controller. We limit the pitch and
roll angles to ±10 degrees. That is, the attitude controller
prevents the helicopter from falling into a non-linear level.
Moreover, separating attitude control from hovering control
is effective for optimizing the controller, because control
precision depends on attitude control precision.

Figure 3 illustrates the small helicopter coordinates, and
Table II shows the state parameters and their physical
meanings.

* The term attitude refers to the rotations of the helicopter (pitch,
roll and yaw).
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Fig. 1. Small-scale unmanned helicopter (SF-40).

Fig. 2. A concept of small helicopter control.

Table I. Specifications of SF-40 System.

Helicopter weight 9 kgf
Engine 40 cc gasoline engine
Main rotor diameter 1.79 m
Length 1.467 m
Sensor system weight 6 kgf
Host computer 486 DX66Hz

We adopt Mettler’s attitude model, in which pitch and roll
are coupled.

Rotor time constants (main rotor tip path plane and
stabilizer paddle tip path plane time constants) are very im-
portant parameters of a helicopter equipped with a bell-hiller

Table II. Nomenclature.

Parameter Definition

p, φ Roll rate, roll angle of fuselage
q, θ Pitch rate, pitch angle of fuselage
r, ψ Yaw rate, azimuth angle of fuselage
u, x Longitudinal velocity, Latitude
v, y Lateral velocity, Longitude
w, z Altitude velocity, Altitude
a, b Rotor flapping angle
c, d Stabilizer flapping angle

rotor hub system. Another important parameter is the hub tilt
spring constant, which influences coupling between the rotor
and fuselage.

The moment of inertia of the rotor blade lock,7 γ , is

γ = ρac(R4 − r4)

Iβ

(1)

The rotor time constant is defined as follows:

τ = 16

γ�
(2)

The rotor time constant is defined by the air density ρ, the
blade chord length c, the lift curve slope a, the inside radius
of rotor r , the outside radius of rotor R, and the moment of
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Fig. 3. Helicopter variables with fuselage coordinates.

Table III. Parameters of SF-40.

Ib Moment of inertia of blade 0.0414
(flapping hinge), (kg m2)

Rb Rotor radius (m) 0.895
rb Rotor inner radius (m) 0.105
cb Blade chord length (m) 0.06
ab Blade lift curve slope (1/rad) 2.26
Is Moment of inertia of paddle 0.004

with rod (kg m2)
Rs Paddle outside radius (m) 0.3805
rs Paddle inside radius (m) 0.2675
cs Paddle chord length (m) 0.06
as Paddle lift curve slope (1/rad) 1.95
kβ Rotor tilt spring constant (Nm/rad) 38.4
ρ Air density (kg/m3) 1.2
� Rotor revolution speed (rad/s) 147

inertia of the rotor Iβ . � is the constant rotor speed, which is
controlled by a governor (engine speed controller). Table III
shows the values of the parameters.

The stabilizer’s lateral and longitudinal flapping equations
are

ċ = −τ−1
s c − q + Ksτ

−1
s θs

ḋ = −τ−1
s d − p + Ksτ

−1
s φs

(3)

These are defined in terms of the lateral d and longitudinal
c tilt angles of the stabilizer bar plane. θs and φs are the
longitudinal and lateral tilt angles of the swash-plate and Ks

is the ratio of swash-plate tilt angle to the blade pitch angle of
the stabilizer. τs is the stabilizer bar’s flapping time constant.
The rotor flap equations are as follows:

ȧ = −τ−1
f a − q − A′

bb + Kpτ−1
f c + Kbτ

−1
f θs

ḃ = −τ−1
f b − p + B ′

aa + Kpτ−1
f d + Kbτ

−1
f φs

(4)

Table IV. Characteristics of SF-40.

