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SUMMARY
This paper presents a kinematic analysis and design
characteristics of an in-parallel manipulator developed for
the probing task application that requires high precision,
active compliance, and high control bandwidth. The devel-
oped manipulator is a class of six-degree-of-freedom
in-parallel platforms with 3 PRPS (prismatic-revolute-
prismatic-spherical joints) chain geometry. The main
advantages of this manipulator, compared with the typical
Stewart platform type, are the capability of pure rotation
generation and the easy prediction of the moving platform
motion. The purpose of this paper is to develop an efficient
kinematic model which can be used for real-time control
and to propose systematic methods to design the manip-
ulator considering workspace, manipulability, resistivity,
singularity, and the existence conditions of the forward
kinematic solution. Particularly, we propose a new method
for checking the singularity of the parallel manipulator
using the translational and rotational resistivity measures. A
series of simulation are carried out to show kinematic
characteristics and performance of the manipulator mecha-
nism. A prototype manipulator was built based on the
kinematic analysis results.

KEYWORDS: Kinematic analysis; Kinematic design; In-parallel
manipulator; PRPS joints, Real-time control.

1. INTRODUCTION
Recent development in the area of parallel manipulators has
provided strong motivation for their versatile application.
Obviously, parallel manipulators offer high structural stiff-
ness and precise positioning accuracy over serial ones.

Many researchers have studied parallel manipulators,
usually with the configuration known as a Stewart plat-
form.1–5 The Stewart platform was originally designed as an
aircraft simulator.1 Since then, various applications of the

Stewart platform have been investigated such as a com-
pliance device for assembly,2 a force/torque sensor,3 an
active vibration isolator,4 and a master controller mecha-
nism for teleoperation.5 But in general, the Stewart platform
has some disadvantages that forward kinematics is too
complex to solve in real-time and the prediction of the
motion of each joint is not intuitive. Recently, Collins and
Lang5 have reported that the Stewart platform has at least 12
forward kinematic solutions.

Other configurations for parallel manipulators with six
degree-of-freedom have also been proposed. Behi6 devel-
oped a configuration with three legs where each leg consists
of a PRPS chain. Hudgens and Tesar7 investigated a device
with six inextensible legs where each leg is driven by a four-
bar mechanism mounted on the base platform. Alizade et
al.8 proposed a parallel manipulator which has three legs,
mounted on moving sliders passing through a circular
trajectory. Byun and Cho9 presented a six degree-of-
freedom 3-PPSP parallel manipulator which has three legs
where each leg is driven by XY linear actuators. The
mechanisms described in the above are partially parallel
manipulators while the Stewart platform type mechanism is
a fully parallel mechanism. Although these partially parallel
mechanisms are developed to overcome some of disadvan-
tages of the Stewart platform, previous works on these
partially parallel manipulators have shown few industrial
applications. Particularly, design of parallel manipulators
with the PRPS joint structure for industrial applications has
rarely reported in the open literature.

In the processes such as precision assembly, machining,
and probing operation, robotic manipulators interact with
the environment. Since the contact occurs in a very short
period, limited control bandwidth of conventional robot
controllers restricts their active force control. As one of the
methods to solve the contact problem, concept of the macro/
micro manipulator has been proposed.10 A micro
manipulator is attached to a macro conventional robot
serially. The micro manipulator, generally a specialized
device in the form of fingers or a wrist, is well adapted to
active force control due to its low inertia. Some of the micro
manipulator has parallel structures,11 while most of their
structures are based on the Stewart platform. The actuators
of the manipulators are electrical rams or pneumatic
actuators.

In the previous papers,12,13 we developed a two degree-of-
freedom probing mechanism for probing task such as
in-circuit test of printed circuit boards. However, the
mechanism shows a problem of slip motion where the probe
contacts with steep surface of the contacted object. In
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addition, it was found that the limited degree-of-freedom of
the probing device is not effective for contact force control.

