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This paper is concerned with the periodic (in time) solutions to an one-dimensional
semilinear wave equation with z-dependent coefficients. Such a model arises from the
forced vibrations of a nonhomogeneous string and propagation of seismic waves in
nonisotropic media. By combining variational methods with saddle point reduction
technique, we obtain the existence of at least three periodic solutions whenever the
period is a rational multiple of the length of the spatial interval. Our method is
based on a delicate analysis for the asymptotic character of the spectrum of the
wave operator with z-dependent coefficients, and the spectral properties play an
essential role in the proof.
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1. Introduction

In this paper, we consider the existence of multiple periodic solutions to the
semilinear wave equation with z-dependent coefficients

p(x)uy — (p(x)ug), = ap(z)u + f(t,z,u), t €R, 0 < x <, (1.1)
with the Dirichlet boundary conditions
u(t,0) =u(t,m) =0,t € R, (1.2)
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and the periodic conditions
u(t+T,z) =u(t,x), ue(t+T,x) =w(t,x), t € R, 0 < x <, (1.3)

where a > 0 is a constant and f is a given T-periodic function in time t.

Equation (1.1) originates from the forced vibrations of a bounded nonhomoge-
neous string and the propagation of seismic waves in nonisotropic media (see e.g.
[3-5,18-22,27, 28] and references therein). More precisely, the vertical displace-
ment u(t,z) at time ¢ and depth z of a plane seismic wave is described by the
equation

w(z)ug — (v(2)uy), =0 (1.4)

with some initial conditions in ¢ and boundary conditions in z, where u(z) is the
rock density and v(z) is the elasticity coefficient. By the change of variable

2 1/2
x :/ <u(s)) ds,
0 \v(s)
equation (1.4) is transformed into

p(x)ure — (p(2)ue)e = 0,

where p = (uv)'/? is called the acoustic impedance function.

It is well known that the case of p = C (a nonzero constant) corresponds to
the classical wave equation, which is called the one with constant coefficients for
distinguishing it from the one with x-dependent coefficients discussed here. The
problem of finding periodic solutions of nonlinear wave equation with constant
coefficients has received a great deal of attention since the original work [24] of
Rabinowitz. By using the variational methods, he obtained the existence of periodic
solutions for the weakly nonlinear homogeneous string whenever the period 7' is a
rational multiple of the length of the spatial interval. Thereafter, many authors, such
as Brézis, Chang, Nirenberg, etc., have used and developed the variational methods,
topological degree and index theory to obtain a lot of results on the existence and
multiplicity of periodic solutions for the problem with various nonlinearities (see
e.g. [1,6-8,10,12-17,25,26,29, 30] and the references therein).

On the other hand, the problem of finding periodic solutions for the nonlinear
wave equation with x-dependent coefficients was studied by Barbu and Pavel in
[3-5] for the first time. In [5], Barbu and Pavel considered the existence and regu-
larity of periodic solutions for such wave equation with sublinear nonlinearity under
the Dirichlet boundary conditions. For the case the nonlinear term having power-law
growth, Rudakov [27] proved the existence of periodic solutions under the Dirichlet
boundary conditions. Later, Ji and his collaborators obtained some related results
for the general Sturm—Liouville boundary value problem [18,20], and periodic and
anti-periodic boundary value problem [19, 21]. In [31], by using topological degree
methods, Wang and An obtained an existence result on periodic solution of the
problem with resonance and the sublinear nonlinearity. Afterwards, Ji and Li [22]
obtained an existence result of periodic solution for 7,(z) = 0 under the Dirichlet
boundary conditions, which actually solves an open problem posted in [5]. Recently,
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Ji et al. [23] obtained the existence and multiplicity of periodic solutions for the
Dirichlet—Neumann boundary value problem of a wave equation with z-dependent
coefficients by using the Leray—Schauder degree theory. The restriction to such type
of boundary value problem is essentially due to the possible loss of the compactness
of the inverse operator on its range.

In this paper, we intend to pay close attention to the existence of multiple periodic
solutions of wave equation with z-dependent coefficients. By combining variational
methods with saddle point reduction technique, we obtain the existence of at least
three periodic solutions whenever the period is a rational multiple of the length of
the spatial interval. Our method is based on a delicate analysis for the asymptotic
character of the spectrum of the wave operator with z-dependent coefficients, and
the spectral properties play an essential role in the proof.

Denote f(t,z,u) = (f(t,z,u))/(p(z)). Throughout this paper, we assume 7T is a
rational multiple of © which can be rewritten as

T:27r£
q

for some relatively prime positive integers p and q. Moreover, we make the following
assumptions:

(A1) p(x) € H?(0,7) satisfies p(z) > 0 for = € [0, 7], and
po = essinfn,(x) > 0,

where

(A2) f(t,x,u) € CYR x (0,7) x R), f(t+T7337u) = f(t,ac,u), and

f(t,z,u) =o(Ju|), as uw— 0 uniformly in (¢,z), (1.5)

and f (t,z,u) is asymptotically linear in u at co in the following sense: there
exists a constant b > 0 such that

f(t,x,u) — bu=o(|u]), as |u| — oo uniformly in (¢,x). (1.6)

The rest of this paper is organized as follows. In §2, we give some preliminaries
and state the main result. In §3, we first characterize the solutions of problem
(1.1)—(1.3) as the critical points of the corresponding variational problem. Then,
with the aid of the saddle point reduction technique, we reduce the critical point of
the variational problem from an infinite dimensional space to a finite dimensional
subspace. In §4, we prove that reduced functional satisfies the (PS). condition for
any ¢ € R. In §§5 and 6, we devote to the proof of the bounds of reduced functional
and the main result, respectively.
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2. Preliminaries and main result
Set Q = (0,T) x (0, 7), and denote
U={yeC™(Q):4(t0) =1t m)=0,9(0,2) =T, z),9:(0,2) = (T, z)}.
Let
L'(Q) = {u Al ) = /Qp(x)m(t,x)rdtdx < oo}, r> 1.

