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SUMMARY

In this work, we propose an output feedback sliding mode
control (SMC) method for trajectory tracking of robotic
manipulators. The design process has two steps. First, we
design a stable SMC controller by assuming that all state
variables are available. Then, an output feedback version
of this SMC design is presented, which incorporates a
model-free linear observer to estimate unknown velocity
signals. We then show that the tracking performance under
the output feedback design can asymptotically converge
to the performance achieved under state-feedback-based
SMC design. A detailed stability analysis is given, which
shows semi-global uniform ultimate boundedness property
of all the closed-loop signals. The proposed method is
implemented and evaluated on a robotic system to illustrate
the effectiveness of the theoretical development.

KEYWORDS: Output feedback; Sliding mode control;
Observer; Robotics; Perturbation.

1. Introduction

Over the past decades, the sliding mode control (SMC)
techniques have been studied extensively for robotic control
(seerefs. [1,5,6,8,10,12,13,15,18,20], to name a few). Most
SMC (detailed definition can be found in refs. [8,18]) designs
reported in the literature, however, assume that velocity
signals are available for feedback. But most advanced
industrial robotic systems (e.g., those from CRS Robotics
and Applied AI'*?) provide only joint position measurements.
So, the required joint velocity signals have to be derived by
differentiating the position measurements from encoders or
resolvers. As a consequence, the obtained velocity signals
are often contaminated by severe noise, and the performance
of the designed system is limited, since the disturbance
noise is amplified with the increase of controller gains.
Specifically, the control system under SMC design may
exhibit excessive chattering and infinitely fast switching,
causing poor tracking performance (see for example refs.
[1,2]). To deal with the above-mentioned practical problem,
we propose to estimate the velocity signals in the classical
SMC design framework. Results in this direction can be
found in refs. [4,7, 14] and the references therein. The
nonlinear dynamic observer was proposed in ref. [7] for a
planar flexible manipulator. The observer dynamics is based
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on the use of system dynamics, uncertain model parameters,
and nonlinear control inputs. This method guarantees local
stability of the closed-loop system. Moreover, the design
is not in adaptive framework demanding very large control
effort to cope with the modeling error uncertainty.

Recently, the authors of ref. [ 14] proposed output feedback
SMC based on sliding mode observer (SMO) for a certain
class of nonlinear dynamics. The design and stability analysis
of their technique replicate the output feedback method
earlier reported in ref. [9] for robotic systems. The theoretical
concepts and the critical assumptions of such SMO can
be found for uncertain robotic manipulators.” Further
difficulties associated with the SMO design synthesis are
clearly illustrated via using simulation example. The SMO
structure,'* however, requires system dynamics, nonlinear
control input, switching control input terms, and the
undesirable switching function sign(). The narrow stability
range of initial conditions with the assumption of the
zero initial position estimation error and the difficulties
associated with the chattering activity of the switching
controls as well as the switching function in SMO structure
are also discussed. In the face of large-scale parametric
uncertainty, such a nonadaptive SMC'# demands very large
control effort, as nonlinear control terms and high-frequency
switching function intensify the control chattering activity
in the sliding surface. The method, however, imposes global
growth conditions on the system nonlinearities. In addition,
the observer-controller only ensure local stability of the
closed-loop design. More recently, the dynamic observer
based full-order output feedback sliding mode design was
introduced for a certain class of nonlinear systems.* The
idea of this approach is twofold. The first part comprises
the introduction of an auxiliary dynamics whose input is the
system output-input, and the other part is the transformation
of the augmented system into an observable linear system
with an injection term that contains the system output as well
as the state of the auxiliary dynamics. The parameters of the
controller-observer are chosen using complex matrix—vector
transformations. As a matter of fact, such a large number of
tuning parameters may not be realistic for highly uncertain
robotic systems. Moreover, the designed controller is not
robust, as it cannot cope with parametric uncertainty. This
is mainly because the design uses fixed system dynamics,
which may cause poor tracking performance in the face of
large uncertainty.

In the current work, we propose linear-observer-based
output feedback design SMC for robotic systems. The


https://doi.org/10.1017/S0263574709990816

976

observer structure is simple in the sense that it does not
require system dynamics, control inputs, and undesirable
switching terms. The proof of the stability of this method
has two parts. In the first part, we derive the SMC as a state
feedback approach with the assumption that all the state
variables are available for feedback. Using the Lyapunov
method, we show that the state-feedback-based SMC design
ensures the global stability property for all the signals in the
closed-loop system. This property is established by assuming
that the parameters are unknown but belong to a known
compact set that is relatively large. In the second part of
the proof, we replace the unknown velocity signals with the
output of the linear estimator. For the given set of initial
conditions, we first define the estimated region of interest for
the state-feedback-based SMC design. Then, we saturate the
controller outside the estimated region of interest, ensuring
that the output feedback controller remains bounded over the
estimated region. The idea of using saturation mechanism
is to deal with large-scale uncertainty and disturbance. The
bounded control allows the designer to increase the speed
of the observer dynamic without sacrificing the transient
tracking performance. In convergence analysis, we show that
the stability region under the SMC design based on position
and velocity can be recovered asymptotically by the output
feedback SMC design. The proposed method can be used
to formulate an output feedback form of any state-feedback-
based classical SMC design reported in the literature. In
contrast with the existing design, the method proposed in the
current paper is adaptive, while the output feedback method
for a certain class of nonlinear systems*’-!# is not in adaptive
control framework. In addition, the output feedback design
proposed in refs. [4,14] only ensures local stability, while our
approach guarantees semi-global stability of the observer—
controller closed-loop system.

The rest of the paper is organized as follows: In Section 2,
we first describe model dynamics and its dynamical
properties. Then, we formulate the SMC and its stability
property by assuming that position—velocity signals are
available for feedback design. The output feedback form of
this classical SMC is also introduced in Section 2. A detailed
stability analysis of the proposed output feedback method
is given. Section 3 presents an adaptive output feedback
SMC design. In Section 4, we implement and evaluate the
proposed method on a robotic system that demonstrates
the theoretical development of the current paper. Finally,
Section 5 concludes the paper.

2. Output Feedback Sliding Mode Control

In this section, we first formulate the stability criterion for
the SMC as a state feedback (position—velocity) control
approach. Then, an output feedback version of this SMC that
incorporates a linear observer in order to remove the demand
of the velocity signals from SMC design is presented. Let

us first consider the equation of motion for an n-link rigid
robot:916:17,19,20

M(q)g + Clq.4)q + G(q) = 7, )
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where g € N" is the joint position vector; ¢ € X" is the
joint velocity vector; § € R" is the joint acceleration vector;
T € N" is the input torque vector; M(q) € H**" is the
symmetric positive definite inertia matrix; C(q, ¢)g € R" is
the coriolis and centrifugal loading vector; and G(g) € R" is
the gravitational loading vector. We now represent the robot
model (1) in error—state space form as follows:

é1 = ey, &= Pi(e, qa, 4a) + Pa2(er, gt — Ga, (2)

where e¢; = (q; — qq) € N" is the vector of joint position
tracking error with g, =¢q; e = (g2 — gq) € N" is the
vector of joint velocity tracking error with g, = §; e =
le] . 21" ¢1(e. qa, o) = —M ' (@)[C(q, §)g + G(g)]; and
(e, ga) = M~'(q). We first assume that the desired
trajectory ¢,4(¢) and its first and second derivatives are
bounded as Qu € Qi = [qa, Ga, Gal* C R with compact
set ©2,. Then, we consider the following well-know properties
of the robot dynamics:"%%1220 (i) M(g) € R™" is a
symmetric, bounded, and positive definite matrix that
satisfies the inequalities |M(q)|| < My, and |M~'(g)| <
My, where My, and My,; are bounded positive constants.
(i) The matrix M(q) —2C(q, ¢) is skew symmetric. (iii)
The norm of the gravity and centripetal-coriolis forces are
bounded and can be represented as ||C(q,g)|| < Cyllqll
and [|C(q, ga)|l < keallgall < ke, where Cyy, keq, and k. are
bounded positive constants.