To overcome these problems, we have studied new six
degree-of-freedom probing mechanisms with a parallel
structure. Among those studied, the proposed 3 PRPS
parallel mechanism is found to generate two decoupled
motions by moving the horizontal or vertical links.14 One of
the motions is composed of one degree of orientational
freedom in the Z axis, and two degrees of translational
freedom in the X and Y axes provided by the horizontal
links of the mechanism. The other motion is two degrees of
orientational freedom in the X and Y axes, and one degree
of translational freedom in the Z axis provided by the
vertical links of the mechanism. Particularly, since the
vertical links can give constraint uniformly to the probe tip
motion at the contact point, it is very effective in avoiding
the slip motion, and to control the contact force at the
probing task.

This paper presents a kinematic analysis of a 6 degree-of-
freedom parallel manipulator, which we have developed for
probing task that requires high control bandwidth, active
compliance, and high precision. The developed manipulator
belongs to a class of partially parallel platforms with 3
PRPS chains geometry whose design is based on the Behi
mechanism.8 Based on the concept of macro/micro manip-
ulators, the parallel manipulator serves as a wrist of a macro
manipulator. The manipulator consists of linear actuators by
using the principle of Lorentz forcer, piezoelectric force
sensors, and optical position sensors for real implementa-
tion,13,14 while Behi introduced the conceptual design of the
parallel manipulator with 3-PRPS chains. The main advan-
tages of this manipulator, compared with the Stewart
platform type, are the capability to produce pure rotation
and to predict the motion of the moving platform intuitively.
Also, this manipulator has simple kinematic characteristics
compared with the Stewart platform. Therefore, controlling
in real-time is possible due to a reduced computational
burden.

Although the basic structure of the developed mechanism
is similar to Behi platform, this paper emphasizes the
following contents that have not been addressed by others:
a simple kinematic model of the 3 PRPS type parallel
manipulator which can be used for real-time control and a
systematic approach to design the manipulator considering
workspace, manipulability, resistivity, singularity, and the
existence range of the forward kinematic solution.

2. INVERSE AND FORWARD KINEMATICS
The developed mechanism consists of a base plate, a top
plate, three horizontal actuating links, and three vertical
actuating links. The three horizontal links provide three
degree-of-freedom, that are one degree of orientational
freedom and two degrees of translational freedom. The three
vertical links provide three degree-of-freedom, that are two
degrees of orientational freedom and one degree of
translational freedom.

The notation used to describe the kinematics of the
proposed mechanism is shown in Figure 1. The fixed global
coordinates called the base frame (X, Y, Z) is located at O,
the center of the mass of the base plate with the X-axis

orthogonal to the first prismatic input axis of the first
horizontal actuating link and the Z-axis normal to the base
plate. Another reference coordinates, called the top frame
(x, y, z), is located at O 9, the center of the mass of the top
plate, the x-axis is pointing toward the ball joint B1, and the
z-axis is normal to the top plate. The coordinates (x, y, z)
with respect to the base frame (X, Y, Z) can be described by
the vectors of the homogeneous transformation matrix

F o
o9

TG:

F o
o9

TG=F $n, $o, $a, $p
0, 0, 0, 1 G=

n1

n2

n3

0

o1

o2

o3

0

a1

a2

a3

0

Xc

Yc

Zc

1

(1)

where ($n, $o, $a) and (Xc, Yc, Zc)T describe the orientation
vector and the position of the top plate center with respect
to the base frame (X, Y, Z), respectively. The top plate is
connected to the vertical links with ball joints Bi which are
equally spaced at 120 degrees and at a radius r from the
center of the top plate as shown in Figure 2(a). The other
ends of the vertical links are connected to the horizontal
links through equally spaced pin joints Pi at a radius R from
the center of the base plate. By varying the link lengths, the
top plate can be manipulated with respect to the base plate.
The Cartesian position vector $Bi of the ball joint with
respect to the base frame (X, Y, Z) can be expressed as

$Bi =F o
o9

T G $Pi (2)

where $Pi is the position vector of the pin joint with respect
to the top frame (x, y, z).

