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Abstract Let f: C — C be a non-constant elliptic function. We prove that the Hausdorff dimension of
the escaping set of f equals 2¢/(¢+1), where ¢ is the maximal multiplicity of poles of f. We also consider
the escaping parameters in the family fg = Bf, i.e. the parameters 3 for which the orbit of one critical
value of fg escapes to infinity. Under additional assumptions on f we prove that the Hausdorff dimension
of the set of escaping parameters £ in the family fg is greater than or equal to the Hausdorff dimension
of the escaping set in the dynamical space. This demonstrates an analogy between the dynamical plane
and the parameter plane in the class of transcendental meromorphic functions.
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1. Introduction and main results

The understanding of the dynamics and geometry of elliptic functions has developed
rapidly since the publication of the papers [5,9,10]. Although these functions are rel-
atively ‘regular’, they manifest such unexpected features as the fact that the Hausdorff
dimension of their Julia set is always larger than 1 (see [9]) or, in the non-recurrent
case, that the corresponding Hausdorff measure always vanishes, whereas the packing
measure, in the absence of parabolic points, is finite and positive (see [10]). A systematic
exposition of the geometric measure theory and the ergodic theory of regular pseudo-
non-recurrent elliptic functions is given in [11]. In spite of possible associations stemming
from the name, this is not a narrow class of functions.

Let f: C — C be a transcendental meromorphic function, where C = CU{oo} denotes
the Riemann sphere. For n € N, denote by f™ the nth iterate of f. The Fatou set F(f)
of f is the set of points z € C such that all iterates f™(z) are well defined and {f"},en
forms a normal family in some neighbourhood of z. The complement J(f) of F(f) in C
is called the Julia set of f. Dominguez proved [4] that for transcendental meromorphic
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functions with poles, the escaping set

I(f) = {z eC: nh_{%of"(z) = oo}
is non-empty and J(f) = OI(f). Several authors (see, for example, [1-3,7,14,15])
have studied properties of the escaping set of entire and meromorphic functions. It was
shown by Kotus [8, Example 3| that if f is an elliptic function such that the closure
of the post-critical set is disjoint from the set of poles, then the Hausdorfl dimension
dimg (J(f)) = 2q/(14+q), where ¢ is the maximal multiplicity of poles of f. The argument
actually shows that

2q

di 1 > —. 1.1
g (1(£)) > = (11)
Moreover, Bergweiler and Kotus [3] and Kotus and Urbaniski [9] proved that if f is any
elliptic function, then the upper bound on dimg (I(f)) is equal to the lower bound, i.e.

dimy (I(f)) < —L

< . 1.2
qg+1 (1.2)

Our paper is divided into three parts. The first part of the paper (§§2 and 3) focuses
on the generalization of (1.1) to the whole class of elliptic functions. Together with the
estimate (1.2) it gives the following theorem.

Theorem 1.1. Let f be a non-constant elliptic function. Then
2q

dimpr (1(£)) = =5

where ¢ is the maximal multiplicity of poles of f.

The second part of the paper (§4) is devoted to estimating the Hausdorfl dimension
of the escaping set in the parameter space for some families of elliptic functions. Let
f: C — C be an elliptic function such that one of its critical values, denoted by f(c1) # 0,
is a pole of the maximal multiplicity q. We define a one-parameter family of functions
fa=p0f, € C\{0}. As a counterpart of the escaping set I(f3), we consider the set of
escaping parameters in the family f3, i.e.

€= {5 eC\{0}: lim fi(cr) = oo}.

Remark 1.2. If f(c1) = 0 is a pole, then fz(c1) = 0 and f3(c1) = oo for every
3 € C\ {0}. In this case & = ().

The main result of the second part of the paper is the following theorem.

Theorem 1.3. Let fg = ff, f € C\ {0}, be a one-parameter family of elliptic
functions such that one of the critical values of f, denoted by f(c1) # 0, is a pole of the

maximal multiplicity q. Then,
2q
dimg (&) > .
myr(£) g+1
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Corollary 1.4. For q /' oo we have dimy(€) > dimg (I(f)) 7 2.

A similar analogy between the dynamical and the parameter planes is known for the
exponential family fy(z) = Ae* (see [12,13]). It follows from McMullen’s result that
the Hausdorff dimension of the escaping set I(fy) equals 2. Qiu proved that the set of
maps fy with the singular (asymptotic) value 0 approaching infinity also has Hausdorff
dimension equal to 2. Theorem 1.3 is a generalization of Qiu’s result, although it is valid
under weaker assumptions on f. It is sufficient to assume that ¢, is any prepole of order 1,
i.e. f(c1) € f~1(o0), and the proof does not change.

In the third part of the paper (§5) we give some examples.

