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Complete boundedness of multiple
operator integrals

Clément Coine

Abstract. In this paper, we characterize the multiple operator integrals mappings that are bounded
on the Haagerup tensor product of spaces of compact operators. We show that such maps are
automatically completely bounded and prove that this is equivalent to a certain factorization property
of the symbol associated with the operator integral mapping. This generalizes a result by Juschenko-
Todorov-Turowska on the boundedness of measurable multilinear Schur multipliers.

1 Introduction

A family m = (m;;); jen of complex numbers is called a Schur multiplier if for any
matrix [a;;] € B(¢,), the Schur product T,,(a) = [m;;a;;] is the matrix of an element
of B(¥¢,). Schur multipliers are an important tool in analysis, and play for instance
a fundamental role in Perturbation Theory. See below for more information and
references.

There is a well-known characterization of Schur multipliers due to Grothendieck
in terms of factorization of the symbol m, see [18, Theorem 5.1]. It turns out, using the
theory of operator spaces, that bounded Schur multipliers are completely bounded
and in that case, the norm of T, is equal to its complete norm. It is not yet known
whether this is true for Schur multipliers defined on the Schatten classes. We refer the
reader to [12] for recent developments regarding this question.

In this paper, we are interested in Schur multipliers in the multilinear setting.
Effros and Ruan [11] introduced a Schur product as a multilinear map T: M, (C) x
-+ x M,(C) - M, (C) defined on the product of n copies of M,(C) and charac-
terized the mappings T that extend to a complete contraction on the Haagerup

tensor product M,(C) (g é M, (C). This result was generalized by Juschenko,
Todorov and Turowska in [13] where they considered measurable multilinear Schur
multipliers. They are defined as follows: let #n € N and let (Qy, p11), ..., (Qy, 4,) be
o-finite measure spaces. Let ¢ € L®(Q; x -+ x Q). We will identify L*(Q; x Q;)
with the space 8*(L*(€;),L*(Q;)) of Hilbert-Schmidt operators from L*(Q;) into
L*(Q)). If K; € L*(Q; x Qi) 1<i<n—1, we let A(¢)(Ky,...,Ku1) to be the
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Complete boundedness of multiple operator integrals 475

Hilbert-Schmidt operator with kernel

[(p(tl,...,tn)Kl(tl,tz)...Kn_l(tn_l,tn)dyz(tz)...dyn_l(tn_l)eLz(leQn),
which defines a multilinear mapping

A(§):8H (L (Q1), L2(Qn)) x -+ x 82 (L7 (), L (Q2)) = S*(L* (1), L*(Q20)).
Using the notion of multilinear module mappings, the authors proved that if A(¢)

h
extends to abounded map on the Haagerup tensor product 8§ (L*(Q,,-1), L*(Q,)) ®

é 8= (L* (), L*(Qy)) into 8= (L*(Q),L*(Q,)), the extension is completely
bounded [13, Lemma 3.3]. Using this fact, they characterized the functions ¢ that
give rise to a (completely) bounded A(¢) in terms of the extended Haagerup tensor
product L= (Q;) ®.p, -+ ®c; L= (Q4), see [13, Theorem 3.4] and the remark following
the theorem. We also refer the reader to [21] for more results on the case n = 2.

Let Ay,..., A, be normal operators and let A4, ..., A4, be scalar-valued spectral
measures associated with these operators, that is, A 4, is a finite measure on the Borel
subsets of d(A;) such that 14, and E*/, the spectral measure of A;, have the same
sets of measure 0. For ¢ € L™ (A4, x -+ x Ay, ) and X;, ..., X,_1 € 8*(H), we formally
define a multiple operator integral by

[FAI ..... An(¢)] (Xl,--.,X,,_l)
= /(A Yoo (An) (/)(Sla . ,Sn) dEA1(51)X1 dEAz (32) . 'Xn—l dEA" (Sn)-

The theory of double operator integral (case n = 2) was developed by Birman and
Solomyak in a series of three papers [1, 2, 3] and was then generalized to the case of
multiple operator integrals [15, 22]. They play a prominent role in operator theory,
especially in perturbation theory where they are a fundamental tool in the study of
differentiability of operator functions. See [6, 7, 14, 16] where Fréchet and Gateaux-
differentiability of the mapping f — f(A) are studied in the Schatten norms.

The definition of multiple operator integrals we will use in this paper is the one
given in [5] and which is based on the construction of Pavlov [15]. See [16, 19] for
other constructions of multiple operator integrals. The advantage of this definition is
the property of w*-continuity of the mapping ¢ ~ ['1~4 (¢) which allows to prove
certain identities by simply checking them for functions with separated variables, see
[5, 6] and the proof of Theorem 4.1.

