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1. Introduction

In this paper we answer a question raised in [1]. We recall that a twisted Hilbert space
is a Banach space X such that one can construct a short exact sequence 0 — H; —
X — Hy; — 0, where Hy, Hy are Hilbert spaces (equivalently, X has a subspace F
that is isomorphically Hilbertian and such that X/E is also isomorphically Hilbertian).
In [1] it was asked whether a twisted Hilbert space with unconditional basis is necessarily
Hilbertian. We show that this is the case (Theorem 2.3 below).

In fact, the solution requires very little extra work from the results of [1]. For the
convenience of the reader, we first give a somewhat simpler proof of a result equivalent
to [1, Theorem 3.9], and then we show that this leads very quickly to the conclusion by
using the Rademacher space Rad X associated to X.

In some ways, our approach is unsatisfactory because it only answers the question of
the existence of an unconditional basis for a twisted Hilbert space. We do not know the
similar result for local unconditional structure, or even if a twisted Hilbert space which
is a Banach lattice is necessarily Hilbertian.

2. The results

Let A be any subset of a Banach space X. We denote by [A] the closed linear span of A.
In particular, we denote by [z,]52 ; the closed linear span of the sequence (x,)5 ;. We
call a sequence (z,)%2 ; semi-normalized if 0 < inf ||z, || < sup ||z, || < oco.

https://doi.org/10.1017/51474748003000112 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748003000112

402 N. J. Kalton

We start with a few well-known remarks about complemented unconditional basic
sequences.

Let X be a Banach space with an unconditional Schauder decomposition (F, )22 ; and
let R, : X — FE, be the associated projections. Suppose x,, € E, is any sequence of non-
zero vectors. (z,) is then an unconditional basic sequence. If [2,]22; is complemented,
it is well known that there is a projection P onto [z,]%, of the form

Pz = Z () Ty,
n=1

where 2} € R:(X*) and z}(z,) = 1. In particular, if (u,)S2; is an unconditional
basis with biorthogonal sequence (u})52; and (z,) is a block basic sequence with
Tp € [Up,_,11,---,Up,], then we can assume x}, € [uy  .q,...,uy |. These well-known
results follow from similar arguments to those of [3, Proposition 1.c.8].

If X has an unconditional finite-dimensional Schauder decomposition (E,)%2; where
each dim F,, = 2, then it is shown in [1] that X has an unconditional basis (or even local
unconditional structure) if and only if we can choose an unconditional basis (u,)5
such that E, = [u2,—1,u2,]. These conditions are also easily seen to be equivalent to
the existence of non-zero z, € FE,, so that [z,]52; is complemented. On the other
hand, if (u,)22; is a semi-normalized unconditional basis and z,, € [u2,—1,u2,] is a
semi-normalized sequence and [2,]%2 ; is complemented, then (z,)5°; is equivalent to a
subsequence (uj, )52, where j, =2n —1 or j, = 2n.

In our first proposition, we give another sufficient condition for such a sequence to
span a complemented subspace. It is equivalent to [1, Theorem 3.9], but the proof is
more direct.

Proposition 2.1. Let X be a Banach space with a normalized unconditional basis
(un)22, with biorthogonal functionals (u})s . Suppose that (z,)5%, Is a normalized
sequences of the form

Ty = G2p—1U2n—1 + G2pU2n-

Let E = [2,]22, and Q : X — X/F denote the quotient map. Let (y,)52; be a normal-
ized unconditional basis of X /E with y,, € [Quan—1, Quay,]. Assume (y,)52, is equivalent
to (£,)22, i.e. there exists C such that, for any &1,...,&,, we have

Z kY Z Erk >y
k=1 k=1 k=1

Then [x,] is equivalent to a sequence [u;, ] where j, =2n —1 or j, = 2n and [x,] is
complemented in X.

c! < <C )

)
n=1

Proof. In this proof we use cypg to denote the space of finitely non-zero sequences and
coo(A) to denote the subset of such sequences supported on a subset A of N.

We may suppose by renorming that the basis (u, ) is 1-unconditional. We also suppose,
for notational convenience, that (u,) is reordered so that |as,—1| < |ag,| for all n. We
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will show that (x,,) is equivalent to (u2,)32 ;. Once this is done, the projection P given
by

(oo}
Pz = Z ag sy, (),
n=1

is easily seen to be bounded.
Let 6 = 1072C~2. We first split N into two complementary sets by setting

A={n:lag,-1] <6} and B=N\A.

Note first that |ag,| > % by the triangle law and so, for any (£,)5; € cpo, we have

n=1 n=1
Let us show that, for any (£,)22, € coo(A), we have
D Guwn|| <10C||D - &uuzn||. (2.2)
neA neA

If (2.2) fails, there is a & € cpo(A) such that m = |supp£| is minimized and (2.2) fails.
Note that m > 2. Let D be a subset of supp £ with |D| = m — 1. For any 1 € coo(D), we

have
Z TYn Z InTn Z TinU2n

nebD nebh neb

Let (y7)22, be the sequence biorthogonal to (y,) in (X/E)* = E+ C X*. Then we have
yi = cnlaonus,_y — azn—1u3,), where 3 < |e,| < 2 by use of the triangle law, since

lyxll = llus, |l = llus,—1]] = 1. It follows by duality that, for any 1 € coo(D), we have

<C < 10C?