K Ratio Mean

Kp 0.6 Ratio of stabilizer tilt angle to main
rotor blade pitch angle

Ks 2.29 Ratio of swash-plate tilt angle to
stabilizer pitch angle

Kb 0.28 Ratio of swash-plate tilt angle
to main rotor blade pitch angle

Lateral (b) and the longitudinal (a) tilt angles are defined
as tilt angles of the main rotor tip path plane and Kp, Kb

are the ratio of stabilizer’s tilt angle to main rotor blade
pitch angle and the ratio of the swash-plate tilt angle to main
rotor blade pitch angle, respectively. The gearing of the Bell-
Hiller mixing ratio∗ is Kb : Kp = 0.28 : 0.6. Ks , Kp and Kb

are shown in Table IV. τf is the main rotor blade’s flapping
time constant. A′

b and B ′
a are cross coupling derivatives that

influence the rotor’s flap and the attitude.

A′
b = B ′

a = kβ

2�Ib

(5)

kβ is the rotor hub tilt spring constant (Nm/rad). Rotor hinge
flapping does not occur; the rotor is rigid and rotor tip path
plane tilt angle is equal to rotor hub tilt angle.

Lb = (hT + kβ)/Ixx

Ma = (hT + kβ)/Iyy

(6)

* The Bell-Hiller mixing ratio determines the proportion of the
main blades cyclic control, i.e. how much comes directly from the
swashplate and much comes from the fly bar (stabilizer bar).
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Fig. 4. Bode plots of 2-input 2-output attitude model.

h is the distance between the rotor hub and the c.g. and T

is the thrust of main rotor, which in hovering is the same as
mg. Ixx and Iyy are the moments of inertia of the fuselage.

The relations between the rotor flapping angle (a, b) and
torque on the fuselage are

ṗ = Lbb

q̇ = Maa
(7)

The parameterized state-space model is shown by Eq. 8.

ẋ = Ax + Bu

y = Cx

A=




−τ−1
s 0 0 0 −1 0 0 0

0 −τ−1
s 0 0 0 −1 0 0

Kpτ−1
f 0 −τ−1

f −A′
b −1 0 0 0

0 Kpτ−1
f B ′

a −τ−1
f 0 −1 0 0

0 0 Ma 0 0 0 0 0

0 0 0 Lb 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0




B =
[

Ksτ
−1
s 0 Kbτ

−1
f 0 0 0 0 0

0 Ksτ
−1
s 0 Kbτ

−1
f 0 0 0 0

]

C =
[

0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

]
(8)

The model includes the following states.

x = [c d a b q p θ φ]T
(9)

u = [θs φs]
T

Figure 4 shows the frequency response from the swash-
plate tilt angle to the attitude angle. Pitching input (θs) and
rolling input (φs) influence each other. Figure 5 shows the
impulse input response of the attitude model in time domain.
The respective cross-coupling effects are shown.

3. ATTITUDE CONTROLLER DESIGN

3.1. LQI feedback controller design
We employed the Linear Quadratic Integral (LQI) theory in
designing the attitude controller. The system can be described
by

ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t)
(10)

The input u(t) is a multi-input consisting of a longitudinal
input (elevator) and a lateral input (aileron). δe and δa are the
ratios of the pulse width (servo actuator input signal) to the
swash-plate tilt angle, respectively.

u(t) = [δeθs(t) δaφs(t)]
T (11)

r is the reference consisting of θr and φr . The output y is the
attitude angles θ and φ.

r(t) = [θr (t) φr (t)]T , y(t) = [θ(t) φ(t)]T
(12)

e(t) =
∫ t

0
r(t) − y(t) dt, ė(t) = r(t) − y(t)
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Fig. 5. Impulse response of 2-input 2-output attitude model.

The extended state-space system description involves error
(e(t)) is described by

d

dt

[
x(t)
e(t)

]
=

[
A 0

−C 0

] [
x(t)
e(t)

]
+

[
B

0

]
u(t) +

[
0
I

]
r(t)

(13)

The LQR cost function is the sum of the steady-state mean-
square weighted state xe(t) = [x(t) e(t)]T and the steady-
state mean-square weighted actuator signal u(t).

J =
∫ ∞

0

[
xT

e (t)Qxe(t) + uT (t)Ru(t)
]
dt (14)

where Q and R are positive semi-definite weight matrices.
Standard assumptions are that (Q, A) is observable, (A, B)
is controllable, and R > 0.

