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The subject of the present paper is the derivation and analysis of mathematical models for
the formation of a mushy region during calcium carbonate corrosion. More specifically there
is emphasis on the variation of the overall diffusion resulting from the changing shape of a
single pore due to corrosion process and on the resulting volume expansion of the material as
the outcome of the transformation of calcium carbonate to gypsum. These models are derived
by averaging, with the use of the multiple scales method applied on microscopic moving-
boundary problems. The latter problems describe the transformation of calcium carbonate
into gypsum in the microscopic scale. The derived macroscopic models are solved numerically
with the use of an implicit in time, finite element method. The results of the simulations for
various microstructure geometries in the micro-scale and a discussion are also presented.
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perturbation methods

1 Introduction

The reaction of hydrogen sulphide or sulphur dioxide with calcium carbonate leads to the
creation of gypsum. These reactions are the basic cause for corrosions such as sewer pipes
corrosion [5], monument’s corrosion [8], building decay (failures in building fabric caused
by corrosion). Mathematical modelling of such a process is useful in order to predict
the evolution of the phenomenon, as well as its dependence on the physical quantities
effecting it. In some cases this can also allow us to choose an optimal strategy to restore
or preserve the construction or the monument.

In this framework mathematical models have been developed to describe the sewer
pipes corrosion. This was initiated in [5] where a model of Stefan type was presented and
analysed. This model was further analysed in later papers as in [6,9,10,20]. In the case of
monument corrosion, again a model of Stefan type was presented in [7,8]. Additionally, a
hydrodynamic model for sulfation of calcium carbonate stones in the form of a reaction
diffusion system was presented and analysed extensively in [1-3,12,13].

In the above models a distinct interface separates the corroded and uncorroded parts
of the material. An additional factor that the modelling of these phenomena has to take
into account is that concrete, cement based constructions, as well as a lot of monuments,
for example, made of limestone, are porous materials. Then, the reaction causing the
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corrosion takes place inside the pores of the material. This creates a zone in which the
calcite surrounding the pores is partly corroded and transformed to gypsum, that is we
have a kind of mushy region. The latter region is formed in the area near the macroscopic
interface that separates the uncorroded region from the partly corroded one (see Figure 2,
point C). Such a model, motivated by the works [17,18] describing the solid—liquid phase
change, was initially introduced in [22] and extended in [23] for the case of sewer pipes
corrosion. Also for the case of monument corrosion a very similar model was developed
in [24].

In the previous models the problem is stated in the microstructure as a typical phase
change problem with a moving boundary. Then, applying the process of homogenization,
macroscopic equations were derived for the macroscopic scale that is the bulk of the
material. In this work we present an extension of such a modelling approach. The first
additional aspect that it is addressed here is the volume expansion. Transformation of
calcite to gypsum causes volume expansion due to the lower density of gypsum compared
to the calcite. In the previous relevant works this was neglected for simplification. Another
additional aspect addressed here is the fact that it is assumed there is no diffusion
throughout the calcite skeleton. As it will be apparent later in the analysis of the present
model, this consideration will lead to the variation of the diffusion coefficient of the
macroscopic equation, which is subject to the shape and the area occupied by the calcite
inside a pore. The modelling approach in the previous works [22-24] is valid if on the
contrary it is assumed that we have diffusion everywhere inside the material, even inside
the calcite skeleton due to pores of minor size (reaction takes place only into larger
pores). The latter assumption is not a very realistic one but it simplified the analysis and
especially the numerical treatment of the problem.

In order to derive a model for the process, initially we need to make some assumptions
about the geometry and the microstructure of the material. A two-dimensional approach
is used here. Note that the derivation and analysis is valid for all dimensions, with minor
modifications, but the specific application has only been presented in two dimensions to
avoid at present numerical complications arising in three dimensions. The bulk of the
material is assumed to consist of microscopic identical square cells each one corresponding
to a pore of the material. The detailed description of that is presented in Section 2.
Additionally, the equations describing the diffusion inside the pores together with the
equations of the moving boundary (outer boundary of the cell and of the shrinking calcite
core) are presented. Next in Section 3, the homogenization (averaging) method is applied
to derive the macroscopic equations. In Section 4, it is examined how this set of equations
is modified and tackled, via appropriate transformations when this is needed, in order
to treat numerically the problem. Finally, in Section 5 some numerical simulations are
presented together with the adjustment of the model in the sewer pipes corrosion process,
as well as in the case of the monument corrosion.

2 Presentation of the model

Description of an idealized porous material. Concrete or limestone are porous materials
that consist basically of calcium carbonate. Thus, in general, we can think of a material
under study being a porous one with its skeleton (the solid part of it) consisting of calcium
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FIGURE 1. Schematic representation of a plane cross-secting parallel bars of a calcium carbonate
skeleton. A square on that plane containing the cross section, a circle in this case, centred in it can
be considered as one cell in our model.

carbonate. This material under certain cases may be corroded due to sulfate or sulfur
dioxide.

We briefly present the basic assumptions used to describe the material which will enable
us to derive a model for its corrosion. Actually, this is basically the same setting as it is
described also in [22-24].

We assume that the bulk of the material under study, consists of uniform cells and
that a subdomain of these cells is filled with calcium carbonate, while the rest of it is
void. A natural and fairly simple choice is to assume that these cells are of square form.
This will give a two-dimensional geometrical description of the microstructure in which
we will focus in this work.

This geometrical approach can be justified if we consider inside the material, a calcite
skeleton consisting of long narrow cylindrical bars that are equispaced and parallel. Then,
we may think of a plane intersecting these cylinders transversely and obtain a sequence of
equispaced circular segments corresponding to the calcite parts, while the rest of the plane
corresponds to a net of voids (see Figure 1). Next, taking advantage of this symmetrical
setting, we consider square cells filling the plane with each one of them containing a
calcite segment centred in it while the rest is void (Figure 2(a)). We may as well assume
that the skeleton bars have different forms, such as parallelipipedonal giving a square or
parallelogram calcite core or elliptic cylinder giving elliptical calcite core.

