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Abstract. In this paper we extend results concerning conservativity and the existence of
o-finite measures to random transformations which admit a countable relative Markov
partition. We consider random systems which are locally fibre-preserving and which admit
a countable, relative Markov partition. If the system is relative irreducible and satisfies
a relative distortion property we deduce that the system is either totally dissipative or
conservative and ergodic. For conservative systems, we provide sufficient conditions for
the existence of absolutely continuous o -finite invariant measures.

1. Introduction
The class of random transformations considered in this note is best described by the
following example. Let (X, B, m) and (2, F, P) be Lebesgue spaces, and let 6 be an
invertible, probability-preserving transformation of 2. A map 7 from 2 to the set of
non-singular transformations of X defines a skew product transformation over the base
(2, F, P,0) by

T:XxQ2—>XxQ, x,owr (tlwk),dw)).

For a measurable set A € B x F, the return time is defined by ¢4 (x, w) := min{n > 1
| T"(x, w) € A} and its induced transformation is

Ta:A— A, (x, ) > TS (x| o).

As a special case, consider A = X x B for some B € F and observe that ¢4 only depends
on the second coordinate. Since 6 is conservative, T4 is well defined and is a skew product
over the base 6. However, in case A = B x Q for some B € B the situation is different.
If T4 is well defined, that is ¢4 < oo almost everywhere, then the induced map is no
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longer a skew product. Defining 75 (w)(x) := t(0%4®&) "L (w)) o - - - 0 T(Aw) o T(w)(x),
the induced transformation has the form

Ta:A— A, (x, ) > (t(w)(x), 02252 ().

The definition of the class of generalized random transformations is motivated by this
observation. Namely, a generalized random transformation consists of a transformation T
of the measure space (Y, BB, m), a probability-preserving dynamical system (2, F, P, 0),
a surjective and measurable map 7 : ¥ — Q and a measurable map i : Y — Z such that
for almost every y € Y,

ToT()=60YY on(y).

Moreover, we require that there exists a disintegration of m such that each fibre is a standard
measure space. As in the case of random transformations, €2 is called the base space and 6
the base transformation. Note that each random dynamical system [4, 13], random bundle
transformation [14] and Markov chain in random environment [8, 15] is a generalized
random transformation, and that the class of generalized random transformations is stable
under inducing to subsets (see §4). Finally, we remark that there are many situations in
which generalized random transformations may occur, e.g. by inducing as in the above
example or for the random coding of the geodesic flow (see §5.3).

In §2, we introduce the basic notions for generalized random Markov fibred systems,
including the relative version of a Markov partition and of a metric distortion property,
given by the absolute continuity of the fibre measures. If the base space and the base
transformation are trivial the system reduces to a Markov fibred system as defined
in [2]. Here, we give a sufficient condition for the existence of an absolutely continuous
T -invariant probability measure (see Proposition 2.1).

In §3, we investigate several notions of relative irreducibility and aperiodicity and
discuss how they relate to each other.

In §4, a relative distortion property is formulated, which generalizes the Schweiger
condition to the random situation and thus will be termed relative Schweiger property.
The class of random systems considered here is stable under inducing. From this we obtain
the main results of this paper (Theorem 4.1) which generalizes the corresponding theorem
in [2].

If a relatively irreducible generalized random Markov fibred system satisfies
the relative Schweiger condition, then it is either totally dissipative or
conservative and ergodic.

Finally, if (¥, T') is conservative and ergodic, we give sufficient conditions for the existence
of a o-finite T -invariant equivalent measure p (Theorem 4.2). In particular, if (Y, T) is a
Markov chain with stationary transition probabilities (see §5.2) this gives an answer to an
open problem presented by Orey [15, Problem 1.3.1].

Section 5 contains applications to the theory of random Markov shifts, skew products,
coding of the geodesic flow and random hyperbolic rational maps on the Riemann sphere.

2. Random Markov fibred systems
We now give the details of the underlying measure of a generalized random transformation.
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Definition. Let (Y, B, m) be a measure space, (2, F, P) be a probability space and let

Y — Q be a surjective and measurable map such that the following holds.

(a) For almost every (a.e.) w € €, the space Y, := 7 ~!({w}) is a Polish space and
B, :={ANY,| A e B} is the Borel o-algebra on Y,,.

(b) There exists a family of measures {m,}ycq such that m, is a Borel measure on
(Y, B,) for a.e. w, and such that dm = dm,, d P.

Furthermore, let T : Y — Y be a non-singular and measurable transformation, 6 : Q —

an invertible, bi-measurable and probability-preserving transformation and ¥ : ¥ — Z be

measurable. If, fora.e. y € Y,

ToT(y) =0V on(y),

then the system Y = ((Y, B, m, T), (2, F, P, 0), , ) is called a generalized random
transformation.

We will refer to a measure m on Y as a relative Borel measure if there exists a family of
measures {m,},cq for which the properties (a) and (b) in the above definition are satisfied.
Moreover, we will refer to Y,, as the fibre over w and to m,, as the fibre measure. For w € Q
andn =0, 1,2,..., wedenote by 7} : Y, = T"(Y,,) the restriction of 7" to Y,,. Here, we
will use the convention 7} (B) =T, (B N Y,,) whenever B € B.

Note that the existence of {m,},cq 1S in most cases provided by the existence of
conditional measures. If for example (Y, B, m) and (2, F, P) are standard probability
spaces, that is Polish spaces with Borel probability measures, then by the disintegration
theorem there exists a family of probability measures {m,} with properties (a) and (b)
(e.g. [1D).