In this paper, we prove that a characterization similar to the one established
for measurable Schur multipliers in [13] holds in the setting of multiple operator
integrals. Namely, we prove that if a multiple operator integral ['1~4# extends to

ho ok
a bounded mapping on the Haagerup tensor product $°(H) ® --- ® §°(H) then
the extension is completely bounded and that we have such extension if and only if

¢ has the following factorization: there exist separable Hilbert spaces Hj, ..., Hy-1,
a € Loo(/\Al;Hl), a, € LOQ(AAn;Hn,l) and a; € LE"()LAI.;B(H,»,H,-,l)),Z <i<n-1
such that

Oty ... ty) = (ar(t), [a2(t2) ... an_1(tuo1)](an(ts))).
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Our proof rests on several properties of the Haagerup tensor product (Section 2.1)
and the connection between multiple operator integrals and measurable multilinear
Schur multipliers that we will present in Section 3.

2 Preliminaries

2.1 Operator spaces and the Haagerup tensor product

We refer to [17] and [20] for the theory of operator spaces. If E ¢ B(H) and F c B(K)
are two operator spaces, we denote by CB(E, F) the Banach space of completely
bounded maps from E into F equipped with the c.b. norm. If I is a Hilbert space,
we will denote by K, = B(C, H) its column structure.

In [17, Chapter 5], Pisier defines the Haagerup tensor product E; é (g En of N
operator spaces Ej, ..., Ey. We will recall a few properties of the Haagerup tensor
product that we will use in Section 4. The first one is the factorization of multilinear
maps. If E is an operator space, then by [20, Proposition 9.2.2], a multilinear mapping
v:Ey x-- x E, - E is completely bounded (in the sense of [20, Section 9.1], see also

hooh
[4]) if and only if v extends to a completely bounded map v : E; ® --- ® Ey — E. The
following important theorem describes those maps.

Theorem 2.1 Let E,, ..., E, be operator spaces and let Hy and H, be Hilbert spaces.

b h
A linear mapping u:E; ® --- ® E, — B(H,, Hy) is completely bounded if and only if
there exist Hilbert spaces Hy, ..., H,_; and completely bounded mappings ¢;:E; -
B(H;,H;-1),1< i< n, such that

u(x ® - ®x,) = d1(x1) ... Pn(x,).

In this case we can choose ¢;,1< i < n, such that

lullco = I 1llco Pnlco-

Remark 2.2 When H, = H,, = C we can reformulate as follows: a linear functional

u:Elé---éEn — C is bounded (and therefore completely bounded) if and
only if there exist Hilbert spaces Hy,...,H,_1, o:E; - (H.)* linear, a;:E; —
B(Hi,Hi),2<i<n-1 and a,:E, - (H,_1). antilinear such that the «a; are
completely bounded and

u(xg, ..o x0) = {ar(x1), [aa(x2) - .. a1 (x0=1) Jau (%)) .

Recall that a map s: X — Y between two Banach spaces is called a quotient map
if the injective map $: X/ker(s) — Y induced by s is a surjective isometry. If E; c E,
are operator spaces, we equip E, / E, with the quotient operator space structure (see
e.g. [17, Section 2.4]). When E and F are operator spaces, a quotient map u: E — F is
said to be a complete metric surjection if the associated mapping ii: E/ ker(u) — Fisa
completely isometric isomorphism.
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Proposition 2.3  Let Ey, E;, Fy, F, be operator spaces.

h
(i) If qi:E; — F; is completely bounded, then q; ® q2:E, ® E; - F; ® F, defined
by (1®q2)(e1®e) =qi(e1) ® qa(e2) extends to a completely bounded
map

h h
q1®Q21E1®E2 - FQF,.

h h
(i) If EicF; completely isometrically, then E,® E;c Fi®F, completely
isometrically.

h h
(iii) If qi:E; — F; is a complete metric surjection, then q1 ® q2: E; ® E; > F; ® F,.
(iv) IfE; c F; are subspaces, let p;: F; — F;[E; be the canonical mappings. Then the

h h
induced map p; ® p,:F; ® F, - Fi/E; ® F,/E, satisfies
ker(p1 ® p») =E; ® F, + F{ ® E;.

The second property is called the injectivity and the third one the projectivity of the
Haagerup tensor product.

Proof  We refer to [20, Proposition 9.2.5] for the proof of (i) and to [17, Corollary
5.7] for the proof of (ii) and (iii).

Let us prove (iv). Write N=E ®F, + F; ® E;. Note that the inclusion
N c ker(p; ® p2). is clear. Therefore, to show the result, it is enough to show that

N*tc ker(p1 ®p2)L.

h
Let 0: F; ® F, — C be such that gy = 0. By Remark 2.2, there exist a Hilbert space
H,a:F, > (H.)" linear and : F, — H, antilinear, « and  completely bounded such
that

a(x,y) = {a(x), B(y)),x € Fi, y € Fa.