It is well known that ¥ is dense in L"(Q) for any r > 1, and L?(f2) is a Hilbert
space with the inner product

(u,v):/Qp(m)u(t,:r)v(t,:r)dtdx, Yu, ve L*(Q).

We rewrite (1.1)—(1.3) on € in the following form

p(z)utt — (pla)ua)e = ap(@)u+ f(t w0, (7)€, (2.1)
u(t,0) =u(t,m) =0, ¢t€(0,T), (2.2)
u(0, ) =u(T,x), u(0,2) =wuw(T,x), =€ (0,m). (2.3)
DEFINITION 2.1. A function u € L"(f2) is called a weak solution of problem (2.1)-

(2.3) if it satisfies

/QU(pwtt — (phe))dtdz — / plau+ f(t,z,u))pdtde =0, Vi € .

Q

Define the linear operator Ly by
Lot = p~ " (pthue — (pa)a) , VO € W,

and denote its extension in L2(Q) by L. It is known that L is a self-adjoint operator
(see [5]), and u € L?(€) is a weak solution of problem (2.1)—(2.3) if and only if
Lu=au+ f .

For the study of periodic solutions of problem (2.1)—(2.3), we need to use the fol-
lowing complete orthonormal system of eigenfunctions {¢, (t)on(z) : m € Z,n € N}
in L2(Q) (see [32]), where

Om(t) = 7= 2ginmt = o9maT™, meZ,
and A\, ¢, (z) are given by the Sturm-Liouville problem
— (p(a)pp () = Aop(@)pn(), ¢n(0) = @n(m) =0, n€N. (2.4)

LEMMA 2.2 ([5]). Assume that p(x) satisfies (A1), then the eigenvalues of problem
(2.4) have the form

A =n+ 60, with 6, — 0 as n — oo,

where
0<@<\/n27+p0—n 9n<\/n2+p1—n<&, (2.5)

2n
and py = 2 [ ny(z)dx, pr = /po + 1 —1.
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By Lemma 2.2, the eigenvalues of operator L can be rewritten as
Mum = A = iy, = D~ 2(0p + 0p — mq) (np + 0,p + mq).

Thus, when np # |m|q, it is easy to verify that [A,,| — oo as n,m — oo. On the
other hand, when np = |m|q, by (2.5) we have

2 L) L 90y < A = O (20 4+ 0) < pLy?
P2 n + 2p2 < nm_n(n+ n)\p1+ m — P1,

as n — oo.
Denote the set of eigenvalues of operator L by

AL) = { v - A = A2 — 12 )

The above statement shows that A(L) has at least one accumulation point in
[2p2, p1]. Therefore, we have the following lemma.

LEMMA 2.3. Let assumption (Al) hold. Then
(i) L has at least one essential spectral point, and all of them belong to [2p2, p1];
(ii) If A € A(L) and X\ & [2p2, p1], then X is isolated and its multiplicity is finite.
If (a,b) N A(L) # 0 and b satisfies p; < a < b, by lemma 2.3, we can define
b- =max{\ € A(L): A < b}, bT =min{\ € A(L): X\ > b}.

It is obvious that b= < b < b™.
Denote e = b — a. The main result of this paper is as follows.

THEOREM 2.4. Assume a, b ¢ A(L), p1 < a <b* —b, (a,b) NA(L) # 0, and (A1)~
(A2) hold. If f is increasing in u and there exists a constant k > 0 such that

g(t,m,u) <e—k, V(tz,u) €eRx (0,7) xR.
u

Then the problem (2.1)~(2.3) has at least three T-periodic solutions.

3. Variational problem and its reduction

In what follows, we always assume a, b satisfy the conditions in theorem 2.4. Since
a ¢ A(L) and a > p1, then there exists a constant 6 > 0 such that

[Anm —al =26>0, neN, meZ. (3.1)

We define the working space

E= {u e L) ull =3 Pam — allanml® < oo},

n,m
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where ay,,, denote the Fourier coefficients of u € L%(Q), i.e.,
u = Z W P () Dm (1), Q= / puP,@,,dxdt.
n,m Q

The estimate (3.1) indicates || - ||z is a norm. Furthermore, E is a Hilbert space
equipped with the inner product {(u, v)g = Zn)m [Anm — @|Qnm Brms Where ai,,y, and
Bnm are the Fourier coefficients of v and v, respectively.

From (3.1), we have

HUH%Z‘(Q) = Z |O‘nm|2 <ot Z [Anm — CL”O‘nm‘2 = 5_1||uH12Ea (3.2)
n,m

n,m

which implies the continuous embedding E < L?(2). Moreover, for 1 < r < 2, the
continuous embedding L?(Q2) — L"(Q) implies that there exists a constant C' =
C(r) such that

lullzr@) < Cllulls, 1<r<2. (3.3)
Since a € (p1,b" — b), then

e=b"—a>b (3.4)
If A\, > b, we have
Aom —a=2e>b, neN, meZ. (3.5)
Define the energy functional
1 -
D(u) = §<(L —a)u,u) — / pF(t,z,u)dtde, YueE, (3.6)
Q

where F t,x,u) fo t x, s)ds. In addition, by (1.5) and the assumption on f in

theorem 2.4 | it is easy to see F(t,x,u) > 0 for any u € R.
Consequently, ® is a C'! functional on E and