Let us define the reference state as ¢, = (§q — Aep), where
A =diag[hy, Ay, ... Ay] With A; > 0,4, > 0,...,4, > 0.
Then we define the sliding surface as S = e; + Ae;. The
control objective is to drive the joint position g(¢) to the
desired position g,(¢). To obtain such control objective, we
consider the following control law for the robot system (1):

(e, Qa, 0) = M(q)jr + C(q, ¢)qr + G(q) — KS
— Ksgn(S), 3)

where G, = (g — Aez); M and C are the estimates of M (@)
and C(q, q), respectively; K = diag[K, Ko, ..., Ky, 1, K =
diaglKy, K>, ..., K,;] with £ >0,K;>0,...,K,>0
and K; >0,K;, >0,...,K, >0. Now, using (3), we
simplify the closed-loop dynamics as follows:

MS +(C 4+ K)S = AB — Ksgn(S), 4)

with AB=(M — M)§,+(C — C)g, + (G — G) = AM§, +
ACq,, where AM =M — M, AC=C —C, and AG =
G — G. We now explore the convergence condition of the
closed-loop system (4) in the Lyapunov sense. To do that,
let us define the following positive definite Lyapunov-like
candidate function:

1 T
V= 5S MS, (5)

where M is a symmetric and positive definite matrix. As
M is symmetric and positive definite, V > 0 for S # 0. The
function V can be considered as an indicator of the energy for
S. Let us show that the energy V decays as long as S # 0. To
do that, we take the derivative along the closed-loop trajectory
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(4) and then use property (ii) to obtain V as
) 1 . .
V= ESTMS +8"™MS$

= —STKCS = ) (S; [Kisgn(S;)) = DD . (6)

i=1

From (6), we can see that V <0 holds if
Yo (Si[Kisgn(|Si]) — |[ABi1]) = 0. This can be shown
when K; > |ABi|lmax With upper bound |ApB;|max that
satisfies |ABilmax > [AB] If S; >0 and K; = [AB;|max.
then we have ApB; — K;sgn(|S;|) = AB; + K; <0. This
implies that S;[AB; — K;sgn(]S;])] < 0. Similarly, if S; < 0
and K; > |AB;|max, then we can write AB; — K;sgn(|S;|) =
AB; — K; > 0 such that S;[AB; — K;sgn(]|S;])] < 0. Hence
Y [Si(AB — Kisgn(Si)] < 0. As K is a positive
definite matrix, the first term of (6) can be written as
—STKS < 0. Based on our above analysis, we can write (6)
as

V=Y (Silag — Kisgn(IS:D]) — TS <0, (7)

i=1

Then Eq. (5) can be viewed as an energy indicator for S.
This implies the decay of the energy of S as long as S # 0.
Thus, the sufficient condition E%Sz < —n;|S;|, where n; is
a positive constant, is satisfied.®!> To reduce the control
chattering activity, we estimate the switching function sgn(.)

by using a smooth bounded saturation function sat(.).

2.1. Output feedback sliding mode control design

The analysis presented above is based on the strict
assumption that all the state variables are available for
feedback. However, these algorithms cannot be applied
directly, as most advanced robotic systems remove the
velocity sensors to reduce the weight and cost of the
system. To obtain the velocity signals, the common practical
approach is to differentiate the position measurements
obtained from encoders or resolvers, which are often
contaminated by noise (see for example refs. [1,2]). As a
consequence, the performance under state-feedback-based
SMC approach is limited, as in practice, the measurement
noise is amplified with the increase of the values of controller
gains. In the face of the large parametric uncertainty, the
demand of high control gain makes the design even more
complex, as high control gain intensifies high-frequency
control chattering activity. In fact, such a large control effort
may not be available in real-time application, as control
inputs are restricted in most control system technologies.

To deal with the above-mentioned practical control
problem, we propose to estimate the velocity signals by
the output of the observer. We consider a model-free linear
observer to formulate an output feedback form of the classical
SMC approach. The observer—controller algorithm is given
as

1@, Qua,0) = M(@)§, + C(q, & + 44, + G(q)

—K(éz + Xéy) — Ksat (%) s (8)
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where sat(.) is a bounded smooth saturation function;

= (4q — 1éy); q, (Ga — Aér); S = (&, + 2é); and the
unknown velocity signals é; is replaced by the output of the
following linear estimator designed as follows:

H,

é]zé +?€1, ey = —-ée, (9)

where é; = (e; — é1); &, = (ex — é>); €1 and é, are the
estimates of e; and e,; € is a small positive constant that
needs to be specified; and H; and H, are the positive
constant matrices. The proposed observer dynamics (9)
for the SMC approach can be viewed as a simple chain
of integrator plus correction terms injected by the output
error term. Since the observer is linear, its dynamics can
be made exponentially fast of the form %exp%" with
a > 0. The observer structure (9) is independent of the
system dynamics, uncertain model parameters, nonlinear
switching control input, and nonlinear control inputs. In
comparison, the performance with a nonadaptive SMC
design®'* relies on the fact that there exists a known
system dynamics. For a robotic manipulator, however, it
is very difficult to obtain an exact system dynamics that
ensures robust reconstruction of unknown states in order
to guarantee asymptotic tracking error convergence. This
is mainly because robot dynamics is associated with many
structured and unstructured uncertainties that cannot be
exactly modeled. To analyze the convergence rate for the
proposed output feedback SMC design, we use singularly
perturbation method. To begin with that, we first define an
observer error dynamics. Using (8), one obtains ¢é; as follows:

€ = ¢1(€, qd, Qd) + ¢2(elv Qd)f(é, Qda é\) - Qd (10)
Then, the observer error becomes
2 ~ Hl ~
€ =6 — —¢€y,
6 A
= —6'1';[+ d1(e, ga, qa) + Pa(er, qa)t (€, Q4. 0) (1)
2.
— 6_261

Now replace the observer errors by the scaled estimation
error to form a singularly perturbed system as n; = 4= =
i—‘ = en; = é; and 1y = e, — é, = &, with a small positive
parameter €. Using this scaled estimation error, one gets

€1 = Be[—gq + ¢i(e, qa, ga) + da(er, qa)

x t(e = £(€m, Qa, D + Aon, 12)

where A, = [: m] L(e) = 61”*" ;'] and H; and H,
are positive constant matrices such that the matrix A,
is Hurwitz. In output feedback design, we show that the
performance achieved under state-feedback-based SMC (3)
can be recovered asymptotically by the output feedback
SMC design (8). This performance recovery analysis has
been shown by using singular perturbation method, where
the closed-loop system has the following standard singularly
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perturbed form:

¢ = Blpi(e, qa, Ga) + paler, ga)t((e — £(€)n), O, §)