Let K = a(F;) and denote by Pk the orthogonal projection onto K. Then we have, for
any x and y,

a(x,y) = (Pca(x), B(y)) = (Pxa(x), Pk () -

Thus, by changing « into Pxa and f into Pxf3, we can assume that a has a dense
range. Similarly, setting L = $(F,) and considering Pr, we may assume that f§ has a
dense range.

By assumption, for any e € E; and any x € E;, we have

0=0(x,e) = {a(x), f(e)).

This implies that |, = 0. Similarly, we show that a|g, = 0. Thus, we can consider

@F/E,»H and B:F,JE;—~H
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such that @ = @o p; and B = B o p, and where F/E; and F,/E, are equipped with
h
their quotient structure. Now, define 0: F,/E; ® F,/E, - C by

G(s,t) = (a(s), B(1)).
Then o =G o (p1 ® p2), so that o € ker(p; ® p2)*. ]

Finally, we recall the following [20, Proposition 9.3.3] which will be important in
the last section.

Proposition 2.4  Let E be an operator space and let H and X be Hilbert spaces. For
any T € CB(E, B(H, X)) we define a mapping or: KX* ® E ® H — C by setting

or(k* ® e ®h) = (T(e)h, k).

Then, the mapping T — o induces a complete isometry

CB(E, B(H,X)) = ((K.)* @ E& 3. ) .

2.2 Schatten classes

Let 3 and X be separable Hilbert spaces. For any 1< p < +oo0, let 87 (3, K) be the
space of compact operators T: H — X such that

IT|p:=tr(JT|P)? < oo.

Then| - ||, is a norm on 87 (3(, X) and (87 (I, X), | - | ) is called the Schatten class
of order p. When p = oo, the space §°(H,XK) will denote the space of compact
operators equipped with the operator norm.

Recall that (8'(3, iK))* = B(XK,H) and that for 1< p < +oo, (8P(H,K))" =
8P (K, H) where p’ is the conjugate exponent of p, for the duality pairing

(S, T) =tr(ST), SeS8P(H,K), T eS8 (K, H).

Using the Haagerup tensor product introduced in Subsection 2.1, we have, by [20,
Proposition 9.3.4], a complete isometry

2.1) (H.)* ® X, = 8%, %).

where 8'(H,X) is equipped with its operator space structure as the predual of
B(K, H).
Similarly, we have a complete isometry

2.2) K, & (3,)* = §% (3, K).

Finally, if (Q, #1) and (Q2, 42) are two o-finite measure spaces, we will identify
L*(Q; x Q,) with the space 8*(L*(€;),L*(Q2)) of Hilbert-Schmidt operators as
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follows. If K € L*(Q; x Q,), the operator

(2.3) Xg: L*(Q)) — L2(Q,)
£ [ RS0 dm(n)

1

is a Hilbert-Schmidt operator and || Xg|> = ||K| 2. Moreover, any element of
8*(L*(Q1), L*(Q,)) has this form. Hence, the space L2(Q; x Q) is isometrically
isomorphic to 8*(L*(Q), L*(Q,)) through the mapping K + Xk.

2.3 L!-spaces and Duality

Let (), ) be a o-finite measure space and let F be a Banach space. For any 1< p <
+o0, we let LP(Q; F) denote the classical Bochner space of measurable functions
f:Q—F.

Assume that E is a separable Banach space. A function f: Q — E* is said to be w*-
measurable if forall e € E, the function t € Q — ($(t), e) is measurable. We denote by
L?(Q; E*) the space of all w*-measurable f: Q — E* such that | f(-)| € LP(Q), after
taking quotient by the functions which are equal to 0 almost everywhere. Equipped
with the norm

11 = Ol ey

(LE(QE), |.|) is a Banach space.
Let 1< p’ < +o0o0 be the conjugate exponent of p. Then we have an isometric
isomorphism

LP(Q;E)* = L¥ (Q; EY)
through the duality pairing
(f.90= [ (F(0.8()du(o).

See [5, Section 4] and the references therein for a proof of that result and more
information about L?-spaces.
Note that by [9, Chapter V], the equality L2 (Q; E*) = LP(Q; E*) is equivalent to
E* having the Radon-Nikodym property. It is for instance the case for Hilbert spaces.
The important identification we will need in this paper is the following. For any
feLZ(Q;EY), define

(2.4) uf:weLl(Q)H[eeEH/(f(t),e)w(t)dt]eE*.
Q

Then f + uy yields an isometric identification (see [10, Theorem 2.1.6])

(2.5) L (O EY) = B(LY(Q),E*).