The inverse kinematics problem can be briefly stated as:
for a given position and orientation of the top platform,

Fig. 1. Kinematic structure with coordinate assignment.
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compute the actuating length of each link. The links P1B1,
P2B2, and P3B3 are constrained by the pin joints to move in
the plates, Y=S1, Y=2Ï3 X22S2, Y=Ï3 X22S3,
respectively, where Si is the actuating length of the ith
horizontal link for i = 1, 2, 3. From the constraint equation,
we can obtain Si as follows:

S1 =n2r+Yc

S2 =
Ï3
4

n1r+
1
4

n2r2
3
4

o1r

2
Ï3
4

o2r2
Ï3
2

Xc 2
1
2

Yc (3)

S3 = 2
Ï3

4
n1r+

1

4
n2r2

3

4
o1r

+
Ï3

4
o2r+

Ï3

2
Xc 2

1

2
Yc.

Then, the lengths of the vertical links Li can be obtained
from the following vector analysis:

$OO9+O$9Bi =
$OPi +

$PiBi for i=1, 2, 3. (4)

From the above (4), the following solution of the inverse
kinematics is obtained:

L2
1 =X2

C +Y2
C +Z2

C +r2 +R2 +S2
1 22RX X

C 22S1YC

+2rn1(XC 2R)+2rn2(YC 2S1)+2rn3ZC

L2
2 =X2

C +Y2
C +Z2

C +r2 +R2 +S2
2 +RXC 2Ï3RYC

+Ï3S2XC +S2YC +(XC +
1
2

R+
Ï3
2

S2)(Ï3o1 2n1)r

+(YC 2
Ï3

2
R+

1
2

S2)(Ï3o2 2n2)r

+(Ï3o3 2n3)rZC

L2
3 =X2

C +Y2
C +Z2

C +r2 +R2 +S2
3 +RXC +Ï3RYC

2Ï3S3XC +S3YC 2 (XC +
1
2

R2
Ï3
2

S3)(Ï3O1

+n1)r2 (YC +
Ï3
2

R+
r
2

S3)(Ï3o2 +n2)r

2 (Ï3O3 +n3)rZC. (5)

If the position of the top plate is given, the solutions of the
inverse kinematics are uniquely determined as shown in (2)
and (4).

The forward kinematics problem can be stated as: for
given actuating lengths of the extensible links, compute the
position ( XC, YC, ZC) and orientation vector $n, $o, $a of the top
platform. The angles ui are defined to be the angles between
the base platform and the vertical links PiBi (for i=1, 2, 3).
Since the distance between any two adjacent ball joints is
Ï3r, the following vector relations can be obtained by:

$OPi +
$PiBi +

$BiBj =
$OPj +

$PjBj (for i=1, 2, 3, j=2, 3, 1) (6)

I $BiBj I 2 =SÏ3rD2

= I $OPj +
$PJBj 2

$OPi 2
$PiBi I 2. (7)

From the above (7), the implicit relationships between u i

and six lengths of the extensible links Li, Si are described
by:

f1(u1, u2)=L2
1 +L2

2 +L1L2 cosu1cosu2 22L1L2sinu1 sinu2

2L1cosu1(3R+Ï3S2)+L2cosu2(23R+Ï3S1)+3R2 23r2

+S2
1 +S2

2 +S1S2 +R(2Ï3S1 +Ï3S2)=0

f2(u2, u3)=L2
2 +L2

3 +L2L3 cosu2cosu3 22L2L3sinu2 sinu3

2L2cosu2(3R+Ï3S3)+L3cosu3(23R+Ï3S3)+3R2

23r2 +S2
2 +S2

3 +S2S3 +R(2Ï3S2 +Ï3S3)=0

f3(u1, u3)=L2
1 +L2

3 +L1L3 cosu1cosu3 22L1L3sinu1 sinu3

2L1cosu1(3R2Ï3S3)+L3cosu3(3R+Ï3S1)+3R2

23r 2 +S2
1 +S2

3 +S1S3 +R(Ï3S1 2Ï3S3)=0. (8)
Fig. 2. The geometry of the top plate and the base plate of the
3-PRPS parallel manipulator.
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We thus have three nonlinear equations for three unknowns
ui. Their solutions can be obtained numerically.