Note that our analysis can be carried out similarly if we assume that we have cells
that are line segments and have a one-dimensional geometry [22] or alternatively if
we consider cubical cells and three-dimensional geometry [23,24]. Although in the latter
three-dimensional case the numerical complications are increased and such a case will not
be studied in the present work.

It is also worth mentioning that this two-dimensional setting for the microstructure can
be further generalized if we consider hexagonal cells or any other polygonal cells filling
the plane. Moreover, in each of the above cases we may have an inverted setting, that is,
we can take the core of the cells being the void and the rest of the cell filled with calcite.
Therefore, we can finally have geometry-dependent variations of the model but with no
essential difference in its basic characteristics and so these considerations will not be
studied further here.
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Given the above setting about the two-dimensional micro-scale geometry, we may
assume, furthermore, that in a local coordinate system a single cell can be defined to
occupy initially the square [—1, 1] x [—1, 1]. Additionally the calcite core inside the cell
can be taken to be of symmetrical shape and centred inside the cell. The latter assumption
simplifies the analysis that follows but it can be easily dropped without significant changes.

The reactions causing the corrosion. A material consisting of calcite may be corroded
due to the penetration of sulfide or sulfur dioxide inside its pores in the presence of water,
causing a reaction which transforms calcite into gypsum.

We will refer to two basic and quite similar reaction processes as follows:

The corrosion of concrete by sulfation is the first process. The basic reaction describing
the fact that H,SO4 reacts with calcite CaCOs3 forming gypsum CaSO, - 2H,0O and causing
concrete corrosion is the following:

2H,0 + H* 4 SO~ + CaCO; — CaSOy - 2H,0 + HCOj; .. (2.1)

This is the case in the sewer pipes corrosion, see [5].

In the second case, monument corrosion, we may have penetration of sulfur dioxide
inside the pores resulting in a similar reaction, see [7,8]. The basic reaction in this
case describing the fact that SO, reacts with calcium carbonate CaCO3 forming gypsum
CaSOy - 2H,0 and causing the corrosion of the monument, is the following:

1
CaCOs +S0; + 502 + 2H,0 X, CaS0, - 2H,0 + CO,. (2.2)

The model for gypsum formation that is derived in [22-24] and extended here allows
gypsum and concrete to coexist at some volume element. This element may be specified
as one cell as those already described, and having its length side of order similar to the
radius of a cross-section of a typical pore. Such a model with minor modifications can
account for both the aforementioned reactions.

In the first reaction (concrete corrosion) we have that inside the air and water, H,S
is contained and under a chemical reaction in the water film and this is transformed to
H,;S0O4. Next, we assume that through the concrete and due to its porosity and the cracks
existing in it, there is diffusion (dispersion) of SO2~, which then reacts with the concrete,
that is, the calcite, forming gypsum. The reaction takes place initially at the cracks’ inner
surface surrounding the pure solid calcite. Due to the reaction gypsum is formed, having
larger porosity than that of the concrete, and thus new cracks are formed. Then, diffusion
takes place in the gypsum — void, due to cracks, area.

Moreover, due to the fact that the porosity of the gypsum is larger than that of the
calcite, we have expansion of the cell volume and hence of the overall volume of the
material. The latter is a significant deviation compared with the modelling approach
adopted in [22-24]. In addition, another important difference is that we do not allow
any kind of diffusion inside the area occupied by the calcite core. Thus, the shape of the
calcite will affect, as it will be apparent later, the diffusion behaviour.

The same setting — idealization of the corrosion process — is also assumed for the case
that we have limestone or calcium carbonate stone corroded by sulfur dioxide.

Finally, an additional and important assumption that we have to make regarding the
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relevant size of the diffusion and the reaction rate is that the reaction rate at all times is
large enough so as to have a distinct reaction front [5,8]. In the microscopic scale, the
shape of the pore, or equivalently the shape of the calcite core, in the cell will affect the
diffusion rate. Consequently, we assume that, even at its maximum, diffusion is not large
enough to prevent the formation of a reaction front.

The model equations

In the following in order to simplify the presentation we will derive initially a basic model
keeping the important characteristics of the corrosion process. Then, in each case, for
example, in sewer pipes corrosion, monument corrosion or another similar process, the
additional aspects or equations can be easily added to describe the actual phenomenon.
For the above mentioned cases this is done in Section 5.

We assume that the material under study occupies a domain, denoted by Q,, and that
the pollutant, S Oi_ or SO, diffuses inside the pores of it. Its dimensionless concentration
satisfies the equation

eu; = Au+f, (2.3)

where u is the molar concentration of SOi* ( or of SO;) , € is a dimensionless parameter
(= typical macroscopic length scale squared over diffusion coefficient and typical time
scale) and f being a source term modelling the possible production or supply of SO‘Zf
(or of SO,) in the system.

Moreover, u = u(y,7) and in general y € Q) C IR", n = 1,2,3 depends on the
macroscopic geometry of the material under study. Also 7 is the dimensionless time
variable.

The chemical reaction is taking place inside the pores of the material and at the outer
surface of solid calcium carbonate. This interface will be denoted by I'y,. This interface
changes with time, due to the reaction and its motion given by the standard kinetic
condition expressing the fact that Speed of the moving Boundary x Calcium Carbonate
concentration < Rate of reaction. Regarding the rate of reaction, without loss of generality,
we may assume that it has the form R = R (u(y, 1)) = u(y, t) as in the case of sewer pipes
corrosion [22,23]. This law can be modified accordingly to account for a different reaction
as in the case of monument corrosion, see [24]. Any such modification would not change
the analysis that follows.

