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This article considers the asset price movements in a financial market when risky asset
prices are modeled by marked point processes. Their dynamics depend on an under-
lying event arrivals process, modeled again by a marked point process. Taking into
account the presence of catastrophic events, the possibility of common jump times
between the risky asset price process and the arrivals process is allowed. By set-
ting and solving a suitable control problem, the characterization of the minimal
entropy martingale measure is obtained. In a particular case, a pricing problem is
also discussed.

1. INTRODUCTION

This article deals with the problem of expected utility optimization with an application
to the structure of the minimal entropy martingale measure in a financial market for
which the assets prices are modeled by marked point processes. As observed,
for instance, in Prigent [24], intraday information on financial asset price quotes and
the increasing amount of studies on market microstructure show that prices are piece-
wise constant and jump at irregularly spaced random times in reaction to trades or to
significant new information. This is the reason why many authors believe that pure
jump processes might be more suitable for modeling the observed price or quanti-
ties related to the price. In fact, they believe that models that consider continuous
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trajectory processes, even if the presence of jumps is allowed, and not accounting for
the discreteness in the data, could lead to wrong conclusions and might need ad hoc
methods for rounding and estimation.

Several models in which the price process is a marked point process are available
in the literature; in addition to Prigent [24], we only quote Rogers and Zane [26],
Ridberg and Shephard [25], Frey [13], Frey and Runggaldier [14], Centanni and
Minozzo [7,8], Gerardi and Tardelli [18], Ceci [5], and the references therein. In order
to describe the amount of information received by the traders related to intraday market
activity, the activity of other markets, macroeconomics factors, or microstructure
rules, some of these references have introduced exogenous stochastic factors. For
instance, in Zariphopoulou [29], the fundamental assumption is that the dynamics of
the stock price depends on another process, referred to as a stochastic factor, which
is generally correlated with the underlying stock price. In all of these cases, the local
characteristics of the price process, such as the jump-intensity and the jump-size
distribution, depend on a latent process whose behavior has been described in different
ways by different authors.

In this article, we consider a financial market with a single risky asset and a bond.
As described in Section 2, the price S of the risky asset in units of the numeraire is a
stochastic process given by S; = Spe’’, for Sy € R*. The logreturn price Y is a marked
point process whose local characteristics depend on the entire history up to time ¢ of
a marked point process X. The processes X and Y are strictly correlated, since we
assume that they might have common jump times, which implies that the behavior of
X might be affected by trading activity. Furthermore, as in Gerardi and Tardelli [18],
we introduce a Markovian assumption.

In Section 3 we deal with the control problem that arises if we assume that
the investor seeks to maximize the expected utility from his terminal wealth when
an exponential utility function is chosen. Writing down the related Hamilton—Jacobi—
Bellmann equation, we provide a solution for it and we find the corresponding feedback
optimal strategy. This is a useful result, suitable for many applications. In particular, we
are interested in characterizing the minimal entropy martingale measure that plays an
important role in the utility indifference approach to valuation of derivatives (Frey [13],
Frittelli [16], Grandits and Rheinlander [20], and Delbaen, Grandits, Rheinlander,
Samperi et al. [9]).

In Section 4 we recall some general properties and we observe that, since in
the model studied in this article S, is locally bounded, there exists a unique minimal
entropy martingale measure PZ, locally equivalent to P, under the assumption that the
set of the equivalent martingale measures with finite entropy is nonempty (Frittelli
[16]). In the Appendix, we prove that this condition is accomplished. Consequently, in
this model, there exists a unique minimal entropy martingale measure PZ, equivalent to
P, which we characterize by using a duality relation as the main tool. Duality methods
give arelation between the problem of maximization of the expected exponential utility
and the minimal entropy martingale measure.

Many articles deal with duality topics—for instance, the work Delbaen et al.
[9], Bellini and Frittelli [2], Biagini and Frittelli [3], and the references therein.
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The structure of the model studied in this article leads us to follow the method
presented in Biagini and Frittelli [3]. This method allows us to give the main
result of this article that is, an explicit representation of the density of the minimal
entropy martingale measure in terms of the solution of the Hamilton—Jacobi—-Bellmann
equation.

Finally, Section 5 is devoted to the problem of pricing of a European contin-
gent claim when the agents can observe only the behavior of the price process.
The problem of defining the arbitrage-free price in a model with restricted information
arises, and many approaches to a solution are possible. The discussion in Gombani,
Jaschke, and Runggaldier [19] suggests a choice similar to that followed in Ceci and
Gerardi [6] and in Frey and Runggaldier [15]. This choice consists of characterizing
the martingale measures with respect to the filtration F; and defining the price of the
claim as the expectation conditioned to the observations, under a suitable martingale
measure, which, in this article, is the minimal entropy martingale measure. Under an
additional assumption on the structure of the model, we reduce the problem of pric-
ing under restricted informations to a filtering problem. The general case appears too
abstract and it is briefly discussed in Section 5.3. Thus, in Section 5.2, we restrict our-
selves to the case in which Y is discrete-valued. The Kushner—Stratonovitch equation
is written down, uniqueness of its solution is proven, and a recursive computation of
the filter is provided.

In Section 6 we are concerned about the existence and characterization of risk-
neutral measures that is, probability measures equivalent to P, under which the price
process is a local martingale. We discuss their characterization in the framework of
this model, taking into account the incompleteness of the market due to the presence
of infinitely many jumps of the price process.

Because we are mainly interested in the minimal entropy martingale measure,
to verify the existence of risk-neutral measures with finite entropy, we characterize
the minimal martingale measure for this model, and we prove that it is a probabil-
ity measure with finite relative entropy with respect to P. The minimal martingale
measure has been studied by many authors with regard to the topic of hedging of
contingent claims in incomplete markets (Follmer and Schweizer [12], Prigent [24],
and Schweizer [28]).

In the literature, the continuous paths processes have been frequently consid-
ered. For a marked point process, the minimal martingale measure approach has been
discussed, for instance, in Prigent [24]. Sufficient conditions for its uniqueness and
existence can be found in Follmer and Schweizer [12], Ansel and Stricker [1],
and Schweizer [28].

2. THE MODEL

On a filtered probability space, (2, F, {F:}i>0, P), where {F;};>¢ satisfies the usual
conditions, we consider a market model with a single risky asset S and a nonrisky asset.
The price of the risky asset, discounted with respect to the price of the bond, is a process
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S having the form S; = Sy exp {¥;}, with Sy € R™. The logreturn price Y is assumed
to be a nonexplosive R-valued marked point process with initial condition Yy = 0,
characterized by the sequence {t}, Yoy — Yoy} |, where {tY},>1 is a nondecreasing
sequence of stopping times. This means that the trajectories of the price of the stock
are piecewise constant, and changes occur only at random times.