To control the manipulator in real-time without additional
sensor for sensing the position and orientation of the end
effector installed at the top plate, it is very important to
compute ui fast by using Li and Si sensed from the position
sensors of the links. In this paper, the Newton-Raphson
method15 is used to solve the nonlinear equations. Since the
initial value of ui is critical to the calculation time of the
Newton-Raphson method, the initial value has to be
guaranteed to meet the required computing time constraints
within the workspace. Once the initial values are chosen,
then, the position vector $Bi can be obtained from the
calculated ui and the geometry of Figure 2(b) as follows:

$B1 =[XB1 YB1 ZB1]
T = [R2L1 cos u1 S1 L1 sin u1]

T

$B2 =[XB2 YB2 ZB2]
T

=F2
R
2

2
Ï3
2

S2 +
1
2

L2 cos u2

Ï3

2
R

2
1

2
S2 2

Ï3

2
L2 cosu2 L2 sinu2 G T

$B3 =[XB3 YB3 ZB3]
T

=F2
R
2

+
Ï3
2

S3 +
1
2

L3 cos u3 2
Ï3

2
R

2
1

2
S3 +

Ï3

2
L3 cosu3 L3 sinu3 G T

(9)

Since the ball joints are placed at the vertices of an
equilateral triangle, (XC, YC, ZC) can be expressed by

XC =
1
3 O3

i=1

XBi

YC =
1
3 O3

i=1

YBi

ZC =
1
3 O3

i=1

ZBi . (10)

Then, the orientation vectors  can be ( $n, $o, $a) calculated
using (2) and (9).

From (6), we know that multiple solutions of the angles u i

exist for a given set of link lengths. In other words, there are
multiple possible configurations of the manipulator for a
specific set of link displacements.

To verify the correctness of the derived kinematic model,
a series of simulations were carried out as follows: First, we
obtain a sphere within the reachable workspace of the

proposed manipulator and divide the surface of the sphere to
have equal dividing intervals as shown in Figure 3.
Secondly, by using the inverse kinematics, the lengths of the
vertical and the horizontal links are obtained corresponding
to the position and orientation of the center of the top
platform as shown in Figures 4(a) and(b). Thirdly, forward
kinematic solutions are calculated from the obtained inverse
kinematic solutions. Figure 5 shows the result of the
forward kinematics. The correctness of the derived kine-
matic model is checked by comparing the deviation between
Figure 3 and Figure 5. They absolutely matched each other.

3. EXISTENCE OF THE FORWARD KINEMATIC
SOLUTION

Since a parallel manipulator consists of closed chains,
there are kinematic constraints that restrict the motion of the
links of the manipulator. Some solutions of the forward
kinematics are not realizable according to combinations of
the link displacements. In this section, we introduce
conditions for checking the existence of the forward
kinematics solutions for the proposed in-parallel manip-
ulator.

The kinematic constraints that restrict the motion of the
links are described by (8). From the constraints, we
determine the critical points that has an unique kinematic
solution in the whole workspace. A set of equations for
obtaining the points at which the rates of variation of f1, f2,
and f3 are zero can be derived by:

f1

u1

+
f1

u2

=0

f2

u2

+
f2

u3

=0 (11)

f3

u1

+
f3

u3

=0

The solution of above non-linear equation (11) is given by:

u1 =u2 =u3 =±np for n=0, 1, 2, . . . (12)

Let us denote the ratio of the top plate and the base plate
size r as

Fig. 3. The desired workspace for simulation.
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r =
r
R

(13)

Considering the configuration of the proposed mechanism
by varying r, we know that the solutions simultaneously
satisfying (11) indicates the following two cases only:

u1 =u2 =u3 =0 if r =
r
R

≤1,

u1 =u2 =u3 =p if r =
r
R

l 1. (14)

The above two cases represent the configurations of the
mechanism whose forward kinematic solution exists
uniquely. In other words, the conditions of (14) represent
critical points that has unique kinematic solution in whole
workspace of the manipulator. Therefore, a general exis-
tence condition of the forward kinematic solution including
the critical points of (14) can be obtained by substituting
(14) into (8):

fi(0,0)≤0 if r=
r
R

≤1,

fi(p,p)≤0 if r=
r
R

l1, for i=1,2,3. (15)