Summarizing the above, we have that at the boundary I'j; the kinetic condition
expressing its motion should be

V=R@u), yeTrluy, (2.4)

where V is the speed of the moving boundary.

Furthermore, the flux of u arriving at the interface is consumed by the chemical reaction
transforming calcite into gypsum. Thus, the boundary condition at the interface of the
corroded—uncorroded material, given that V = R(y, 1), will be

Ou

— =V r 2.
y@n ,» yelwm, ( 5)
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FIGURE 2. Schematic representation of a segment of a calcium carbonate stone under corrosion.
In the side cells black colour denotes the area of calcium carbonate and grey colour denotes the
gypsum segments while the rest of the cells (white colour) is void space.

where n is the outward normal vector at a point of the moving boundary I'y;. This
condition may be modified to include also transport of the residual reactant due to the
motion of the boundary. In such a case we would have, in dimensionless form, that
y% = V 4 Vu. Although the latter at the moment is not included in the model to keep
things simple.

Note also that the dimensionless constant y after appropriate scaling can be written as
y = yu%, where § is a parameter describing the ratio of the microscopic and macroscopic
length scales, defined and discussed in detail later.

These equations apply in the porous net inside the material in Q) but since this
is assumed to be consisting of identical two-dimensional cells, we may focus on the
behaviour of the model in just one cell. Recall that such a square cell, say €, in a local
coordinate system initially has the form Q = [—1, 1] x [—1, 1]. Also we denote, at all
times, its boundary by I',, 02 = I',. This cell initially contains pure calcite occupying a
subdomain of it. This subdomain is of symmetrical shape centred inside the cell.

The area occupied by calcite is denoted by €. and its boundary 0Q. = I', separates
it from the void space. Namely, we take the pore, inside the cell, to be specified by the
boundaries I', and I'. and its domain, before the corrosion process starts, is Q, = Q \ Q.
(see Figure 2(b)). The area of Q, should be such that “QQ‘"‘ = ¢. for ¢, being the porosity
of the porous material. As corrosion evolves and gypsum is formed, the boundary I,
now separates pure calcium carbonate from the gypsum and void parts of the rest of the
element. We denote the gypsum-void part of the element by €, and we have Q = Q, U Q,
(see Figure 2(b)). Note that at t = 0, £,(0) = €,. This process continues until the
transformation of the calcium carbonate to gypsum is completed and we have Q = Q,,
I'. = 0 (see Figure 2(c)).

The set Q = Q(¢) varies with time due to the expansion caused by the reaction, and this
is a significant difference compared with the modelling approach in the works [22-24].

Equation (2.3) applies in €, and equations (2.4) and (2.5) apply in I'.. We also need
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boundary conditions for the boundary I',. Since the material is assumed to be consisting
of cells of the same form, we impose periodic conditions. Denoting the four sides of the
square cell by I'), i =1,...,4, with I, = Uf;ll"j, we write

Urpr = ”\rg, Urx = “|r(,4 yelrle, (2.6a)

n-NVulpr=n-Vulrs, n-Vulp>=n-Vulrs y€eTrl,. (2.6b)

Note that these symmetry conditions can be summarized, see [17,22] to obtain
n-Vulgg =0 yer,.

Additionally, the boundary I, is expanding. For an area transformed to gypsum, say

¢ (Ag(7) = |2:](0) — |2.|(1)), we expect an increase of the total cell area of y,4,, where
y4 1s a factor corresponding to the expansion resulting from one unit area of calcium
carbonate transformed to gypsum.

We determine 7y, so as to account during the reaction, for both the changes in densities
and the porosity. For p. and p, being the values of the real I (or solid) densities of
calcite and gypsum, respectively, we have, before the reaction initiates, that a unit mass
of calcite occupies volume |Q.|(0) = 1/p. in a cell of volume |Q|(0). Thus, for ¢, being
the porosity of the calcite, we have ¢, = % and |Q|(0) = ﬁ At the end
of the process, at time, say T, we have that by a molar unit of calcite a molar unit of
gypsum is created (conservation of mass). Therefore, the transformed mass of gypsum
will occupy volume 1/(p, X pm), for pm = (Pmc/pmg) Where prry and py are the molar
densities of gypsum and calcite, respectively. Thus, for ¢, being the porosity of the
gypsum, ¢, = W or that |Q(T) = m. In addition, at the same time, we
should have |Q|(T) = |2](0) 4 7,]2/(0). Theretaore, we obtain

1 1 1
= + Vu*,
ngm(l - ¢g) pe(l — @) Pe

or

Pe _ 1 _ pcl —e) — Pepm(1 — ¢g)
Pepm(l —¢g) (1 —¢¢) Pgpm(1 = d)(1 — ¢g) .
Note also that y, > 0, for p. > p,, ¢ > ¢, pm < 1 since ﬁ—‘ >1> pml i The total
area of the cell at time 7 will be |2|(0) + y,4,. The latter corresponds to an increase of
the side of an expanding square cell of magnitude /|Q[(0) + y.4, — /|2](0). Motivated
by this we assume that the speed of the outer boundary should be proportlonal to the
rate of increase of the above quantity. Namely, we have for V, the speed of the moving
boundary I,

Ya =

0
Vo= 5= (V1210 + o). @7)

! the mass/volume ratio of a porous material; that is, excluding the pore volume in contrast to
bulk density which measures the mass/volume ratio that includes the cavities in a porous material,
cf. [11].
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At this point we should make the remark that considering one-dimensional cells and
using a similar argument we would have that the speed of the outer cell boundary should
be proportional to the rate of increase of the inner boundary and have Vo = —y,V
(cf. [5,22]) with I, initially being the points —1, 1.

Alternatively, for a cubic cell and now for V, = |Q.](0) — |2.|(7) the same argument
results in taking V, = % (3/ |Q(0)] + 74 Vg(r)).