2. Notation and preliminary estimates

We fix a non-constant elliptic function f: C — C. Then f is periodic with respect to some
lattice A C C defined by A = [A1, A2] = {I\ + mA2: I,m € Z}, where A\, Ay € C\ {0}
such that Im(A;/A2) # 0. Let

R:{tl)\l—l-tg)\gi 0<t,t2 < 1} (2.1)

be the basic fundamental parallelogram of f. Let g, denote the multiplicity of b € f~1(00)
and let ¢ = sup{gy: b € f~1(c0)}. Since f has finitely many poles in R, it follows by the
periodicity of f that

q=max{q: be f1(c0)}. (2.2)
Since f is periodic and has finitely many critical points in R, there exists p > 1 such
that all critical values of f are contained in B(0,p — 1). In §§2 and 3, we consider only

poles from the set
F={be f'(c0): |b| > pand g = q}. (2.3)

‘We use the notation

Ula,r) = {z: — Z—Z

3m

<arg(z —a) < 10 |z — al Sr},

for a € C and r > 0.

Lemma 2.1. Let g < % be such that B(bi,&'o) N B(bj,EQ) = @, b; # bj, bl‘,bj c F.
There exist holomorphic functions G, H and constants C1,Cs > 1, ¢ € (0,e9), ¢ € R

such that:
() f(2) =G(2)(z=b)79, f'(2) = H(z)(z = b)"%", G(b), H(b) #0, z € B(b,e);
ot o Ccyt

.. Cy
(ll) |Z—b‘q < |f(Z)‘ < |Z—b‘q’ |Z—b|q+1 < |fl(z)‘ < ma EAS B(b75)7

(iii) f is one to one in each of the segments U (b, ¢);

_ C
) {retibl> D o= can) <o+ ) e rwo.)

for any b € F.
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Proof. Fix b € F. Since b is a pole of the multiplicity ¢, the formulae for f and
f given in (i) are obvious. Taking sufficiently small £ € (0,¢0), we may assume that
G(z) # 0 and H(z) # 0 for z € B(b,¢). There exist constants C1,Cs > 1 such that

Cit<IG(2)| < Ci, Cy'<|H(2)] < Co,  z € B(b,e).

Hence,
cit G(2) Cy
< = .
|Z—b‘q ~ |f(Z)‘ (Z—b)q ~ |z—b|‘1 (2 4)
and
cyt .o | H(2) Cy
m < |f (Z)| - (Z—b)q'H x |Z—b‘q+1 (25)

for z € B(b, ). Shrinking ¢ if necessary, we can choose constants py, g, 0 < g2 — p1 <
/4, such that p; < arg(G(z)) < pz2, z € B(b,e) and f is one to one in the segment
U(b,e). Observe that the function f(z)/G(z) = (2 — b)~9 maps U(b,e) onto the set
{z€C: |z| >e79, —371/4 < arg(z) < 3m/4}. Hence,

Ci 3m

—— + pg < arg(z) < 3T +M1} C f(U(b,¢)).

C: > ,
{z e C: |7 o 1 1

Since 0 < ug — py < w/4, there exists ¢ € R such that

Cy
g4

{ze@:|z|> , qﬁ—g<arg(z)<¢+987r}cf(U(b,€)).

Note that the domain of G, H can be extended to |J,c B(b,¢) and the constants C1,
Cy, €, ¢ are universal for all poles in F' because of the periodicity of f. O

Up to the end of §3 the constants C, Co, €, ¢ are as in Lemma 2.1.
For 0 < r; < ry we write

P(ri,re) ={z: 11 < |z| <712}

We fix a pole by € F' of the maximum multiplicity g. We take Ry > 1 such that U(bg, &) C
P(Ryp,2Ry) and define a constant

01 14 8max{|)\1—|—)\2|,|)\1—)\2|}

= 2 — . 2.6
ap max{ 7EqR07RU7 RO ( )

Fix

a > agp
and consider a sequence of radii

R,=a"Ry, n>1. (2.7)

Let
PT(R,)={2€C: R, <|z| <2R,, ¢ <arg(z) < p+7}, n=1l. (2.8)
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The condition a > ag > 2 guarantees that the annuli P(R,,,2R,,) are pairwise disjoint.
We consider the iterates f™, n € N, which are defined outside a countable set of points.

Definition 2.2. We define the family of sets {4, (a)}n>0 as follows:

AO(G‘) = {AO = U(b07€)}7
An(a) ={A, C A,_1 € Ay_1(a) | 3b, € F: U(b,,e) C PT(R,),
Ay, is a component of f~"(U(by,€))}, n > 1.
Let
U(a)= | A Ale)= (| Ua(a).
An€AL(a) n=0

From now on, vol(A) signifies the Lebesgue measure of a set A.

Proposition 2.3. For eachn > 0 the set A,,(a) defined above is non-empty. Moreover,
for n > 1, the number N,, of its elements contained in each A, _; € A,_1(a) is greater
than or equal to 3T R2 /8vol(R).

Proof. Obviously, Ap(a) # 0. We fix n > 1 and suppose that A,_1(a) # . We will
show that A, (a) is non-empty. It follows from Lemma 2.1 that for all b € F' we have

{2€C: |z| > Ry, ¢ <arg(z) <o+7}C f(UDb,e)),

as R, > Ry = aRg > C1e79 in view of (2.6). Take A,,_1 € A,,_1(a). Since f*~1(A4,_1) =
U(bn_1,¢) for some pole b, 1 € FNP(R,_1,2R,_1), we have f*(A,_1) D PT(R,).