The dynamics of the logreturn price depends on an exogenous process X, repre-
senting the amount of news reaching the market. We believe that it is sensible to assume
that X is a nonexplosive marked point process, taking values in a finite set X C R,
with initial condition X, = 0 and nonnegative jump sizes. The process X is charac-
terized by the sequence {7, X;, — X;,_},., where, again, {7,},>1 is a nondecreasing
sequence of stopping times. -

Next, we will describe the joint dynamics of the processes X and Y. First,
we describe the link between trading frequencies and arrivals of news to the mar-
ket. To this end we define the point process counting the jump times of Y up to
time ¢ as

N, = Z | 2.1

n>1

We assume that it admits a (P, F;)-intensity A,, whose structure, similar to that given
in Centanni and Minozzo [7,8] and Gerardi and Tardelli [18], is

o= a(t) +bze ™™ +bY (X, — Xy e T, o, 2.2)

i>1

with b and k real positive parameters and a(-) measurable a R*-valued deterministic
function, verifying

0<a() <a< +oo.

Equation (2.2) has a natural and intuitive interpretation. The arrival of a news reaching
the market, represented by a positive jump size of X at a random time t,, produces a
sudden increase in the trading activity. Successively, a progressive normalization of
the market occurs, with a speed expressed by k. Finally, a(-) describes the activity
of the market in the absence of random perturbations. By adequately choosing the
function a(-), we would also be able to take into account deterministic features such
as seasonalities.

Assuming zy strictly positive, we get that A, is strictly positive. In addition, A; is
bounded, since for A suitable positive constant and V¢,

M <a—+bzg+bX, < A < +00. 2.3)

The structure of (2.2) could suggest the introduction of the history process defined
by X. To avoid this introduction and the technicalities that it implies, as in Gerardi
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and Tardelli [18], we define the process

t
Z =270+ / e dX,
0
and we obtain
e =a(t) + be M7, := A1, Z).

Then X is a deterministic measurable function of the time ¢ and of the process Z, which
is a nonhomogeneous pure jump process, taking values in a suitable Z € R, having
the same jump times of X and jump sizes given by Z, — Z,_ = (X, — X,_).

The first difference between this model and that proposed in Gerardi and Tardelli
[18] is that, in this article, we allow the possibility of common jump times between
the latent process X and the logreturn process Y as well as the possibility of catas-
trophic events. Hence, we denote by {r,f }n>1 € {Tn}n>1 the nondecreasing sequence
of stopping times at which X;x # X;x_and Y;x = Yix_.

In addition, in order to better specify the dynamics of the processes X, Y, and Z,
let £(t, x, 2), n1(¢,x, z), and 1,(¢, x, z) be measurable functions such that

£:00,T] x X x Z — RTU{0}
and for any ¢ € [0, T],

xeX, zeZ, x+E&(t,x,2) € X,

7 :[0,T] x X x Z — RT,
and for some real constants nm.x and Nmin,
0 < Nmin < Mi(£,X,2) < Nnaxs 1 = 1,2. 2.4)
Setting
& =X, Z), nfi=mt,X—,Z-), and n?:=nmt,X-,Z_),

we are able to give the representation
_ [ 0 0 g
X, = [ &IldN, +dN,], Y, = | n,dN,— | n,dN;,
0 0 0

t
Zt =20 +/ ekué}_u [dN,i) + dNu]s
0

where

0 § 1 §
Nt = 11’551’ Nt = lt’lyftl{Yrg/fYTy¥7>0}s

n>1 n>1
N2=) 1,1 and N, =N'!+N?
t — 'L'nyft {Yt”y—yt”y7<0]’ t — 1V te
n>1

We assume that N° admits a (P, JF;)-intensity given by A0 := A(t, X,—, Z,_), where
Ao(t,x,z) is a bounded nonnegative measurable function, such that, for the same A

https://doi.org/10.1017/50269964809990131 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964809990131

52 A. Gerardi and R Tardelli
given in (2.3),
Ao(t,x,2) < A 2.5)

For i = 1,2, N' admits a (P, F)-intensity A,p!, where A, := A(#,Z;_) and p! :=
pi(t,X,—,Z,_),i = 1,2 with p;(¢, x, z) strictly positive measurable functions verifying
the condition

pi1(t,x,2) + pa(t,x,2) = 1.

Remark 2.1: As we will see in Section 6, if the price process is strictly increasing or
strictly decreasing, the model does not admit any equivalent martingale measure. This
explains the particular structure of the dynamics of the process Y.

PROPOSITION 2.2: Under these assumptions, (X,Y,Z) is a Markov process and for
f(t,x,y,2) belonging to a suitable class of real-valued measurable functions, t > 0,
xe X, yeR, andz € Z, its generator is

0
Lf(t,x,y,2) = a—lf(t,x,y, 2) + Lif (1, x,¥,2), (2.6)
where

Lif (t,%,,2) = ho(t, X, DI (1, % + §(1,%,2), 5, 2 + €"€(1,x,2)) = f(1,%,,2)]

+ (6,2 ) pilt, %D (X +E(1,x5,2,y + (=D 'nit,x,2), 2
i=1,2

+ ekté(t»x, Z)) _f(t»x’y’ Z)]

ProoF: For a bounded real-valued measurable function f,
t
f(t’ Xt7 Yt7 Zl) _f(O, XOa YO? ZO) - / Lf(S’XS—’ YS—, ZS—)) ds = (P7 ﬁ)_martingale'
0

By Theorem 7.3 in Ethier and Kurtz [11], since the generator L, that is given in (2.6)
is bounded, then the Martingale Problem associated with the operator L and initial
condition (Xo = 0, Yy = 0,Zy = z9) is well posed and its solution is a Markov process
with trajectories in Dy xrx z[0, T]. |

From now on, we fix a finite horizon 7', and by a little abuse of notations, we set,

fort <T,F :=0{X,Y,, 0<s <t}

3. THE CONTROL PROBLEM

In this section we deal with the control problem that arises if we assume that the
investor seeks to maximize the expected value of the exponential utility function from
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his terminal wealth. The control problem is defined by the criterion

T
inf E |:exp (—wo — / 0, dS,>:|,
C) 0

where wy is a real positive constant and ® is the class of the (P, F;)-predictable
S-integrable real-valued self-financing processes.

The classical dynamic programming approach leads to the Hamilton—Jacobi—
Bellman equation. Herein, we prove that it admits a solution for a.a. t and we give an
explicit representation of the solution. To this end, setting

Qr = S, 6y,
the wealth process (Zariphopoulou [29]) reduces to

t t
W, = w0+/ 0,dS,=wo+/ o ds,.
) o Si_

with values in some VW C R. By the It6 formula we get

t

t
W, = wy +/ (pu(em(u,XHﬂZuf) _ l)dNul +/ (pu(e*nz(u,Xuf,Zuf) ) dNL%.
0 0

As we did in Proposition 2.2, we characterize the joint dynamics of (X,Y,Z, W),
for every constant control variable ¢ € R, by the operator LY that, for f(¢,x,y,z,w)
belonging to a suitable class of real-valued functions, > 0,x € X,y € R,z € Z,and
weW,is

LOf(t,x,y,2,w) = %f(t,x,y, w) + LY, x,y,z2,w), 3.1)
with
LEf(t,x,9,2,w) = Ao(t,x, ) [f (6, x + E(1,x,2), v,z + E(t, x,2), w) —f(t,x,y,2,w)]
+ A DLf (L x +E(x,2),y +mt.x,2),2+ "6, x,2),w
+ (" — 1)) = f(t,x,y,2,w)Ip1(1,x,2)
+ A D (tx + EF,x,2),y — m2(t,x,2), 2 + €VE(t, x,2), W
+ (e — 1)) = f(t,x,3,2,w)Ip2(1,x,2).