F = [F1 F2] (15)

The feedback gain F is found as the solution of the
algebraic Riccati equation, and the optimal feedback control
input is shown in the following equation.

u(t) =−Fxe(t) = −F1x(t) − F2e(t) (16)

3.2. Observer design using Kalman filter
If the system states are not completely accessible, then we
design the observer and observer-based controller.

The full-order observer form can be written as

˙̂x = Ax̂ + Bu + K(y − Cx̂) (17)

where x̂ is the optimal estimate of x. K is Kalman filter gain:

K = X + CT V −1

(18)
AX + XAT − XCT V −1CX + GWGT = 0

X is the solution of the algebraic Riccati equation. In the
design of the Kalman filter, W is power spectrum density
of system noise and V is sensor noise. The observer-based
controller is described by the state-space realization of the
following equations.

d

dt

[
x̂(t)
e(t)

]
=

[
A − BF1 − KC −BF2

0 0

] [
x̂(t)
e(t)

]

+
[

K 0
−I I

] [
y(t)
r(t)

]
(19)

[
u(t)
e(t)

]
=

[−F1 −F2

0 0

] [
x̂(t)
e(t)

]
(20)

Figure 6 shows the block diagram of LQI with observer.

4. LATERAL AND LONGITUDINAL MODEL

4.1. Model structure
The lateral and longitudinal model can be described as

u̇ = Xuu − g(θ + a)
(21)

v̇ = Yvv + g(φ + b)
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Fig. 6. Block diagram of LQI controller with Kalman filter.

The accelerations of the helicopter’s lateral and lon-
gitudinal motion depend on the thrust vector. In hovering,
thrust is equal to mg. If θ , a, φ, b are small, then sin(θ + a),
sin(φ + b) terms can be assumed to be linear in hover flight.
In this point, we describe the model from input of θr , φr to
output of longitudinal position (x) and lateral position (y)
including an attitude servo controller (we call this a virtual
attitude actuator). The dynamics of the virtual actuator are
high-order, but reducing the order is impossible, because if
the dynamics of virtual actuator are reduced to low-order,
then the rotor flapping states (a, b) will be unknown. For this
reason, we incorporate the virtual actuator in the system.
The following equations are the system matrices of the
helicopter’s lateral and longitudinal model.

A =




(Ae − BeF )10×10 010×4

02×2 G 02×2 G 02×2 V 02×2

02×10 I 2×2 02×2




B = [02×8 I 2×2 02×4]T

C = [02×12 I 2×2]

G =
[

−g 0

0 g

]
I =

[
1 0

0 1

]
V =

[
Xu 0

0 Yv

]

x = [c d a b q p θ φ eθ eφ u v x y]T
(22)

u = [θr φr ]T

Ae and Be are the extended attitude system matrix in
Eq. 13. F is the attitude feedback gain in Eq. 15, and g is
gravitational acceleration. Xu and Yv are speed derivatives.
We set Xu and Yv to zero, when the speed is low. Figure 7
shows bode plots of G(s)xθr

and G(s)yφr
. The plots include

notches due to unstable zeros i.e., flapping states (a, b)
and attitude state (θ , φ) cancel the lateral and longitudinal

components of the thrust vector, respectively, in the manner
of a pendulum. Cancellation of the components of the thrust
vector is depicted in Figure 8.

4.2. LQI position feedback controller design
We designed an LQI feedback controller for position control.
The system can be described by

ẋ(t) = Ax(t) + Bu(t) (23)

The input u(t) is a multi-input consisting of θr and φr , the
references of the attitude actuator.

u(t) = [θr (t) φr (t)]T (24)

r is the position reference, the output y is the x − y position
of the helicopter.

r(t) = [xr (t) yr (t)]T , y(t) = [x(t) y(t)]T
(25)

e(t) =
t∫

0

r(t) − y(t) dt, ė(t) = r(t) − y(t)

The extended state-space system description involves error
(e(t)) is described by

d

dt

[
x(t)
e(t)

]
=

[
A 0

−C 0

] [
x(t)
e(t)

]
+

[
B

0

]
u(t) +

[
0
I

]
r(t)

(26)

The LQR cost function is the sum of the steady-state mean-
square weighted state xe(t) = [x(t) e(t) ]T , and the steady-
state mean-square weighted attitude actuator reference
signals u.