Moreover, we have to note that another, alternative and more simple modelling ap-
proach is to assume that at all times the outer boundary has the form of a square which
is expanding. If its side is initially equal to /|Q|(0) = 2, then at time 7, it should be,
2(1 +{(r)) with (1 +0)* =4+ 74A¢(t). Thus, the position of the outer boundary can
be determined at all times by the following algebraic equation

14+{(t) =4/1+ %yaAg(r).

Although, to give more generality in the following analysis we will assume that the
position of the outer boundary will be given from equation (2.7).

3 Homogenization

We next apply the method of homogenization for the model represented by the system
of equations (2.3)—(2.7). The method of homogenization is a very powerful tool applied
here to derive a macroscopic model. This form of homogenization [21], as well as similar
homogenization methods as FE2 modelling [27] or distributed modelling [4] is part of
a research area which has been immensely developed during the last decades. Moreover,
this method allows us from the problem in the micro-scale to derive equations in the
macroscopic scale. The latter equations will actually describe the corrosion process and
more specifically the evolution of the mushy (mixed) region that is formed. By the term
mushy (mixed) region we describe the region that corroded and uncorroded parts of the
material coexist throughout the bulk of it, see [17,18] and [22-24].

We consider two spatial scales for the problem: a macroscopic length scale represented
by the variable y and a microscopic length scale represented by the variable z. Let [ be
a typical macroscopic length scale, and d the microscopic length scale. The scale ! can
be taken to be a typical length of the observed corrosion in a time period of interest or
a length associated with the thickness of material. In addition, the microscopic length
scale d can be taken to be of order of an average distance between two pores inside the
material or the average diameter of a pore inside it.

Naturally, d < [ and their ratio is 6 = % < 1. More specifically, we have that for x
being the dimensional original distance, x = [y and x = dz with § = ‘71 < L

Moreover, the concentration u is regarded as a function of both dimensionless distances,
y and z as well as of time t and u = u(y, z, t). The multiple scales approach, see [14] gives,
instead for the spatial derivative V,u at the point (y, z, t), the expression V,u + %V;u.

The boundary I'. is assumed to be described by some function s = s(y,1) (s = s/I)
for s the dimensional boundary position. The position of the boundary s can be rescaled

I

with d and we take S = 3 (= {s = Is).
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Rescaling also with d the speed of the boundary V, will give V = 6V, where V is the
new dimensionless variable for the speed (Dimensional boundary speed = V[/tg = V d/t,
or V = 0V). This implies that 6V = R(u) on I..

If we denote with S the function representing the position of the boundary in the form
S(y,z,7) =0, ( S(y,z,7) = z2 — S(y,z1,7) = 0), we have that the rescaled speed of the
boundary V, [23] has the form

oS 1

ov="2_ 0
V= .16V,

Application of the multiple scales method implies

1 2
= =Viu+ TV, Vu+Viu+f.

el = 52 S y

Regarding the Kinetic condition (2.4) we have at I,

oS 1

5 = — =
V= % Vs 16,3

—yua—lz n- [Vzu + 5Vyu] s

as well as, regarding equation (2.5),
Yun - [Vou+ Vyu] 4+ 6°R(u) = 0.
At the boundary I',, similarly we have

e [Vou+0Vyul o =n-[Vau+ 0V,

urel,z = ures,4.

As for I'. the position of the boundary I', can be expressed by a function Z(y,z,7) =0,
with Z(y,z,t) =z, — Z(y, z1,7) = 0. The rescaled speed of the boundary I, V,, (V. = 0V,)
has the form

0Z 1

V=2
v 0t |V, 240V, Z]

In the following we proceed with a formal asymptotic expansion for u, S and Z.
Moreover, for the approximations that follow to be valid, we assume that the shape of
the calcium carbonate core is not wildly fluctuating from cell to cell.

The equation for u, by assuming that u ~ ug + du; + ..., f = fo + 0f1 + ... takes the
form

1 2
€u01+...= ﬁV?UO‘i‘g

1
+5v§u1 +2V.Vyuy + Viup + ...

At the points (y,z,7) of the boundary I'., we have for S = Sy + §S; + ..., and
V.S + 5Vy3| = V.S + 0V,So +6V.S1 + ...], that

680 ! ivz“() + l 1

Bt VeS| M52 5 5

V.Vyg + Viug + fo

Vyug + =V +Vyur + Voo + .|, (3.2a)
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1

1 1
R(uo) + -+ yun- |:*vz”0 + gvyuo + 5

52 Vo +Vyu + V;M2:| +...=0. (3.2b)

Similarly, at the points (y,z, t) of the boundary I', we have

02 0 1 02 0

1 1
n- {—Vzuo + = 5

1 1 1 1
Vyuo + =Vour + .. } =n- {—Vzuo + <Vyuo + Vou + } (3.3a)
FL].Z 1—63.4

[uo T Sur + 0% + .. ] = [uo 4 Sur + 0% + . } ” (3.3b)

Additionally, regarding its motion we have that the corroded area is
1
Ag(1) = |Q/(0) — [Qc|(z) = [, (S(y,21,0) — S(y,21,7))dz; and

0zZy 1 0 I
0 +...= — \/l—i-'})g/ (So(y,Z1,0)—So(y,zl,‘f))d21) +.... (3.4)
0

Ot V.2 ot 4

For order 0(5—12) terms we have V2uy = 0. By the conditions at the moving boundary
', that is, at z = S we get n- V,up = 0. In addition, at the other boundary, the cell
boundary I',, we have periodic conditions n - V. uy| rl2=n- V. ug| 34 Uopi2 = tgpis. By
these equations and the maximum principle we deduce that ug = ug(y,7) in €.