Definition. The system ((Y, B, m, T), (2, F, P, 0), 7, ¥, «) is called a random Markov
fibred system if (Y, T), (2, 0), w, ) is a generalized random transformation, and if there
exists a countable measurable partition « with the following properties for a.e. w € Q.
(@) The map v is constant (= ¥ (a)) on every seta € o, ie. 1t o T|, = OV @ o Tlg-
(b) « is a relative generator, that is | J,_4{ea NY, | a € "} generates B, where, for

n e NU {0},
n—1
a = {m T (a;) | ai eoc}.
i=0

(¢) «is arelative Markov partition, that is for all a € «,

n>0

Ty(a) = U bN Y@, modmgyw,.
beua:
mow(a)w(b NTy(a) >0

(d) For all a € @ with my(a NY,) > 0, the restriction T, :a — T, (a) is invertible,
bi-measurable and together with its inverse non-singular.

It follows immediately from the definition of a random Markov fibred system that for
n>1T" is also a random Markov fibred system over 6. Namely, for a = ﬂ:':_(} a; ea”
and for w € w(a), let

aw = 91//(%—1) 0---0 QW(GO)(w).
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Then for a.e. w € Q and a € «" with m(a) > 0, the map T} :a — T/} (a) is invertible,
bi-measurable and non-singular as well as its inverse vy, 40 : 1)} (@) — a N Y,,. Moreover,
fora € " and w € T"(a), let

a*a) = 97"//(00) O+++-0 9*&0(%71)(60)7
hence T)% (a) C Y, and vy, : T (@) = a N Ygs. Finally, for o € Q we let

ari={aed" |mya) >0} and o,:= U o

n>0
and conclude that fora € o, b € & and ¢ € /5™ with ¢ N Y, = a N vg.00 (),
cow=baw and c*w=a"b*w.

The concept of bounded distortion can be generalized to random Markov fibred systems
as follows. Since for each a € &, the map v, 44 is non-singular, the relative Jacobian
Vg.aew = @My 0 Vg 40)/(dmae) is well defined and v}, ,,(x) > 0 for mye-ae. x € T, (a).
Fora e o], let
v/

Vo0 (Y)
where the essential supremum is taken with respect to m,, x m,. For a € &”*, w € Q and
B € Bsuchthat BNY, C 7)., (a) we immediately obtain the estimate:

Cu. = €SS sup{ X, V€ Ta"*w(a)},

Mg*y O Ua,a)(dx)

e (B) =/ e

_
Vi ()

c I:Ca_clu mg w/(va,w( ) o mg w/(va,w( )):| for my-a.e. y € T"(a).
Vy.o(Y) vy ()
Consequently, if ¢ € ) and B is measurable,
Coomu(BIT ), (@) < Maro(Va,0(B)la) < CZ ,me(B|Tjk,(a)). (1)

We begin with a characterization of T-invariant measures for random Markov fibred
systems which project to the base probability measure under 7.

LEMMA 2.1. Let u be a relative Borel measure on (Y, B). Then w is T-invariant if and
only if for a.e. w € Q,
diy = Z ditgre 0 Va,w- 2

acoa
Proof. Forn € Z,letb, :={y €Y |y €a, ¥(a) =n}. By f-invariance of P, we determine
that, for f € L*(uw),

ffonu=//<Z 1b,,f) o T(y) dpw(y) d P ()
nez,

= ¥ [ 150050 ditoo vants) dP @)

neZ,aca
=> / / FO) ditaro © Va.o(y) dP ()
acea
- f / F O tto(dy) P(dw) = / fdu. 0
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LEMMA 2.2. Let ((Y,T), (R2,0), m, ¥, «) be a random Markov fibred system with
m(Y) < oo. We then have, for a.e. w € 2,

D= Y may(T,;"(¥0)) < 00,

w'eR

Proof. First note that D. , is measurable, since the sum extends only over countably many
non-zero summands. Observe that

/ Dy n P(dw) = Z

acay

/ Maro(@ N T2 (V) P(dw).

By 6-invariance of P we conclude that

/ DyuPw) =Y f Mgy oy (@) P (deo) = / (V) P(dw) < oo;
aeqg

therefore D,, , is almost everywhere finite. O

Note that, if (@) = 1 for all a € a, then Dy, , = mg-n(4,)(Y), hence

=
=

1
N
n

1
Da),nz_
0 N n

I’I’ZQ—nw(Y) (3)
0

converges in L{(P) by Birkhoff’s ergodic theorem. In particular, condition (d) in the
following proposition is satisfied if ¢ = 1.

PROPOSITION 2.1. Let (Y, T), (2, 0), w, ¥, o) be a random Markov fibred system such
that:

@ mY)=1;

(b) fora.e. w there exists Co, > 1 with Cy oy < Cy, for all a € &,

(c) fora.e. w there exists 1y, > 0 such that my,(Ty+e(a)) > 1y forall a € a; and

(d) forae w
1 N=l
D(w) =lim sup — Z Dy, < 00.
N—o00 N n=0

Then there exists a family {1} of finite measures such that ., <K my, for a.e. € Q and
such that the measure w is T-invariant, where w is defined by dju = d g, d P. Moreover,
the set

Y = {x €Y | dugx)/dmz)(x) > 0}
is a proper subsystem, that is T(Y')=Y'.