J =
∞∫

0

[
xT

e (t)Qxe(t) + uT (t)Ru(t)
]
dt (27)
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Fig. 7. Bode plots of the lateral and longitudinal motion model (the model is from the attitude reference to the position).

The feedback gain F is found as the solution of the
algebraic Riccati equation.

The optimal feedback control input is shown in the
following equation.

u(t) = −Fxe(t) (28)

4.3. Position and velocity observers
We design different observers for the hovering controller,
because embedding a full-order observer is difficult.
Therefore, we design an observer that estimates the state of
attitude to position.

xp = [u v x y]T

up = [θ φ]T

Ap =




0 0 Xu 0
0 0 0 Yv

1 0 0 0
0 1 0 0


 Bp =




−g 0
0 g

0 0
0 0




Cp =
[

0 0 1 0
0 0 0 1

]
(29)

x̂p is the optimal estimate of xp.

˙̂xp = Apx̂p + Bpup + K(y − Cpxp) (30)

K is the Kalman filter gain. The following equation is the
state-space matrix of the velocity-position observer.

Fig. 8. Cancellation of the components of the longitudinal thrust
vector.

Fig. 9. Control signal flow.

d

dt

[
x̂p(t)

e(t)

]
=

[
Ap − KpCp 0

0 0

][
x̂p(t)

e(t)

]

+
[

Bp

0

]
up(t) +

[
K 0

−I I

][
y(t)

r(t)

]
(31)
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Fig. 10. Comparison of roll control response, experimental and simulation results.

Therefore, the position feedback inputs (θr , φr ) are finally
given as follows:

u(t) = −F x̂e(t) = −F [x̂ e x̂p e]T (32)

x̂ and e are state estimation and error in Eq. 19. Figure 9
shows a flowchart of the control signal.

5. FLIGHT EXPERIMENTS AND
SIMULATION RESULTS

Flight experiments were carried out without heave control.
An operator controlled the heave manually. The azimuth
was controlled by the LQI controller described in our
previous work. This controller maintains the heading of the

Fig. 11. Comparison of pitch control response, experimental and simulation results.
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Fig. 12. Position control results of x and y in time domain.

helicopter toward the north. We used a position sensor RT-2
(RTK DGPS, Novatel) and an attitude sensor (a commercial
product). Figures 10 and 11 compare the results of the
attitude control response simulation with the experimental

results in time domain. The comparisons shows that the
LQI feedback system is available and the attitudes are well
limited to ±10 degrees. Figure 12 presents the position
control results of x and y in time domain, respectively.

Fig. 13. Flight trajectory result in x – y coordinates.
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Fig. 14. Elevator input pulse width in flight experiment and simulation.

Figure 13 presents the flight trajectory result of figure
12 in x − y dimensions. Figure 14 and 15 show the
elevator input and the aileron input pulse width in the
flight experiments and the simulation. Figure 16 and 17

compare experimental results of the pitch and roll angle with
simulation results. Figure 18 and 19 compare experiments
results of the attitude reference with simulation results in time
domain.

Fig. 15. Aileron input pulse width in flight experiment and simulation.
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Fig. 16. Comparison of pitch angle response, experimental and simulation results (pitch angle response of the reference as a feedback input
of the position controller).

Fig. 17. Comparison of roll angle response, experimental and simulation results (roll angle response of the reference as a feedback input
of the position controller).
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Fig. 18. Comparison of pitch angle reference, experimental and simulation results (feedback input of the position controller).

Fig. 19. Comparison of roll angle reference, experimental and simulation results (feedback input of the position controller).

6. CONCLUSIONS
We designed a MIMO attitude controller for a small-
scale unmanned helicopter and successfully controlled
the helicopter’s attitude. The performance of the attitude
controller was validated by simulation and experimental data
in the time domain.

The virtual attitude actuator has been considered in
flight dynamics and provides flight safety. The limiting
of attitude effectively maintains the helicopter out of the
nonlinear region. We also designed a MIMO position
controller and successfully achieved hovering and reference
flight.
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