For order O(%) terms we have 2V.V,ug + Viuy = 0 = Viu; = 0 in Q,, given
that uy = up(y,t). Moreover, on I', the periodic conditions n - [Vyuo—i-vzul}r;.z =
n- [Vyuo + Vzul}rgm, or n- [vzul]rpm =n- [Vzul]nm and u1|F81,2 = u1|r3.4 hold. Finally,
on I'. we obtain similarly n- [V,ug+ V.u1] =0 or n-[V.u1] = —n - [Vyuo|. The latter
condition gives a z dependence on uy, u; = u(y, z, 7).

In order to control the z-dependance of u;, which comes from the fact that its gradient
is proportional to n - [Vyuo] at the boundary, we define an auxiliary cell problem.

On writing u; = w - V,up for w = w(z) = (wi(z), w2(z)), we obtain the following cell

problems
Viwi =0, in Qg (3.5a)
n-V,wj=—-n;, on I, (3.5b)
[n-Vowilpe = [n-Vow] e, w,-|rﬂ|,z = Wi|,—3-4 on I, (3.5¢)

for i = 1,2 and n; the directional cosines of the unit normal n = (ny,n;). These cell
functions actually are describing the effect of the shape, of the area in which diffusion
takes place, to the overall diffusion coefficient.

Next for O(1) terms, we have

euto, = Vo + 2V.Vyuy + Viuy + fo, (3.6)

while at the boundary I',,

08 1 _
0t ‘VZS()‘ N

—Yull: [vyul + vz”Z] = R(“O): (37)
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and similarly at the boundary I',, we have
[V uy +V,; uz] =n- [Vyul + Vzuﬂ pi4s Walp1a = U2fpas, (3.8)

and

02
o Vo Zo \/ / (So(y,21,0) So(y,Z1,T))dZ1>. (3.9)

We next proceed by averaging the field equation (3.6) over the whole domain occupied
by the pore-gypsum area, say Q.. That is, we integrate both sides with respect to z over
Q, to eliminate the z-dependence from the equations.

/ [auor — Vﬁuo —2V.Vyu; — fo] dz = / Vfugdz = / n- V. uods. (3.10)
Q Q, I.Ur

g

Note here that

/ 2V. - Vyu] dz :/ 2V. -V, (w- Vyug) dz = (2 Vz~wdz> Vi,
Qg Qg 'Qg

and additionally, in view of the relation f r e V. - updz = 0 and of the second part of
equation (3.7), we have

1
/ n-V.uds = / n-V.uds = / [—n -Vyup — R(uo)} ds
r.ur, I, r Yu

c ¢

= / [—n-V, (w-Vyug)] ds — l/ R(ug)ds
I, I.

y u

= _Viuo/ [n-w]ds— lR(uo)/ ds
T Yu r.

¢

= *Vfuo (/ V- WdZ) - iR(“O) |Fc| 5
Q, Yu
for || = [}, ds.

Combining the above relations with equation (3.10) we obtain

suor/ dz = V dz+/ V.wdz vf,uo—iR(uo)|rc|+f0/ dz, (3.11)
Q Q, Q, Yu Q,

g

or

&Uor =

1 ] 1T,
H—m /Q V. - wdz Vf,uo T X R (uo) + fo, (3.12)
gl Jo, | Yu

for |Q,] = fszg dz.
On summarizing the final set of equations that are derived by this process, modelling
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corrosion in a macroscopic scale is

6%2(y,7) = D(y, ) V3uo(y, 1) — - 5EDR (o) + fo in - 2,

A(y,t)

0S8y 1 _
ot V.80 R(uw) on T,

66‘7;0 ‘Vzlz = a@ (\/1 + 4))(1 fo SO y:zla()) SO(_V,Zl, ))le) on Fe,

for D(y,1) = [1-1— ‘Q|f9 V. wdz} A(y,1) 1 - |9], Ly, 7) |F|
The area A(y,t) is determined as the area between the boundarles I'.and T,.
Moreover, by the fact that to first order terms we have S = z; — S(y,21,7) = So,
Z =12y —Z(y,21,7) =~ 2y, we get

Lipt)= fpdz=4f) /1 + (%Sl)dzl,

Ay,1) =4 {fol Z(y,z1,7t)dz) — fo S(y,zl,r)dzl]

The term fol A1+ (g—zsl)dzl in the above equation gives the length of the inner boundary

in the first quadrant and, therefore, to get the full length of the boundary L(y,7) we
multiply by four. The same applies for A(y, 7).

3.1 Opverall change in porosity

An additional aspect we have to account for is the change of the porosity ¢ = ¢(y,7)
during the process and due to the transformation of calcite to gypsum. We must have a
variation of the porosity in one cell from ¢, initially (porosity of the uncorroded material)
to ¢, (gypsum porosity) at the end of the process. Also the maximum expansion of the
cell area will be achieved when all of the calcium carbonate has been transformed into
gypsum. Furthermore, the gypsum created is distributed in such a way so that new void
space (new islets of void space) is created, expanding the total cell area. The additional
final area should be vy, x Initial core area = y,(4— A(y,0)) and the total cell area becomes
44,4 — A(y,0)), for Q(0) =4 and 4 — A(y,0) the initial calcite core area.
The total area of the cell at time 7, in terms of A(y,t), is

12](2) = [21(0) + 74 (12/(0) = [2](x)) = [21(0) + 74 ((|2/(0) — A(y,0)) — (|R](x) — A(y,7)))
= —7a|2|(x) + (1 +72)2[(0) + 74 (A(y, 7) — A(y,0))
= 12[(0) + (ya/(1 +74)) (A(y, ) — A(1,0)).