—gal + Ae, (13)
€n = Be[—Gq + ¢1(e, qa, ga) + $2(e1, ga)
x T(e — £(en, Qu, D]+ Aon, (14)

where A = [O”0 ”X"] To begin with the recovery analysis,
we first consider that the system output and its derivatives
are available for feedback. Then, we design an SMC as a
state feedback control law (3) such that the design meets the
desired tracking objectives. We then replace the unknown
velocity state vectors in the SMC by the output of the
observer (9). If we consider a situation in which the initial-
state estimates as well as the initial parameter estimates
become large, then the observer speed will be required to
increase for robust reconstruction of unknown velocity states.
The problem with high-speed observer is that it may cause
large control effort during transient phase, which may enter
into the closed-loop system, resulting in an unstable control
system. To protect the plant from large transient control
effect, we saturate the control input within the estimated
region of interest.> This saturation function will only be
active during the transient period. To obtain such a bounded
control, let us consider that Q. = {e | ¢/ Qe < ¢}, ¢ > 0,
is an estimate of the region of attraction of the state-
feedback-based SMC design, t(e, Qy, 9), where Qn =
0. S[A,M A,y] Since 7(e, Q4,0) is a continuous function
over ¢, Qg4, and 0 there always exists a maximum control
T;max = max|t;(e, Qq, 9)|, 1 <i < n, such that the input
can be saturated over the compact set Q. that satisfies

S(e 04, 0) = tymax sar(2e29y — v (0. 0,4, 0), Ye(0) €

T;max

co - {6(0) | e(O)T Qsme(o) = C4} where ¢y <c, 0€e
0 e Q, Q4 € R4, and 7;max is taken over forall e € €2, with
¢, > c and sat(.) is the smooth bounded saturation function.
Then, Ve(t) € Q. and 6(7) € €, and one has |t,(e 04.0) <
;max V¢ > 0 and 7' (e, Qd,Q) = 1(e, Qd,9) Hence, the
saturation function will not be effective when short transient
time period is over. We now replace the state vectors e in the
control law by the state estimator é. Then, the bounded output
feedback SMC can also be achieved via saturating outside
of the region of interest, Q., as follows: 7;/(é, 04.0) =
7;max sm(w Q. ">) = 7,8, Qu. 0) Ve(0) € Q Vé € Q,,
Ve(0) € Qo, Ve €Q., V0 eQ, V0 e, and Q, € Q. Let
us now summarize our main results for the output feedback
SMC design.

Theorem 1: Consider the closed-loop system (13)—(14).
Then, for any given compact set of e(0) € Qc,, €(0) € Q,,
and 0(0) € Q, there exists a small €} such that for all 0 <
€ < €, all the state variables of the closed-loop systems are
bounded by a bound that can be made arbitrary small by
making € small.

Proof: See the Appendix.
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3. Adaptive Sliding Mode Control

The level of uncertainty in the classical SMC design ((3)
and (8)) can be reduced by adding an adaptation term. For
this purpose, we first propose to introduce an estimation
algorithm to develop an adaptive SMC (ASMC) algorithm
as a state feedback as

(e, Qq,0) = Y(e, gy, 4 )0 — KS — Ksat (%) , (15)

0 =TY"(e,qr,§)S, (16)
where I' = diag[l"}, "2, ..., ',] with constant diagonal
elements I',, > 0; Y(e, ¢,, §,) is the regressor matrix;'® and §
denotes the estimation of the manipulator parameters and the
masses of the working loads. To construct Y (e, ¢,, §,), one
requires the model structure of the system. Such a parameter
adaptation law may exhibit discontinuous property even after
the learning estimate converges to the actual parameter.”
Therefore, the parameter estimates 6 are required to adjust
with the smooth parameter projection scheme!! as

viV; ifa; <6 <bor
ifd; > b; and ¥; < 0or
= [Proj(8, ¥)]; = if; <a; and W; >0,
Vii"rji if él' > bl' and lIJ,' > O,
)/i,'\rli lfé, < a; and \I/i <0

a7

for 0 € Q=1{0|a <6 <b},1<i<p), where v, =
[1+ b‘%e"]\lh; U, =[1+ %]\Pi; W; is the ith element of
the column vector Y7 (e, ¢,, §,)S; ;i is the ith element of T';
and § > 0 is chosen such that Q C Q5 with Q5 = {0 | a; —
8 <6; <b;+46},1 <i < p}. Then the closed-loop error
model can be written as

¢ LA S
MS =Y, qr, G )0 — (C+K)S — Ksat (5) , (18)

where § = (9 — §) and 6 denotes the actual manipulator
parameters and the masses of the working loads. The
proposed adaptive control law is designed by using the
following control Lyapunov function:

1 1.~
V==-SMS+-0I 0. 19)
2 2
Using property (ii), the time derivative of (19) along the
closed-loop error trajectories (18) can be simplified as

V(e,0) < —amn(K)ISI? — KIIS| <0, (20)

Ve € Q., VO(0) € ©,V0(0) € Q2 and O(¢) € Qs.

3.1. Adaptive output feedback sliding mode control

The above-given design is implementable only when all the
process states are measurable. To relax this strict assumption,
we now replace the unknown state vectors e in (15)—(17) by
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the output of estimator (9):

(6, Q0. 0) = Y(,4,,4,)0 — KS — Ksat (5) , (1)

0=rY".4,.4,)S. (22)
To smooth the parameter estimates, we may use parameter
projection scheme (17), where the state estimates have
been replaced by the output of observer (9). Then the
closed-loop model under the adaptive output feedback SMC
(AOFBSMC) scheme has the following form:

¢ = Blogi(e, qa, qa) + P2(e1, ga)t((e — £ (€)n),

Q4.0) — Gal + Ae, (23)
6 = Proj(@, W(e — £()n, Qu, O)),
€1 = Be[—gq + Pi1(e, qa, qa) + $2(e1, qa)
x T(e — £(e)n, Q. )] + Ao, 24)

For any given e¢(0) € Q,, é(0) € 2, 6(0) € 2, and 0(0) €
2, we then have the inequality

I—da + ¢1(e, qa, Ga) + Paler, ga)T* (e — £ (€)n), Qu, ]|l

=< k20

for ko > 0, Ve(t) € Q, VO(1) € Q.
We now state the main results for the AOFBSMC design
in the following theorem.

Theorem 2: Let us consider the closed-loop system (23)—
(24) with the output feedback control laws (9), (17), (21),
and (22). Then, for any given 6(0) € Q and (e(0), &(0)) €
Qo € Q, there exists €] such that for all 0 < € < €7, all
the signals in the closed-loop system will be bounded by a
bound that can be made arbitrarily small for small value of
the observer design constant €.

Proof: The proof of stability of Theorem 2 is similar to
Theorem 1. So, we removed the details stability analysis for
brevity, and it can be obtained from the authors on request.