Proof. Let B:={Ta|a € a},thenforwe Q,neNand A € B,

VE(A) i= Y mo (AT ,@)mase(a)

aca

=Y mu(Alb) > My (Va,0 (b))

bep aea”:Ta”*wa=bﬂYw
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Using equation (1) and assumption (b), for A € B and a.e. w € Q2 this gives

Y Maroaw(A) = Y MaroWa.0(A)la)mare(a)

aca” aea”

€ [C,2(A), C2I(A)].
Combining Lemma 2.2 with assumption (c), we determine that for A € B and a.e. w €

Y Maroaw(A) < C2Y my(AlD) > Mm@

aca’ bep aea":T"* a=bNY,
C? C2D

< =2my(A) Y marola) = CoDon,, (a).
77 acal nw

We therefore have for m-a.e. x € Y,, and P-a.e. w € Q that

dmgxg, 0V dv} C2
Zaea" aw a,w < C2

dmg, - wdma) T N

—“ Dy,

We use this estimate to deduce that there exist convergent subsequences of

and

1 = Z j dma*n(x) O Vq,a*m(x)
gn(x) = — e : (%)
n Z dm(x)
1= 1 dl)

h := 7 (x)
n(x) dmn(x)( x).

For D > 0 let
Mp ={we Q| Dw)<D; C,<D; anD_l}'

Observe that Mp 7 Q2 when D — oo by assumption (d). Moreover, 8niMp» hnymp €
Loo(m|pq,,) are uniformly bounded by the above estimate, from which there exist weak*
convergent subsequences.

Passing through a countable sequence of D — oo shows that there exist a monotonically
increasing sequence (nx) and g, h € Loo(m) with g = limy_, o0 g, and h = limy—, o0 iy, -
Let w, := gmy, and v, := hm,,. Clearly, the above estimate also implies that du,,/dv,, €
[Cojz, Cc%]. Observe that, for A € B, w € ,

ng—1

Ho(A) = lim — Z D Mo (Va.w(A)

Jj=0 acai

and

ng—1

o = Tim =S5 Y (A0 ®)

k—oco n
kj=0 bep acai:T!, j=bnY,

=D mo(AlD)w(b).

bep

It follows that /Lw(A)ZZaea Ha*w(Va,0(A)). By Lemma 2.1, the measure p is
T -invariant.
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Moreover, dv,,/dm, = Zbeﬁ (e (D)/my(D))1pny, . Hence

dv,,
dmy,

w

Y/ :={xer

(x)>0} = U bNY,.

beB:iuy,(b)>0
Therefore, py(a) >0 for a €e ¢ with my(a) > 0 if and only if there is b € 8 with
o (D) > 0 such that a NY,, is contained in b N Y,,. Note that the invariance of u (see
equation (2)) implies that e (a) < pge(Tya) for a € @. This then implies that T, (a N
Y/)yCY], and hence TY' C Y. Finally,

amw?’
pY\TY) = p(¥") — w(r~1(TY")
< pu(¥) —p¥)=0. O
COROLLARY 2.1. [f in addition to the assumptions in Proposition 2.1, we have that for

a.e. w € Q the family {T,,(a) N Y, | a € a} is finite, then there exist two families of positive
constants {ly,}weq and {uy}weq such that for py-a.e. y € Y,

d
0<l, < wauw.

w

Proof. As it was shown in the proof of Proposition 2.1, duy/dmgy, <ug, := Ci/nw.
Furthermore, {b N Y,, | b € B} is finite by assumption. Since

dv, e (D) . Mo (D)

= Lpny, = min
dm,, me, (b) bepitio(B)>0 My, (D)

bep

dv
. 2
=:1,C; my-a.e.on {dm(: > 0},
the non-zero values of dv,/dm, are bounded from below. Combining this with
due/dv, € [C;z, Cf)] yields the assertion. O

For the case that the base transformation 6 is a factor of T, that is ¢ = 1, these results
have the following immediate implications. Using Lemma 2.1, we determine that the
measure (4 is T-invariant if and only if dug, =dpe o T, ! for a.e. w € Q. This implies
that the function w — 4, (Y) is invariant under 6. Under the additional assumptions that
Lo (Y) < oo for a.e. w € Q (e.g. under the assumptions of Proposition 2.1) and that 6 is
ergodic, we then have that {{1,,} is a family of probability measures.

3. Relative versions of irreducibility and aperiodicity
In this section several generalizations of the notions of irreducibility and aperiodicity are

discussed. Let
o= {a € U o

n>1

m(a) > O}.

First recall that for a deterministic Markov fibred system (Y, B, m, T, «) the
transformation 7 is called irreducible if, for all a, b € o there exists n € N such that
m(a N T7"(b)) > 0. Moreover, T is called aperiodic if there exists N € N such that
m(aNT7"(b)) >0 foreachn > N (e.g. [1]). As a first approach we obtain the following
two weaker notions.
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Definition. The random Markov fibred system Y = ((Y, T), (2, 0), , ¥, o) is called
weakly relatively irreducible if for a.e. w € Q and for all a, b € & with m(a) > 0 there
is n(w) € N such that

me(a N T (b)) > 0. 4)

A weakly relatively irreducible system is called weakly relatively aperiodic, if for
m-a.e. y € a there exists n(y) € N such that relation (4) holds for all n > n(y) with
My (Tn(y)) (b) > 0.