In particular, for a Hilbert space 3 we have the equality

(2.6) L= (0 H) = B(LY(Q), H).
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3 Multiple Operator Integrals
3.1 Multiple Operator Integrals Associated with Operators

Let 7 be a separable Hilbert space and let A be a (possibly unbounded) normal

operator on 3. We denote by 0(A) the spectrum of A and by E its spectral measure.

A scalar-valued spectral measure for A is a positive measure 14 on the Borel subsets

of o(A) such that A4 and E# have the same sets of measure zero. Let e be a separating

vector of the von Neumann algebra W*(A) generated by A (see [8, Corollary 14.6]).
Then, by [8, Proposition 15.3], the measure 14 defined by

Aa=[E* (el

is a scalar-valued spectral measure for A. We refer the reader to [8, Section 15] and [5,
Section 2.1] for more details.
For any bounded Borel function f:o(A) — C, we define f(A) € B(FH) by

= [ 10w,

and this operator only depends on the class of f in L* (1 4). According to [8, Theorem
15.10], we obtain a w*-continuous *-representation

feLl™(Ay) ~ f(A) € B(FH).

Moreover, the space L*°(1,4) does not depend on the choice of the scalar-valued
spectral measure.

Letn e N,n >1andletEy, ..., E,, E be Banach spaces. We denote by B,,(E; x -+ x
E,, E) the space of n-linear continuous mappings from E; x --- x E,, into E equipped
with the norm

HTHBn(Elx~-xEn,E) = Sup ITCers. .. en)ll-
[leil<1,1<i<n
When E; = --- = E,, = E, we will simply write B, (E).
Let neN,n>2 and let A}, A,,..., A, be normal operators in H with scalar-
valued spectral measures A4,,...,A4,. Welet

pAvAzAn 12, Y@@ L (Aa,) = Bpi(8*(H))

be the unique linear map such that for any f; € L°(A4,),i=1,...,n and for any
X], . )Xn—l € 82(5{),

[TAvdz—dr(fi@ @ fu)] (Xis. .. Xuo1)
= fl(Al)lez(AZ)"'fn—l(An—l)Xn—lfn (An)-

We have a natural inclusion L= (A4,) ® -+ ® L= (44,) c L= ([17; 14,) which is
w*-dense. The following shows that ['4rA2--4n extends to L ([T/, A4, ). It was
proved in [5, Theorem 4 and Proposition 5].
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Theorem 3.1 TAvA2-4n extends to a unique w* -continuous isometry still denoted by
n
l—wAl,Az ..... An:Loo (HAA,) —>Bn_1(82(9{)).
i=1

Definition 3.1 For ¢ € L™ ([]", A4, ), the transformation ['A1-42->4x () is called a
multiple operator integral associated with A;, A,,..., A, and ¢.

The w*-continuity of ['A42+41 means that if a net (¢;);e; in L® ([T/; Aa,) con-
verges to ¢ € L™ ([T, 14,) in the w*-topology, then for any X, ..., X,_; € 8*(H),
the net

([FAl,AZ ,,,,, Ap ((p,)] (X1, Xn—l))iel

converges to [[4vAz-4e(¢)](Xy,...,Xuo1) weakly in 8*(H). We refer
the reader to [5, Section 3.1] for more details.

3.2 Measurable Multilinear Schur Multipliers

Letn € N.Let (Qq, 1), ..., (Qu, 4n ) be o-finite measure spaces, and let ¢ € L= (Q; x
o x Q). Let Q=Q) x - x Q. For any K; € L*(Q; x Q;41), 1<i<n—1, we let
A(P)(Ky, ..., K1) be the function

(tl,tn)'—>fQ¢>(t1,...,tn)Kl(tl,tz)...K,,_l(tn_l,tn)dyz(tz)...d,u,,_l(tn_l)
By Cauchy-Schwarz inequality, A(¢) (K, ..., K,1) € L*(Q; x Q,,) and
3.1 IA($)(Kis .. » K1) ]2 < ¢l o[ Killz - - [ Ky 2
Thus, A(¢) defines a bounded (#n —1)-linear map

A(P):L2(Q x Qy) x L2(Qy x Q3) x - x L*(Quy x Q) — L*(Q; x Q,),

or, equivalently, by (2.3) and the obvious equality L*(Q; x ;) = L*(Q; x Q;),1<
i, j < n,abounded (n —1)-linear map

A(§):8H(L*(22), LA (Qu)) x -+ x 8*(L*(Q), L (1)) = 8*(L*(24), L ().

For simplicity, write E; = L*(Q;),1< i < n. Then, the map A: ¢ — A(¢) is a linear
isometry

AL (Qq x -+ x Q) —> By (8*(Ep, Ey) x -+ x 8*(Ep, En-1), 8% (En, Er)).

This follow, for example, from similar computations as those in the proof of [5,
Proposition 8] or from [13, Theorem 3.1].