(®'(u),v) = (L — a)u,v) — / pf(t, z,u)vdtdz, Yu, veE. (3.7)
Q
Then u is a weak solution of problem (2.1)—(2.3) if and only if ®'(u) = 0. There-

fore, the solutions of problem (2.1)-(2.3) are characterized as critical points of the
functional ®. Since f is C*', then ® is a C? functional on E, and

(" (u)w,v) = ((L — a)w,v) — / p%(t,x,u)vwdtdx, Yu, v, weE.
Q
In particular,
" af 2
(D" (u)v,v) = (L — a)v,v) — p%(t,x,u)v dtdz, VYu, veE. (3.8)
Q

It is not difficult to see that ® is neither bounded from above nor from below,
which shows that we can not obtain the critical points of ® by a simple minimization
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or maximization. Here we shall prove our main result by virtue of the following
saddle point reduction technique developed by Amann [1], Castro and Lazer [9],
and Arcoya and Costa [2], etc.

LEMMA 3.1. Let H be a real Hilbert space with the norm || - ||z, ® € C*(H,R), and
H,, Hy and Hs be closed subset of H such that H = Hy & Ho & Hs. If there exists
a constant v > 0 satisfying

(D' (u+w+wv1) — P (u+w+v2),v1 — va)

< —")/”'Ul — ’U2||?;1, V’Ul,vg S Hl,u S Hg,w c Hg,
and

(@' (u+wy +v) — P (u+wy +v),w; —ws)
> yllwr — w3, Yv € Hi,u € Hy,wi, wy € Hj.
Then

(i) There exists a unique continuous mapping h : Hy — Hy & Hs, such that

®(u+ h(u)) = max min ®(u+ v+ w) = min max P(u+ v+ w);
veEH, weH3 weEH3 veEH,

(ii) Define ®(u) = ®(u+ h(u)) for any u € Hy, then ® € C*(Hs,R), and
(@ (u),v) = (¥ (u+ h(u),v), Yu,v € Ha;

(iii) If uw € Hy is a critical point of ®, then u + h(u) is a critical point of ®. On
the other hand, if u+ v is a critical point of ®, then v = h(u) and u is a
critical point of ®, where uw € Hy, v € Hy ® Hs;

(iv) If @ satisfies the Palais—Smale condition (PS). at the level ¢ € R, then the
functional ® also satisfies the (PS). condition.

By an observation of lemma 3.1, it needs to decompose the working space E into
suitable orthogonal subspaces. Noting a, b ¢ A(L) and a > p1, the working space
FE can be decomposed into the following orthogonal subspaces

Ei={ueFE: \ym <a, n€N,me7Z}
Ey={ueFE:a<Xm<b neNmelZ}
Es={u€E: ) \yy>b neNmeZ}

Thus we write E = E; @ Ey ® E3. Moreover, by (a,b) N A(L) # 0 and lemma 2.3,
we have Ey # () and dim(Es) < co.
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For any u € F, we write u = ZAW <a Onm®PnPm, then

(L —a)u,u) = — Z [Anm — aHO‘nm|2 = _H“||2E (3.9)

Anm<a

For any v € E5 & E3, by a similar calculation we have
(L = a)u,u) = [[u]E- (3.10)
With the help of (3.9) and (3.10), we have the following lemma.

LEMMA 3.2. Let the assumptions in theorem 2.4 hold. Then there exists a constant
v > 0 such that

<(I)/(u+v) - (I),(quw)?U 7”UJ> < *’YHU *w||2E> Vue By & L3, v, we E,
and
(@' (u4+v) =¥ (ut+w),v—w) >7llv—wl|%, VYuecFE ®E, v, we Es.

Proof. For any u, v, w € F and s € R, we have

1
<<I>'(u+v)f<l>’(u+w),fufw>:/0 (" (u+w+ s(v—w))(v—w),v—w)ds.

(3.11)
From (3.8), we obtain
(" (u+w+s(v—w))(v—w),v—w)={(L—a)lv—w),v—uw)
- / pg—f(t,x,u+w+s(v —w))(v —w)?dtdz. (3.12)
Q u

The assumption on f in theorem 2.4 shows (9f/8u) > 0. For the case v, w € Fy,
u € Ey @ Es, by (3.9) we have

(@ (u4v) — @ (u+w),v—w) < —|lv—w|%.
For the case v, w € E3, u € F1 @ Es, by (3.10) we have
(L —a)(v—w),v—w)=||v—wl|%. (3.13)

Moreover, since 0 < (0f/0u)(t,x,u) < e—k, with the aid of (3.5), a direct
calculation yields

of e—kK
o2 (0 wpatar < (e — o~ wlay < i @14)
Q U e

Inserting (3.13), (3.14) into (3.12), from (3.11) we have
(@ (4 v) = @' (u+w),v = w) > =l - w3

By setting v = min{1, (x/e)}, we arrive at the assertion. O
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Lemma 3.2 verifies all the conditions in lemma 3.1. Therefore, there exists a
unique continuous mapping h : Es — Fq & F5 such that
®(u) = B(u+ h(u)) = max min ®(u+ v+ w) = min max ®(u+ v +w). (3.15)
vEE, weEE3 wek3 vEE;
Moreover, lemma 3.1 shows the reduced functional P e Cl(Ey,R),and u € E is a
critical point of ® if and only if w + h(u) is a critical point of ®. Thus, the critical
points of ® on the infinite dimensional space E are transformed into the ones of ® on
the finite dimensional subspace Ey. In what follows, we shall apply the variational
methods to obtain critical points of the functional ® on FEj.