The cost functional becomes

"o
J(p) :=E|:exp{—w0—/ Sr dS,H =E[e’w7]
0

'
and the Hamilton—Jacobi—Bellman equation joint with its terminal condition is
given by
aU(t,x,y,z,w)
ot
UT,x,y,z,w) = e ™.

+ infweR L:ﬁ U(t, X, y, Zs W) == 07 (3.2)
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PROPOSITION 3.1: The Hamilton—Jacobi—Bellman (HJB) equation (3.2) reduces to the
following linear equation with final condition:

VXD | feyix2) + 462 (G (65 2) — DV (tx,2) = 0
—r JV(t,x,2) t,2)(G*(t,x,z) — DHV(t,x,2) =0, 3.3)
V(T,x,2) =1,
where
LV(t,x,2) :== A (t,x,)[V(t,x + £(t, x,2), 2+ "E(t, x,2)) — V(t,x,2)],
A1, x,2) == Ao(t,x,2) + A(1,2)G* (1, X, 2). (3.4)

PrOOF: Setting U(t,x,y,z,w) = e "V (t,x,27), we getthat V(T, x,z) = 1 and that the
generator L?, (3.1), restricted to a function V that does not depend on y and w, is
LYV(t,x,2) = ho(t,x,2) [V(t,x + £(t,x,2), 2+ "E(t, x,2)) — V(t,x,2)]

+ At )V (t,x +E(t,x,2), 7+ €E(1,x,2)G(@, 1,x,2)
- )"(t$ Z)V(t’x’ Z)’

where

Mt )

_ 0y (txz) _ _ —
Glp,t,x,2) = e """ Upi(t,x,2) + e p2(t,x,2).

The minimum value of G(¢, ¢, x, z), with respect to ¢, is attained at

1 — e 05D (s x, (em (2 —emm )~
w*(r,x,z>=—log{< ‘ Pal ”)) . (35

emtxs _ 1 p1(t,x,2)

G*(t,x,z) = min G(g, t,x,7)
(4
= exp {—¢*(t,x,2) (""" — DIpi(t,x,2)

+ exp {—¢* (t, x,2) (e ™) — DIpa(t,x, 2),

and the thesis is reached by a direct computation. ]

PROPOSITION 3.2: Problem (3.3) admits a unique measurable bounded solution that
is absolutely continuous with respect to t. Then, for any (x,z) and for a.a. t, there
exists 0V (t,x,z)/0t and it is bounded.
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PrROOF: We note that, taking into account (3.4), (3.3) can be written as

W — (At 2) + Aot x, )V (t, x,2) + X (t,x,2)V (¢, x + E(t,x,2), 2

+ M5 (1,x,2)) = 0,
V(T,x,2) =1,

(3.6)
which is equivalent to
, T
V(t,x,2) = e~ Gsrtrsaands o f X (5,2, V(5. + E(5.3.2).2
t
+ € (s,x,2))e [ G TR dr g, 3.7)

In fact, differentiating both sides of (3.7) with respect to ¢, we obtain an equation that,
joint with (3.7), reproduces (3.6).

Equation (3.7) has a unique bounded solution. If V; and V, are two bounded
solutions, setting

['(1) = sup |[Vi(t,x,2) — Va(t,x,2)1,
X,z
we get
T
It < A*/ T(s) ds,
t

and the assertion follows by a slight modification of the Gronwall Lemma.
Finally, by a classical recursive method, we obtain the existence of a bounded
solution absolutely continuous with respect to ¢. Setting

Bt u,x,7) = e~ Jraatrotraandr <

we define, recursively, for k > 0,
T
Vo(t,x,2) = B(t,T,x,2) + f A (s, x,2)B(t, s, x,2) ds,
t

T
Vi1, x,2) =ﬂ(t,T,x,z)+/ A (s, x,2)Vi(s,x + £(s,x,2), 2
t

+ € (s, x,2))B(1, 5, x,2) ds.

Since
e'max . @~ Nmin

0 <G*(t,x,2) < T and
—_ e min

. . e i W
AM(t,x,2) < A+ G (t,x,2) <A 1+1—n = A%,
— e ‘min
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we have that

Vi = Voll < @+ A*T)A'T,

(A*)k (T _ t)k (A*)k Tk
[Vir1(t,x,2) — Vi(t,x,2)| < BT E— Vi — Vol < T Vi — Voll
and the conclusion by standard arguments. ]

We give the main result of this section.

THEOREM 3.3: The HJB equation (3.2) admits a unique measurable bounded solution
that is absolutely continuous with respect to t. Then, for any x and for a.a. t, there
exists 0U(t,x,z,w) /0t and it is bounded. Moreover,
0F = M 3.8
S
is the optimal strategy with ¢* given in (3.5).

The Martingale Problem for the operator Li, with initial condition (, x, z), is well
posed. Denoted by (X Z) as its solution, (X Z) is a Markov process with trajectories
inDyyz[0,T] and let PWW) be its law. Then the value function of the control problem
discussed in this section is given by

T
Ut,x,2w) := e "Ers [exp{ / A(s, Z,) (G*(s,)?S,Z)—l)ds”. (3.9)

PrROOF: The first claim is reached by setting
Ut,x,z,w) =e " V(t,x,2),

with V provided by Proposition 3.2.

For the second claim, we get that the generator L}, given in (3.4), is bounded
and, again, by Theorem 7.3 in Ethier and Kurtz [11], the Martingale Problem is well
posed. By Proposition 3.2, the solution to (3.3) belongs to the domain of L}, and we
can write

u (aws,)?s,Z)

Vi, X Zy) = V(t,x,2) + /
os

t

+ L;‘V(s,ffs,zv)) ds + m, —m,,

where m,, is a zero-mean (INJ(,,X,Z), JF:)-martingale.
Finally, by the product formula and by (3.3), we get

T
V(t,x,2) = B |:exp { / A, Z) (G* (5, X, Zy) — l)ds”. (3.10)

Thus, the function U, defined in (3.9), is a solution to (3.2) and the optimal Markovian
strategy is given by 6 in (3.8). |
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Remark 3.4: Looking at the generator L} given by (3.4), we are able to characterize
explicitly the structure of the probablhty measure P such that P(tx o) = P( X, =
X,Z; = z). Actually, under P, the point process N° admits the same intensity
AO(Z,Xt_,Z,_) as under the original measure P. For i = 1,2, the point process N i
admits the new intensity A(¢, Z,_)p;(t, X,—, Z,_)G*(t, X,—, Z;_).