Remark 1: It is worth noting that the bounded inequalities
I[=da + ¢1(e, qa, 4a) + P2(e1, ga)T* (e — (€)n), Qu, O]l
< ki and [[[—Ga + ¢1(e, g, Ga) + $2(e1, ga)T* (e — £()n),
Q4, ]|l < ki, used in observer error dynamics analysis do
not impose any restriction either in theory or in practice. Note
also that these inequalities do not enforce growth condition
on systems nonlinearities. More specifically, the constants k;
and k», are used to establish the semi-global stability property
of Theorems 1 and 2. For the given set of initial conditions
of interest, the designer can calculate the values of k; and
k,, over the domain of attraction €2.. Their values can be
obtained as follows: For the given ¢(0) € 2., and 6(0) € €2,
one calculates the terms ¢ (e, q4, §2) and ¢, (e1, qq). Then,
for the given ¢, and initial conditions of interest, we define the
saturation level 7, (maximum bound on (e, Q, 9)). For a
small value of € and the initial error estimates €(0) € 2.,, we
then calculate the bound on the output feedback controller
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(e — ¢(e)n), Qu, ) as well as the bound on the term
—Ga + ¢1(e, qa, qa) + P2(e1, qa)T’ ((e — L(e)n), Qu, 0).

However, in practice, the designer does not require the
calculation of the maximum bound on 7., as it is predefined
by a manufacturer.

Remark 2: The design parameter € represents the
bandwidth of the observer dynamics. For the given set
of initial interests, it is not hard to obtain the minimum
bound on € from the combined Lyapunov function candidate
as Ve = “;—‘DSTMS-i- %nTPr; with the design constant
d > 0. To calculate the bound on ¢, let us differentiate
Ve with respect to time along the perturbed closed-loop
trajectory to simplify Ve as Ve < —(1 — d)[a;|le]* +
cillelllinlll — d%lnl* 4 2dn" PBf,(e, Qa, 6, 1, €), where
&1 = Golker + ko) With ¢, = 2> AT, a1 = Amin(V)
with V = ¢, and o, = || Q, ||, O, being a positive definite
matrix for solving the Lyapunov equation Ag P+
PAo=—0Q,, fole, Qu,0,n,€)=1[—Ga+ P1(e, qa, qa) +
Pa(er, qa)T’ (e, Q4,6)]. By knowing the upper bound on
the inertial parameter 6 € 2 as well as the bound on the
desired trajectories Q, € 24, we can simplify the modeling
error term f,(e, Q4,0,1n,€) =[¥(0, n,€)+ ¥(e, 0,0)] as
¥ (0, n, Il < ysplin|l and ||y (e, 0, 0)|| < ysllell. Then, V¢
can be written as Ve < —(1 — d)layllell* + &illellInl] —
d2nl>+2d I Pllysplinl+2d Il Pllysllell with || B|| =
I. We now define W (e)=|e|| and Wy(n) = |nl.
Then Ve can be further simplified as V¢ <
—(1 —d)yayWi(e) — d L2W3(n) + (1 —d)5Wi(e)Wa(n) +
deyWi(e)Wa(n) +dyW3(n), where & =2||Plly, and
¥ = 2|| P||ysp- Now, V¢ can be expressed in compact matrix

form as
. v [wie
Ve < — U
Wy (1) W) (1)
with
1—-d ! 1—-d ld
J_ (1 — d)a; _5( - )§1_5 &

11 d ld
—5( - )(1—5 ¢

(%))

This implies that V is negative definite if the matrix
U is positive definite and satisfies the inequality [d(] —
d)ai (2 —y)] > i[(l —d)¢1 +dg,]. This means that for
a given d € (0, 1) the matrix U will be positive definite,
and there exists a continuous interval (0, €*) such that Ve €

* * : * _ [231]
(0, €*), where €* satisfies € (cj) = o Tda] for
1

the maximum value of d* = ne and one gets the bound on

€* as € = 27— Then V, becomes, V., < —Amin(U)|I7j]I%,

where 7j = [/ (e), Wl (m)]" and Ayin(U) is the minimum
eigenvalue of the positive definite matrix U. This implies
that all the signals in the singularly perturbed system (13)—
(14) are bounded, and the trajectories converge close to zero
within a finite time.
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4. Design and Implementation Process

To illustrate the design procedure of the proposed scheme,
let us now consider a two-link robotic system.”!”20 The
dynamic equation for this robot system can be defined as

|:m11 m12:| |:611] I [Cn C12:| |:611] _ [T1j| (25)
may ma || 92 €21 €22 || 92 ]

with m; = (6 + 260, + 26, cos q2), mi2 = (62 4 6, cos q2),
mo; = (62 +6,c08q2), myp =0y, c11 = —2¢0,sinqy,
¢ = —qbrsings, ¢ = qibhsings, cn =0, 6 =ml?,
and 6, = m,l%; [ is the link length and m; and m, are the
masses of link 1 and link 2 respectively. The robot operates
in the horizontal plane; so the gravitational force vector
is zero, that is, G = (0. We consider that the parameters
6, and 6, of the above-mentioned robot dynamics are
unknown but belong to comparatively large compact sets as
0 € Q =[—10, 10]. We also consider that the initial states
belong to the set e(0) € 2., = [—2, 2]. We now generate the
reference trajectory g,(t) for the given robot model to follow,
a square wave with a period of 8 s and an amplitude of £1
rad is prefiltered with a critically damped second-order linear
filter using a bandwidth of w, = 2.0 rad/s. Specifically, our
main target is to use a desired trajectory that is usually used
in industrial robotic systems. In practice, the step reference
inputs are not preferred because such initial jump may reduce
the lifetime of the bearing. If one uses the step reference
trajectory, then very small step sizes are required. If we
know the uncertain parameter 6 of the given system, then
the controller is a simple feedback-linearizing regulator as
(e, Qu,0) = M(@)ir + C(q, )4, + G(q) — KS — K(5)
with positive constant K and ¢. Then the origin of the closed-
loop system under the above-given control law can be shown
to be globally exponentially stable provided that the value of
positive constant K and ¢ are chosen via well-known pole-
placement technique. Now, if we consider that the parameter
6 is unknown, then we can estimate the parameter 6 of
6. Then, the continuous SMC has the form (e, Qy, 0) =
M@@)jr + C(q, ¢)gr + Glg) — KS — Ksat(%), where ¢ is
a small positive constant and sa#(.) is a bounded saturation
function that satisfies

-1 ify<—1,
sat(y) = y if|y| <1,
1 ify>1.

We first show how to design the values of K and ¢ for
the given initial conditions of interest. The value of K and
¢ can be chosen to ensure that the closed-loop trajectories
converge to an invariant set where |S| < ¢. This requires to
guarantee K > |AfB|max With AG = 0 as the given system
operating in the horizontal plane. Our aim is now to show
an exponential convergence property of the closed-loop
trajectory that satisfies the Lyapunov-stability property as
V+0oV <0 with o = ’\‘“‘?5) To show V + 0oV <0, the
value of K and ¢ are required to satisfy the inequality as
£ = 7711321 with Q, C {S(0)" M(0)S(0) < 3357.2}. If
|S| > ¢, then the control gain K requires satisfying the
inequality as K > 771.1321. Note that for the given set, the
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designer can increase the value of ¢ and decrease the value
of K to reduce the chattering phenomenon.