4. Verification of the (PS). condition

We will acquire the critical points of ® via variational methods, thus it is needed
to verify @ satisfies (PS). condition for any ¢ € R. Furthermore, lemma 3.1 shows
that it suffices to verify that ® satisfies (P.S). condition, which means, any sequence
{u;} C F satisfying ®(u;) — ¢ and ®'(u;) — 0 as ¢« — oo has a convergent subse-
quence for any ¢ € R. To this goal, we need the following lemma which provides
two estimates for the quadratic forms on different subspaces of F.

LEMMA 4.1. Let a, b satisfy the assumptions in theorem 2.4. Then there exist
Y1,Y2 > 0 such that

((L —a—b)u,u)
(L —a—"0b)u,u)

—illullf, Yu € By @ B, (4.1)
rellullg, VYu € Es. (4.2)

VoA

Proof. On the one hand, for v € Ey @ Es, we writew = ) |
calculation yields

(L —a—0b)u,u)

= Z ()\nm*a)‘anmﬁfb Z |Oénm|2
A

o <b OnmPnPm. A direct

Anm <b nm<b
< Z ()\nm_a)|anm|2+ Z ()\nm_a)|anm|2_b Z |anm|2~
Anm<a a<Apm<b a<Apm<b

In virtue of a < Apy < b, we have 0 < A\, — a < b~. Thus, we have

bi_ Z |)‘nm - a||anm|2 < Z |O‘nm|2-

a<Anm<b a<Anm <b
Therefore,
(L —a—b)u,u)
< —mllull,

where v; = min{1, (b/b~) — 1}. Noting 0 < b~ < b, it follows v; > 0.
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On the other hand, for u € F3, we write u = anm>b QnmPn®m. Observing
Anm > b, from (3.5), we obtain

1
- Z |)\nm - a||anm|2 > Z |anm|2~
€ Anm>b Anm>b

Therefore,

(L=a=buwu)= > [um—allanm> = > |onm|?

Anm>b Anm>b

b
2 1-- nm -~ nm2-
(1-2) X o —allmi

rm >b
Let v2 =1 — (b/e), by (3.4), it follows 72 > 0. Therefore
(L —a—bu,u) > lullf.
The proof is completed. O

LEMMA 4.2. Let the assumptions in theorem 2.4 hold. If {u;} C E satisfies ®(u;) —
¢ and ®'(u;) — 0 as i — oo, then there exists a constant C > 0 independent of i
such that |lu;|| g < C.

Proof. Split u; = u:r -+ u; , where u:r € bzandu; € By @ Ey, i=1,2,....

(i) For uj € Ej, since ®'(u;) — 0 as i — oo, from (3.7), we have
oWl Iz = (@' (us), uf") = (L — a)uf,uf) - / pf(t @, ui)uf dide
Q

— (L —a—but,ub) - /Qp(f(tx,ui) bugufdtdz. (4.3)

From (4.2), we obtain

(L —a—bjufuf) >yl (4.4)

1) K2

On the other side, the condition (1.6) shows that for any € > 0, there exists
a constant C' = C(e) > 0 such that

|f(t,z u;) — bug| < elu;| + C. (4.5)

Therefore, by Holder inequality and (3.2), (3.3), a direct calculation yields

/P(f(t,w,ui)*bui)ufdtdx <elluf Iz luillp2 ) + Clluf | L o)
Q
< 1% + = |uwill% + Clluf o, (4.6)
26" 20 v ’

for some constant C' independent of .

https://doi.org/10.1017/prm.2019.25 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.25

2596 H. Wei and S. Ji
Inserting (4.4), (4.6) into (4.3), we obtain

3 3
(2 = 55) I 1% = S5l = Clluf 1 < 0. (4.7)

(ii) For u; € Ey @ Es, by (4.1), we have ((L —a — b)u; ,u; ) < —y1|u; ||%.

70 7

Moreover, noting that
o(W)lu; |z = (=2 (ui), u;")
=—((L—a—->bu; ,u; )+ / p(f(t, 2, u;) — bug)u; dtdz,
Q

a similar calculation as the one in (4.6) yields

p(f(t a,us) = buyu; dide| < || _||E+ ||uz||E+CHU 2. (4.8)

Consequently,

(7 = 55) I I = S5l = Clluy |z <. (4.9)
Let 7o = min{~1,72}. Since Ey, Es and E5 are orthogonal subspaces of E, we

have [[ul|3 = Ju |5 + llu; |5 Therefore, by the fact [luf ||z + u; |2 < v2lui] e,
the sum of (4.7) and (4.9) yields

3¢
(70 35 ) Il ~ Cluslz <o (4.10)

Taking € € (0, (2670)/3) in (4.10), we know there exists a constant C > 0 indepen-
dent of i such that ||u;||z < C. We arrive at the result. O
Since E = FE1 ® Ey @ E3, we can rewrite & = E; @ Ef‘ for simplicity, where
FBf =B, ®Es={u€ E: Ay >a, ncN,meZ}
Denote
Ey={uecL?*): pn=gqlm|, n€ N;m e Z}.

REMARK 4.3. Under the assumptions of theorem 2.4, the lemma 2.3 shows FEj is an
infinite dimensional subspace spanned by the eigenfunctions ¢, ¢, for pn = gq|m]|.
Moreover, it is easy to see that dim(Ej N Ey) < oo and dim(E; N Ey) = oo

PROPOSITION 4.4. For 1 < r < 2, the embedding
ES Ey— L"(Q), (4.11)
is compact.