Then, by Brémaud [4], we are able to write

dP
dP | 5,

T T
=exp{/ log(l—i—G*(t,X,_,Z,_))dN,—/ G*(t,X,_,Z,_)A(t,Z,_)dt}.
0 0

4. MINIMAL ENTROPY MARTINGALE MEASURE

Several criteria have been proposed in the literature in order to find, among all equiv-
alent martingale measures, the one that is closest to P, in some sense (Follmer and
Schweizer [12], Ansel and Stricker [1], Schweizer [27,28]).

In this section we investigate the probability measure that minimizes the relative
entropy with respect to the probability measure P and we give its density, with respect
to P in terms of the value function of the control problem discussed in Section 3. Note
that, as observed in Frittelli [16], the notion of relative entropy is used intuitively as a
measure of the “distance” between two probability measures, even if it is not a metric
and it does not define a topology.

4.1. General Properties

For an introduction and a review of the applications of the notion of relative entropy
to economics and finance, see Frittelli [16] and the references therein. To discuss the
existence of the minimal entropy martingale measure for this model, we need some
preliminaries.

DEFINITION 4.1: On a filtered probability space (2, F, {F;};>0, P), given a probability
measure P', the relative entropy of P’ with respect to P is defined as

p[apP’ dP’ ;
, E'|—log|— )|, PKP
H(P'|P) = dP dP

+o00, otherwise

and it is a nonnegative strictly convex function, vanishing only if P coincides with P’.

DEFINITION 4.2: Let us denote by M the set of probability measures Q absolutely
continuous with respect to P such that S is a (Q, F;)-local martingale and by M, the
setof Q € M suchthat Q is locally equivalent (and then equivalent on a finite horizon)
with respect to P (risk-neutral or equivalent martingale measures; see the Appendix

for further details).
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DEFINITION 4.3: The minimal entropy martingale measure is a probability measure
PE € M such that

H(P*|P) = min H(Q|P).

Since the functional defining the relative entropy, P —> H(P'|P), is strictly
convex, if the minimal entropy martingale measure exists, it is unique and equivalent
to P (Frittelli [16, Thm 2.2] and Grandits and Rheinlander [20, Thm 3.1]) under the
assumption

inf H(Q|P . 4.1
o (QIP) < +00 4.1)
A known generalization of Theorem 2.1 in Frittelli [16] enables us to assert that if

the price process S is locally bounded, a necessary and sufficient condition for the
existence (and, obviously, uniqueness) of the minimal entropy martingale measure is

Jnf H(QIP) < +o0. 4.2)

Concerning the structure of the density of PZ with respect to P, we give the following
theorem, which summarizes the results reached in Frittelli [16, Thm 2.3] and Grandits
and Rheinlander [20, Prop 3.4].

THEOREM 4.4: On a filtered probability space (2, F,{F;}i>0, P), under (4.1), a prob-
ability measure PE is the minimal entropy martingale measure if and only if it is
defined by the Radon—Nikodym derivative

E
ap — eH(PE |P)+FE
dP ’

where FE is an Fr-measurable random variable, such that, for any Q € M, FF is
Q-integrable, E2[FE] > 0, and EP" [FE] = 0.

T
In addition, there exists a predictable process 6F such that F* = / oF ds,.
0

Therefore,

T
H(PE|P) = —1ogE [exp (f 9de,>] and
0

JPE exp (fOT oF dS,)

dP g [exp (fOT 0F dS,)] -

Furthermore, the (P, F;)-predictable process AF can be characterized by a duality
result, exhaustively discussed in Delbaen et al. [9], Bellini and Frittelli [2], Biagini
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and Frittelli [3], and the references therein. The Duality Principle can be written as

T
_ s _ _ E
SlelgE[—exp{—/o Q,dS,H = exp{ ngAfAH(Q|P)} = exp{ H(P |P)},
4.3)

where © is a suitable family of admissible strategies and the supremum on the left-hand
side is attained by choosing the predictable process % mentioned in Theorem 4.4.

4.2. The Minimal Entropy Martingale Measure in This Model

We will prove in the Appendix that (4.1) is verified in this model by introducing
the minimal martingale measure and showing that it has finite entropy. Then, since
the price process is locally bounded, we claim the existence of the minimal entropy
martingale measure. To give an explicit representation of its structure, we have to find
the (P, F,)-predictable process 8.

The main result of this subsection consists in proving that we can identify 6
with the optimal control 6* given in (3.8). The main tool to this end is the Duality
Principle as presented in Biagini and Frittelli [3], choosing the exponential utility
function u(x) = —e™".

First, to take into account that an agent can accept higher risk but only within a
certain degree, we define the set D of loss random variables (i.e. the family of random
variables D > 1, P-a.s., such that Assumption 4.5 and Assumption 4.6 hold).

ASSUMPTION 4.5: The random variable D is called S-suitable if there exists 6 € ©
such that, vVt € [0, T],
t
/ 0, dS,
0

ASSUMPTION 4.6: The random variable D is u-compatible if, for any real constant
¢ >0, E[eP] < +00.

6, #0 P—a.s. and < D.

Assumption 4.5 implies that all of the investments 6 and —8 are admissible and
D controls the loss admitted in trading. Assumption 4.6 assures that the admissible
trading strategies are compatible with the preferences of the investors.

Next, we set

T
oF = {9 € ©,such that 3D € D, ¢ > 0 and / 0,dS, > —cD].
0

Then Theorem 4.7 gives us the Duality Principle written in the frame of this article.
The proof can be obtained by looking at Theorem 1 in Biagini and Frittelli [3], which
holds in a more general setting.
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THEOREM 4.7: Let us assume that there exists a random variable Dy € D such that

T
sup E |:— exp {—/ 0, dS,” <0, 4.4
6@ 0

where ®y = {6 € © : Ic > 0 and fOT 6, dS, = —cDy}. Then

T
sup E |:— exp {— /0 G,dS,” = —exp {— Qrgﬂf H(QIP)} 4.5)

0eOF

and My is the set of the risk-neutral measures equivalent to P with finite entropy.

Remark 4.8: Assumption 4.4 holds true. In fact, in this model the price of the risky
asset S is locally bounded and 1 € D, (Biagini and Frittelli [3]). Furthermore, we
know that PF exists and is equivalent to P. Then the results given in Bellini and
Frittelli [2, Corol. 2.3] assures that, for Dy = 1,

T
sup E[—exp{—/o 0,dS,” = —exp {—H(P*|P)} <O0.

0€O,
Finally, Proposition 4.9 allows us to reach our goal.
PROPOSITION 4.9: Under the additional assumption
pit,x,2) > >0, i=1,2, 4.6)
the optimal control 6* given in (3.8) belongs to ®F.

PrOOF: Under (4.6), |¢*| is bounded, since

1 Max — 1 1 — ¢
0 <lp*(t,x,2)| < ———— max {1, e ¢ = C 4.7)
e'lmin — @~ Nmin 1 — e "Imin &

and

T *
* <pu —
f 07 dS, = E < Sy — S, ) = Z(p:(ey,, Yo 1.