Let I be a separable Hilbert space and let A,, ..., A, be normal operators on .
Forany1<i < n,lete; € H be such that

1a,() = |EX (el
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By [5, Subsection 4.2], the linear mappings p;: L*(0(A;),A4,) — H defined for any
measurable subset F c 0(A;) by

pi(xr) = EY(F)e;

extends uniquely to an isometry p;: L*(a(A;), A4,) - H. Hence, denoting by X; the
range of p;, we get that p;: L*(0(A;), A4,) = H; is a unitary.

In the next result, we will consider the map A introduced before and associ-
ated with the measure spaces (Q;, ;) = (6(A;),Aa,). We see any operator T €

8*(H;,H;) as an element of 8?(H) by identifying T with the matrix (g 8) €

82(5-( i & Hi, H; & J-C]i) The following makes the connection between the multiple
operator integrals associated with operators and the map A defined above. In partic-
ular, when one restricts the Hilbert space J{ to the subspaces J{;, then the associated
multiple operator integral coincides with A. It is the analogue of [5, Proposition 9] for
n operators. The proof is similar and we leave it to the reader.

Proposition 3.2 Foranyl1<i<n-1,K; € 8*(L*(Aa,,, ), L*(Aa,)) and set

Ki=pioKiopil €8 (Hi, ).

For any ¢ € L (Mg, x - x Mg, ), TAv4n($) (K, ..., K,_y) belongs to 82(H,,H;)
and

(3.2) A($)(Kis ..., Kpy) = prlo TA4n () (K, ..., Kue1) 0 .

4 Characterization of the Complete Boundedness of Multiple
Operator Integrals

Let Ay,..., A, be n normal operators on a separable Hilbert space HH associated
with scalar-valued spectral measures Ag,...,A4,. For ¢ € L®(Ay, x - x A4,),
[ 4v--4n(¢) belongs to B,_1(82(H)), which is equivalent, by [5, Section 3.1], to
having a continuous mapping defined on the projective tensor product of n — 1 copies
8%(%) and still denoted by

We will make this identification for the rest of the paper.
The purpose of this section is to characterize the functions ¢ € L= (A4, x =+ x A4,)
such that 14 (¢) extends to a (completely) bounded map

n—1 times

We will also consider the measurable multilinear Schur multipliers A(¢). In [13],
the authors studied and characterized the boundedness of measurable multilinear
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Schur multipliers

8% (L (Aa,. ), L2 (M) @+ B 5% (L2(1a, ), L2 (Aa,)) > 8™ (L2 (M), L2(Aa, ).

They proved that we have such extension if and only if ¢ has a certain factorization
that will be given in the theorem below. They also proved that the boundedness for
the Haagerup norm in this setting implies the complete boundedness.

The proof of Theorem 4.1 below provides another proof of [13, Theorem 3.4]. We
show that for multiple operator integrals, boundedness and complete boundedness
are also equivalent and that the same characterization holds.

Theorem 4.1 Let neN,n>2, let Ay,...,A, be normal operators on a separable
Hilbert space H and let ¢ € L (A4, x - x Ay, ). Forany 1<i<n, let E; = L*(Ay,).
The following are equivalent:

(i) TAv-4n(¢) extends to a bounded mapping
(ii) TAv-4n(¢) extends to a completely bounded mapping

(ii)) A(@) extends to a completely bounded mapping

h h
A(¢):8%(Ep Ey) ® -+ ® 8 (En En1) = 8 (En Ey).

(iv) There exist separable Hilbert spaces Hy,...,Hu_1, a; € L®(Aa;3Hy), a, €
L*(Aa,;Hyo1) and a; € LY (Aa;3B(H;, Hizy)), 2 < i < n—1, such that

(4.1) ¢(t1,..., tn) = (al(t1)> [az(tz) .. -an—l(tn—l)](an(tn)»
fora.e (t,...,ty) € 0(A;) x - xa(A,).

In this case,

@ @),

=[A(P)]ep = inf {[ar]co--[an]eo [ ¢ asin (4.1)}.

Remark 4.2  Using the normal Haagerup tensor product ®,), of operator spaces, for
which we refer the reader to [4], one can prove, by simply considering the bi-adjoint
of TAv-»4n(¢), that the above four statements are also equivalent to:

(v) TAv-An($) extends to a w*-continuous and completely bounded mapping

A=A (6): B (H) @ -+ @ B=(H) - B> (H).