We now show how to calculate the feedback controller
gain K for the given initial conditions and bandwidth
of the controller. This implies finding the value of the
feedback controller gains K such that they ensure an
acceptable transient performance of the closed-loop system.
To show that, let us consider positive definite Lyapunov-like
energy function as V, =1STMS with S=[ST,SI]7,

= moland C =[] f'z] First take the derivative and
then use the control input (e, ep) = —KS and property
(i) to obtain V, as V, < —Amin. KOIS|I? + |IST ||k,, where
I[AC(e1 + qa, e1)ga — C(e1 + qa, qa)qal+M(—Ga+rer) +
[AC(e1 + qa, e1) — Cler + qa, qa)leall <k, V(e, Qq) €
Q, x Qq with k, > 0. Now, applying [|S||* > ;—- and
ISII < /%, V, canbe written as V, < —xp(,V, + v,V
with o, = 0.5["" "2, = E = Amin(K), and

r nmay my W’
v, = J:((x Then, we can find the bound on the error
trajectory as V,(t) < V,.(0)e "’

%(1 e vy for any
a, >0 with Kl’o >%, Vo= —%), and B, = 7=.
Using V, > Sk (@)

o max. the bound on V, can be written as
Vv, <

oy
—k'V,, where K = 102 Thus, the tracking error bound
can be obtained as V,(¢) < V,(0)e . This implies that the
trajectory starting in a region where V,.(0) > ¢; will continue
to decrease until the trajectory enters into the set €2,
where Q., ={e |V, <c}. Now using V, = % we
have V, < 0, where ¢; = WJOEOL";, which implies{ that the
trajectory starting in the set 2., = {e | V; < ¢} will remain
there V¢ > 0, as V, is negative on the boundary V, = c;. The
boundary of the set 2., defines the maximum errors that
one can expect from the controller t = —KS. Notice from

the relationship ¢; = #(;L) that the set €2, that is, the
error bound, can be made arbitrarily small by increasing the
minimal eigenvalue of the control gain K. Then, we can say
that for any given initial conditions of interest and A, there
exists a controller gain /C such that the tracking error signals
are bounded by a bound that can be made arbitrarily small
close to the origin by increasing the minimal eigenvalue of
the control gains .

Finally, we design observer gain matrices H; and H; such
that the dynamics represented by A, is Hurwitz. Then, for the
given e(0) € Q.,, 0(0) € Q, K, H,, H,, and A, we select the
small value of € that makes observer dynamics relatively
faster than the closed-loop robot dynamics to guarantee
robust reconstruction of the unknown velocity state. Note
that for the given e(0) € Q.,, 6(0) € Q, K, H;, H;, and A,
one can calculate the minimum bound of € a priori to ensure
robust reconstruction of the unknown velocity signals. It is
also important to note that the a priori calculated bound
on € may not be applied for the real-time application, as
the value of € depends on the sampling time, the output
(position measurement obtained from encoders), and the
input disturbances.

4.1. Implementation results
In this subsection, we follow the above-mentioned design
steps to implement and evaluate the property of the proposed
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Fig. 1. The desired trajectory (dashed line), output tracking (in
radians, solid lines), and control input (in newton meters) for joints
1 and 2 under state-feedback-based ASMC for § = 10 without
using input and output disturbance noise.

method on the given system (25). In our evaluation, we will
examine the tracking convergence property of the ASMC
and the AOFBSMC approach with respect to estimation
errors as 6 = 10 and § = 8. Because of the space limit, we
have removed the evaluation of Theorem 1. The observer—
controller design parameters are calculated along the line
of the design steps given in previous section for the chosen
initial conditions. For the given initial sets of interest, the
design parameters for the ASMC approach are obtained
as K = 125[2><2, K = 1512><2, I' = 10]2><2, ¢1 = 0.7, and
¢> = 0.7. With these control parameters, we first apply the
ASMC design on the given system. The tested results are
given in Fig. 1. Figure 1 shows the tracking performance
with the chosen parameter estimator errors as 6 = 10.
We now examine the tracking performance of ASMC
algorithms under nonideal operating situations. For this
purpose, we add a band-limited white noise w(f) into
the output g(¢) (as position measurement obtained from
encoders is contaminated by disturbance noise'-?) and the
input 7(¢) to the system. For our evaluation, the level w(¢)
for the output ¢(z) and the input 7(¢) are given in Fig. 2.
Then, we apply ASMC on the given system by using the
same design parameters as used in our last evaluation. The
implemented results are given in Fig. 3. Figure 3 pictures the
tracking performance under nonideal operating condition.
The estimation errors for this test are set to § = 8. The design
parameters are used for this experimentation as K = 1251,
K =150,,,T = Irx»,¢; = 0.7,and ¢, = 0.7. Notice from
Figs. 1 and 3 that the tracking errors increase with the increase
of the disturbance noise associated with input and output
measurement. More specifically, one can notice that the
control effort become very large, which may not be realistic
for the real-time operation, as available control inputs are
restricted in most nonlinear control system designs. Such a
large control effort is mainly due to the derivative action of
the noisy position signals that are used in the ASMC based
on position and velocity. Now our aim is to show that control
chattering phenomenon under the ASMC design based on
position and velocity can be reduced by using an AOFBSMC
design. To explore that, we keep the same controller design
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Fig. 2. The disturbance level w(¢) for the input t(#) and the output
q(0).
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for joint 1
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Fig. 3. The desired trajectory (dashed lines), output tracking (in
radians, solid lines), and control input (in newton meters) for joints
1 and 2 under state-feedback-based ASMC for § = 8 with nonideal
operating conditions.

parameters as applied for the evaluation of the ASMC
algorithm based on position and velocity. Then, we define
observer design constants as H) = lx;, Hy = Ihxp,and € =
0.05 such that the observer dynamics is faster than the closed-
loop robot dynamics. With these sets up, we now apply the
AOFSMC algorithm on system (25). The implementation
results are given in Fig. 4. By observing Figs. 1 and 4, we
can see that the performance under the AOFBSMC design is
similar to the performance under the ASMC design. Let us
examine the robustness property of the AOFBSMC design in
the presence of input and output disturbances noise. For this
purpose, we add a band-limited white noise, w(¢), into the
output measurement ¢(¢) and the input 7(¢) of the system.
For fair comparison of the performance of the AOFBSMC
with the ASMC design, we use the same level of w(z) as
used for the evaluation of the ASMC design as depicted in
Fig. 2. Then, using the observer—controller design parameters
K =12504,T = 10642, K = 1552,¢1 = 0.7,¢ = 0.7,
€ =0.05, H = 52, and H; = x>, we implement the
AOFBSMC on the system. The tested results are presented
in Fig. 5 with § = 10. By comparing Figs. 3 (ASMC) and
5 (AOFBSMC), we can clearly observe that the tracking
performance under the AOFBSMC is almost close to zero,
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Fig. 4. The desired trajectory (dashed lines), output tracking (in
radians, solid lines), and control input (in newton meters) for joints
1 and 2 under the AOFBSMC design with § = 10 and without using
input and output disturbance noise w(z).
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Fig. 5. The desired trajectory (dashed lines), output tracking (in
radians, solid lines), and control input (in newton meters) for joints
1 and 2 under the AOFBSMC design using with disturbance noise
w(t) and the estimation error as § = 10.

while large tracking errors can be seen under the ASMC
design even with smaller uncertainty. Notice also from these
results that the required control effort under the AOFBSMC
is much smaller than the control effort demanded under the
ASMC design.