Proof. For u € E © Ey, it can be expanded as u =) . Qnm@ndm for pn # qlm|.
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The fact [|ullp = (32, [Anm — al|apm|?)'/? shows that the mapping

IO U= Zanmcpn(bm e {|>\nm - a‘l/zanm}

n,m

is continuous from E & E; to 2.
Since |\, — a] — 00 as n,m — oo, it follows that the mapping

Il : {|)\nm - a|1/2anm} = {anm}

is compact from [? to 2.
Since ,, ¢, is a complete orthonormal sequence of L?(f2), then the mapping

Iy : {anm} = u = Zanm@n¢m

is continuous from % to L*().
Consequently, the mapping

IQIl.[o :Fo EQ — L2(Q)

is compact. Furthermore, for 1 < r < 2, the continuous embedding L?(Q) — L"(9)
implies that the embedding F © Ey — L"()) is compact. O

LEMMA 4.5. Let the assumptions of theorem 2.4 hold. Then ® satisfies the (PS),
condition for any c € R.

Proof. For any c¢ € R, assume {u;} C E satisfies ®(u;) — ¢ and ®'(u;) — 0 as
1 — 00. Since F is a Hilbert space, by lemma 4.2, we have u; — u as ¢ — oo for
some u € E. Decompose u; = v; +y; +w; + z; and u = v + y + w + z, where v, y,
w, z are the weak limits of {v;}, {y;}, {w;}, {2} respectively, and v;,v € E{- © Ey,
Yis Y € Ef- NEy, w;,w € E1 6 Ey, z;,z € B1N Ey.

(i) For v;,v € B © Ey, from (3.10) we have

lvi = vllE = (L — a)(v; — ), vi = v)
= (L — a)v;,v; —v) — {((L — a)v,v; — v). (4.12)

In virtue of v; = v in £ and E — L?(Q), we have v; — v in L*(Q) along
with a subsequence of {v;}. In fact, by proposition 4.4, we also have v; — v
in L2(Q). We still use {v;} to denote the subsequence for convenience. Thus,
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it follows
(L —a)v,v; —v) — 0, as i — oc. (4.13)

On the other hand, noting v;,v € Ef 6 Ey and w; = v; +y; + w; + z;, we
have u; — v; € (Ef- © Ey)*. Thus

(L —a)(u; —v;),v; —v)y = 0.
By (3.7), we have
((L — a)vg,v; —v) = (L — a)u;,v; — v)

= (&' (u;),v; —v) + /Q pf(t, @, u;) (v; — v)dtda. (4.14)

Since ®’(u;) — 0 as i — oo, we have
(@ (u;),v; —v) — 0, asi— oo. (4.15)

By (4.5) and Holder inequality, a direct calculation yields

/ pf(t, x,u;) (v; — v)dtdz
Q

< (b +o)luill 2o llvi — vl L2(0) + Cllvi = vllL1(0)-

In virtue of v; — v in L?(Q) and the continuous embedding L2(£2,p) —
LY(Q), we obtain v; — v in L!(2). Therefore,

— 0, asi— o0. (4.16)

/ pf(t, x,u) (v; — v)dtdz
Q

Inserting (4.15), (4.16) into (4.14), we have

((L —a)vi,v; —vy — 0, asi— oo. (4.17)
Finally, substituting (4.17), (4.13) into (4.12), we have
|lv; —vl|lg — 0, asi— oco. (4.18)

. ) 1 B . 1 N .
(23] ) K3 )
(ii) For y;,y € Ei- N Ep, since dim(E; N Ep) < oo and y; — y in E, then there
exists a subsequence of {y;} which strongly converges to y in E. The
subsequence is still denoted by {y;}.

(iii) For w;,w € Ey © Ey, by (3.7) and (3.9) we obtain
lwi = wlf = —{(L — a)(w; — w), w; —w)
= —{(®'(u;),w; —w) — /Q pf(t, x,u) (w; — w)dtdz
+ (L — a)w, w; —w).
A similar calculation as the one in (i) yields

|lw; —w||g — 0, asi— oco. (4.19)
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(iv) Since z; € Eq N Ey, then the compact embedding (4.11) is invalid. In addition,
since dim(F; N Ey) = 0o, we can not extract a strong convergence subse-
quence of {z;} similar to {y;}. In what follows, with the aid of the monotone
method, we prove z; — z as i — oo in E.

Since ®’(u;) — 0 and z; — z in E, we have
zi = 2|5 = —((L — a)(z; — 2), 21 — 2)

= —(®'(u;),z; — 2) — / pf(t, @, us)(z — 2)dtde + (L — a)z, z; — 2)
< —/ pf(t, @, u) (2 — 2)dtdz + o(1). (4.20)
Q

Denote f(u;) = f(t,x,u;) for simplicity. We rewrite Jo pf(t, x,u;) (2 — z)dtde in
the form of inner product and decompose it as follows

/pf(t x,u;)(z; — z)dtdx (4.21)
= (f(ui), zi = 2)
< (uz) f(uz + Z) - Z> + <f('az + Z) f~(7.l,), Zi = Z>
+(f(w), 2 — 2), (4.22)

where u; = v; + y; + w;.
Since f is increasing in u, then

(f(ug) = f(@s 4 2), 2 — 2) > 0. (4.23)
To continue the discussion, by (4.5), we have f : u — f(t,z,u) is continuous from
L?(Q) to L*(Q). Moreover, from the proof of (i)-(iii), we have ii; — @ in E, where
@ = v +y + w. The inequality (3.2) shows @; — @ in L*($2). Thus

(fla;+2) — f(u),z — 2) — 0, asi— oo. (4.24)

Consequently, since z; — 2z in L?*(Q), by (4.20), (4.23) and (4.24), we have

llzi = 2zl — 0, asi— oc.