Proof Proofof(i) < (ii)

Clearly (ii) = (i) so we only prove (i) = (ii). We keep the notation T'41>+4x () for
the associated multilinear map defined on 8% (H) x --- x 8°(H). Let D = W*(4;)’
and C= W*(A,)’ be the commutant of W*(A;) and W*(A,), respectively, where
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the von Neumann algebra W* (A) was defined in Section 3.1. Then I'*-~4x(¢) is a
multilinear (D, €)-module map, that is, for any d € D, c € €, and any Xj, ..., X,_1 €
8% (H),

(4.3) [T40An ()] (dXy,... Xpore) = d [T A ()] (X, ..., Xyt

By density, it is sufficient to check this equality when X; € 8*(%). But in this case, by
linearity and w*-continuity of ['*»4# we can further assume that ¢ is an elemen-
tary tensor ¢ = f; ® .- ® f,,, where f; € L°(Ay4,). Then, since f1(A;) € W*(A;) and
fu(Ay) € W*(A,) we have

[T40An($)] (dX1,... Xuoi€)
= fi(A)dXi1 f2(Az) ... fa1(Ana) Xnoicfu(An)
=dfi(A)Xif2(A2) - fu1(An-1) Xn-r fu(An)c
=d [T A ()] (X, ..., Xuor) e
Note that W*(A;) has a separating vector and hence, by [8, Proposition 14.3], this

vector is cyclic for D. Similarly, € has a cyclic vector. It remains to apply [13, Lemma
3.3] to obtain the complete boundedness of '4+47 (¢) and the equality of the norms.

Proof of (ii) = (iii)

We use the same notation as in Subsection 3.2 where we introduced the subspaces
H; of H,1< i < n,with H; = L*(0(A;),Aa,). Forany 1< i <n—1,8%(H;y, H;) is
a closed subspace of 8 (J) and by injectivity of the Haagerup tensor product (see
Proposition 2.3), we have a closed subspace

h h
8% (Hp, H) ® - & 8% (F, Hpt) € 8%(H) & - @ § (H).

is valued in 8% (H,, H,). Moreover, this restriction is completely bounded and by
the same proposition, we obtain the inequality

Proof of (iii) = (iv)

In this part, the L'-spaces will be equipped with their maximal operator space
structure (Max) for which we refer the reader to [17, Chapter 3]. If (Q, 4) is a measure
space, the mapping (f, g) € L*(Q)* — fg € L'(Q) induces a quotient map

fegelX(Q)®LX Q) ~ fgeL}(Q).
We can identify L*(Q) with its conjugate space so that by (2.1) we get a quotient map
q:8'(L*(Q)) - LY()

which turns out to be a complete metric surjection.
Let q;:8'(L*(14,)) = L'(A4,),i=1,...,n be defined as above. Recall the
notation E; = L*(A4,). Using Proposition 2.3 together with the associativity of the
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Haagerup tensor product, we get a complete metric surjection
Q=1 ® - ®quiS (E1) & © 8 (En) > I'(La) ® - S L (A,
Let N = ker Q and let, for 1 < i < n,N; = kerg;. Forany 1< j <, let
Fi=8"(E)® - ®8(Eji1)®N;®8'(E;) ® - ® 8'(E,).
By Proposition 2.3 (iv), we obtain that

Assume that A(¢) extends to a completely bounded mapping
ho ok
A(¢):8%(Ep, E1) ® - @ 8™ (E,, Eq1) = 8T (E,, Ey).

b h
Let E=8%(Ey, E1) ® - ® 8°(E,, E,4-1). By Proposition 2.4, we have a complete
isometry

CB(E,B(En, E1)) = (1)) ® E® (E,)c) -
By (2.2) we have

E=(E).® ((B2))" @ (Ea)e ® ((Es)e)* ® - & (Eur)e ® ((En)e)*.

Thus, using (2.1) and the associativity of the Haagerup tensor product, we get that
ho ok *
CB(E, B(E,, F1)) = (8'(E)) & -~ ®8'(En)) -
ho o h
Let u:8'(E;) ® - ® 8'(E,) - C induced by A(¢). Forany x; € 8'(H;),1< i < n, we
have
u(x ® - ®xy,)

= L 0t @ G)](0) - (g ](0) (1) ().

To see this, it is enough to check when the x; are rank one operators and in that case,
one can use the identifications above. In particular, the latter implies that u vanishes
on N = ker Q. Since Q is a complete metric surjection, we get a mapping

viL'(Aa) ® &L (Ay,) » C

such that u = v o Q. An application of Theorem 2.1 with suitable restrictions using
the separability of the spaces L'(14,) gives the existence of separable Hilbert spaces
H,,...,H,_; and completely bounded maps

aiL'(Aa,) - B(H,C) = (H);,
aiL'(Aa,) » B(H;, Hiy),2<i<n—1,

‘xn:Ll()‘An) - B(C)Hn—l) = (Hn—l)c
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such that for any fj € L'(14,),1< j <,

V(i@ fu) = (@), [a2(f2) -t (fu1) (2 (f))) -
Since L'(Q,) is equipped with the Max operator space structure, we have
CB(L'(A4,), B(H;, H;-1)) = B(L'(A4,), B(H;, Hiy)).
Moreover, by (2.5), we have
B(L'(A4,), B(Hi, Hin1)) = LY (a3 B(Hi, Hioy)).