4.2. Comparison with output feedback method

In this subsection, we compare our approach with the
method proposed in refs. [7, 14]. In comparison, the robot
dynamics, uncertain model parameters, and nonlinear control
inputs are not required in the proposed observer, while they
should be known in ref. [7]. The method introduced in
ref. [7] only provides local stability. In addition, we propose
an ASMC approach, but the method’ is not in adaptive
control framework. For comparison, let us design nonlinear
observer’ for rigid robot manipulators as

Hy
e =é+ —éy,
u € 26)
5 2.
€ = 6_61 Ga + 18, qa, 4a) + $2(81, g4) (
x (2, Q4. ).
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100

by —100}- e

Fig. 6. The implementation results with the AOFBSMC based on
observers (9) and (26) under ideal condition: the left column is for
Oobserver = 4, and the right column is for Ogpserver = 0; the dashed
lines denote observer (26), and the solid lines denote observer
(9). (a) Output tracking errors (in radians) for joint 1. (b) Output
tracking errors (in radians) for joint 2. (¢) Control input for joint 1.
(d) Control input for joint 2.

Then, we replace the unknown velocity signals by the
output of the nonlinear observer (26) to formulate nonlinear-
observer-based AOFBSMC. We use observer (26) in the
ASMC that has been introduced in the current work
to formulate the AOFBSMC. We examine the tracking
performance under the ASMC approach based on observers
(9) and (26). It is important to note that for fair comparison,
we use adaptive controller instead of the nonadaptive
SMC proposed in ref. [7]. As the observer is based on
model parameters, we consider two different estimation
error uncertainties for the observer error dynamics as
Gobserver = (0 - 6observer) =4 and eobserver = (6 - ‘gobserver) =
0; that is, the model parameters that are used in the observer
dynamics are exactly known. Here, Oobserver denotes the
parameter estimates in nonlinear observer dynamics. Then
we implement both observer-based (defined by (9) and (26))
AOFBSMC designs on the given robotic system. The results
are given in Fig. 6 with the observer design constants H; =
200,47, Hy = 201545, and € = 0.1, but we keep the same
set of controller design parameters that were applied for the
evaluation of the ASMC. The left column of Fig. 6 presents
the control performance when the estimation error for the
nonlinear observer is set to Gopserver = 4. The right column of
Fig. 6 depicts the tracking convergence when the estimation
error for the nonlinear observer is chosen to be § = 0. The
dashed line of Fig. 6 is for the nonlinear observer-based
AOFBSMC, while the solid line is for the linear observer-
based AOFBSMC. By comparing the solid and dashed lines
of Fig. 6, we can notice that the tracking error and control
effort under the nonlinear observer-based AOFBSMC are
larger than the tracking error and control effort under the
model-free linear observer-based AOFBSMC. Let us now
show the difficulties associated with the SMO-based output
feedback design.!* Like the method reported in refs. [4,7],
the SMO-basedoutput feedback SMC reported in ref. [14]
only ensures local stability. The main assumption in SMO-
based design is the requirement of the zero initial conditions
&1 = 0 and the growth condition on unknown velocity signals
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(see Egs. (11) and (20) of ref. [14] for a certain class of
system). Let us examine the SMO-based adaptive output
feedback design for robotic systems. The following design
and implementation for robotic system can be viewed as
an extension of the work reported in ref. [14] for a class
of nonlinear systems. To derive an SMO-based adaptive
approach, let us construct the SMO for robotic systems (1):

— Aoy = Biosgn(en),
2 = —82,58n(81) — W(gq, g, 0)§
+W(q., g, 0)51,58n(e1) + v,

q
q (27)

where ¢, is the observer estimate of the joint
positions; g, is the estimate of the joint velocities;
and § = (§» — ¢q) + A(g — gq). The constants Ay, &1,, and
8y, are n X n positive definite diagonal design matrices. The
design elements are Aj, = diag(Vio, Yios ---» Vio)s 010 =
diag()"lm )\lm R )"1())’ 82(} = diag()\Zm )\'207 ) )\2())-
Notice from the SMO design (27) that the observer
consists of undesirable high-frequency switching terms
such as sgn(), W(g,q,,0) and v. These switching
terms are designed in such away that they meet the
eventual Lyapunov-stability condition. To construct
observer dynamics for system (25), we first define the
matrix W(q, ¢,, 9) as Wy, q,, é) = [vu‘f; vvlqu] and the
diagonal matrix A = [As Ag2l The SMO for links 1 and
2 is given by Eq. (27) as q“ = @21 — Y1611 — klosgn(ell)
Go1 = —asgn(@) — Wi — WS + v, gp = G —
V10812 — Mosgn(€1a), and §oy = —Aosgn(@rn) — Waidy —
Wis8, + vy, where €17 = (¢ — ¢q1) is the known position
estimation error for joint 1; &5 = (§2 — ¢2) is the known
position estimation error for joint 2; §;; is the observer
estimate of the position for joint 1; §,; is the estimate of the
velocity for joint 1; 1, is the observer estimate of the position
for joint 2; g», is the estimate of the velocity for joint 2; and
Wi = [=2cos(q2)0 A1 — 20,51 — 01 A1 — Kil, Wi =
[— cos(g2)PrAsr — 921\ 2 — 251n(Q2)Qr192 — sin(g2)g,2051,
Wa = [~ COS(CIz)QzA | — 0 Ay — 05 sin(q2) ¢1],  and
W = [0 A 12 — Kol with ¢,1 = Ga1 — Asi(q1 — ga1) and
gr2 = qa» — Ns2(q2 — qq2)- The nonlinear compensation
laws v; and v, for joints 1 and 2 can be designed as follows

{ Y(Ga, T)sgn(éy) if |sgn(é;)| # 0,
V) =

0 if |sgn(é;)| =0
and
¥ (g2, T)sgn(@ry) if [sgn(@in| # 0,
"o { 0 if Isgn(@2)| = 0.
where  ¥(Gy, T) is given as V(g2 T) = ai|ga|* +

201|G2|A1o + A%o + ay + a3|t|. Then, the adaptive controller
with SMO observer can be designed as

T =M@, + C(q.§)gr + G(g) — K3

= Yr(q,ﬁ?z,Qr,ér)é_Kf (28)
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with the positive definite matrix X € R"*" and the reg-

ressor model as  Y'(q,ga, G, q,) = Y‘rl ,{‘i ,  Wwhere
Yi =G, Y = 24,1 +2c08(q2)q,1 + 4, "‘ cos(q2)4,> —