Therefore, we have

Initial Void 4 Additional void created at time t©
Initial cell volume +Additional area due to expansion at time t
_ Ade (A7) — Ay, 0)
4+ (7a/(1 +72) (A(y,7) — A(,0))

d(y,7) =
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for ¢. = A(y,0)/4, y, a factor to be determined appropriately and for the additional void
created written in terms of (4(y,7) — A(y,0)). More specifically we have at the end of the

et p (o)A o | bebr
Process g = g it 1—go)— a0y Which gives 7, = g + - G5

3.2 Boundary conditions

In the following and in order to complete the model equations, we need to impose
appropriate boundary conditions. Also we have to take into account the fact that during
the process, in the macro-scale, the porosity changes at each point (y,t7). The derived
equations account for the actual concentration of u, while the effective concentrations of
it, @, is given by & = ¢u. The total domain of the material under study is Q) and we
may take the boundary of Q) or part of it, exposed to the ambient concentration of the
pollutant. In this case we can impose standard Dirichlet conditions at the boundary 0Qy,
of the form &t = ¢u = ¢(t). Where ¢(t) the outer concentration of the pollutant possible
varying with time during the period of the study. For simplicity we can use an average
value in place of ¢(t) and get # = ¢pu = 1 after an appropriate scaling of u.

Furthermore, in the very common case that we have planar propagation of the corrosion
the domain Q) can be taken as one dimensional and have Q) = [0, 1], at © = 0, after
appropriate scaling.

In addition, we have expansion of the domain due to its change in the poros-
ity and in such a case we have to take Qu(t) = [—a(r),1], for a(r) expressing the
shift of the macroscopic boundary to the left due to swelling. Then, we should have
¢(—a(r), 7) u(—o(t),7) = 1. At the other end y = 1, we can impose Neumann conditions

, = (¢u), = 0 due to an assumption of symmetry (having an one-dimensional bar
corroded from both ends) or due the fact that we have some kind of insulation at this
end, that is a material that cannot be corroded for y > 1.

3.3 Expansion of the macroscopic boundary

The increase of the porosity of each cell causes the expansion of the volume of that cell
and therefore at each point (y, 7) the change in porosity d¢(y,t) will cause a corresponding
increase in swelling, and specifically in the position of the outer boundary «(z). By summing
up these contributions, we can obtain an estimation of a(tr). Consequently, following this
point of view, a(t) is expected to be proportional to the overall change of the porosity of
the material, namely we have

1
ya (;b ys (ﬁc
dy

O = = 00+ 70 )y b ¢c

According to this relation, for ¢(y,0) = ¢. we have o(0) = 0 and when the transformation
to gypsum is complete, after some time 7., we expect swelling of size y,(1 — ¢.). Indeed
for ¢(y,t) = ¢, for every y € Qp and for time 7 > 7., we have 1/(1_"%(1 + (1)) = a(r)

or that o(t) = y,(1 — ¢.).
Summarizing, the equations derived, for the case that we consider one dimension in the
macro-scale, and by dropping the subscripts in the notation for u, S and Z since u ~ uy,
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S~8, Z~Z,, we have that the upscaled (limit) model takes the following form:
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eu; — D(y, t)uyy — fo(y,7) = ——R( )Aiy ; —a(r)<y<l1, 1©=0,
1 1
u(—o, 1) = prm—_ uy(l,7) + q;)y((l”;)) u(l,7) =0,

u(y,0) = ua(y),

=R, 0<zi<l, 1>=0,

oS
S(y721>0):SH(Zl)7 aizl(yaov‘():(h

1
S(y,21,0) = 8(y, z1,7)) dz1,

1
a‘r / @I\/1+4/a/0 (
T

0Z
Z(y,Zl,O)=Za(ZI), 6721(.]&0;‘7):05

l<zi<1l479, =0,

1 1
L(y,7) = 4/ dzr,, A(y,7)=4 {/ Z(y,z1,7)dz1 —/ S(y,zl,r)dzl} s
S(,z1.7) 0 0

4dc +p0 (A(y,7) — A(¥,0))

PO = T Gu /T 1 70) (A(.7) — A(y. 0)°
. Va ! $(, 1) — ¢¢
“(T)_l/(l—@)ﬂa —ury  Pg — be
1
D(y,1) = </5g ) VzW(Z)dZ]

Viwi =0, in Q(n1), w=(wi,w) i=12,
n-V.wi=0, on I, n-V.wi=-—-n, on [y,1).

(3.13a)

(3.13h)
(3.13¢)

(3.13d)

(3.13¢)

(3.13f)

(3.13g)

(3.13h)

(3.13i)

(3.13))

(3.13k)

(3.131)
(3.13m)

Here, u, is the initial condition for u and a natural choice to make is to take u, = 0.
Also, S, is the initial position of the moving boundary I'., applied to all the cells inside
the material, assumed to be independent of y, while for t > 0 its position is given by the
points (zy,z,) for which we have z; = S(y, z1, 7). Similarly, Z, is the initial position of I',.
The range of z; in (3.13¢), (3.13f) is determined by the fact that S is shrinking and Z
expanding.

4 Transformation to a fixed domain and variations of the model

4.1 Change of time variable in the Eikonal equation

In order to simplify the analysis, as well as the numerical treatment of the problem, we
proceed with a change in time variable in the equations for the moving boundaries (3.13d),
(3.13/) [23,24].

https://doi.org/10.1017/5095679251800027X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251800027X

Macroscopic models for calcium carbonate corrosion 543

More precisely in (3.13¢) we set g—f = g—ig—f, for ¢ a new time variable. Thus, we obtain

oS da as \? N
TA_ AL T 1 A_ = Oa s ~_ UsY, = U
s = R [T+ () stra0) =5, 200,020
Then, we set %—;’ = R [u(y,7)] = R(y,7) or
7 =00 = [ R, (1)
0

2
and we obtain a form of the Eikonal equation ((2%)2 — (2751) =1) for S = S(z1,0),

2
—a—SZ 1+ a—s , O0<z1<1, =0, (4.2a)
Oo 0z1
S(z1,0) = Sua(z1), S;,(0,0) =0. (4.2b)

Similarly, for the boundary I',, we obtain for Z = Z(zy,0)