We arrive at the result. g

5. Bounds of the reduced functional

The following three lemmas are concerned with the bounds of the reduced functional
® and play an important role in the proof of theorem 2.4.
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LEMMA 5.1. Let the assumptions of theorem 2.4 hold. Then

(i) there exists a constant M > 0, such that ®(u) < M, Yu € Ey;
(i) there exists a constant R > 0 such that ®(u) < 0 for u € Ey with |ul|g > R.
Proof. For u € Es, from (3.15), we have

®(u) = min max ®(u + v+ w) < max ®(u + v),
weFE3veE; veE

where

<I>(u—|—v):%<(L—a—b)(u+v),u+v>—/

P <ﬁ(t7 x,u—+v)— g(u + v)z) dtdzx.
Q

(5.1)
By (4.5), it follows

~ b
|F(t,x,u+v)—§(u+v)2| <elu+v]? + Clu+l. (5.2)
Inserting (5.2) into (5.1), by (4.1), it follows
B(u+v) < 2t ol +/ plelu+ vf2 + Clu + v])dtdz
Q

gi!
< =5 lu+vllE + el + vlZe ) + Cllu + vl @),

for some constant C' depending on ¢.
Taking € = (01 /4) in above inequality, by (3.2) and (3.3), we obtain

D(u+v) < —%Hu—&-v”%—i—C’Hu—&-vHE. (5.3)

Therefore, the estimate (5.3) shows there exists M > 0 such that ®(u+v) < M
and the assertion (i) is proved.

By the fact [lu+ vl = [Jull + [[v]|% and [lu+vlle < [lulle + [Jv]|e , from (5.3),
we have

71 71
(u+v) < ~july + Cllulls + (~ 2l + Cllollz)

< =Ll + Cllull + Co,

where Cy = max,>0{—(71/4)s> + Cs}. Thus, there exists a constant R >0 such
that ®(u+v) <0 for |Jul]|[g = R. We conclude the assertion (ii). O

LEMMA 5.2. Let the assumptions of theorem 2.4 hold. Then for any Ry > 0, there
exists a constant 71 depending on Ry such that

(AIS(U)ZTl, VUGEQQBR”

where Bg, ={u € E : ||lul|lg < R1}.
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Proof. For u € Es, by (3.15), we have

®(u) = max min ®(u+ v +w) > min O(u + w),
vEE; weE; wek3

where
D(u+w)= %((L —a—"0b)(u+w),u+w)

~ b
— / P <F(t,x,u +w) — g(u + w)2> dtdez. (5.4)
Q
Since Fy and E3 are orthogonal subspaces of E, we have
(L—a-=b)(u+w),u+w)={((L—a—>bu,u)+ ((L—a—>bw,w).

By (4.2), we have ((L — a — b)w,w) > 2| lwl||%. Moreover, noting ((L — a)u, u) =
|lul|%, by (3.2), we obtain

b
WL—WWWWH<W%+bWﬁmn<G+5)U%=CNW§
where C; = 1+ (b/0). Thus, we have

(L —a=b)(ut+w)utw)>rlu|i - CullulE (5:5)

On the other hand, a similar calculation as the one in (5.2) yields

ﬁ(tw,u—i—w)—%(u—i—w)ﬂ<5|u+w|2+0\u+w . (5.6)
Inserting (5.5), (5.6) into (5.4) and taking € = (072/4), from (3.2) and (3.3), we
have
B+ w) > 2ol — Llully — T2+ 0z ~ Cllu+wlin
> 2y — Dl 2l + fwl) ~ Clluls + ollz)

C
>~ (G +2) Iulls - Cluls + €
where Cy = mingso{(y2/4)s% — Cs}.
For any R; > 0, the above estimate shows ®(u) > 7 = —((C1/2) + (72/4))R? —
CR; + C5 for any ||ul]|g < Ry. The proof is completed. O

LEMMA 5.3. Let the assumptions of theorem 2.4 hold. Then there exist two constants
T2 > 0 and Ry > 0 such that ®(u) = 1o, for any u € Ey with ||u||p = Ra.
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Proof. Firstly, for any u € Fy, w € Es3, by (3.6), we have

O(u+w) = %((L —a)(u+w),u+w) — /Qpﬁ(t7 x,u~+ w)dtdz. (5.7)

Since Fy and Ej5 are orthogonal subspaces of E, from (3.10), we obtain
(L= a)(u+w),utw) = |ul|f + w|| (5.8)
In addition, it is easy to see
1
/ / s— (u + sbw)w?dfds :/ wf(u+ sw)ds — f(u)w
0
— Flu+w) - F(u) - fuyw
where f(€) = f(t.2,€) and F(€) = F(t,2,£). Thus,

F(u+ w) //s—u—i—s@w) dbds + f(u)w + F(u). (5.9)

In what follows, we estimate the upper bound of fQ pﬁ(u + w)dtdz. The equation
(5.9) shows that it needs to estimate the upper bounds of the following three terms:

/ (/ / s—qusQw) 2d0ds> dtdzx, /pr(u)wdtdx, /Qpﬁ(u)dtdx.

(i) For w € Ej, the fact [An — a| > e shows [[w]|72q) < (1/€)[w[|%. Observing
< (Of Jou)(t, z,u) < e — K, we obtain

/ (/ / s— (u + sbw)w 2d9ds> dtdz < e;JHwH% (5.10)
e

(ii) Fix r > 1, by the assumptions (1.5) and (1.6), we obtain that for any € > 0,
there exists a constant C' = C'(e,r) > 0 such that

If(u)] < elu|+ Clul", ¥V (t,z,u) € QxR. (5.11)

Therefore, a direct calculation yields

< ellull 2@ llwll L2 @) + Cllullzer @) w2 @)

pf (w)wdtdz
Q

6 '
< 5”““%2(9) JFOHUH%ZT(Q) Jr5||w\|%2(9)~

Since dim(FEs) < oo, then all norms of Ey are equivalent. Thus there exists a
constant C' > 0 such that |jul|%; Tor(q) S C||ul|%. Since ||w||L2 @ S < (1/e)||wl|%,
by (3.2), we have

pf (w)wdtda
Q

€ . £
< Sl + Cllal + ol (512)
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(iii) Since dim(FE3) < oo, there exists a constant C' > 0 such that ||uHZﬂ1(Q) <
Cllul/5™. Thus, by (3.2) and (5.11), a direct calculation yields

/Q pF (u)dtdz

for some constant C' depending on € and r.