Note that the relative irreducibility imposes the following conditions on the random
fibred system. Fora, b € @,

0 < /mw(a NT, " (b)) dP(w)
:Z/ mey(a N T, b)) dP(w).
keN Yo | n(w)=k}

Therefore, there exists k € N such that P({w | n(w) = k}) > 0. Hence m(a N T~ (b)) > 0
which implies the above non-relative version of irreducibility. Using the same arguments,
it can easily be seen that the system is (non-relatively) irreducible if and only if it is weakly
relatively irreducible.

On the other hand, a system is weakly relatively aperiodic if it is aperiodic, but the
converse is not true in general. This can be seen by the following example. Let the random
system ) be the cross product of an aperiodic fibred system and (2, 8), where Q2 = {0, 1}
with 6(0) =1 and 8(1) = 0. For ¢ = 1, the system is clearly relatively aperiodic but not
aperiodic.

Furthermore, consider the following stronger versions which, as will be shown later,
imply that the base transformation is ergodic.

Definition. The random Markov fibred system Y = ((Y, T), (2, 0), &, ¥, ) is called
relatively irreducible if for a.e. w € Q and for all a, b € @ with m,(a) > 0and A C 7 (b),
A e F,my(b) > 0forae. o € A there is n(w) € N such that

me(aN T, b Nr"(A) > 0.

A relatively irreducible system is called relatively aperiodic if there exists N (w) € N such
that

my(aNT,"(bNw~(A)) >0
forall n > N (w) with m,(T " (x~1(A))) > 0.

Note that, if the base €2 is a point, these notions reduce to the classical ones. In order
to relate relative irreducibility (respectively, aperiodicity) to its weak version the following
condition on ¥ turns out to be useful.

Definition. A random dynamical system ((Y, T), (2, ), &, ) is called orbit covering
if for a.e. y €Y there exists n € N such that for all n > N there exists m € N with

(T™(y)) = 6" (7 (x)).
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For example, a random dynamical system with i = 1 covers orbits. Furthermore, for
yeYandn e N, leta,(y) €a” be givenby y € a,(y). If foralla € o, ¥ (a) € {—1, 0, 1}

and, fora.e. y €7,
N

limsup » ¥ (an(y)) =00
1

—
n OOn:

the system is also orbit covering.

PROPOSITION 3.1. For a random Markov fibred system ((Y,T), (2, 0), w, ¥, a) the

following holds.

(1) A relatively irreducible system is weakly relatively irreducible, and a relatively
aperiodic system is weakly relatively aperiodic.

(2)  If the system is relatively irreducible then 0 is ergodic.

(3)  Ifthe system is orbit covering, weakly relatively aperiodic and 0 is ergodic then the
system is relatively aperiodic.

Proof. Assertion (1) is an immediate consequence of the definitions. In order to prove (2)
let M € F be a O-invariant set of positive measure with P(M€) > 0. Leta, b € |, &"
such that m(a N7~ Y (M)) > 0 and m(b N 7~ (M®)) > 0. Hence there exists A, B e F,
A C M, BC M€ such that m,(a) > 0 for a.e. w € A and m,y (b) > 0 for a.e. o’ € B. By
the relative irreducibility of the system, for a.e. @ € A there exists n(w) € N such that
mey(a N T, " (b N x=1(B))) > 0. Hence there exists m(w) € Z such that @) () € B
which is a contradiction to the f-invariance of B.

In order to prove assertion (3), let a, b € | J,~, &", A Cw(b), A€ F, my(b) > 0 for
a.e. o’ € A. First note that, by the weak relative Eperiodicity of the system, for y € @ and
n € N with 7 (T"(y)) € A, we have that myy)(a N Tn_(’;)(b)) > (0. Moreover, since T is
orbit covering and 6 is ergodic, for a.e. y € a there exists n € N such that 7 (7" (y)) € A.
This proves the assertion. a

4. Infinite invariant measures and the relative Schweiger condition

As a motivation for the following definition, consider the following. For b € & and o €
with m,(b) > 0 assume that there exists a constant C,, such that, foralla e @ Na", n € N
with m 440 (a N vg,0) () > 0,

Cant—n(b).bw < C.

By a refinement o’ of o with respect to the base €2, one can now assume without loss of
generality that the above property holds for a.e. w € 7 (b). For ease of exposition, we now
introduce the relative Schweiger condition with respect to the latter assumption.

Definition. The random Markov fibred system ) is said to possess the relative Schweiger
property if there exists a measurable function C : o — R4, w — C,, and a family R(C) C
a such that the following holds.

(@) Caw > Cqupforalla e R(C) and a.e. w € w(a).

(b) IfaeaandbeR(C),bea"thenanNT"(b) e R(C).

(¢) Foralmostall w € L, UbER(C) b =Y, mod m,,.
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LEMMA 4.1. Suppose Y is a random Markov fibred system having the relative Schweiger
property with respect to R(C). For a € R(C) and a.e. w € w(a) we have for all n € N,
be er*w, and B € B such that B C a and m,(B) > 0,

My (b N Tyt (B))
my(Bla)
Proof. If b N T7"(a) # ¥ then by the Schweiger property ¢ :=b N T ~"(a) is an element
of R(C). For w € Q with a € o)} and mp+,(b N T;Z’)(a)) > 0, we obtain by equation (1)

Mpro (b N Ty, (B)) = mpsy(b N Tyl (@) N Tyt ™" (T, B))
= mb*w(c)mb*w(Tb:Z,_m(T(:)nB)|C)
< CaoMio(©Omao (T, (BT} ()

< C} mpe(c)my(Bla).