0 u<t TU u<t

t
/ 6;dS,
0

1
ds,
S,

Thus, we obtain that

< C ("™ — )N,

Moreover, for 6, = 1/S,_,

t t
/ 6, ds, /
0 0

< ("= — DN,.

t t
f(eni —1)dN,1+/ (e — 1) dN?
0 0
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If we choose
Df = C(N,+ 1) with C > max {1, C(e" — 1), (" — 1)},

we get that D* is S-suitable. Next, we will prove that D* € D and 0* € ©F, since
E[eP"] < 400, Ve > 0.
For any real constant ¢ > 0,

t 1
M,f R | —/ [ecNHD _ oNeqpids = N — 1 — (e — 1)/ Moo ds
0 0

is a (P, F;)-local martingale. Let {z,},>1 be a localizing sequence of stopping times,
such that M/, at, 18 @ (P, F;)-uniformly integrable martingale and E[M!, Al =0,

AL, t
E[e™ ] =1+ (¢ — DE [ / eNon g ds] <14+ A -1 / E [e™ ] ds.
0 0

By the Gronwall lemma we get E[e?M ] < exp{A(e‘ — 1)}, and a monotone
convergence argument yields the thesis. |

COROLLARY 4.10: Under the assumptions of this article, setting ¢} = ¢ (s, X,, Z),
T T
supE [— exp {—/ G,dS,H =sup E |:— exp {—/ 9,dS,}i|
0e® 0 0e®F 0
= —exp {—H(PElP)}

and
~ T ~ ~ ~
H(PE|P) = —1log {]E(OWO) [exp < / Ms, Zo) (G(of,5,X,,Zg) — 1) ds)] }
0

PrOOF: The first equality follows by considering the stochastic control problem
discussed in Section 3. Moreover, setting t = 0, x = xg, z = 29, and w = 0 in (3.10),

T
U(0, x0, 20, 0) := V(0,x0,20) = E(0.x0.20) [GXP{/ Ms, Zo) (G(of, 5, X,,Zg) — 1) dS”
0
and for the Duality Principle (4.5), we have the second claim. |

As a conclusion, we are able to identify the predictable process 8%, mentioned in
Theorem 4.4, with the optimal strategy 6* given in (3.8), where ¢* is defined in (3.5).
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Then the final result of this section is an explicit expression of the density of the
minimal entropy martingale measure. Setting

y1(t,x,2) = exple* (1, x,2) (" @9 — 1)} — 1,

Y2(t,x,2) = exple* (6, x,2) (€T 59 — 1)} — 1,

and
J/ti = ‘yi(t,Xl”Zl‘f) fori = 1’27
since by (A.5),
T t (p* t . .
f o ds, — / b s, = f 3 log (1 + ¥y diV, “8)
0 0 SV— 0 i=1,2

we get

dPE exp {foT o, dS,} exp {fol Yimialog (1+7)) dNi} 4.9)

dP E[exp{foT o ds,}] - E[exp[fot Y log (1 +y;‘)dN;‘}]

5. PRICING UNDER RESTRICTED INFORMATION

In this section we assume that the process (X, Z) is unobservable by the agents, who
can only observe the behavior of the price process S or, equivalently, the behavior of
the logreturn process Y. Given a European contingent claim with maturity 7', referred
to as the option, with payoff B = B(Sr), a bounded F;-measurable random variable,
we deal with the problem of pricing that is to determine the value of B at each time
t € [0,T] in order to avoid arbitrage opportunities. Thus, we face the problem of
pricing in a partially observed model under incompleteness of the market.

It is well known that in the full information case and in a complete market, there
exists a unique risk-neutral measure. The arbitrage-free price of a contingent claim
is defined as the expectation of B conditioned with respect to F; under this measure.
However, we are studying a model in which the market is incomplete, hence there
exist many martingale measures and a choice must be made. The minimal entropy
martingale measure appears as a good choice, as a consequence of an asymptotic
result given in Mania and Schweizer [23, Thm. 17].

Furthermore, we must define the arbitrage-free price in a model with restricted
information. The discussion in Gombani et al. [19] suggests a choice similar to that
followed in Ceci and Gerardi [6] and Frey and Runggaldier [15]. Thus, we consider
martingale measures with respect to the filtration F; and we will define the price of the
claim as the expectation conditioned to the observations, under the minimal entropy
martingale measure.

To accomplish this program, we need a better knowledge of the structure of this
measure. In the next subsection, we obtain such knowledge at the cost of a strong
condition on the parameters defining the dynamics of the model (see (5.2)).
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5.1. A Particular Model

Throughout this entire section we assume that (4.6) holds true and we define the
process

t
Mfzf >yl (dN - )ids).
[

=12

Under (4.6), ¢* is bounded (see (4.7)), |y?| and A’ are bounded fori = 1, 2. This implies
that M,E is a {P, F;}-martingale. Moreover, y,i + 1 > 0 and we define the process

2/ log (1 + y/)dN! — Zf yfx;‘,ds}. (5.1)
0 0

Lf = EM]) = exp !
i=1,2 i=1,2

LEMMA 5.1: The process LE is a {P, F;}-martingale.

PrOOF: For all t > 0, LF is the solution to
t t t
CE =1+ / CE aME =1+ / LE i [aN! — 2} ds] + / LE 2 [dN? — 22 ds]
0 0 0

and is a strictly positive supermartingale (Ansel and Stricker [1] and Doléans-
Dade [10]). Consequently (Brémaud [4]), since

t t t
JEU LE |yl ds—i—/ ,cf_|y3|x§ds] SKA/ E[LE 1ds < +oo,
0 0 0

where K is a positive constant depending on 1y, and nmax, such that |y,!| v |yl2| <K,
the required result follows. |

PROPOSITION 5.2: Setting

dQE g
ap ke

we define a probability measure equivalent to P, which is a risk-neutral measure.

PrROOF: The measure QF preserves the Markovianity of the model (see the Appendix),
and then we apply the sufficient condition (A.12). A direct computation provides

(@ — DI+ y' (t,x, ) Ipi (t,x,2) + (79 — D[ + y*(t,x,2)Ipa(t, X, 2)
= (&7 — 1)e? I (¢, x,2)

+ (75D _ 1) RN (4 2) = 0. [ |
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THEOREM 5.3: Assume that there exists a deterministic measurable function h(t),
integrable on [0, T], such that

Y Vit x DA P (1 x,2) = —h(). (5.2)

=12
In such a case, the measures QF and PE coincide.

PrOOF: By (4.8), we have that

t * t
LE = £MF) = exp {/ rds, +/ h(r) dr},
0 Sr* 0

and recalling that E[£F] = 1,

ool ]| [ -] o] ]

Moreover, by Proposition 5.2, ES [ fot 0% dS,] = 0and

H(QF|P) = E¢ [log d—P} =E? [log £%] =/ h(r) dr.
0

Finally, for any martingale measure Q,

[u]-=f |
H(Q|P) > E¥ [log— | =E / or dS,] —logE [exp {/ or dSr”
dP 0 0

T
:/ h(r)dr = H(QF|P). [ ]
0

Remark 5.4: When all of the parameters defining the structure of the system depend
only on time, as it happens, for instance, in Fujiwara and Miyahara [17], condition
(5.2) is trivial and reduces to the definition of the function %(¢). This is not the case
in the model described in this article, where (5.2) represents a true restriction on the
dynamics of the model.