€ T
< o5 lullf + Cllulz™, (5.13)

Therefore, the sum of (5.10), (5.12) and (5.13) yields

K+ 2e

r r e -
< HU||E+C||U|| S+ Ol F + THWH%- (5.14)

pF (u+ w)dtdz| <
Q

Consequently, inserting (5.8) and (5.14) into (5.7) and taking e=
min{(6/4), (k/4)}, we have

, - 1 K+ 2e
Bt w)> (5 5 ) s = Cllully”™ =l + (5 - <52 )l
1 € . K — 2¢e
= (5 5) Il =l =l + (52 ) ol
1 T T
> Ll - ol - Cluls. (5.15)

Finally, since r > 1, then ¢(s) = (1/4)s* — Cs"t1 — Cs?" attains the local min-
imum at s = 0. Therefore there exist two constants Ry > 0 and 75 > 0 such that
¢(Rs) = 7. Since P(u) > milgl O(u+ w), from (5.15), we obtain ®(u) > 1 with

we kb3

||u||E = RQ. O

6. Proof of theorem 2.4

With the above lemmas in hand, we give the proof of theorem 2.4.

Proof. Let Ry and 7 be the constants in lemma 5.3 and Bg, = {u € Ey:
[ulle < Ra}. B -
Firstly, by lemma 5.1, we know ® is bounded from above. Let $; = sup,cp, ®(u).
By lemmas 3.1 and 4.5, & satisfies (PS) 8, condition. Thus, there exists a critical
point u; € F5 such that &)(ul) = (31 and 5’(111) =0.
Secondly, recall ﬁ(u r,u) > 0 for any u € R, then for any v € Ey, from (3.9), we
obtain

O(v) = %((L —a)v,v) — /Qpﬁ(t,x,v)dtdx < 0.

Therefore, we have

$(0) = mi P < d(v) <O0. 6.1
0= Jp e < g et oy

Notlng that 0 € Bpr, and taking R; = R in lemma 5.2, in virtue of lemmas 5.2, 5.3
and <I>(0) < 0, we obtain the reduced functional ® that attains its infimum in B Ry -
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Let B2 = infuepy, ®(u), then lemmas 3.1 and 4.5 show that ® satisfies the (PS)g,
condition. Thus, there exists us € Fo such that 5’(1@) =0 and &)(uQ) = (.
Now we claim w; and us are two different critical points in Fy. Observing that
0 € Bg,, the following inequality
By = inf B(u) <P0)<0<m< inf ®(u)<sup (u)=5 (6.2)
uEBR, lull z=Rz uEL,
shows u1 # us.
If ® possesses another local maximum point which is different from u;, then there
exist at least three critical points of ®. B
Otherwise, if u; is the unique local maximum point of ®. We shall prove that
there exists a critical point of mountain-pass type which is different from u; and us.
Taking ug € E2 with |Jug||g =1, by lemma 5.1, there exists R > Ry such that
®(Rup) < 0. Moreover, one of the fact holds: for any s € [0, 1], either sRug # uq or
—sRug #ui. _
Case 1: if sRug # uy for any s € [0, 1], by lemma 5.3 and (6.1), we obtain
max{®(0), ®(Ruo)} <0< 7 < inf ®(u).

lull =Rz
Let

+ _

" = i, P
where AT = {g € C([0,1], Ey) : 9(0) = 0,9(1) = Rup}. In addition, we have ®
which is C! functional and satisfies (PS)C+ condition. By mountain pass lemma
[11], we obtain a critical point u3 satisfying <I>(u3 ) = ¢t and &’ (u3) = 0. Obviously,
ct > 19 > 0.

It is easy to see that sRug € AT for any s € [0,1]. Therefore, the assumption

sRug # uy implies

¢™ < max ®(sRug) < sup ®(u) = .
56[0 1] uc ko

Thus, the following inequalities

Bo= inf B(u)<0<m <t < sup ®(u) =06
u€EBR, u€ Fo
show uy # ug # u;f
Case 2: similarly, if —sRug # uy for any s € [0, 1], we have

T = f <I>
¢ = Inf max ®(g(s))

is the critical value of ®, where A~ = {g € C([0,1], Eg) g(0) =
Therefore, there exists u; € Ey satisfying <I>(u3) and @' (u
more, we have uy # ug # ug .

Consequently, by lemma 3.1, we obtain the functional ® that has at least three
critical points. The proof is completed. O

0,9(1 ) = —Ruo}.
5 ) = 0. Further-

https://doi.org/10.1017/prm.2019.25 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.25

Existence of multiple periodic solutions to a semilinear wave equation 2605

Funding

This work was supported by NSFC Grants (nos. 11671071, 11701077 and 11871140),
the Fundamental Research Funds for the Central Universities of Jilin University
(no. 2017TD-18), and the Special Funds of Provincial Industrial Innovation in Jilin
Province (no. 2017C028-1).

References

1 H. Amann. Saddle points and multiple solutions of differential equations. Math. Z. 169
(1979), 127-166.

2 D. Arcoya and D. G. Costa. Nontrivial solutions for a strongly resonant problem. Differ.
Integral Equ. 8 (1995), 151-159.