Coddmpro(b N T (@) < < Cmpro (b N T, (a)).

The lower estimate is shown analogously. O

Recall that B € B is called a wandering set if {7 7" (B)},en is a family of disjoint sets.
Moreover, the measurable union of the wandering sets is called the dissipative part of Y
with respect to T for which we will write D(T). The set C(T) := D(T)¢ is referred to as
the conservative part of Y.

PROPOSITION 4.1. Suppose Y is a random Markov fibred system having the relative
Schweiger property with respect to R(C). For a € R(C), there exist disjoint sets Cg,
D, € F with m(a) = C, U D, such thata N 7~ (Ca) C C(T) and a N 7w~ (D,) C D(T).

Proof. Let B C a be a wandering set and, for D, g > 0,

Bp,g = {yeB|Curx) D, mpu)(B)/mzxy(a) > q}.

Then Bp, is also a wandering set, and for a.e. w € m(Bp 4) we obtain the following
estimate by applying Lemma 4.1 with respect to the refined partition where a is replaced
byanz~lo m(Bp,q) anda N 7 1lo N(B,S,q)i

> m(T™"@na™" om(Bpy)))
n=0

=Y "> mobNT " (@anx"" om(Bp,)))

n=0 bea!

o0
<3N chumbo(Bpgla) 'mu(b N T, (Bp.g))

n=0 bea]!
&
<D~ Y mo(T™"(Bp,g)) < 0.
n=0

Now let E € B be a subset of C(T) NaNn~' o 7(Bp,q). Then, by Halmos’ recurrence
theorem (e.g. [1]), we have for each F C E, F € B that Z;O:O 17n(Fy(y) = oo for a.e.
y € F. For a.e. w € m(F) we obtain the contradiction

00 = ZO mo(T " (F)) < X_(j) my(T™"(w " o (Bp.4))) < o0.
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Hence anw—!o 7(Bp,y) CD(T). Since UneN By, 1/n = B, it follows that a N 7 lo
w(B) CD(T). Hence C,:=nm(aNC(T)) and D, :=m(a ND(T)) are disjoint which
proves the assertion. O

We now obtain the following generalization of Theorem 2.5 in [2].

THEOREM 4.1. If (Y, T), (2, 0), m, ¥, «) is a relatively irreducible random Markov
fibred system with the relative Schweiger property with respect to R(C), then T is either
conservative or totally dissipative. Moreover, if T is conservative, then T is ergodic.

Proof. Let us first establish that the system is either conservative or totally dissipative. By
the previous proposition, we have

cry=Janz"'C) and DT)=|Janx""(D,) modm,

where the union is taken over all a € | J,,~; o” such that a € R(C). Since ) is relatively
irreducible we have for all a, b € R(C, a))_and ae. x €aNm~(C,) that there exists n € N
such that 6" (7t (x)) € Dp. Since 0 is ergodic, the assertion follows.

Now let 7' be conservative. We show it is also ergodic. Suppose that B € B, T~'B = B,
and m(B) > 0. Then there exists n € N and b € " such that m(BNT"b) >0 and
b € R(C). Moreover, for all g > 0, there exists M, € F such that mp,(B|T"b) > g for
all w € M. Since T is assumed to be conservative, b N n_l(Mq) is a set of full returns.
Therefore, for m-a.e.

xel JT"naT (M)
nez

there exists a sequence (ny)ieN, 1k 1 00 such that 7" x € b N i (M,) for all k € N.
For n e N, let a,(x) € a" be given by x € a, (x). By the relative Schweiger property, we
have that a,,, (x) N T "% (b) € R(C). Combining estimate (1) with the invariance of B for

sufficiently large k,
1 n q
mn(x)(B|ank (x)N va,,k,u,,kxn(x)(b)) = 3 mbunkn'(x)(B|T b) > T &)
Crr(x) (x)

By the martingale convergence theorem, for m-a.e. x € Y,,,
Mo(Blan () = 15(x) € L' (my,).

Estimate (5) then shows that 1z(x) =1 for m-a.e. x € J,cz T"(b N n’l(Mq)). Since
g > 0 was chosen arbitrarily, if we let M := {w | mp,(B N T"b) > 0} it follows that

U T"bNa ' (M))c B modm.
nez

Using similar arguments and estimate (1), we obtain that for m-a.e.

xe U T"(b N ' (MY,
neZ

M) (Blam (X)) < CZ (o Mpaynr) (BIT"D) =0
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for infinitely many m € N. Hence 13(x) =0 for m-ae. x €,z T"(b N a7~ (MO)).
Since T is irreducible, it follows that

B=BNY=BnN U T"(b) = U T"(b N~ Y (M)

nez nez
and
Y = U T"(bNx ' (M) U U T"(b N~ ' (MY)).
nez nez
The assertion follows by the same arguments as the first part of the proof. O

In order to prove the existence of an invariant o-finite measure, we have to use the
fact that the class of random systems considered here is closed under inducing to a set
of full returns. This can be seen by the following argument. For a dynamical system
S:X — X and B C X, denote by (pg : X —> N, x — min{n > 1| §"(y) € B} the return
time to B C X with respect to (X, §). Furthermore, for a random dynamical system
Y=,B,m,T), (R F,P0),n,¢¥),AcBandye?,let

‘/’A(}’) 1
SHCEUEIDD W(y))}

Ya(y) _mm{n eN

Then the system ((A, T4), (JT(A), Gn(A)), |a, ¥4) is a random dynamical system as
defined in §1. Moreover, if ) is arandom Markov fibred system with respect to the partition
a and b € «, then the induced system ((b, Tp), (7w (b), O 1)), 7lp, ¥p) is again a random
Markov fibred system with respect to the partition 8, where

B=lan{y:¢p(y)=n}Chlaca, n>1}.