Znnu;‘n < 1007 Znny;; .
neD neh
Hence
> nCnaan-1u5,|| < 20C%5(> " nay |-

nebh neD

Since 20C2%6 < %, we conclude that

>

>y

neb

y 1
Z T Cna2nUg, 1 5 .

nebD

Since |cpagn| = i, this implies

> nays

neD

<8

*
E MnUgn—1

neh
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Now duality gives the inequality

Z nnu2n71 < 8 Z nnyn .
nebh neh
Hence
Z N O2n—1U2n—1| < 89 Z MnYn ||

neh nebh

and this implies, since 8§ < %, that

§ TinG2nU2n

neD

>

D Myn

neD

1
2

In particular, since |as,| > 1,

<4

D nn

nebD

Z 571“271

neD

Applying this inequality for every subset ID with cardinality m —1 of supp £ and averaging

gives
oo oo oo
§ EnYn E Enlion § Enian
n=1 n=1 n=1

<8 .

4m
gi
m—1

Hence

< 8C

)

o
Z Enn
n=1

and this contradicts our choice of &.
If n € B, we note that |cpag,—1] > %(5, and so

L)
Z Enlian
n=1

* 2 *
> mnus, | < 5 > mnynll, m € coo(B).
neB neB
Hence, by duality,
2
’ anyn g g anUQn ) g S COO(IB)-
neB neB
Hence
2C
neB neB
Combining (2.1), (2.2) and (2.3) gives the proof. O

We use the term sequence space to denote a Banach space of sequences such that the
canonical basis vectors form a normalized 1-unconditional basis.
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Proposition 2.2. Let S be a fixed sequence space. Let X be a Banach space with an
unconditional Schauder decomposition (E,)5 ;.

For every n, let F,, be a closed non-trivial subspace of E,,. Let Y = [F,]3%,, so that
(F,) is an unconditional Schauder decomposition of Y and E, /F, is an unconditional
Schauder decomposition of X/Y . Suppose that there is a constant C such that, if y,, € F,

and z, € E,/F, are finitely non-zero sequences, then

CHIlyeNRLA s < < COll(lye)izills

and

oo

CHIN=x DLy lls <

< OllzelDezalls-

= lxyy

Now suppose (up)22, Is a normalized sequence with u, € E,. Then, if [u,]3>, is
complemented, we have that (u,)% is equivalent to the canonical basis of S.

Proof. Let (e,) be the canonical basis of S. Let R, : X — E, be the projections
associated to the Schauder decomposition. If [u,]52; is complemented, we can find a

projection P of the form
o0
Pz = Z Uy () U,
n=1

where u), € R (X*). If we let A = {n : u, € F,}, it is clear that (u,)neca is equivalent
to (en)nea- Now let B = {n : u} € F:r}. Then, for any y € Y and £ € coo(B), we have

> nun > Gntn +y '

neB neB

<Pl

and so, denoting by @ the quotient map onto X/Y,

> tun > & Qual.

neB neB

<Pl

Thus (uy)nep is equivalent to (Quy)nep and hence to (e,)nep. We can thus reduce the
problem to the case when u,, ¢ F,, and u, ¢ F;-. We may make a further reduction by
replacing E,, by [F,, u,] and so we may assume that dim E,,/F,, = 1.

Let H, = kerw} N F,, so that H, has codimension one in F,,. Pick =z, € F,, with
|zl < 2 and d(x,, Hy,) = 1.

Let T, be a projection of F,, onto H, with ||T},|| < 2. Then we can define a bounded
projection T : Y — [H,]; by

T(i yn) = iTnyn if y, € F,.
n=1

n=1
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In fact,

< 207

>l

n=1

> Toyn
n=1

Let Xo = X/[H,]S2, and Q be the quotient map. Pick z,, € ker T,, with ||Qoz,| = 1.
It follows that (Qoz,)$2 is an unconditional basic sequence equivalent to (z,)52 ; and

hence to (e,)52 ;.

From our construction, the projection P factors to a bounded projection on Xg. Fur-
thermore, X has a two-dimensional (UFDD) (G,)5%, given by G, = Qo(E,). Hence
(Qoun)S2; is a complemented unconditional basic sequence with Qou, € G,; further-
more, (Qoun )5, is equivalent to (un)22 . It follows that we can form an unconditional
basis (Qou1,v1, Qous, va,...) of Xg with v, € G,,.