2
a—Zz 1+ 6£ iG(O’), 0<z, o=0, (4.3a)
Oo 0zy ) Oc

1 1
for G(o) = 1+Z%/(mmm—smm»wh
0

Z(21,0) = Zu(z1), Z-,(0,0) = 0. (4.3b)

4.2 Sandpile Solution for I',

Given the assumption that the cells inside the material have the specified form of a square,
the Eikonal equation for I, attains analytical solutions (sandpile solutions [15,23]). For a
square cell, say of side 2, we have Z,(z;) = 1, for 0 < z; < 1. Assuming that this has the
form Z = 1+ h(g) we obtain that % = %G(a) with h(0) =0 and G(0) = 1. Therefore,
h(e) = G(o) — 1, Z(z1,0) = G(0), or

Z(y,z1,71) =G </T R(y, r')dr’) ) (4.4)
0

Note also that due to the symmetry of the square element, we need at Z = zi,
the free boundaries to intersect. Thus, we have Z = G(g) for 0 < z; < G(og). The
moving boundary stops to expand for ¢ = o the time needed for § to vanish and have

G(oy) = (\/1 + %ya fol (S(z1,0)) dzy ) Then, the whole of the square element has been

transformed into gypsum.
This form of Z imply that in the system (3.13) equations (3.13f), (3.13g) can be replaced
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by (4.4) and in addition the second relation in (3.13h) can also be replaced by

T 1
A(y,r)=4lG2 (/0 R(y,‘c’)dr’) —/0 S(y,zl,z)dzll. (4.5)

4.3 Sandpile solutions for the inner boundary

Furthermore, given a specific initial interface S,, we can obtain analytical solutions of
equation (4.2) [23]. In such a case in the end we obtain a non-local in time form of
equation (3.13a). For the cases of our interest we present them briefly.

Square Segment

Assuming that the 2calcite segment is a square of side 2L cantered in the cell of initial side
2, such that % = ¢. or Ly = /1 — ¢, we set S,(z1) = S(z1,0) = Ly for 0 < z; < 1.
Then, as for the outer boundary I',, the solution of equation (4.2) is S(zy,0) = Ly — o for
0<zi<Ly—o0,0r S(y,z1,7) = Ly — foI R(y,7')d7.

Thus, for L and A, the first of equation (3.134), and (4.5) become

L(y,t) = 8 [LO — /01 R(y,r’)dr’} ,

T T 2
A(y,1) = 4 le ( /0 R(y,f’)dr’> — (Lo — /0 R(y,f’)dr/) ] .

Substitution of these expressions in (4.6) and applying the transformation from y to r,
results in a nonlocal in time problem.

Cyclical Segment

The same can be done for the case that the initial calcite segment has the form of a cycle.
In such a case S, = S(z1,0) = /R — z{, for 0 < z; < 1. Then, the solution of (4.2) is

: 2 3
S(y’zlnf): [(&_A R(y,f/)d‘fl) _Zf‘| )

for0<zi<Ry—0=Ry— fOT R(y,7')d7’. Therefore, we have
L(y,7) =2n {Ro — / R(y,7) dr'}
0

G? (/T R(y, r’)dr’) -
0

A(y,7) =4

: 2
(RO—/O R(y,r’)dr’) ]

&~ 3
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4.4 Transformation to a fixed domain

Another aspect that we have to address in system (3.13) is that in the field equation (3.13a)
the domain Q); = [—a(7), 1] is varying with time. One way to treat this is to transform the
varying domain to a fixed one. This will allow us also to tackle the problem numerically.
For this purpose we use the new spatial variable, r, by setting

e y+o(r)
TR
0 1 0

so that r = 0 for y = —o(7) and r = 1 for y = 1. In addition, we have & = Tram o

% = ma%, u(y, 1) = u(r,7) + dc(r)llT;(’;)ur(r, 7) and equation (3.13a) takes the form
. 1—r D(r,7) 1 L(r,7)

eu, + al(t U, — U — fo(r,7) = ——R(u R 4.6

@ ™ o 0T T ey 8

forO<r<1, ©t=0.

Moreover, with this spatial transform we get an easier to handle, form of equation
(3.13)), that is

Va ! ¢(V, T) - d)c
= d
W)1M—%H%A G — . T
or
_ 9 Y R o p
0= i g O PO T s (4.7)

Ya

Finally, the first of the boundary conditions, (3.13b) holds for r = 0, while the second
of them remains invariant, namely

1 ¢r(1,7)
$(0,7)’ o(1,7)

These equations (4.6), (4.8), (in place of (3.13a), (3.13b)) and (3.13¢) for u, with the
improved form of the equations for the moving boundaries, (4.1), (4.2), (in place of
(3.13d), (3.13¢) ) and (4.4) (in place of (3.13f), (3.13g)), the first of (3.13h) and (4.5) for
the gypsum area, equation (3.13i) for the porosity ¢, equation (4.7) for the macroscopic
moving boundary (in place of (3.13j)) together with (3.13k), (3.13]) and (3.13m), form the
transformed to a fixed domain, model.

u(0,7) = u(1,7) +

u(l,7) =0. (4.8)

5 Numerical solution

We treat numerically the problem by following similar methodology as in [23,24]. We
apply a process in three stages.

Initially, we need to solve the Eikonal equation (4.2) for the cases that we cannot obtain
an analytical solution. This can be done by using a level set method for a time range
0<o<oy.
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At a second stage having obtain the solution for the inner boundary we need to solve
the auxiliary cell problems, that is equations (3.13]), (3.13m), for a sequence of domains
Q4(y,0i), where o; correspond to the points of a partition of [0,5]. This is done with a
finite element method.

Finally, we use these solutions, S and w, to evaluate the source terms in the macroscopic
equation for u and to solve the resulting problem via an implicit in time finite element
scheme.