242 sin(g2)gr1 — o2 Sin(g2)gra. Y33 =0 and Y5 =
dr1 +€08(q2)q,1 + G, +8i0(q2)¢r1g21 in which g, =
Gar — As1(@r — qa1)  and G,y = Ga2 — As2(G22 — Ga2)
with g41 = g2 = qq4- Let us now formulate projection-
free parameter adaptation law. For this purpose, we define
the adaptation gain matrix as I'~! = diag[n; n,], and the
standard adaptation law takes the following form:
0=-T""Y"(q.q.4:.G,)s, where Yy =g, Y=
241‘1 +2 COS(QZ)qu + qu + COS(qZ)qu - 2612 Sin(‘]z)qu -
g2 sin(q2)qr2, Y21 =0, and Y = §,1 + c0s(q2)G,1 + Gr2 +
sin(g2)g-191- The parameter adaptation law can be written
as 01 = —n[Y1is1 + Yais2] and 02 = —no[Y1281 + Yorso.
The unknown terms in adaptation mechanism
can be defined as follows: s1 = 81 — Aiosgn(éy),
$2 = 8§ — Mosgn(€r2),  Gri =4, + rioAsisgn(én), and
Gr2 = 4,0 + MoAs2sgn(é12). The observer design starts
by choosing a particular observer estimation error sliding
regime such that A;, > |&;| (the bound on the velocity
error signals; see Egs. (11) and (20) of ref. [14]). Now, the
question is how such a priori bound on unknown velocity
signals should be chosen. Another important assumption
in SMO design is the requirement of strict condition
of ¢, =0 and &, = 0. For our evaluation, we choose
€11 =0 and &1, = 0 and find an appropriate value of A,
via trial-and-error search technique without injecting the
discontinuous control term. We notice that once we inject the
discontinuous control term in (28), the closed-loop control
system immediately exhibits finite escape time phenomenon
as the observer—controller system generates excessive
chattering from four different control switching operation.
The design parameters o to o3, Vie, Ao» A20> Ag1s As2,
N1, and 1, are determined by trial and error. The observer
estimation error sliding regime is arbitrarily selected as
A1o = 0.1. One then uses a trial-and-error procedure to find
appropriate parameters such that |§,| < 0.1. The controller
and observer parameters are selected as follows: o) = 2,
o) = 2, o3 = 1, Kl = 25, Kz = 30, )»1{, = 0.1, )»2,, = 5,
V1o = 2, Ag1 = 0.5, Ay, = 0.5, and 0y = n, = 3. The true
values of the parameters are set at 6; = 1 and 8, = 2. Then,
the parameter estimation are initialized to 0, =1andd, = 2.
The sampling period is chosen as 1 ms for all the results
reported in the current paper. With these sets up, we now
implement SMO-based output feedback design (27)—(28)
on the given system (25). The results are depicted in Fig. 7.
Figure 7 shows the observer estimation error in the position
of joint 1. The switching behavior is clearly visible. It is
clear from Fig. 7 that the assumption in SMO design, i.e.,
the estimation error of link 1 position, is not zero, é;; # 0.
Consequently, Fig. 9 demonstrates the assumption on the
derivative of the observer estimation error of joint 1, é11, is
also not zero. Figure 8 also illustrates the observer velocity
estimation error. In view of Figs. 7 and 9, we notice that
the assumptions that are used in SMO design, i.e., the zero
initial conditions on &;; and é;;, are not met even when the
control system is operating under ideal conditions with small
estimation error uncertainty. Figure 10 depicts the effect of
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Fig. 9. Derivative of observer estimation error &;; for joint 1.

the switching term v in SMO dynamics for joint 1. Finally,
we show the drifting effect of the projection-free adaptation
mechanism in Fig. 11. Notice from Fig. 11 that the parameter
estimates of 6; approach the true value of 8; = 1.0 and then
drift away from the correct value. For brevity, we remove
the discontinuous property of the estimates 6,.

Remark 3: It is assumed in our evaluation that with the
chosen design parameters, the sliding regime is established,
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which satisfies the bounded inequality A, > |é;|. This
condition, however, makes the SMO design unrealistic, as it
is very hard for the designer to select the bound that provides
the required sliding regime. On the other hand, because of
the presence of control switching terms in SMO design, it is
also very difficult for this method to be robust with respect to
large parametric uncertainty and disturbance noise with g(¢)
and t(¢). Therefore, in the face of large-scale uncertainty, the
SMO-based output feedback SMC design cannot achieve the
desired tracking objectives, as the designer cannot increase
the observer—controller gain because of excessive control
chattering phenomenon.

5. Conclusion

In the current paper, an output feedback sliding mode
robot control method has been proposed to deal with the
problem associated with the velocity-based SMC design.
The Lyapunov method has been utilized to establish the
stability condition of all the closed-loop signals. This
property has been shown using a parameter projection and
control saturation mechanism. The evaluation on a two-
degree-of-freedom robotic system validates the effectiveness
of the proposed SMC approach and the Lyapunov-stability
arguments of the proposed method. Furthermore, the
introduced method is compared with the exiting results,
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which confirms the superiority of the proposed design. The
implementation of the proposed theorems on an industrial
robotic system will be focused on in our future work. Future
work will also be focused on developing a multiple-model-
based ASMC along the lines of the design introduced in
ref. [17].

Appendix: Proof of Theorem 1

The proof of the Theorem 1 consists of two parts. In the
first part, we show that there exists a short transient period
T\(¢) € [0, T»] during which the fast variable n approaches
a function O(e), while the slow variables (e, §) remain in
a subset of the domain of attraction. In the second part,
we establish the boundedness of the signal e(r) for all
t € [Ti(e), T3], where Ty (¢) € (0, 2] and T3 > T is the first
time (e(¢), O(1)) exists from the set €2.. This part shows that
the state variables (e(7), (r)) remain bounded for # > 0. This
proof makes use of the fact that the fast variable 7 is O(¢)
such that W(n(¢)) < €2p forall t € [Ty(¢), T3].

Part 1: We first show that there exists a finite time 7>,
independent of e, such that for all ¢ € [0, T3] the slow
variable remains bounded in the set 2.. To show that, let us
define the following positive definite Lyapunov-like function
candidate:

1
V=-S"ms.

5 (29)

‘We consider that all initial conditions are bounded. Thus, we
choose e(0) € ., € 2., which includes ¢,(0) € ., and
€2(0) € Q,,,0(0) € 2, where €2, is the domain of attraction
and ., is the compact set chosen to cover any bounded
initial condition. Then, for the given initial set of e¢; and
€2, we have ¢4 = maxe,eq.,; e, 35 MS, where ¢4 > 0.
Then define the compact set as e(t) € 2, with ¢ > ¢4. Now,
our aim is to prove that the energy function V remains
bounded by a constant c. To verify that, we first take the
derivative of the Lyapunov function (29). Then we use
property (ii) and the bounded output feedback law on the
set Q, as T°(8, 04, 0) = [t*(e, Qu, 0) — T (L (), Qu, O)]
with t(e, Qu, 0) = 75 (e, Qu, ) to simplify the derivative of
V as

V=-8TKS - Z (S [K sat ('i") — A,@,D
i=1 i

- ST (e, Q. b), (30)
where AB is defined as
AB = DB+ [(M — M)rn, +(C — O)rem] (31

with § =S — (n2 + Aeny), §, = G, + Ana, and §, = ¢, +
A€ny. Since € is a small positive constant and the fast variable
n enters into the slow dynamics via the bounded function
(e — £(€)n), Qu, 0), Ye € Q, YQ, € Qq, V0 € Q, and
vVl € €, in view of the dynamical properties of (i) and (iii),
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the second part of (31) satisfies the following inequality:

1M — M)z + (€ = Oremll < kg (32)
for kg, > 0. We then simplify the derivative of (30) as
V< —Z(s |:Ks z(' ") — AB; —ksm,‘D
i=1 i
—STKS = 8" (¢ (e)n. Qa. 0). (33)
Now, for |K;| > |AB;]|, we have [Kﬂut('%') — AB;i] = 0.
Then Eq. (33) can be written in a simplified form as
V < —STKS + |Slksm — ST (C ()0, Qa. 0). (34)

As n enters into slow subsystem via bounded function, the
above equation can be simplified as
V< -,V +a,, (35)
Ve € Q., V0 € Q, and VO € Q, where a, = Vsksm + V51,
w, = %, and y, and «; are the bound for ||S|| and
Inll over the set ., respectively. Then, the solution of the
differential equation (35) can be derived as follows:

V) < VO™ + 22 (1—e™™1) . (36)
w—O
As V(0)<cq4 <c, we conclude that there always

exists a finite time 7,, independent of €, such
that for all 7 €[0,7;], V() <c. Note that during
t € [0,7;], we can alternatively show the ultimate

boundedness property of the closed- loog trajectories
as follows: V = —STKCS — 37 (S [K sat(5h) — ABi)) —
STT*(¢(e)n, Qu, 6). Using [Kisar(3) — RB1=0. we
have V < —STKS+ STt%(¢c(e)n, Qd, 0). Since € is a
bounded by a positive constant and the fast variable 7
enters into the slow dynamics via the bounded function

' ((e — ¢(e)n), Qu, 0), Ye € Q., Q4 € Qy, V0 € Q, and
VO € Q, we have V < —w,V 4 a,, Ve € Q., V0 € Q, and
Vo € 2, where o, = y;01, and y; and «; are the bound for
|IS|| and ||| over the set €2., respectively.