We will now verify the conditions of Proposition 2.1. We have seen that (Qoz,)S2
is equivalent to (e,)32 ;. Now X/[Qozn]32; is naturally isomorphic to X/Y. Denote
by Q1: Xo — Xo/[Qoxn]22, the quotient map. If y, € Q1(G,) with ||y,|| = 1, then
(yn)22, is also equivalent to (e,)S2 ;. By Proposition 2.1, we see that (Qox,)%2, spans
a complemented subspace of X. It thus follows that we can pick z, € G, such that
{Qox1, 21, Qox2, 22, . .. } is an unconditional basis of X; furthermore, (2,,)5° ; is equivalent
to (yn)22; and hence to (e,)22 ;.

It now follows that since Qouy, € [Qo%n, 2n] = Gp, then (Qouy)S; is also equivalent
to (en)5 - O

We are now in position to prove the main result.

Theorem 2.3. Let Y be a complemented subspace of a twisted Hilbert space X. IfY
has an unconditional basis, then Y is isomorphic to a Hilbert space.

Proof. We start with the short exact sequence
0—H L X% H, >0,
where H; and H, are Hilbert spaces. This clearly induces a short exact sequence
0 — Lo([0,1], H1) — L2([0,1], X) — L2([0,1], H2) — 0.

Let €, (t) denote the standard Rademacher functions on [0, 1]. For any Banach space
E, denote by Rad E the subspace of La([0,1], E) of functions of the form

f:ZEn®en
n=1
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(with convergence in norm). It is a theorem of Pisier [4] that if E has non-trivial
Rademacher type, then the canonical projection of Ly (F) onto Rad E, given by

Pf= g:len ® (/Olf(t)en(t) dt),

is bounded.

Now Y has non-trivial type (see [2]) and the canonical projection P restricts to the
canonical projection from Ls(H7) to Rad Hy and similarly factors to the canonical pro-
jection from Lo(Hz) to Rad Ha. We thus obtain a short exact sequence

0= Rad H; % Rad X % Rad Hy — 0.

Note that

j(ien ®hn> = ien @ Jhy
n=1 n=1

and

n=1 n=1

Now assume that (u,)22; is a normalized unconditional basic sequence and that
R:X =Y = [uy)2

o, is a bounded projection. Then R takes the form

Rx = i wy () U,
n=1

where (uf)S2, is a (complemented) unconditional basic sequence in X*. Note that if

A = {n: Qu, = 0}, then u, € J(Hy) for n € A; thus (u,)nea is equivalent to the
canonical basis of ¢5. Similarly, if B = {n : J*u) = 0}, then (u}),ep is equivalent to the
canonical basis of ¢5 and the same is then true for (u,)nep. It follows that we need only
consider the case when Qu,, # 0 and J*u} # 0 for every n.

Let us define R : Rad X — Rad X by

R(Z €n ® zn) = Z Uy () €n @ Up,.
n=1

n=1

Then R is a bounded projection onto the subspace [€n ® 1] ;. The proof that R is
bounded is standard. There is a constant C so that we have
o0

> en(s)up ()

k=1

<Clzll, 0<s<1, ze€X.

Thus

o0

1 ex(s)ul (i ej(s)xj>wf <C i €j(s)x;

Jj=1 Jj=1

k=
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o0

52 is a finitely non-zero sequence in X. Hence

)=
i i ej(s)en(s)er(t)u] (zy)u,

1 .1
() /
0 JO llj=1 k=1
2 1/2
dsdt)

< C(/Ol /01 iek(s)ek(t):ﬂk
k=1

zn:ek X T

k=1

The space Rad X has an unconditional Schauder decomposition E, = (e, ® X)22 ;.
If we let F,, = ¢, ® JHy, then it is trivial to see that the assumptions of Proposition 2.2
are satisfied with S = ¢5. Hence (e, ® u, )22 is equivalent to the canonical basis of ¢3;

the same is clearly then true for (u,)%2 . (]

whenever (z;)

(

2 1/2
dt ds)

Z ex (O)ug (zr)ug
k=1

> en(t)up(wr)us
k=1

2 1/2
ds dt)

=C

Let us note that this argument can be phrased in purely finite-dimensional terms. Thus
we have a result for finite-dimensional Banach spaces. For X a finite-dimensional Banach
space of dimension n, let dx be its Euclidean distance, i.e. the Banach-Mazur distance
d(X, 03).

Theorem 2.4. Given any constant C, there is a constant K such that, if X is
finite-dimensional Banach space with a C-unconditional basis and a subspace E with
dEadX/E < C, then dX < K.

As pointed out by the referee, to extend our results requires a refinement of this theorem
where X is merely assumed to be well complemented in a space with unconditional basis.
More precisely, we have the following conjecture.

Conjecture 2.5. Given any constant C, there is a constant K such that, if X is a
finite-dimensional Banach space with a C-unconditional basis, Y is a C'-complemented
subspace of X and E' is a subspace of Y for which dg,dy,g < C, then dy < K.
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