Let us consider a special case in which the lengths of three
vertical links and three horizontal links are identical that is:
L1 =L2 =L3 =L, S1 =S2 =S3 =S. From (8), the solutions sat-

isfying the inequality of (14) are given in the following
forms:

L
r

≥
R
r

2 Î12S S
r D 2

if r =
r
R

≤ 1 (21≤
S
r

≤1),

L
r

≥ U2
R

r
+Î1-S S

r D2 U if r =
r
R

l1 (21≤
S
r

≤ 1) (16)

Figure 6 shows the existence range of the forward kinematic
solution satisfying the inequality of (16). For each r, (16)
means that the kinematic solutions exist at the upper zones
of the obtained curves.

Generally, the forward kinematics of parallel manip-
ulators doesn’t have a unique solution, but multiple
solutions. The simulations for the forward kinematics of the
proposed manipulator result in eight distinct solutions
according to the initially guessed u i. Figure 7 shows the
results of (16) at the conditions of which R=r=50 [mm],
L1 =L2 =L3 =100[mm], S1 =S2 =S3 =0, and 2180°≤u i ≤180°
for i=1, 2, 3. We know that the sets of (u1, u2), (u2, u3), and
(u3, u1) form a certain shape of band satisfying f i =0 of (8)
respectively. These shapes mean that there exist multiple
solutions for the forward kinematics of the proposed
mechanism.

A series of numerical analysis represent the existence of
the eight distinct forward kinematic solutions as shown in
Figure 8.

Fig. 4. Solutions of the inverse kinematics.

Fig. 5. The workspace obtained by the solution of the forward
kinematics. Fig. 6. Existence rabge of the forward kinematic solution.
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As noted earlier, fast computation of kinematics is very
important to control a parallel manipulator in real-time. In
this paper, we developed the kinematic model on a personal
computer with a 80486-DX2 66MHz CPU. The inverse and
forward kinematics take approximately 2 miliseconds.
These results are fast enough to allow us to implement a
real-time control of the proposed manipulator with a good
frequency response.

4. WORK SPACE ANALYSIS
Generally, the work space of the Stewart platform type
manipulator forms a certain type of an umbrella whose

sectional area is changing according to the height.16 These
characteristics may restrict the possible applications of the
manipulator for various tasks. The proposed manipulator
has an uniform workspace without variation of the sectional
area, although its height varies. The workspace always
forms a shape of a hexagonal pole irrespective of the
variation of the ratio r. Figure 9 compares the workspaces of
the two manipulators with R=50 [mm], r=1, 0≤Li ≤1.2R,
and 20.1R≤Si ≤0.1R for i=1, 2, 3.

The relationship between r and the volume of the
workspace by varying the actuating lengths of the links is
shown in Figure 10. Clearly, as r decreases, larger
workspace is obtained.

5. MANIPULABILITY AND RESISTIVITY
Manipulability measure w was proposed to measure quanti-
tatively the ability of changing the end-effector position and
orientation from the view point of the kinematics.17 In a
serial manipulator, the relation between the joint velocity q̇
and the velocity vector n corresponding to the position and/
or orientation of the end effector is

n=J(q)q̇ (17)

where q is the joint variable of the manipulator and J is the
Jacobian matrix. The manipulability measure w for the
serial manipulator configuration q is given by

w=Ïdet(J JT) (18)

For a parallel manipulator, let Q=[Q 1, . . . , Q 6]
T be a

displacement vector of six actuators and C=[XC, TC, ZC, a,
b, g]T be a generalized coordinate vector representing the
position/orientation of the top platform. The Jacobian
matrix J relates the joint velocities Q̇ to the Cartesian and
angular velocities of the end-effector Ċ as:

Q̇=J(C) Ċ (19)

Since Jacobian matrix J of parallel manipulators is derived
from the inverse kinematics, it is the inverse one of the serial
ones. The Jacobian matrix J describing the relationship
between the end-effector force F and the joint torque t for
the parallel manipulator is given as follows:

F=F fc

mc
G=JT t (20)

where fc, mc are the decoupled force and moment of the end-
effector, respectively.