Since a > ag, we have R, > aRy > 8 max{|\1 + Aa|, [\1 — A2|}. Taking the poles b € F’
such that B(b,e) C P*(Ry), we have

TR,
4

UJ®R+b) > {z: S ol <

s 3w
< < _
- 4 ,gb+4\arg(z)\q/)+4}

and, consequently,

_ Navol(R) _ w((L75)2 = (1L.25)*)R} _ 3nR3

" T TNOR) C vol(R) = Svaw)

The result follows. O

Remark 2.4. The elements A, of A,(a), n > 1, are pairwise disjoint as, by
Lemma 2.1, f is injective in each segment U(b,e), b € F, and the segments are pair-
wise disjoint.

In order to prove the lower bound on dimg (I(f)), we use the following result proved
by McMullen [12, Proposition 2.2]. Here and throughout the paper, diam(A) denotes the
diameter of a set A.
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Proposition 2.5. For each n € N, let A,, be a finite collection of disjoint compact
subsets of R?, each of which has positive d-dimensional Lebesgue measure. Define U, =
Ua,ea, An and A = (oo Un. Suppose that for each A, € A, there is Api1 € Apia
and a unique A, _1 € A,_1 such that A,y; C A, C A,_1. If A, d,, are such that, for
each A, € A,

VOl(Z/[n+1 n An)

>An 5 i An < n n > P
vol(Ay) >0, diam(A,)<d, and d, —0asn— oo

then dimp (A) > d — limsup,,_, ., >7_, |log A;|/[log ..

3. Proof of Theorem 1.1
Let K = C§q+1)/q02. We prove the following lemma.

Lemma 3.1. Let f be a non-constant elliptic function and let ag be the constant
given in (2.6). Then, for every a > ay, there is a subset A(a) of I(f) and for this subset

2 log 2 4 12¢log K 1
dimy (A(a)) > 22 _ 6log2+12glog K/(q + 1)
qg+1 loga

Since dimg(A(a)) > 2¢/(g + 1) — (6log2 + 12¢qlog K /(g + 1))/loga , 2¢q/(q + 1) for
a /' 00, we have that Theorem 1.1 follows from Lemma 3.1.

We fix a > ap and consider the sets A, (a), n > 0, given in Definition 2.2. We drop the
parameter a and keep the notation from the last section.

Lemma 3.2. Let A, € A,,, n > 1. Then, for every z € A,,
KR f(F71 () < KRV, =1, 0,

Proof. Fix z € A,,. We have fi(z) € U(b;,e) C P(R;,2R;), j =0,1,...,n. It follows
from Lemma 2.1 that

crt j Ch .
- <) € — , =1,...,n.
) b S ENS pEe s
Thus,
crt ot - Cy (&
<2< —bi |1 < 2L
or; ST S Tl S S g
and consequently
o1\ @th/a - oy (atD/a
(ﬁ) <7 Nz) = by |7 < (Rl) : (3.1)
7 J

Again using Lemma 2.1, we obtain

Co. < (71 (R)] < Cs =1 n
|fi=1(z) — bj_q]att = S (z) = by oD J RN
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which, using (3.1), gives

RltD/a oy
cg, <IN € QRYEIICIIC, =1
O
The next lemma is devoted to estimating the derivatives (f™)’, n > 1.
Lemma 3.3. Let A, € A,, n > 1. Then, for every z € A,,
K*na(q+1)n(n+1)/QqR(()Q+1)n/q < ‘(fn)/(z)| < (2(q+1)/qK)na(q+1)”("+l)/2qR(()q+1)n/q.
Proof. Fix z € A,,. We know that
n—1
("' ) =TI F(F ).
§=0
Using Lemma 3.2, we obtain
n—1
H F(F1(2))] < 2etD/ag platDia . 2+ /e plat1)/a
§=0
= (DI (qRy) @t/ a ... (g7 Ry) @t/
_ (2(q+1)/qK)na(q+1)n(n+l)/QngH'l)n/q.
Analogously, we get the estimate from below
n—1
H f/(f](z))‘ > Kfna(qul)n(nJrl)/ZqR(()lH‘l)n/q'
j=0
Finally,
K*na(q+1)n(n+1)/2qR(()q+1)”/q <|(f(2)] < (2(q+1)/qK)na(q+1)n(n+1)/2qRéQ+1)7L/q'
O

From now on, L(f, A) denotes distortion of a map f on a set A4, i.e.

sup,eq |f/ (2

L(f,A):_ €A|/( )l
inf.ea [f'(2)]

The next lemma follows immediately from Lemma 3.3.