THEOREM 4.2. Suppose Y is a conservative and ergodic random Markov fibred system
with the relative Schweiger property. Moreover, assume that there exists b € R(C) such
that property (d) of Proposition 2.1 holds for the induced transformation Ty,. Then there
exists a o -finite invariant relative Borel measure (L ~ m.

In case of a random fibred system, condition (d) is satisfied for a cylinder b € R(C) if,

for a.e. w € w(B),
= k}) < 00.

Proof. As noted before, T}, is also a random Markov fibred system with respect to partition
B. By the relative Schweiger property, we have that C, ., < Cy, for all a €|, 8" and
€ 7 (D). Therefore, by Proposition 2.1 and Corollary 2.1 there is a finite invariant measure
equivalent to m|, and hence a o-finite invariant measure p ~ m. O

Z Zme k(w)({y

k N+1 n=

This follows by a simple calculation using equation (3).

5. Applications

5.1. Random dynamical systems with expanding fibre maps. We now give three
applications to random expanding systems, where (2, F, 8, P) always stands for an
invertible dynamical system with invariant probability measure P.
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Example 1. Let S be an at most countable set and let M (S) denote the set of all matrices
A = (a;})i,jes With entries in {0, 1} satisfying ZyeS ayx > 1 and ZyeS ayy > 1 for all
xeS. Let A: Q— M(S), A(w) = (ary(w))x,yes be a random element and define

Y = {(w, (xi)i=1) € 2 x SV :Vi e N gy, (0 (@) = 1}.

Y has a natural o-algebra B generated by all sets of the form {(w,x)€Y:we€F,
X € [s0, ..., 8n]}, where F e F and [s1,...,s,] is a cylinder set in SN, The shift
transformation on SV also generates a transformation 7 : ¥ — Y by setting

T(w, (xpk=1) = (0(0), (Xp)k=2)-

The system ((2, F, 6, P), (Y, T)) is called a random topological Markov chain. Every
measurable family {m,, | ® € @} of bounded measures defines a random Markov system
by m(A) = [ my(a)P(dw), A € B.

Example 2. Let t be a measurable map taking values in the space of open and expanding
maps of a compact metric space M. We assume that there exists a probability measure A
on the Borel o-algebra of M which is non-singular with respect to each map t(w) for
P-ae. we Q. Then m=P x A is non-singular with respect to T (w, m)= (0 (w),
7(w)(m)). Since each map is open and expanding there exists A, > 1 and d,, > 0 such
that for x € M and dist(t (w)(x), ¥) < d,, thereis z € M, dist(x, z) < d, with t(w)(z) =y
and dist(t(w)(x), y) > Ay, dist(x, z). By [10], there exists a relative Markov partition
if there exist constants A > 1 and d > 0 which bound A, and d, from below. Hence,
this is a random Markov fibred system possessing the relative Schweiger property with
R(Cy, w) = d,. We suspect that the condition open and expanding can be replaced by
open and expansive in the relative sense. This would lead to a random Markov fibred
system with a countable partition and the relative Schweiger property only holds for a
proper subclass of cylinders, which generates the o-field.

Example 3. For each w € Q2 let f,, be a hyperbolic polynomial [6], so that T:QxC—
QxC, T(w, 2) =O(w), fu(z)) is a skew product. Restricting to its Julia set we obtain
a random dynamical system. If the maps are uniformly hyperbolic, then for Holder
continuous potentials a Gibbs family exists [9] in particular it defines a random Markov
fibred system by [10]. Since it satisfies the relative Schweiger property for all sets and is
irreducible, it is conservative and ergodic by Theorem 4.1 and there exists an equivalent
invariant probability measure by Theorem 4.2 (in fact, Proposition 2.1 suffices).

5.2.  Random Markov chains. We now give an application of Proposition 2.1 to random
Markov chains. That is, for a countable index set I with the discrete topology, let I be
the space of sequences in /, I3 be the Borel o-algebra with respect to the product topology
and let o : IN — [N, (i1ip ...) > (i2 . ..) be the shift. For a standard probability space
(2, F, P) and a probability-preserving invertible transformation 6 of €2, let

T:-INx Q= IV xQ, (x, 0) > (0(x), 0(w)).

In order to randomize the system, we now define a system of random Markov measures as
follows. Denote by V the set of probability vectors and by M the set of transition matrices,
that is

https://doi.org/10.1017/50143385707000594 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000594

80 M. Denker et al
Z v = 1},
iel

Zpijzlforalliel}.

jel

V= {(miez elo, 11

M= {(Pij)i,jeI e [0, 117!

Recall that each pair ((v;), (pij)) € V x M defines a Markov measure M), (pij) ON
(IN, B) as follows. For a = (ij ...i,) € I" and [a]:= {((Jo)reN, @) €Y | iy = ji for
k=1,...,n}let

n—1

meppip (@) = viy [ Piciesr-

k=1
Hence, for Q =V x M, v —~ (v](.w), ( pl.(;.”))) measurable, we define a family of Markov
measures {m® | w € Q} by

@ T o
15} N () 10
m(u§“>,<p§7>)>([“]) = Vi L Pk ©)
where a = (i1 . .. i,) € I". If T, is non-singular with respect to m® for a.e. w € 2, we

refer to the system (/ N Q,BRF, (vﬁw), ( pi(;f’))), T) as a random Markov chain. Note
that this definiton can be seen as a Markov chain with respect to random transitions, where
the transitions are given by a two sided, stationary sequence of random variables with
values in the set of transition matrices.