Since the proposed parallel manipulator has no redundant
degree-of-freedom, the manipulability measure w is repre-
sented as follows:

w= u det(J 21) u (21)

The concept of resistivity measure, wR, of robot manip-
ulators was suggested as a quantitative measure of their

Fig. 7. Graphs of multiple existence of the forward kinematic
solution.
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Fig. 8. Configurations of the eight distinct forward kinematic solutions.
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ability in resisting the externally applied forces.17 The
resistivity measure for the proposed non-redundant parallel
manipulator can be written as follows:

wR =
1

w
=

1
u det(J 21) u

(23)

Since the manipulability and resistivity are functions of the
Jacobian, their values are changed according to configura-
tions of the manipulator. For a configuration with XC =0,
YC =0, ZC =60 [mm] and the orientation angles of the top
platform a=0°, b=5°, g=0° where they are expressed in
terms of Euler angles, the simulation results by varying r
are shown in Figure 11.

It is found in Figure 11 that r less than 1 results in rapid
increase of the manipulability, while r greater than 1 results
in monotonously decreasing magnitude of the manipul-
ability. The resistivity shows the reverse trends compared
with the case of the manipulability. Therefore, the manip-
ulator is recommended to be designed with r<1 for good
manipulation. But for large stiffness, it must be designed
with r>1.

6. SINGULARITY ANALYSIS
Parallel manipulators have certain singular configurations at
which it is impossible to move the top platform no matter
which joint rates are selected. From (19), the inverse
Jacobian matrix J 21 relates the joint velocities Q̇ to the
Cartesian and angular velocities of the end-effector Ċ as:

Ċ=J 21(C)Q̇ (24)

If the determinant of J is equal to zero in a given
configuration CO, the velocities of the end-effector become
infinity, and the manipulator is uncontrollable. We call this
CO a singular configuration. Considering the singular
configuration from the view point of the end-effector force
F and the joint torque t, we see that at the configuration
small changes of F can easily destroy the balance of the
structural rigidity. In other words, in order to maintain the
rigidity infinite joint torque t is required as shown in (20).
Conventionally, singular configurations of parallel manip-

Fig. 9. Comparison of the workspace for the Stewart platform and
the proposed manipulator in case of r=1.

Fig. 10. Variation of workspace volume by varying the actuating
lengths of the links d and the r (d max =maximum actuating link
length). Fig. 11. Manipulability and resistivity with respect to r.
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Fig. 12. Seven singular configurations of the proposed manipulator.
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ulators can be described by checking the determinant of
Jacobian matrix. Mac-Callion and Pham18 used a numerical
deflation method to find out all roots of the determinant.
They found up to nine roots to this determinant, all outside
the range of the links length. Fichter19 described sinular
configurations that is obtained when one rotates the mobile

plate aroung z axis with an angle of ±
p

2
. This configura-

tion was obtained by investigating the roots of the
determinant of Jacobian matrix. Gosselin and Angeles20

described a classification of singularity of closed-loop
kinematic chains in three groups, which is based on the
properties of the Jacobian matrix. Practically, however,
these conventional approaches introduced in the above are
difficult to use for the investigation of the singularity
because the Jacobian matrix of most parallel manipulators is
highly nonlinear and complex.

These problems inherent to parallel manipulators have
led some researchers to explore geometric methods.21–22

Merlet21 proposed a singularity analysis method based on
Grassman line geometry.23 In this method, a singular
configuration is obtained when the parallel manipulator
satisfies several geometric rules describing the geometric
lines associated to the robot links. It appears that this
method can be applied for a specific parallel manipulator,
not for the general parallel manipulators.