Lemma 3.4. Let A, € A,, n > 1. Then

2e K™
a(q+1)n(n+1)/2qR((Jq+1)n/q ’

L(f", Ay) < 2@tbr/ag?n and  diam(A,) <

where € Is as in Lemma 2.1.
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Remark 3.5. Observe that diam(A4,,) — 0 as n — oo, since a > ag > 2.
By Lemma 3.4, the numbers d,, defined in Proposition 2.5 are equal to
d, = 2eK"q~ (at Dt D)/2apolatin/a ) o (3.2)
Lemma 3.6. There exists v > 0 such that

VOl(un+1 N An) > Y
vol(4,) 7 g8(atDn/a g 12ng2(n+1)/a g2/

for each A, € A,,, n > 1.
Proof. Recall that in Definition 2.2 we considered the segments

3

3
U = P - g —b) <
(b,e) {z eC 17 arg(z —b) 1

) |Z - b| < 6}1
where b € F and € > 0 as in Lemma 2.1. Hence, vol(U (b, ¢)) = 3me? /4q.

Take some n > 1 and A,, € A,. There exists b, € F such that A, is a component
of f=™(U(bp,€)), where U(b,,e) C PT(R,,). Moreover, for each Ay € A, 41 there is
bn+1 € F such that Ay is a component of f=""2(U(byy1,€)), U(bnt1,e) C PT(Ryy1).
There are finitely many sets Ay € A, 41 contained in A,,. We denote by by the pole
corresponding to Ag. Let z, = f~"(b,) € Ap, 2z = f " 1(bg) € Ay. Observe that f is
conformal on A, as all critical values of f are contained in B(0, p—1), so all the branches
of f~! are well defined on {J,. (U (b, €)). Thus, L(f™, An) = L(f~", f*(A,)). Hence,

wl(4,) = [ N CaeClRE

<[, (ow weN) e
= vol(U (b)) (LU, Ulbne))__inf _|(f7")(2)])

2€U (by,€)
37T€2 n —n\/
< S T A ) (bn)])?
_ 3re? (L(f",An) )2
4q ‘(fn)/(zn)‘ .

Set P,41 = P*(Ry41). Then

volUnp1 NAp) = Y vol(Ag) = > vol(f " (U(bx, )))

ArCA, br€Pni1

= > ] gy ere

b €Pnt1

>y o @) ds

br€Pp 11
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3me? SUP. v (b0 |(F ") (DI Y
2 ( L(f==1,U(bg,¢)) )

e [CaR Ry
v > (avoes)

b EPp 41

:322 S UL AT ()77 (34)

z2LEARLCAL,

WV

Now, combining (3.3) and (3.4), we estimate the density of the sets U, 1 N A, in Ap:

volUn i1 N An) _ Xsenca, (LO T AR () ()2
vol(4,) 7 (LS An) /1(F7) (20) 1)

_ UM Gl i1 Lyl Ay =2
- (L(f™, A,))? Z (L(f AR |(f ) (z)]) 7. (3.5)
e 2k €EARCAR

Using Lemma 3.4, we obtain
vol(Up+1 NAR)
vol(A,)

IH?olf( 7 (zn))]? 5 ]
22(a+)n/q C4n 2@t D)+ /a KA D TT7_ ) /(3 () 12

/

2k €EARCA,
_ 1 > 11520 /(7 ()] 1
PR ARIED | e | T |F 0 @) GO
)
)

1 (f(zn
= T O (H e

2k €EARCAn,

2

2 1
) TR

It follows from Lemma 3.2 that
() = KR/ and [ f/(f9(20))] < (2Rj4)@TV9K, j=0,1,...,n—1.
This implies that

|f/(f](zn))‘ 1 )
|f/(f7(2x))] Z Sarniage )

Using Lemma 3.2 repeatedly, we obtain
P D] S 2Bug)TTE. (38)
Putting (3.7) and (3.8) into (3.6) and by Proposition 2.3, we obtain

VOl(un+1 n An)
vol(A,)

=0,1,...,n—1. (3.7)

- 1 ( 1 )2” 1 i
7 92(¢+1)(2n+1)/q [{4(2n+1) \ 2(a+1)/q 2 22(q+1)/qR72L(jr11+1)/qK2 o

9—2(¢+1)(3n+2)/q r— (2n+1)R (q+1)/qN
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> 2—2(q+1)(3n+2)/qK—6(2n+1)R;i(qurl)/q?)ﬂ_R?H_l(8v01(R))—1
_ 276(Q+1)n/qK712nR7—HQ_/1q,Y

_ 276(Q+1)n/qK712na72(n+1)/qR0—2/fI,y’
where v = (37/8)2~4a+tD/a K —6(vol(R)) . O

By Lemma 3.6, the numbers A,, from Proposition 2.5 are given by

= Y
n — 26(q+1)n/qK12na2(n+1)/ng/q ’

n>1.

Assembling the preceding lemmas, we may now prove Lemma 3.1.

Proof of Lemma 3.1. Lemma 3.6 implies that

" 1)log?2 log K +1
Z\logAj|~3(q+ )log 2 + 6¢ log +ogan2

as n — o0.
=1 1
In view of Lemma 3.4, we have
1
[logd,,| ~ %nQ loga as n — oo.
q
The result follows. O

4. Proof of Theorem 1.3

Let {¢; € R: f'(¢;) =0, i = 1,...,k} be the set of critical points of f in the basic
fundamental parallelogram R defined in (2.1). Now, we assume that the critical value
f(c1) # 0 is a pole of the multiplicity ¢ defined in (2.2).