Thus, forany 2 < i < n — 1, weassociate with a; anelement a; € L3°(A4,; B(H;, Hi-1)).
Similarly, we associate with a; an element a; € L (A4,; Hy) and with «, an element
ay € L°(Aa,; Hy—1). Using the identification (2.4), we obtain that

(/)(tl, RN tn) = (a1(t1), [az(tz) cee an—l(tn—l)](an(tn)»

for a.-e. (f1,...,t,) € 0(Ay) x -+ x 6(A,), and one can choose 4y,. .., a, such that
we have the equality

Ao = lar]oor-- an]oo-

Proof of (iv) = (ii)
Assume that there exist separable Hilbert space Hy, ..., H,—1,a1€ L (4,5 Hy), a; €
L¥(Aa;sB(Hi,His)),2<i<n—-1landa, € L®(A4,; Hy-1) such that

¢t ..o t) = {ar(tr), [a2(t2) ... @1 (1)) (an(t0)))

for a-e. (t1,...,ty) € 0(A1) x - x0(A,). For any 1<i<n—1, let (&)1 be a
Hilbertian basis of H;. for k, [ > 1, define

ol = {anel)valy = (e ael) and af = (&% a).

Thenaj € L(Aa,),a;, € L(14,),2< i <n—1anda} € L(),,). To see this, sim-
ply note thatfor2<i<n -1,

ay = tr(a;i(:) o (e ®€))).

For N >1and1< i < n—1,let P} be the orthogonal projection onto Span(e}, . .., £} ).
Then define

¢n = (Py(a(1))), [a2(82) Pias(t3) Py - - an1(ta1) Py (a0 () -

It is clear that (¢n ) n>1 is bounded in L= (A4, x -+ x 14, ) and that ¢ — ¢ pointwise
when N — oo. Therefore, by the Dominated Convergence Theorem, we have that
¢n — ¢ for the w*—topology. This implies, by w*— continuity of ['4t4x that for
any X; in $*(H),1<j<n—1,

[l—wAl ,,,,, An(¢N)] (X]@"'®Xn—1) — [FAl """ A"(¢)] (X1®"'®Xn—1)

8%°(H),8%(H)). Then, the above approximation property together with the
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density of 8% into 8% imply that ['*v»%#(¢) is completely bounded as well with

[t (@) e < supy [T (@) -
We will show now that for any N > 1, HFAI """ An(dn)eb < llarfoo - - - | @n] oo~ For
any N >1landa.-e. (t;,...,t,) € 6(A;) x - x 0(A,), we have

N

On(tonta) = Y a (t)ag (). ai e (tam)ag, (1),

Kty k=1
so that for any X, ..., X,_; € 82(H),
[TAv A (gn) ] (X1 @ ® Xyo1)

N

= Y a (A)Xiag,, (A) Xy Xyaap i (Ao)Xuoiag, (Ag).
Kty Fna=1

Note that the latter can be written as

[FAl ..... A, (¢N)](Xl® ® Xyo1) = AN(X1®IN)A (X2 @ In)(Xuo1 ® IN)AY,

Ay = [a{(A1) a3 (A1) ... an(A)]: 65 (F) - 3,
Ay = [ag (A Jicken: 65 (H) > 6 (H), 2<i<n—1
1<I<N

and
AR = [af' (An) a5 (A,) .. AR (A)]H > 65 (F).

The notation X ® Iy stands for the element of B(¢5 (3{)) whose matrix is the N x N
diagonal matrix diag(X, ..., X).
Forany N >1and any1< i < n,let my and m; be the *—representations defined by

an: B(H) — BUY(H)) and  74,: L®(Aa,) — B(H) .
X+—X®lIy fr—f(A)

By [17, Proposition 1.5], iy and 74, are completely bounded with cb-norm less than 1.
Note that the element [a}, ]i<k,1<n € My (L™ (Ap)) hasa norm less than ||a; [ . Thus,
the latter implies that A}, = [74, (a};)]i<k,;1<n has an operator norm less than ||a; | o.
Similarly (using column and row matrices), we show that A}, and A% have a norm
less than |a; |« and ||a, |, respectively. Finally, write