3 V. Barbu and N. H. Pavel. Periodic solutions to one-dimensional wave equation with piece-
wise constant coefficients. J. Differ. Equ. 132 (1996), 319-337.

4 V. Barbu and N. H. Pavel. Determining the acoustic impedance in the 1-D wave equation
via an optimal control problem. SIAM J. Control Optim. 35 (1997), 1544-1556.

5 V. Barbu and N. H. Pavel. Periodic solutions to nonlinear one dimensional wave equation
with z-dependent coefficients. Trans. Amer. Math. Soc. 349 (1997), 2035-2048.

6 A. K. Ben-Naoum and J. Berkovits. On the existence of periodic solutions for semilinear
wave equation on a ball in R™ with the space dimension n odd. Nonlinear Anal. 24 (1995),
241-250.

7 H. Brézis. Periodic solutions of nonlinear vibrating strings and duality principles. Bull.
Amer. Math. Soc. (N.S.) 8 (1983), 409-426.

8 H. Brézis and L. Nirenberg. Forced vibrations for a nonlinear wave equation. Comm. Pure
Appl. Math. 31 (1978), 1-30.

9 A. Castro and A. C. Lazer. Critical point theory and the number of solutions of a nonlinear
Dirichlet problem. Ann. Mat. Pura Appl. 120 (1979), 113-137.

10 K. Chang. Solutions of asymptotically linear operator equations via Morse theory. Comm.
Pure Appl. Math. 34 (1981), 693-712.

11 K. Chang. Critical point theory and its applications (Shanghai: Shanghai Scientific and
Technical Publishers, 1986) (in Chinese).

12 K. Chang, S. Wu and S. Li. Multiple periodic solutions for an asymptotically linear wave
equation. Indiana Univ. Math. J. 31 (1982), 721-731.

13 J. Chen and Z. Zhang. Infinitely many periodic solutions for a semilinear wave equation in
a ball in R™. J. Differ. Equ. 256 (2014), 1718-1734.

14 J. Chen and Z. Zhang. Existence of infinitely many periodic solutions for the radially
symmetric wave equation with resonance. J. Differ. Equ. 260 (2016), 6017-6037.

15 J. Chen and Z. Zhang. Existence of multiple periodic solutions to asymptotically linear
wave equations in a ball, Calc. Var. Partial Differ. Equ. 56 (2017) 58.

16 W. Craig and C. E. Wayne. Newton’s method and periodic solutions of nonlinear wave
equations. Comm. Pure Appl. Math. 46 (1993), 1409-1498.

17 M. Izydorek. Multiple solutions for an asymptotically linear wave equation. Differ. Integral
Equ. 13 (2000), 289-310.

18 S. Ji. Time periodic solutions to a nonlinear wave equation with z-dependent coefficients.
Calc. Var. Partial Differ. Equ. 32 (2008), 137-153.

19 S. Ji. Time-periodic solutions to a nonlinear wave equation with periodic or anti-periodic
boundary conditions. Proc. R. Soc. Lond. Ser. A 465 (2009), 895-913.

20 S. Ji and Y. Li. Periodic solutions to one-dimensional wave equation with z-dependent
coefficients. J. Differ. Equ. 229 (2006), 466-493.

21 S. Ji and Y. Li. Time-periodic solutions to the one-dimensional wave equation with periodic
or anti-periodic boundary conditions. Proc. Roy. Soc. Edinburgh Sect. A 137 (2007), 349—
371.

22 S. Ji and Y. Li. Time periodic solutions to the one-dimensional nonlinear wave equation.

Arch. Ration. Mech. Anal. 199 (2011), 435-451.

https://doi.org/10.1017/prm.2019.25 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.25

2606 H. Wei and S. Ji

23 S. Ji, Y. Gao and W. Zhu. Existence and multiplicity of periodic solutions for Dirichlet-
Neumann boundary value problem of a variable coefficient wave equation. Adv. Nonlinear
Stud. 16 (2016), 765-773.

24 P. H. Rabinowitz. Periodic solutions of nonlinear hyperbolic partial differential equations.
Comm. Pure Appl. Math. 20 (1967), 145-205.

25 P. H. Rabinowitz. Free vibrations for a semilinear wave equation. Comm. Pure Appl. Math.
31 (1978), 31-68.

26 P. H. Rabinowitz. Large amplitude time periodic solutions of a semilinear wave equation.
Comm. Pure Appl. Math. 37 (1984), 189-206.

27 I. A. Rudakov. Periodic solutions of a nonlinear wave equation with nonconstant coefficients.
Math. Notes 76 (2004), 395-406.

28 I. A. Rudakov. Periodic solutions of the quasilinear equation of forced vibrations of an
inhomogeneous string. Math. Notes 101 (2017), 137-148.

29 M. Schechter. Rotationally invariant periodic solutions of semilinear wave equations. Abstr.
Appl. Anal. 3 (1998), 171-180.

30 M. Tanaka. Existence of multiple weak solutions for asymptotically linear wave equations.
Nonlinear Anal. 65 (2006), 475-499.

31 P. Wang and Y. An. Resonance in nonlinear wave equations with z-dependent coefficients.

Nonlinear Anal. 71 (2009), 1985-1994.
32 K Yosida. Functional analysis, 6th edn (Berlin: Springer-Verlag, 1980).

https://doi.org/10.1017/prm.2019.25 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.25

	1 Introduction
	2 Preliminaries and main result
	3 Variational problem and its reduction
	4 Verification of the (PS)c condition
	5 Bounds of the reduced functional
	6 Proof of theorem 2.4
	References