We consider the one-parameter family of functions

1 1
fa(z) =0f(z), peBl,r)for0<r< 1 %1
where o = sin(7/8) = /2 — v/2/2. The functions f3 are periodic and their critical points
are the same as for the elliptic function f. We modify a definition of F' given in (2.3).
Now

~ 0.04, (4.1)

F={f(a)+IM +mAIa:l,meZ}

Lemma 4.1. Let ¢; = min{eg, r|f(c1)|}. There exists € € (0,e1) such that:

. (2017t 2C (2C,) 71
() BT <)l < o o < )] <

) {2 el > %5 o= § <an) <o+ < Ho00.0)

2
Tz —part’ z € B(b,e);

(iii) f is one to one in each of the segments U (b, ¢)

for any b € F and all § € B(1,r), where Cy, Ca, ¢ are from Lemma 2.1.
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Proof. Since 3 € B(1,r), where 7 is defined in (4.1), we have 1/2 < 1 —r < |8] <
1+ r < 2, and then (i) is an easy consequence of Lemma 2.1 (ii). Moreover, | arg(()| <
arcsin(1/4 — 1/(2a + 4)) ~ 0.04, so for sufficiently small ¢ € (0,e1) we have p; <
arg(BG(z)) < pa, where 0 < ps — py < w/4 for all § € B(1,r). Arguing analogously to
the proof of Lemma 2.1, we show (ii) and (iii). O

From now on, the constants C7,C5, €, ¢ are as in Lemma 4.1.
In this section, we modify the definition of the sequence of radii given in § 2 (see (2.7)).
Let Ry > 0 be such that
B(f(cl),s) C P(R1,2R1). (42)

Next, we define a constant

(4.3)

N { 201 3M (6M)2q Smax{\)\l +>\2‘,|)\1 )\2|}}
ap = max 4 2, )

ESETAN R 7

where M = 2(201)(‘1“)/‘102. For a > ay we consider a sequence of radii {R,},>1 given
by the formula R,, = a" 'R;. We consider auxiliary functions g, (3) = fi(c1), n € N,
which are defined outside a countable set of parameters.

Definition 4.2. We define the following family of sets:

Do(a) = {Do = B(1,r)},
Di(a) = {D1 = g7 "(U(f(1),¢)) C Do},
Dy(a) ={D, C D1 € Dy_1(a) | 3b, € F: U(b,,c) C PT(R,),
D, is a component of g, *(U(bn,€))}, n = 2.
Let

Vy(a) = U D,, D(a) = ﬂ Vn(a).
D,, €Dy (a) n=0

Figure 1 illustrates the sets defined above for ¢ = 4.

Proposition 4.3. For eachn > 0 the set D,,(a) defined above is non-empty. Moreover,

forn > 2, the number N,, of its elements contained in each D,,_; € D,,_1(a) is estimated
from below by 37 R2 /8vol(R).

Proof. Obviously, Dy(a), D1(a) # 0. Assume that D,,_1(a) # 0 for some n > 2. Using
Lemma 4.1, we have

{2 €C: |z| > Ry, ¢ <arg(z) < ¢+7} C f3(U(b,e))

for all poles b € F and 8 € B(1,7), as R, > Ry = aR; > 2C;(1 —a) 1e™? > 2C1e % in
view of (4.3). Since ¢g,—1(Dy—1) = U(b,—1,¢) for some pole b,—1 € FNP(R,-1,2R,—1),
we have g,(Dn-1) = {f3(gn-1(8)) | B € Dn—1} D PT(R,). As R, > 8max{|\; +
Az2|, [A1 — Az|}, similarly to Proposition 2.3, we show the lower bound on N,,. O

In the next part of this section, we prove the following lemma.
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Figure 1. Sets from Definition 4.2 and the proof of Lemma 4.8.

Lemma 4.4. Let f3 be the family of maps defined in (4.1) and let o be the constant
given in (4.3). Then, for every a > g there is a subset D(a) of £, and for this subset

2 6log 2 + 12qlog M 1
dimp (D(a)) > 29 _ 8log2+ 12qlog /(g+1)
qg+1 loga

Theorem 1.3 easily follows from Lemma 4.4.

In order to prove Lemma 4.4 we again use Proposition 2.5. We fix a > 4y and consider
the sets Dy, (a), n > 0, given in Definition 4.2. As before, for simplicity we suppress the
explicit dependence on a in the notation.

Using Lemma 4.1, it is easy to prove the following estimate.

Lemma 4.5. Let D,, € D,,, n > 2. Then, for all § € D,
MRSV < | fy(Fen)] < M2R;) @V, =1, n—1.