5.2. Filtering in the Discrete Case
We want to compute

E" [B(Sp)|F) ] = EF [EP [B(Sp)IFIF) 1. (5.3)
Since PE preserves the Markovianity of the process (X, Y,Z), there exists a mea-

surable function A(t, x, y, z) such that EF* [B(ST)|F] = h(t,X;,Y,,Z,), where h solves
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the system
LFh(1,x,y,2) = ih(t x,,2) + LEh(t,x,y,2) = 0
9 9 b 8t b 9 9 l b b 9 9 (5.4)
h(T,x,y,z) = B(Soe”),
with
LER(t,x,y,2) = L h(t,x,y,2) + LY h(t,x,y,2) + L&, h(t,x,Y,2), (5.5)

L h(t,x,y,2) = ho(t.x, D[h(t,x + £(1,x,2),y,2 + €"E(t,x,2)) — h(t,x,y,2)],
and, fori = 1,2,

Lih(t,x,y,2) = Mt 2)pi(t, x, ) (1 + ¥ (1, x, ) [h(t,x + £(1,x,2),y
+ (=D it x,2), 2 + E(t,x,2)) — h(t,x,9,2)].

The system (5.4) can be treated with a procedure similar to that used in Proposition 3.2,
and (5.3) reduces to

EP [B(S)|FY1 = B [h(t, X,, Y., Z)| F) 1.

Finally, for any bounded measurable F, we consider the filter m,(F(¢,-,Y;,-)) =
EP* [F(t,X;, Y,,Z,)|.7-',y] (i.e., the cadlag version of the law of the process (X,Y,Z),
given the o-algebra F° = F, under PF). Hence, by the classical innovation method
(Brémaud [4]), we write down the Kushner—Stratonovich equation, which the filter has
to satisfy. This equation will be derived in this subsection under the assumption that
the process Y is discrete-valued. The more abstract general case is briefly presented
in the next subsection.

Then, we assume, without loss of generality that the process Y takes value in
the set Z of integer numbers and, as in Gerardi and Tardelli [18], we introduce the
multivariate point process U = (U', U2, ...) defined as

U{ = Z l{t,yft}ll}’,[y:j}’ S Z.

i>1

For any j € Z, U{ counts the number of jumps bringing Y; on j, for s < ¢, and the
relation

Y, =Y+ f > li— Y,-lau! (5.6)
0

jez.

implies that ]-'tY = ]—'[U = a{UXI, U 3 ...,8 < t}. Thus, the filtering problem reduces
to finding the conditional law of (X, Y,Z) given F, under PE. We note that in (5.6)
just one term of the integrand is not null, almost surely.
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The joint generator of (X,Y,Z) and U/, j € Z, for F(t,x,y,u,z) belonging to a
suitable class of real-valued measurable functions, t > 0, x e X,y € Z, z € Z, and
u € N, is given by

, 0 .
LEF(t,x,y,u,2) = 5 Py u2) + LY F(t,x,y,u,2), (5.7)

for

LF(t,x,y,u,2) = Ly F(t,x,y,u,2) + LYV F(t,x,y,u,2) + Ly F(t,x, y,1,2),
(5.8)

where
Lg;jF(t,x,y, u,z) = Aolt, x, 2)[F(t,x + E(t,x,2), y, u,z + €"&(1,x, 2))
—F(t,x,y,u,2)],
and, fori =1, 2,
Lf;iF(t,x, y,u,2) = A, 2)pi(t, x,2)(1 + y'(t,x,2)) - | IR
x [F(t,x +£(t,x,2),y+ (=D "'ni(t,x,2),u+ €,z
+eE(t,x,2)) — F(t,x,y,u,2)].
Then we give the main result of this subsection.
THEOREM 5.5: The (P, F;)-intensity of U, for a fixed j € Z, is given by the process
A X Y, 7o)

=A.Z2) Y pit. X Z) (A + ¥ (6 X Z)ly, ety 2z (59)
i=1,2

For any real-valued bounded measurable function F defined on [0, T] x X x R x Z,
the Kushner—Stratonovich equation can be written as

1, (F) = mo(F) + / (LEF (s, Y, ")) ds
0
+y / W _(F(s,- Yoo, DU — y_(3i(5, Ys—, ) ds),  (5.10)
jez V0
where
\IIA!;(F(‘& K sts )) = nsf()"j(ss sy YS*: '))+{7T57()\j(s7 s sts )F)
— Ty (i (8, Yoms DA (F) + o (L{IF (5., Yo, )
+ LYF(s,, Yoo, )

and a® := (1/a)1i,~0y. Moreover, the filtering equation has a unique strong solution.
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ProoF: The first claim is obtained by taking into account the joint dynamics of
X,,Y,,Z,, and U given in (5.7). We get the Kushner—Stratonovich equation by apply-
ing the classical innovation method as described in Brémaud [4]. In particular, the last
term in W/ _ (F(s, -, Y;_,-)), which arises when common jump times between the state
and the observations are allowed, is related with (F (¢, X, Z), UY),.

As far as the strong uniqueness of the solutions of (5.10), we observe that at any
jump time t = th, the filter is uniquely determined by the knowledge of ,_. In fact,
forj =Y;, m—(A;(t,-,-)) # 0, and we write

7(F) = 7 (F) + W (F(t, . Yo

T (At Yo, OF + LUVF (1, Y ) + LV F (2, -, Yo, ) ‘
ntf()"j(t’ﬁ tha')) j:Y,'

Fort e [rkY .77 +1), the behavior of the filter is defined by

t

m(F) = 7,0 (F) + / ) [m (LG F (5., Yom ) + 705, -, ) (F) — (AL, -, -)F)] ds,

' (5.11)
where

X(I,thzt) = ij(t9X[79Yt7’Zt7)
JEL
=ALZ0) Y pit. X Z) A+ Y (6.X-, Z,0)).

i=12

For any two solutions ntl and ntz of (5.11), such that nrly (F) = nfy (F), we can find a
k k

suitable positive constant C depending on ||F;|| = sup, . |F (¢, x, Y}, 2)|, such that

t
iw! ) ~ 72 = C [ !~ 7 s,
T

where |-|| denotes the bounded variation norm of the signed measure rrsl — rrf.
The last inequality guarantees uniqueness for 7 € [t{, 7/}, ) and the thesis follows
by induction. |

Finally, a representation for the filter via a classical linearized method can be
performed, as in Gerardi and Tardelli [18] for example, showing that the computation
of the filter between two consecutive jump times can be reduced to the evaluation of an
ordinary expectation. As a matter of fact, (5.11) is a nonlinear one. Thus, an explicit
expression for its solutions is not usually available, but it is possible to provide a
representation for it with a method that is a modification of that proposed in Kliemann,
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Koch, and Marchetti [22]. First, we introduce the linearized equation

p(Fy = o) + [ [pu(LhF 6 V) = p(soF) | ds. G
0

which is obtained by (5.11) dropping out the nonlinear terms. Equation (5.12) not
only admits a unique solution in the weak sense, but, by a Lipschitz argument, it also
admits a unique pathwise solution that is necessarily -adapted. This last claim can
be proven with a procedure similar to that used in Theorem 5.5.