Manipulability measure w has been used to analyze the
singular configuration for serial robots.15 In this paper, we
apply this measure for the singularity analysis of the
3-PRPS parallel manipulator. Generally, the parallel manip-
ulator has a singular configuration at the position and
orientation of w=∞ . However, it is not easy to accurately
obtain the physical meaning of the singular configuration, as
the motion of the end-effector of parallel manipulators is
generated by highly coupled link motions. Sometimes,

various tasks of robot make us to consider the robot motion
decoupled into translation and rotation. For example,
probing is accomplished mostly by translational motion,
while micro-surgery is dominated by rotational motion.24

Therefore, in order to understand the singularity more
intuitively, we think that the motion of the parallel
manipulator should be analyzed by being separated into
translational and rotational motions in the Cartesian coor-
dinates. Arai and Sheridan25 proposed the singular value
decomposition of the Jacobian to analyze how to generate
forces and moments at the end-effector. The Jacobian was
partitioned into two matrices, one corresponding to force
and the other to moment. They also discussed the singularity
of the Stewart platform by using this analysis method. In
this paper, we adopt the translationalability and the
rotationalability26 to analyze the singular configurations of
the 3-PRPS parallel manipulator. The method for checking
singularity adopted here is similar to that proposed by Arai
and Sheridan. Translationalability was proposed to evaluate
the ability of a manipulator which can generate translational
forces of its top platform. The Jacobian matrix J can be
decomposed as follows:

F =F fc

mc
G=JT t=F JT

T

JT
T
G t (25)

where JT(P R63 3), JR(P R63 3), are the submatrices of J
which denote the translational and rotational motions,
respectively. If only translational motion of the top plate is
generated without any rotational motion by the link forces,
the following relations are obtained from (25):

fc =JT
Tt≠0, fc P R (JT

T)

tc =JT
R t=0 (26)

Table I. Geometric conditions of the seven singular configurations

Type a b g XC YC ZC

a 0 ±np* 0 arbitrary arbitrary arbitrary

b 0 ±(n+1)p 0 arbitrary arbitrary arbitrary

c 0 +
np

2
0 R arbitrary

d 0 +
(n+1)p

2
0 R 0 arbitrary

e 0 tan21 ZC

R2XC

0 arbitrary arbitrary arbitrary

f
2p

3 tan21S ZC

R+k D 2
2p

3
u k sin a u ** 2 u k sin a u arbitrary

g 2
2p

3 tan21S ZC

R+kD
2p

3
u k sin a u 2 u k sin a u arbitrary

* n=1, 3, 5, . . .
** k > 0
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where R (JT
T) denotes the range of JT

T. Now, we consider the
set of end-effector forces fc which are realizable for the joint
forces t such that the Euclidean norm of t satisfies,

i t i2 =(t2
1 +t2

2 + . . . +t2
6)≤1. (27)

From (25) and (26), we have

t Tt=f T
c (JT)

+ (JT
T) + fc (28)

where J +
T is the pseudo-inverse matrix of JT. Equation (28)

means that the resulting forces of the top plate forms an
ellipsoid in the three-dimensional Euclidean space, whose
space lies in the directions of the eigenvectors of the matrix
(JT)

+ (JT
T) + . The volume of the ellipsoid represents the

magnitude of the translation forces in the end-effector of the
manipulator which are produced by link forces and linearly
varies with the i (JT)

+ (JT
T) + i. We call this magnitude

translational resistivity measure wTR for a manipulator
configuration C. From (28), wTR is obtained by using the
properties of the pseudo-inverse matrix as:

wTR =Ïdet(JT
T JT) (29)

where det(.) is the determinant of the matrix (.).
Rotationability was suggested to describe the ability of a

manipulator in generating not translational forces but only
moments or torques at the end-effector.25 Also, we express a
method for evaluating quantitatively the ability. If only
rotational motion of the top plate is generated without any
translational motion by the link forces, the following
relations are obtained from (25):

fc =JT
T t=0 (30)

mc =JT
R t≠0, mcPR(JT

R) (31)

tTt=mT
c(JR) + (JT

R) + mc. (32)

Equation (32) means that the resulting moments of the top
plate forms an ellipsoid in the three-dimensional Euclidean
space, whose space lies in the directions of the eigenvectors
of the matrix (JR) + (JT

R) + . The volume of the ellipsoid
represents the magnitude of the rotational forces in the end-
effector of the manipulator which are produced by link
forces and linearly varies with the i (JR) + (JT

R) + i. We call
this magnitude rotational resistivity measure wRR for a

Fig. 13. Manipulability, resistivity, translational resistivity, and
rotational resistivity at the configuration with a=g=0°.

Fig. 14. A photograph of the proposed parallel manipulator.