[FA, ..... Ay ((PN)] (X, ®®X,1) = on(X))o5(X3) ... 00 (X,oh),

where forany1< i <n-2,05,(X;) = Aynn(X;)and o | (X,1) = A'I’\,flﬂN(Xn,l)A']'\,.
By the easy part of Wittstock theorem (see e.g. [17, Theorem 1.6]), oy, and o, are
completely bounded with cb-norm less than | a;|ee and [[@,-1 oo || @4 |, respectively.
Hence, by Theorem 2.1, we get that ['4»4n(¢y) is completely bounded with cb-
norm less than ||a1 | e - - - ||@n]|oo- |
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We now give an example of a class of functions for which the multiple operator
integrals will be completely bounded (in the sense of the paper) for any normal
operators. We will identify a bounded Borel function ¥ : C" — C with the class of
the restriction ¥ = Y|g(a,)xa(4;)x--xa(4,) i L™ ([Tiz; Aa,). Then we will denote by
[AvAzo4u (y) the multiple operator integral [ArAz---4x (),

Example 4.3 Let C; be the space of bounded and continuous functions f: C —
C. Let n > 1 be an integer. We define the integral tensor product of C;, denoted by
Cp ®;-®; Cp, as the space of functions ¢ : C" — C such that there exist a o-finite
measure space (2, ¢) and functions h; : C x £ - C, 1< i < n, such that for a.e. w €
3.t hi(t,w) € Cy,

(49) VG oo ) o dp(o0) < oo

and for every t;,...,t, € C,

(4.5) gb(tl,...,tn):fzhl(tl,w)---hn(tn,w) du(w).

The integral projective norm ||¢|; of ¢ is the infimum of the quantities (4.4) over all
representations of ¢ as above.
Let Aj,...,A, be normal operators on H and let ¢ € C, ®;---®; Cp,. Then we

Proof  To show this, we will find another factorization of ¢ as in (4.5) that satisfies
of Theorem 4.1(iv). First, note that by changing ¥ if necessary, we can assume that for
almost everyw € =, | hi (5, W) oo | Bn (W) | oo > 0. We define g; : Cx = > C,1<i <
n, for almost every (t;, o) by

hi(t, w
a(tw) = W) T T o)
[ (s w) [
h_i(ti,W) . .
i(ti,w)=——""—if2<i<n-1,
£ [ (s w) oo
and
h_n(tnaw)

n(tns = " 7 hi (-, JUEPH hn—l . 0o-
&n(tnw) ||hn(-,w)\|oo\/H W) oor [ ana (5w

It is straightforward to check that for every t1, ¢, € C, g1(#;,-) and g,(¢,,) belong to
L*(%, u) and we have, setting a =[5 [h1 (5 W) o[ Fin (- W) | 0o dpt(w),

lg1(t ) 22z < Ve and gu(tus ) 12z < V.

Moreover, the proof of [6, Proposition 5.4] shows that the associated mappings (after
taking their restriction to the spectrum of A; and A,) a;:t € 0(A)) » @1(f,-) €
L*(Z,u) and a, : t, € 6(A,) = gu(ts,) € L*(Z, u) are continuous, hence measur-
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able, so that, after taking the classes of these functions in L™, a; € L (A 4,, L*(Z, 4))
and a, € L*(Aa,, L*(Z, u)).

Now, notice that for all 2< i <n—1,g; is bounded on ¢(A4;) x £ and for almost
every t; € 0(A;),a;(t;) € B(L*(Z, 1)) be the multiplication map by g;(t;,-). This
defines a mapping a; : 0(A;) — B(L*(Z, u)) that is bounded by | g; | = 1. To prove
that this map is w*-measurable, it is sufficient, by linearity and density, to show
that for any rank-one operator T € 8'(L*(Z, u)), t; € 0(A;) = tr(a;(t;)T) is mea-
surable. Such an operator T can be written as T = b; ® b, with by, by € L*(Z, )
and T(f) = (f, b1) ba. Now, one easily checks that a;(#;)T =b, ® a;(t;)b,=b; ®
gi(t;,-)b,. Hence,

(4.6) tr(ai(£)T) = fzb_l(w)gi(ti,w)bz(w)dw

- [Z gi(ti,w)b(w)dw = (gi(ti, ), b) 1 11

where b = byb, € L'(Z, ). Since g; € L (A4, x ), we get that t; — g(t;,-) is a w*-
measurable map from ¢ (A4;) into L*°(u). Together with equality (4.6), this implies
that a; is w*-measurable and hence a; € L° (A4,, B(L*(Z, 1))).

Finally, we check that

P(ts- s tn) = {ar(tr): [a2(82) ... an-a(tu-1)](an(t)))

for a.-e. (t1,...,ty) € 0(A;) x - xd(A,) and that |a)|eo*||an e < a. Taking the
infimum over all representations of ¢ gives |14 (gb)”Cb < ¢l |

Example4.4 For fixed normal operator Ay, ..., A, on H, one can define in a similar
way the space L®(A4,) ®;-®; L®(A4, ). Then, any ¢ in this space induces a com-

8% (H). This can be proved using the same ideas as in Example 4.3. We refer the
reader to [13] for another proof.
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