PROPOSITION 5.6: Equation (5.12) admits at least one solution that is F!-adapted.
In addition, this solution is a finite positive measure and, for all t € [tiY, ri};, ) i>1,
0<e =€ < p(1) <1,

o:(F)

o)

Proor: First we claim that for p, any solution of (5.12), p;(F)/p,(1) provides a
solution of (5.11) and then coincides with the filter up to time #y = inf{r > 0 : p,(1) =
0}. Hence, we construct a solution for (5.12) that has the required properties, and such
that p,(1) > 0.

Let ;. .(f) be a process with initial condition (s,x,z), s >0, x € X, z € Z,
and generator Lf , given by (5.5). Let P;,; be its law on Dy z[s, T']. Then, by the
Feynman-Kac’s formula, V7 € [¢7, 7)),

pfiy (dx, dZ)

pi(F) = / ]Es,x,z |:F(Es,x,z(t)) exp {_/ /)\\(Es,x,z(u)) du}]
XxZ s s=t priy (1

- v (dx, d
(1) = f Eg .z [exp{— / A(Ey 2 (1)) duH Py (. d2)
XxZ s

s=t) priy (1)
and, under Assumption (4.6), there exists areal constant C := C(A, €, Jmin> Mmax) > 0,
such that

m(F) =

s

s

0<e < (1)< 1. [

5.3. Filtering in the Continuous Case

We derive the filtering equation with a procedure quite similar to that provided in
Ceci [5]; thus, the proof will be omitted. Preliminarily, we define the integer-valued
random measure associated to Y:

m(dt,dy) =y Siat v,y vy 1 (A Ly oo,

n>1
whose {PE, F,}-predictable projection is vZ(dy) dt, and

VE@y) = &) (149, 8 @y) + 47 (14 v2) 82y (dy).
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PROPOSITION 5.7: Under the assumptions of this section, for any real-valued, bounded,
measurable function f (x, z), the Kushner—Stratonovich equation is given by

_ ! E ! dry (f VsE) _
) =r0a+ [ matnass [ [ (TS —n

dm,_ (B
%((Uf; } (m(ds. dy) — - (oF (dy) d). (5.13)

where
ity
dpr

denotes the Radon—Nikodym derivative of the measure | with respect to the measure
Wo and Bf is measure defined as

B,f(dy) = [f(X,— + & Z— + ) — f(X,—, Z,_ )] vE @@y).

Again, at any jump time 7', the filter is uniquely determined by its behavior for

telt) |, t)). Fort €[t} |, 7)), the filtering equation reduces to an equation that

verifies a Lipschitz condition with respect to the bounded variation norm.

Thus, the discussion about the uniqueness of the solutions (as well as the
linearization method, which, jointly with the Feynmann—Kac formula, provides an
expression of the filter between two jump times in terms of ordinary expectations)
can be performed as in the previous case.
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APPENDIX

Risk-Neutral Measures and the Minimal Martingale Measure

In the model considered in this article, the price process is a semimartingale, as we will prove
in Lemma A.1. Successively, we will characterize the equivalent martingale measures that is,
the probability measures Q, equivalent to P, under which S is a (Q, F;)-local martingale.
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LEMMA A.1: The stock price process S; is a special (P, F;)-local semimartingale with canonical
decomposition

Si=So0+A + M, (A1)

where Af is a locally bounded variation predictable process,

N ' 1 2 2

A = / AuSu— [e”upu +e hp, — 1] du, A.2)
0
MtS is a locally square integrable (P, F;)-local-martingale,
S ! ! 1 1 ! 2 2 2
M; =/ Su—(e" — 1)[dN,, — Ayp,, du] +/ Su—(e” M — D[dN;, — Ayp;, dul, A3
0 0

and

4 1 .2
(M5, = /0 AuS2_ [(e”“ — 12 pl e — 1)? pﬁ] du. (A4)
PrOOF: By the It6 formula
t 1 | t 5 )
S, =So+/ Su—(e™ —1)dN] +/ Su— (e — 1) dN>
0 0
! ! 1 1 ! ! 1
=S +/ Su—(e"™ — D[dN,, — Ayp,, du] +/ Su—(eM™ — 1) Ayp, du
0 0
t ) t 5
+ / Su_ (e — 1) [dN? — h,p? du] + / Su—(e™ M — 1) Aup? du. (A.5)
0 0

Thus, (A.2) and (A.3) follow. Moreover, MtS is a locally square integrable (P, F;)-local
martingale since

t
/ A S2 [(em{ — 1)l — 1)2p5] du < +00 P —as.
0
In order to compute (MS),, we note that, for f(y) = Spe”,
t _ 2 _ _
0%y = [ (LGt ) = o (i) . =

A.1. Equivalent Martingale Measures, General Properties

The main tool for characterization of the risk-neutral measures is a suitable version of the
Girsanov theorem. The choice of the internal filtration allows us to claim that any probability

t

measure Q equivalent to P is a solution to the exponential equation £; = 1 + / Ls_dM;, for
0

M (P, F;)-local martingale.
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As is well known, Doléans-Dade [10] and Jacod [21], this equation has a unique solution.
Furthermore, if M is a (P, F;)-local martingale such that M; — M,_ > —1, then L is a (P, F;)-
local martingale and a strictly positive supermartingale, which turns to be a (P, F;)-martingale
when E[L7] = 1. In this last case, the measure Q defined by the Radon—Nykodim derivative
dQ/dP|F, = Lr is a probability measure equivalent to P.

On the other hand, any (P, F;)-local martingale M; admits the representation

M =My+ Y f g [dNS’—A’Sds], (A.6)
. 0
i=0,1,2

where gf;, fori =0, 1,2, are (P, F,)-predictable processes. Under the assumption that
t o
Z / |gi|Atds < +00 P—as. or E Z / lgs AL ds | < 400,
i=0,1270 i=0,1270

M; is a (P,F;)-local martingale or a (P, F;)-martingale, respectively. In this last case,
necessarily, M; is uniformly integrable, since we are working on a finite horizon.

Remark A.2: By (A.6),

Mi—M-= Y g (N = NL).

i=0,1,2

Therefore, at any jump time of the process (X, Y, Z),
M —M,_>—-1 = g>-1 for i=0,1,2, A7)
and the density of Q with respect to P can be written as
Lr = 1_[ exp {/ log (1 + g}) dN; —/ gLl ds} .
i=0,12 0 0
Moreover, if

T . .
> /0 (g + 1) Al di <400 P-as. (A.8)
i=0,1,2

the processes NO, N', and N? admit (Q, Ft)-intensity given by (g? + DAY, (g,1 + DAL, and
(gt2 + 1)At2, respectively.