We now prove that over the time interval [0, 73] the fast
variable 7 converge to a very small value. On the basis of
the choice of the observer design parameter €, one can make
the bound on 7 very small. To show that, let us consider the
following Lyapunov function candidate for the fast observer
error model (14):

W) =n" P, 37)
where P = PT > 0is the solution of the Lyapunov equation
PAy+ AgP = —1I. Applying PAy + AgP = —1, one can
simplify the derivative of (37) along the trajectory (14),

. 1
W) < —gllnll2 + 20" PB[—Ga + ¢1(e, qa 4a)

+ ¢aler, qa)T* (e — ¢(Em), Qu, D] (38)
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Now, for any given e(0) € 2., &é(0) € Q.,, 6(0) e
Q, and 6(0) € 2, the inequality ||[—dq + ¢1(e, qa, Ga) +
da(er, ga)t’((e — ¢ (e)n), Ou, 1|l < k; holds. Substituting
this inequality, we obtain W (1) as

. 1
W) < —EIIUII2+2k1|IPIIII77II (39)

with || B|| = I. Using the Lyapunov equation (37), Eq. (39)
can be simplified as

Wn) Wn)

W) < ———" 4 2%y || Pl | —— 2.
max (P) Amin.(P)

(40)

We now investigate the property of n for three different
situations as W(n) > €28, W(n) = €28, and W(n) < €?B.If
W(n) > €*B, then we can write (40) in the following form:

W) < —gW(n) 1)

with  W(n) > €28, where B = 16||P||2klzkmax_(P) =
16]|P|°k7 and || P|| = Amax.(P). Since {V <c¢} and
(W > €2 B}, we have the solution of the differential equation
(41) as

W(n(t)) < W(0)exp™ <. (42)

As we know that initial conditions are bounded for the
estimates é(0) € 2.,, the corresponding scaled initial-state
estimation error are also bounded by n(0) = M < é for
some positive constant k that depends on the initial set 2,.
Then, Eq. (42) can be further simplified as follows:

< ko e
W(n(t)) < W(0)exp = Sep (43)

where k, = k*Amax (P) = —; with y = ﬁ We now
calculate the transient peaking time 7)(e) when W(n(¢)) =

€2B. Let € > 0 be small enough so that for all 0 < € < €},
the time 77 (€) is calculated when W (1(t)) = €28 as

T()_El ko <1T
€)=—1In
: % Bet) =2

This implies that at the time Ti(e), W(n(t)) = €?B and
W(n) < —yepB. Hence, W (1) will continue to decrease, and
for the time ¢ > Tj(¢) the inequality W(n(¢)) < €28 holds.
We now investigate the property of » for the case in which
W(n(t)) < €*B. One can see from (44) that T;(¢) tends to
zero as € — 0. This means that the right-hand side of the
above-mentioned inequality tends to zero as € — 0. This
implies that we can choose Tj(€) small enough such that
Ti(e) € (0, %Tz]. That is, for ¢ € [0, T,], there always exists
a short transient period 7i(€) € (0, %Tz] such that for all
t € [Ti(e), T3], W(n(t)) < €B. The time T3 > T» is the first
time (e(z), (7)) exists from the set Q., and the time T
may be equal to infinity. Since the time 77(¢) in (44) is a
function of €, one can make T (¢) — 0 as € — 0. In view
of the Lyapunov equation (37), we can conclude that as

(44)
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W(n(1) < €*B Vi € [Ti(€), T3], Inll < K€, K, > 0. This
means that 1 is O(€) over the time interval V¢ € [T;(¢), T3].

Part 2: Let us now study the slow subsystems (13) over the
time interval [T}(€), T3], that is, study the property of the
slow variable (e, ) when ||7]| converges close to the origin.
For the time interval [T(¢), T3], we choose ¢(0) € 2., and
6(0) € Q. Then we can write the tracking error model as

é = [$i(e. qu. da) + daler, qa)T* (e, Q. ) — Giu]

+ [¢2(e1. ga)T° (@, Qu. 0) — (e, qa)T(e, Qu. 0)] .
(45)

This can be viewed as a perturbed closed-loop model
under state feedback over the time interval [Ti(¢), T3].
From part 1, we already know that the perturbation term
ln]l decays exponentlally fast to a level at which ||r;|| is
O(e) and W(n(1)) < €*B.Now V(e, 0, n) € {e € Q.} x {9 €

Q) x {n e Q) with Q. = {n | Wn(t)) < €*B)} for all ¢ €
[T1(¢), T3], and we have

(&, Q4, 0) — °(e, Qu, DIl < kerlInll,
(M — M)xns + (€ — Coreni || < kgm, I

with k¢; > 0 and kg, > 0. Now using perturbed error model
(45) as well as inequality (46), the derivative of the lyapunov
function (29) has the following simplified form:

V < =STICS + IS kgm, 101l + ket Il IS (47)
As we have shown in part 1 that 1 is bounded by a constant

K,e with K, > 0 and € > 0, the term ||| is also bounded.
Then, Eq. (47) can be simplified as

V < =dminGOUSI? + Koeker [1SI + 1S l1ksm, Ko (48)

Now, Ve € Q,, Vh € Q,and VO € Q; we can further simplify
V as

V 5 _w()V + XE€, (49)

Vee Q., ¥ €Q, and V0 € Q, where x = K,yke1 +

Voksm Ko, @y = A"‘—go) and y, is the bound for the error
state || S| over the set €2.. From (49), we can see that on the
boundary V =c¢, V < 0 when ¢ > ; Since € is a small
bounded positive constant and c¢ is chosen strictly greater
than ¢4 and X , we can conclude that the set Q2. x Q x Q.

isa posmvely 1nvar1ant set, and inside this set, e € 2. This
implies that the state trajectory (e, 8, 1) is confined inside
the set ., x 2 x Q.. By making € small, one can make
this invariant set very small close to the origin. Hence,
we conclude that 75 = oo, and all the signals in (13) and
(14) are bounded V¢ > 0 and n is O(¢) Vt € [T}, T3]. Now
integrating (49) from ¢t =0 to t = T yields V(t) — V(0) <
— [ aillel®dt + T xe. Since V(0) >0, and furthermore

from (29) we can write the above equation as fOT aillel?dr <
%S(O)TMS(O) + kge with k¢ = T x. This implies that if
€ — 0, then the output feedback SMC (Lyapunov-stability
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condition defined by (49)) can recover the performance (the
bound on error trajectories) achieved by the state-feedback-
based SMC controller (Lyapunov-stability condition defined

by (7).
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