PROPOSITION 5.1. Let (IN x Q, B® F, (v;w), (pl.(;.”))), T) be a random Markov chain
such that:
(a) there exists a family {Cy}pe, Co > 1 such that for P-a.e. w € Q and i, j, k € I with

P,-(;-”), P, v;ew), v >0,

(@) (Bw)
Pij- v
-1 ij k .
Cow) < @) “@a) < Cow:
ik Y

and
(b) there exists a family {ny,}weq, Nw > 0 such that for P-a.e. w € Q2 and i € I with

1).( ) > 0,
0
E v; @) > No(w)-

i
j:pi(;.”) >0

Then there exists a measurable map w +— (,ui.w)) €V such that the measure dii, dP on
(IN x Q, B® F) given by

w
e = m
R TN )]

is T-invariant.

Proof. For a=iyiz...ip, X =((Ji)reN, w) and y = ((j/é)keN, w), the distortion with

respect to a is given by
O w) v(w)

vé{,a)(‘x) _ pinjl . j{
v (y) @ 0 'w)’
a.0(Y Vi Piji
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Hence, (a) is equivalent to condition (b) in Proposition 2.1. Since (b) implies condition (c)
in Proposition 2.1 and condition (d) is satisfied since T is a skew product, it remains to be
shown that there exists an invariant Markov measure w. This can be seen as follows. For
b=(j1...Jjm)€ "™ and (ny) as in the proof of Proposition 2.1, we have

1 SO TT 0 ) 00 T e
Ho([b]) = ,}E{}O a Z Z Vi) pi1i1+1 " Piyjy 1_[ P jijig
n=0 (iy...ip)el" =1 =1

1 ] —n l—n—1 -1
. (9 o) © ®) (07w ()]
(klggo E Z Z H Pijiy " Piy jy ) 1_[ Pjijiss

n=0 (i...i)€l" =1
(@) ©""'w)
= MKy Hpjljl+1 ) .
Finally, we give an application of the above proposition for the following situation. For a
given measurable map 2 — M, w > ( pi(;’))),-, jer one may ask whether there exists a finite

invariant relative Markov measure such that the ﬁbre measures are equivalent almost surely

to the following family of o-finite measures {m(x(‘“)) 0 (w))} where, for j € I and w € €,

0 pl.j7 =0foralliel,
)»g-w) =10 5(;(’) =0forallk e,
1 otherwise.
We remark that this family of measures determines the canonical o-finite measure
on IN x © for which T, is almost surely non-singular. In this situation, we obtain

the following corollary which is closely related to one of Cogburn’s main results
[8, Theorem 3.1].

COROLLARY 5.1. Assume that there exists a measurable function n : Q — R such that for
eachk € [ and a.e. w € Q we have:

A (0
(a) vlg @) sup{pfz))/p i, jel, plk , pﬁ)) > 0} < o0, and

® 0<l1/nde) <Y, A0 DI <3 B < n(Bw).

Then there exists a measurable map w +—> (,ug >) €V such that for a.e. w € 2 the measure

induced by (,u}w)) is absolutely continuous to (kgw)). Furthermore, the measure given by

« dP
"), (o)

is a T-invariant probability measure.

Proof. For j € I and w € ©, let

(w) ~(w) A(CO)
v =0 [ 30

iel

The assertion now follows by Proposition 5.1. O

5.3. Coding of the geodesic flow. The results obtained here can also be applied to the
coding of geodesics as follows. Let (D, d) denote the disc model of hyperbolic space with
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FIGURE 1. The geodesics {y1, 2, . . ., Y6} and associated isometries.

the hyperbolic metric d (e.g. [5]). We now fix 6 geodesics yi, 2, .. ., ¥ of Euclidean
radius «/3/2 which are determined as follows. With the indices taken modulo 6, for
k =1, 2, 3 we have that y»;_1 and y» intersect inside D with interior angle 277 /3, and that
vk and yor41 intersect at the ideal boundary dID (and hence are tangential to each other
at the point of intersection). Furthermore, if we assume that yy, y», ..., ¥ are ordered
counter-clockwise, these properties uniquely determine the geodesics up to rotation around
the origin (see Figure 1).

In order to define a Fuchsian group G, foreachk =1, 2, ..., 6, let gx be the uniquely
determined, orientating preserving, hyperbolic isometry such that we have g; (k) = yk+3,
and that y; is contained in the isometric circle of gi, or equivalently |g; (x)| =1 for all

X € y,. Note that this definition immediately implies that g; = gkj:3 fork=1,2,...,6.
By Poincaré’s theorem (see [11]) we hence obtain a Fuchsian group G which is generated
by {g1, g2, g3}, and for which the component of D \ {y1, 2, . .., ¥} which contains the

origin is a fundamental polygon (see Figure 1). Moreover, by the shape of the fundamental
polygon it follows immediately that D/ G is a punctured torus.

In order to introduce the random Markov fibred system associated to G we now define
the relevant partition of 0D. For k=1, 2,...,n let py C D be the hyperbolic shadow
of yx with respect to the origin. Furthermore, for k =1, 2, 3, let ax := pak \ p2k—1,
azk—1:= p2ak—1 \ P2k, and bog_1 2k := pog—1 N pak.