The next lemma is technical, but it is key to the proof in the following part of this
section. We would like to note that the ‘prime’ in g/, signifies differentiation with respect
to 3, whereas the ‘prime’ in fé signifies differentiation with respect to z.
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Lemma 4.6. Let D, € D,,, n > 2. Then, for every 3 € D,,

1:[ f5(f5(c1)) [fg (c1) + Y —fg(cl) ]
= L SIS T ()
Proof. Let n = 2. Note that g»(3) = f3(c1) = 8f(6f(c1)). Thus,

f3(c1) N f5(Bf(e1)) faler)
B B

= LI4B I | fo(en) +

95(8) = f(Bf(cr) + Bf (Bf(c1)) f(er) =

f3(e1) ]
f5(fa(c1))
f3(c1) }
f5(fa(er)) ]

Suppose that the lemma is true for some n > 2. We show that it is true for n + 1:

;mmmmﬂmwn+

gn+1(ﬁ) :/Bf(gn( ))s
9n+1(B) = f(9n(B)) + Bf'(9n(8)) g7 (3)

) n+;( D, i) Hfﬁ Fh(er )[fﬁ(cl)+k:rm]
:Pz ;ﬁ MQ[MM+;H§§%@J
_;ﬁgﬂﬂlha kznhﬁ§%m+anTzn}
-5 Ltien e 8 o]

O

In the following lemma we estimate the derivative of g,,. We show that g/, is comparable
to the product of the derivatives of fg over the trajectory of the critical value fg(c1).

Lemma 4.7. Let D,, € D,,, n > 2. Then, for every 3 € D,,

M (e nin=1)/20 (D =1/a
2(1+7)
< 1gn(8)]
< L(2(q+1)/qM)n—1a(q+1)n(n—1)/2qR(n(Q+1)*1)/q_
S 2(1—7) !
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Proof. Fix g € D,,. It follows from Lemma 4.5 that

n—1
H f{;(fé(cl))’ < 2(q+1)/qR§‘Z+1)/qM x -+ x 2atD/a Rt /apy
k=1

= (2D apnn=L(gRy )@+ D/a . (a" T Ry )@t /g
(2(q+1)/qM)n—la(q+1)n(n—1)/2qR§q+1)("*1)/‘1_

Analogously, we get the estimate from below:

n—1
[1 fé(fé“(aﬁ‘ e
k=1

Finally,
n—1
Mgl DD 20 gl /s | TT f[’,(fg(cl))‘
k=1
< (2 D/a gy gl n(n=1) /20 glatDn-1/a,
(4.4)
Now, applying (4.4), we estimate the sum Y, _, fg(cl)/Hfz_ll fa(fh(cr)):
n fk c n fk c
Z k=1 ﬁ,( 1)1’ < Z k=1 ﬁ,( 11
2 LLims fﬁ(fﬁ(cl)) Pl ] B fﬂ(fﬁ(cl))

2Ry,
M1—ka,(11+1)k(k—1)/2qR§q+1)(k—1)/q

N
NE

=~
||
[\v]

2ak_1R1Mk—1
a(Q+1)k(k—1)/2qR§q+1)(k71)/q

|
M=

bl
[
o

2Mk71
a((Q+1)k72q)(lcfl)/2qR§’1+1)(k—1)/q—1

I
NE

ES
[|
N

n

2M Z M2
(aRy)1/24 = a(((q+1)k72q)(kf1)—1)/2qR§2((1+1)(k—l)—Qq—l)/Qq'

Since a > Gg > 2 and ((¢+1)k—2¢)(k—1) > 2(¢+1)(k—1)—2¢forqe N, k =2,3,...,

we have
n Mk72 n Mk72
< .
kZZQ a(((q+1)k72q)(k71)71)/2qR§2(q+1)(k—l)—Qq—l)/2q kZ:Q (aRl)(2(q+1)(’f—1)—2q—1)/2q

Using the inequality (2(¢+ 1)(k—1)—2¢—1)/2¢ > k—2,q€ N, k=2,3,..., and the
fact that a > Go > max{R; ", 3M R, '}, we obtain

n ME—2 _ n M k—2< oo M kfzi 1 _ 3
Z (aRy)@(a+1)(k=1)=2¢—1)/2q = Z aRy = Z aRy - m S5

k=2 k=2
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Hence,
n k c
> | < G < 1< 5
= Llic1 fﬁ(fﬁ(cl)) atv
because a > dg > (6M)21R;**~ . Therefore,
R R = (e Ry 5R
71231—71 < ‘fﬁ(cl)+ h—1 5/( 12‘ ‘ <2R1+71:Tl' (4:5)
sl ] P fﬂ(fﬂ(cl))
Plugging (4.4) and (4.5) into the formula for g/,, we prove the lemma. O

In the next part of this section we estimate the diameters of D, and the ratios
vol(Vy41 N Dy)/vol(D,,), and in order to do that we prove that the functions g, are
conformal on D,, € D,,. Note that the maps g,, n > 2, are holomorphic outside a count-
able set of points and have poles at §,,_1 € 9D,,_1.

Lemma 4.8. For each D,, € D,, n > 1, the map g, is conformal on D,,.