Fig. 15. The joint actuator with an optical sensing mechanism.
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manipulator configuration C. From (28), wRR is obtained by
using the properties of the pseudo-inverse matrix as:

wRR =Ïdet(JT
R JR). (33)

In a given singular configuration, two measures have usually
the following values: wTR =0 and wRR =0 from the view point
of link force and torque.

We have investigated the singular configurations of the
3-PRPS parallel manipulator by using these measures. To
this end, the existence of the seven singular configurations
is detected as shown in Figure 12 and Table I. One of the
singular configurations occurs at which the top platform and
the base plate are paralleled and a=b=g=0°. Figures 13(a)
and (b) show the results of the measures at the configura-
tion. Obviously, w and wR represent the fact that the
configuration is singular as shown in Figure 13(a). However,
the results of wTR and wRR of Figure 12(b) suggest a new fact
that the translational motion is able to be carried out at the
singular configuration, while the rotational motion can not
be accomplished. Therefore, the singularity analysis by
using wTR and wRR helps to extend the achievable workspace,
while the previous method by the manipulability w and the
resistivity wR restricts the whole motion of the manipulator
at a given singular configuration.

7. DEVELOPMENT OF THE PROPOSED
MECHANISM
We developed a prototype of the proposed mechanism based
on the design method described above. The mechanism will
be used as a wrist of a robot for the probing task as shown
in Figure 14. The probing task requires large workspace,
free manipulation, and high capability of resisting applied
forces. Considering design tradeoffs among abovely dis-
cussed workspace, manipulability, and resistivity, it is
decided that r would be unity to compromise such
considerations. The specification of the designed mecha-
nism are R=16 [mm], r=15 [mm], Si =5 [mm] and
Li =90±2.5 [mm] for i=1, 2, 3. In addition, these specifica-
tions satisfy the condition of the existence of the forward
kinematic solution.

Each joint actuator for the proposed mechanism utilizes
the Lorentz force: the force generated by a current-carrying
conductor in a static magnetic field as shown in Figure 15.
The conductor, a moving coil, is positioned among four
rectangular neodyminum iron boron magnets which provide
a high gap field. The designed actuator has various features
as a fast response, a minimal mass, and a linear force
generation.13 The force constant measured in motion
direction of the actuator is 0.8 N/A. These characteristics of
the actuator can provide the best potential for the probing
task application. The position of the actuator is measured by
an optical sensor. This sensor is composed of a diode laser,
two mirrors and a PSD (position sensing device). The
position sensing resolution of this device is approximately
±5mm. To reflect accurately the applied forces on the links
of the mechanism, an one dimensional force sensor is
installed at each actuating link. The force sensor provided
reading up to 10 N with a resolution of 2.223 1024 N.

8. CONCLUSIONS
We have presented a kinematic analysis of the 3 PRPS type
parallel manipulator developed for probing task applica-
tions. It was found that the quantity r (the ratio of the top
plate and the base plate size) is the most influential design
parameter.

The forward kinematic solution is not uniquely deter-
mined, but the analysis shows that there exist eight distinct
solutions according to the initially guessed angles u i

between the base platform and the vertical links. The
existence conditions of such solutions are defined in terms
of r and link displacements as shown in (16). The ratio r is
also found to be an important design parameter for
determining the workspace volume. As r decreases, larger
workspace is obtained. The developed manipulator pos-
sesses the workspace which forms the shape of the
hexagonal pole without changing the sectional area.

Using the translational resistivity wTR and the rotational
resistivity wRR, we can check the singularity of the
manipulator. At a singular configuration of the manipulator,
the two measures have usually the following values: wTR =0
and wRR =0 from the view point of link force and torque. The
singularity analysis using wTR and wRR helps to extend the
achievable workspace when compared with the analysis
using the manipulability.

We designed a parallel wrist that has a desired workspace,
manipulability, and resistivity for the probing task, and built
it as a prototype. Each joint actuator for the proposed
mechanism is an electromagnetic linear actuator that has a
fast response and a linearized force generation suitable for
the probing task. Future research will be directed towards
the experimental investigation for active contact control.
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