The random Markov fibred system is now defined as follows. Let (2, F, P, 6) be the
two-sided Bernoulli shift with two states, that is Q2 := {0, I}Z, the map 6 is the left shift,
and the P-measure of a cylinder of length n is given by (1/2)". Furthermore, let (Y, B, m)
be the product space of (dD, B, 1) and (2, F, P), where A refers to the Lebesgue measure.
The map T : Y — Y is defined by, where (w)p :=wp forw = (... w_jwpw1 . ..) € €2,

(g (%), ) Jk =1, ..., 6such that x € a,
T(x, w):=1(g2sx-1(x),0w) Fk=1,...,3suchthat x € byr_1 2 and (w)p =0,
(821 (x), bw) dk =1, ..., 3 suchthat x € byr—1 2 and (w)o = 1.
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Finally, let 7 : ¥ — Q, (x, ®) > o, let Y (x, @) 1= 1p, ,ub; 4Ubs ¢- and let
a={arxQ|k=1,2,...,6}U{by—12 x Q2| k=1,2,3}.

Clearly, the system ((Y, T), (2, 0), , ) is a generalized random transformation. We
remark that the Bowen—Series map associated to the group G is contained as a fibre in
the system. Namely, the restriction of 7 to dD x {(...000...)} coincides with the left
Bowen—Series map whereas the restriction to 0D x {(... 111...)} is the right Bowen—
Series map [3, 7, 17]. Hence, in terms of coding the geodesic flow, this transformation
chooses randomly whether to ‘go left’ or to ‘go right’ [16].

PROPOSITION 5.2. The system ((Y,B,m,T), (R, F, P,0),w, V¥, a) is a relatively
aperiodic random Markov fibred system.

Proof. By construction, T (a) is a-measurable for each a € «. In complete analogy to the
deterministic case, it follows by standard means in the theory of hyperbolic geometry that
« is relative generator. These observations immediately imply the first assertion. In order to
show that T is relatively aperiodic, note that by construction we have fork=1,2,...,6
and/ =1, 2, 3,

T (ax x (@) D Yo U Yoo,
T*(ba1—1,2 x {}) = Yoo U T (bo1—1,21 X {0}).
The system is therefore relatively aperiodic. o

The aim is to use our results to deduce that the above system is conservative and ergodic
with respect to an infinite measure which is equivalent to m. Let A := Ui:l bok—1,2k X 2.
Note that by the fact that the deterministic Bowen—Series map is conservative [7, 17] for
a.e. y € A€ there exists n(y) € N such that 7" (y) € A. In particular, the induced system
Y=((A, Ty, (2,0), ma, Y4, s) as introduced in §4 is well defined. Also note that by
the choice of A, we clearly have that ¥4 (y) = 1 for all y € A. Hence, ) is a skew product.
We will proceed with the following result which relies on the application of Proposition 2.1
to the system ).

PROPOSITION 5.3. The system ((Y,B,m,T), (R, F, P,0), n, V¥, a) is conservative
and ergodic. Moreover, there exists an invariant relative Borel measure | equivalent to
m such that each fibre measure is a o -finite, infinite measure.

Proof. We first collect some immediate implications for the induced system. Clearly,
we have that m(Y) < 2w and Y4 = 1. Moreover, observe that for each a € ¢4 and a.e.
o € Q, thereexists k = 1, 2, 3 suchthat T4 (a N Y,) = bak—1,2¢ X Bw. Hence, mg,,(Ta(a N
Y,)) =A(b12) =:nforalla € ag and a.e. w € Q.

As a consequence of Stadlbauer [17, Lemma 4.3], we determine that there exists C > 1
such that for the first and second derivatives D and D? in the first coordinate, we have

D(T})

(D(T}))?
By standard arguments (e.g. [1, p. 147]), it follows that C, , > C for all a € o4 and a.e.
w € 2. Hence, by Proposition 2.1 and Corollary 2.1, we obtain an invariant finite measure
won A and a family {/,},eq such that 0 <[, < du,/dmy, < Cz/n fora.e. w € Q.

< C foralln eN.
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These results have the following immediate implications. Note that 74 is relatively
aperiodic since T is aperiodic, and that the existence of p implies that T4 is conservative.
Hence T4 is ergodic by Theorem 4.1. For the original system ((Y, T), (2, 0), &, ¥, o)
this implies that there exists a o-finite relative Borel measure & which is equivalent to m
and that 7 is conservative and ergodic.

It remains for us to show that ., (Y) = co. This is true by the following elementary
arguments from hyperbolic geometry. Let xo € D be the fixed point of the parabolic
transformation g. For x € 9D such that |g" (x) — xo| \ 0, we have that |g"(x) — x| <
1/n. We hence obtain for the return time ¢4 to A, forn e Nand w € 2,

1
me({(x, w) € A| pa(x, w) =n}) < e
The assertion follows by Kac’s formula [12]. O

Finally, we remark that similar results also can be obtained for arbitrary dimensions.
Namely, for a geometrically finite Kleinian group G for which there exists a fundamental
polyhedron giving rise to a generalized Markov fibred system as above, the required
estimates can be found in [18]. Note that in this situation, the Lebesgue measure has to
be replaced by the Patterson measure, and that the invariant relative Borel measure is finite
if and only if § > (kmax + 1)/2, where § refers to the exponent of convergence and kpax to
the maximal possible rank of the parabolic fixed points of G.
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