Proof. The map ¢1(3) = fg(c1) = Bf(c1) is linear, and so is one to one and holo-
morphic on D;. By induction, we show that the maps g,, n > 2, are conformal. Suppose
that g,, n > 1, is conformal on D,,; we prove that g¢,1 is conformal on D, 11 C D,.
If n = 1, then we take the segment U(by,e) C P(R;1,2R;) with by = f(¢1), and if
n > 2, we consider a segment U(b,,c) C PT(R,). We know that D,, is a component
of g, (U(bn,e)), n > 1. Let B, = g,'(by) € D,,. If Dyyyy C D,, € Dy, then Dyyq
is a component of g, 1;(U(bny1,¢)) with U(bpi1,6) C PH(Ry41). We define a map
Gn+1(8) = f3,(gn(B)) = Bnf(gn(B)). It follows from Lemma 4.1 (ii) that

X

dn+1(Dn) D {Z €C: |zl =

- g <arg(z) <o+ 9;}
We show that §,1 is one to one in D,,. Take ', 3" € D,, such that §,4+1(8') = gnt1(8").
By definition of the map g1, we have f(g,(8") = f(g.(8")), where g,(8'), gn(8") €
9n(Dyp) = U(by,e). By Lemma 4.1 (iii), f is one to one in U(by,,¢), so g,(8") = gn(8")
and this implies that 3 = 3”. This follows from the injectivity of the map g,.

There is a set bn+1 C D, such that

N ~ 9
Int+1(Dny1) = {z eC:(1—a)Rup1 <|z| <2+ a)Rpt1, ¢ — g <arg(z) < ¢+ ;}

(4.6)

for ¢ as in Lemma 4.1.
Now, we show that D,.; C ﬁn+1. Note that gn+1(8) = (6n/0B)gn+1(8). Since
gni1(Dns1) = U(bpy1,6) C PT(Rpq1) and 0 <7 < 1/4 —1/(2a+ 4), for 8 € Dy yq we
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have
. 1—7r 3a+ 8
|gn+1(ﬁ)| > mRn_A,q > mRn—H ~ O.92Rn+1 > (1 — Oé)Rn+1 ~ O.62Rn+1,
R 147 2(5a+ 8
|gn+1(ﬁ)| < 1_ 7’2Rn+1 < E))T-FS)RH—H ~ 2.17Rn+1 < (2 + Oé)Rn_H ~ 2.38Rn+1,

arg(gn+1(6)) < ¢+ m+2 plnax arg(3)

1 1
<¢+7r+2arcsin( )

4 2a+4
9
~p+m+0.08< ¢+ g
N . (1 1 s
arg(gn+1(08)) > ¢ — Qﬁenéz(zifr) arg(f) > ¢ — 2arcsin <4 ~ 5 +4> ~¢—0.08>¢— 3

Thus, Gnt1(Dn+1) C Gnt1(Dpt1). Since the map §n41 is one to one in D, we have
Dypy1 C Dpya-
It follows from (4.6) that

U(bnt1,€) = gnr1(Dnt1)
- P+(Rn+1)

C {z eC: (1—a)Rut1 <|2| < (24 a)Rpt1,

6= F <) <o+ b= dnir(Doan).

Since 0 < 7 < 1/4 — 1/(2a + 4), taking ¢ = g,(3) for § € D, ;1 we have

2r|£(Q)] < (; - a12)|f(<)| — (; _ a—ll—2> §n+1(ﬁ)’

Bn
<(1_ 1 )(2+a)Rn+1
S\2 a2 |8l
70[Rn+1
2[B,]

< aRn+17

as |Bn| > 1—7r >1/2. Hence (see Figure 1),

dist(Gn+1(8), gn+1(Dnt1)) = aRpy1 > 27 f(C)].

Thus, for § € 8ﬁn+1 and w € gp41(Dyp41) we have

|9n+1(8) — w| = dist(gn11(8), gn+1(Dny1)) > 2r|f(C)]

and

|9n+1(8) = Gn1(B) = |BS(C) = Buf () = B — Bl [F ()] < 2r[f(O)]-
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Hence, |Gn+1(8) — w| > |gn+1(8) — Gn+1(6)| in the set D, 1. Since the map g¢,11 is
holomorphic on int D,,, the assumptions of the Rouché theorem are satisfied. It implies
that the equations §,+1(8) = w and ¢n+1(8) = w have the same number of roots in
Dn+1. Since the map §,,41 is one to one in Dn+17 the former equation has a unique root
for a given w. So does the latter. Since D, 41 C f)n+17 we have that ¢,1 is one to one
in Dyy1. The map g, 41 is holomorphic on int D,,, and so is conformal on D, 1. O

Remark 4.9. In Lemma 4.8 we showed in fact that the segments U (b,,e) C PT(R,,),
n > 2, are in one-to-one correspondence with the sets D,, C V,, " D,,_1 for each D,,_1 €
D,,_1. Hence, each D,,, n > 1, is a finite collection of the sets D,,. Moreover, the sets D,
are pairwise disjoint.

The next lemma follows immediately from Lemma 4.7.
Lemma 4.10. Let D,, € D,,, n > 2. Then the distortion L(g,, D,,) satisfies
L(gn, D) < 25T otar1)(a-1)/a pp2n-1)
n»y n X 1 —r

and
Ae(1 4 r)M"!

i <
diam(Dn) < a(Q+1)n(n71)/2qR§"(q+1)_1)/q7

where € is as in Lemma 4.1.
Remark 4.11. Observe that diam(D,,) — 0 as n — oo, since a > Go > 2.