With a procedure similar to that used in the proof of Lemma A.1 we have that, under (A.7),
the price of the risky asset, S, is a special (Q, F;)-local semimartingale, such that

S =So+A2 + M2,
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where
! 1 2
A2 = f AuSu—[(€™ — 1) (g} + Dpl + (7" — 1)(g% + Dp2ldu
0

and
Q0 ! n 1 1 1 ! —n? 2 2 2
M7 = | Su—(e" —1D[dN, — (g, + Dr,dul + | Su—(e” ™ — D[dN; — (g;, + DA; dul.
0 0
As a consequence, we give a characterization of the risk-neutral measures.

PROPOSITION A.3: The measure Q is risk-neutral if and only if

AZQ =0 P—as. and MtQ = (Q, F;)—local martingale. (A.9)

We only observe that if
t
nl 1 1 —n? 2 2
f MaSu- [ € = DGl + Dpy+ (1= ey (g2 + Dp|du < +00 P-as,
0
then M,Q is a (Q, F;)-local martingale that turns to be a (Q, F;)-martingale if

t . o
E [/O AuSu {(e’iu — D+ Dpl + (1 — ey (g2 + 1)p§}du] < +oo.

Let us finally note that if the price process is strictly increasing or strictly decreasing, (A.9)
cannot be satisfied and the model does not admit any equivalent martingale measure.

Remark A.4: Recalling Lemma A.1, we observe that when Af = 0, P-a.s., the original measure
P is a risk-neutral measure.

A.2. Equivalent Martingale Measures, Markov Property

Next, in the set of the risk-neutral measures, when it is not empty, we can find an element
preserving the Markovianity of the process (X, Y, Z), assuming the existence of the real-valued
measurable deterministic functions g'(¢, x,y,z), i = 0, 1,2, such that

=6 X Y, 7). (A.10)

In this case, defining

0
Lo (1,x,y,2) = Ef t,x,y,2) + Lth (t,x,¥,2), (A.11)
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where

L2F(t,%,y,2) = ho(t, %, 2)(1 + £°(1,%,,2)
x [f(t,x + &, x,2),y, 2+ E(t,x,2)) — f (£, x,y,2)]

20,2 ) pilt,x, (1 + ¢ (6,%,7,2) [f (6,5 + £(t,x,2),y
i=1,2

+ (=D it x,2), 74+ €E(1,x,2) — (1,x,9,2)]

for any bounded, real-valued, measurable function f, under (A.8) with gf given by (A.10), we
have that the process

t
MEW = 0.5 .2) = O50.00) = [ 197X ¥ 20 ds

is a (Q, F;)-local martingale.

The Martingale Problem for the operator L€ given in (A.11) and initial condition
(0,0,0,zp) is well posed since such is the Martingale Problem for the operator L given in
(2.6) with the same initial conditions. This implies that the process (X;, Y;,Z;) is Markovian
under the measure Q. We observe that when (A.10) holds true, the condition

(@D =D+ gl (0.3, Ipr (1. 2) + (7R — 1)
x [1+ g*(t.x,y,2)Ip2(t,x,2) = 0 A.12)

provides a sufficient condition for (A.9).

A.3. The Minimal Martingale Measure

To verify condition (4.2) in the frame of this article, we introduce the minimal martingale
measure. Note that, herein, the properties of the minimal martingale measure provide the main
tool to prove that (4.2) holds true. This allows us to claim that, in this model, the minimal
entropy martingale measure exists, is unique, and is equivalent to P and that its density with
respect to P is given by (4.9).

The minimal martingale measure 13, as observed in Prigent [24] was introduced in Follmer
and Schweizer [12], to obtain hedging strategies that are optimal in a suitable sense. In Schweizer
[28], the author shows that the value process can be computed as the conditional expectation
with respect to P and then a risk-neutral approach to option valuation is provided.

DEFINITION A.5: An equivalent martingale measure P is called minimal if each (P, Fy)-local
martingale, R, strictly orthogonal to M5, (A.3), is a (P, F;)-local martingale.

For any initial probability P, there exists at most one minimal martingale measure, (Ansel
and Stricker [1, Thm. 2.1]). In this subsection we prove its existence and describe its structure
for this model. The main tool is the following theorem whose proof can be found in Schweizer
[27, Prop. 2].
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THEOREM A.6: Let us assume that there exists a (P,JF;)-predictable process c, such
that, P-a.s.

t
(i) AS = / cu d(MS),,
0

t

(i) / leul® d(M5),, < +oo,
0

(iii) 1 —c;(MS —M>) > 0,

then, EA, =E(— fé Cu dMg) is a (P, Fy)-strictly positive local martingale. When lit isa(P,Fy)-
martingale, the probability measure P defined by ﬁ, = df’/dPl F, is the minimal martingale
measure. On the other hand, when P(1 — ct(M,S — M[S_) < 0) > 0, the minimal martingale
measure does not exist.

From now on, we take into account the particular structure of the model studied in this
article. In this way we are able to prove results stronger than in a more general setting.
Recalling (A.2)—(A.4), condition (i) implies that

(" — Dp} + (7% — 1)p?
Si—[(en — 1)2p} + (e — D2p?]

Cr =
and ¢; is a predictable process as required. Condition (ii) holds true since A, is bounded:

t t
/ leul? d(M), < / Aydu < +00  P-as.
0 0

and, by an easy computation, we get that condition (iii) is always verified.
Summing up, the process M; = — fo Cu dM is a martingale that has the structure given
in (A.6), with

N o i R _2
=0, g =—cS (" -1, g=—cS (-1, (A.13)
and [ﬁ, =E&(— fot cy dM;f) is a (P, J;)-strictly positive local martingale.

PROPOSITION A.7: The probability measure P is equivalent to P. It is a risk-neutral measure
and coincides with the minimal martingale measure.

PrROOF: By (2.4), we have that
81V 1871 < K. (A.14)

for areal constant K > 0, depending on nmin and max. Then, asin Lemma 5.1, E[ﬁr] =1. N
PROPOSITION A.8: The minimal martingale measure, P, preserves the Markovianity.

PrOOF: The claim is true if (A.10) and (A.8) hold. Assumption (A.10) is an easy consequence
of (A.13).
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Furthermore, by (A.14), we have that

T o T
E| D /(1+§;)x;dr §IE[/ (A?+AtK)dz]§TA(1+K)<+oo,
. 0 0
i=0,1,2

which implies (A.8).
Finally, we get the main property.
PROPOSITION A.9: The minimal martingale measure P has finite entropy.

PrROOF: By (A.14) and recalling that Ay < A, we get
X : dP 5
_mP ar P
H(PIP) = |:10g(dp>j| < K(B” Nr] + AT)

and
a ~ t
EP[N,] = EP U As [gé%,;i +g§p§] ds:| < ATK,
0

which provides the required result.
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