By Lemma 4.10, the numbers d,, defined in Proposition 2.5 are equal to
d, = 45(1 + T)Mn—la—(q+l)n(n—1)/2qR;(”(Q+1)*1)/q, n>2, (4.7)

and dy = diam(A4;) < 2r.
In the next lemma we estimate from below the density of the sets V,,41 N D,, in the
set D,, € D,,, n > 2. The proof is very similar to the proof of Lemma 3.6.

Lemma 4.12. There exists M’ > 0 such that

VOl(Vn_H N Dn) > M/
vol(Dy,) - 26(q+1)n/f1M12"a2"/‘1R?/q

for each D,, € D,,, n > 2.

Proof. Take some n > 2 and D,, € D,,. There exists b,, € F such that D,, is a com-
ponent of g, 1 (U(bn,€)), where U(b,, ) C PT(R,). Moreover, for each Dy € D,,;1 there
is b1 € F such that Dy is a component of g;il(U(anrhs)), U(bpy1,6) C PT(Rpiq).
There are finitely many sets Dy € D,4; contained in D,. We denote by by the pole
corresponding to Dy. Let 8, = g, (b,) € Dy, Br = g;il(bk) € Dy,. It follows from
Lemma 4.8 that g,, is conformal on D,,, so L(gn, D) = L(g,,*, gn(Dy)). Hence,

37e2 [ L(gn, Dn) \
w0, < S (57 ) -
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and

3me? _
vol(Vor1 N Dy) = Y vol(Dy) > 1 > (Lgns1, Di)lgh i (Be)) 2 (49)
D,CD, BrEDKC Dy

It follows from (4.8) and (4.9) that

Wl 0D | IG5

vol(Dn) 7 (L(gn, Dn))? (L(gn+1, Di)l g1 (Bi)) 72

Br€DKCDy
Then, by Lemma 4.6, (4.5) and Lemma 4.10, we obtain

vol(Vap1 N D) ((AL=1)/(L+7))°
vol(D,) 7 5622(a+1)(@n—1)/a[4(2n—1)

RGN
< > (I e @0

J
seearca, =1 1, (F3, (1))l

By Lemma 4.5, we have

‘fén(fé'n(clm < 1
|fék(fék(cl))| Z 9@t D)/ 2

[ (F5 ()] < (2Rppa) @D/ 00 (411)

for j =1,2,...,n — 1. Putting (4.11) into (4.10) and using Proposition 4.3, we obtain

VOl(Vn_H n Dn)
vol(D,,)

- (1_7«)6 1 ( 1 )2<”—1> 1
7\ 147/ 5622(a+1)@2n—1)/q pra(2n-1) \ 2(a+1)/a 2 22(q+1)/quRi(ffl)/q

X Z 1

BrEDLC Dy,

1—\° 22(a+D/ap, |,
- (1 + r> 5626(q+1)n/qM6(2n—1)Ri(ﬁrl)/q
MI
2 )
26(q+1)n/qM12na2n/qu/q

where
- 3m(1 — r)822(a+1)/a g6

8 X 55(1 + 7)6vol(R)

By Lemma 4.12, the numbers A,, from Proposition 2.5 are given by
M/

= = 2.
26(q+1)n/quZ'naQn/qR?/q o

Lemma 4.4 is a consequence of McMullen’s result (Proposition 2.5) and Lemmas 4.10
and 4.12. We omit the proof since it is analogous to the proof of Lemma 3.1.
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5. Examples

In this section we give two examples of functions satisfying the assumptions of Theo-
rem 1.3. First, we recall a definition of the Weierstrass elliptic function.

Definition 5.1. For any lattice A, the Weierstrass elliptic function is defined by the

formula, . ) .
@A(z):Z—QJr Z ((zw)2_w2)’ z € C.
weA\{0}

The numbers o (4) = 603_,¢ 4\ (0} w4, ag(A) = 140 D weA\{0} w~C are invariants of
the lattice A in the following sense: for any lattice A’, if ay(A) = a1(A’) and ay(A) =
ag(A’), then A = A"

The first example was given by Hawkins and Koss in [5].

Example 5.2. Let I = [y1,72] be the lattice with the invariants a1 (") =0, as(I") =
4. Set A = [A1, A2] with Ay = /e*™/342 /m, where m is an odd negative number and
A2 = A1¥2/71. Then all critical values of p4 are poles.

The same authors showed the following example in [6].

Example 5.3. Let A be the lattice with the invariants a; (A4) ~ 26.5626 and as(A) ~
—26.2672. Then p4 has an attracting fixed point p = 1.5566, i.e. p(p) = p and |p/,(p)| <
1 such that ©"(e1) — p, 97 (e2) = p, where e; &~ 1.4206 and ez ~ 1.5539 are two critical
values of p4. The third critical value eg ~ —2.9746 is a pole.

Weiestrass elliptic functions given in both examples satisfy the assumptions of Theo-
rem 1.3 with ¢ = 2. Thus, in both cases dimy (€) > 4/3.
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