Level set method for the Eikonal equation. We take a partition of [—1,1] x [—1,1]
of (M(,+1)2 points Z1p; = joziy, with 0zy = Jzy, being the spatial steps and for
j=0,1,2,...,M,. Let T, being the final time of the simulation. Similarly, in the interval
[0, T,], we take a partition with N, time steps of size dg for N, = [g—:} and o, = /do,
/=12,...,N

We denote with Sfj the approximation of S(zy;,22j,0/),i,j = 0,1,2,...,M,,/ =1... N,.
According to a level set method, see [19,25], and recalling that S = z; — S(y, z1, 7), with
8 = |V.S| we have

D1 S(; = (Sl — Sij) /071, DS = (Si;—Sl_1;) /o1,

D1S{; = (Sijs1 — S)) /922, DLS[; = (Si; = S/j-1) /oz1,

H= \/min(O, D55/, + max(0, D+ S/,)? + min(0, D5 S/,)* + max(0, DLS/,)>.

Z1 L) 270L,)

St =8 -66H ij=1..,M,—1, /=1..N,. (5.1)

For the stability of the above scheme the condition (6o /dzy + d6/dz;) < 1/2 should be
satisfied. In Figure 3 we plot the numerical solution of the Eikonal equation in the case
that we have as an initial curve a Lame curve of the form z{ 4 zj = C [16]. The curve
shrinks towards the centre of the square.

This solution must be expressed in terms of the time variable 7. In order to do so we
take a grid for the macroscopic domain [0, T] x [0,1]. We have for 0 <t < T, 1, = nor,
6t = [L] and for N the time steps. Also, for 0 < r < 1 we take M + 1 points r; = jor,
j=0,1,..., M for ér the spatial step.

Given the approximation of S(z1,22,6) = z2 — S(z1,0) at the point (zy}, o/), S]/, in
terms of ¢ (restricted in the quarter domain [0, 1] x [0, 1] due to symmetry), with S’ :=
(S{.85,...,8};, ), we are able to calculate the quantities L and A in the source term
in the equation for u at each time step. We determine (interpolate) for each (r;,7;) the

corresponding o, so that A(rj, 1) = I4(o/) := fo (z1,07)dzy and L(rj,v;) = Ir(a/) =
fs/ (z1,0¢)dzy. The index ¢ of o, that corresponds to the point (r;,1;) is the one that
minimizes the quantity (o, — Igi), for Igi = OT’ R(rj,7")dt’.

Finite element method for the cell problems. The next stage is to solve numerically the
cell problems for w, (3.13k) and (3.13]). We have obtained the solution of the Eikonal
equation. Namely we know the position of the inner boundary S together of course with
the position of the outer boundary Z. This allow us to identify at each time step o/, in a
partition of the interval [0, T;], the domain Q, = Q,(s). Then, for this domain we use
a finite element scheme to solve these cell problems. The finite element numerics package
in MATLAB ‘Distmesh’ [26] is used to triangulate Q,(c). Then, a solver that has been
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FIGURE 3. Numerical solution for the Eikonal equation. The initial curve (red line) is z{ +z5 = C
for n = 6 and C = 0.7. The solution is plotted for various times. As time increases the curve shrinks
towards the centre of the cell. Here, dz1, = 0.05, 6o = 0.0075.

(@) (b)

0.05

FIGURE 4. Numerical solution via a finite element method for a cell problem. In (a) the problem
(3.13k) and (3.13I), for wy is solved in the case that the inner boundary is a circle of radius R = 0.5.
In (b) the same problem is solved in the case that the inner interface is a square of side 2Ly = 0.5.

implemented for this specific problem (equations (3.13k), (3.13])) is applied. An example
of such a numerical solution for this problem is presented in Figure 4.

As a next step we can evaluate the variable diffusion coefficient given by equation
(3.13k). In the graphs of Figure 5 we can see the variation of D(y,t) against the gypsum-
void area |Q,|. In the case that the initial calcite core (inner boundary) is taken to be a
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FIGURE 5. Numerical estimation of the diffusion coefficient D given by equation (3.13k) against
|Q,|. The diffusion coefficient is plotted for the cases that the initial calcite core is a square, a circle
and a Lame curve.

circle or a square, the analytical sandpile solutions is used. For the case that the initial
calcite core is taken with a form that we cannot have analytical solution of the Eikonal
equation, for example, a Lame curve with equation z{ + z5 = C as in Figure 3, it uses
the numerical solution obtained with a level set method. In this way the positions of the
inner boundary is determined and consequently |Q,|. In the latter case and for a Lame

curve the initial area is given by %.

given by the relevant sandpile solution is also considered in all of the above cases.

Finite element scheme for the field equations. In the third stage, we use a finite element
scheme to solve the field equation (4.6) together with its boundary and initial conditions.
Let p; = yj(r), j =0,..., M denote the standard linear B — splines on the interval [0, 1],
defined with respect to the partition considered. We then set u(r,7) = Zj\io ay, (t)p;(r),
120 0<r <1 We apply the standard Galerkin method and obtain a system of
equations for the a’s. We also denote by F, the source term in the equation for u.
Specifically, F(u) := —1/y, x R(u) L/A + fo.

M 1 . M 1
. o
S R e 2§j o [ oo w5 [0
j=0 Jj=0

The expansion of the outer cell boundary

1 M
+/ F Zaujlpj ; dr, (5.2)
0 -
j=0

where i = 1,2,..., M. Setting a, = [a,,, ay,,...,a,,]T the system of equations for the a,’s
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FIGURE 6. Numerical solution of the system (3.13). In (a) the variable u is plotted against space
and time and in (b) the moving boundaries, indicating when the corrosion is complete in the case
of having an initial calcite element in the form of a square.

takes the form
1 &(t)

Ba(e) = — s B0 —

Ca(t) + b,(7).

The matrices

1 1
B = (fo wj(r)lpi(r)dr), B, = (fo D(r,r)lp}(r)lp{(r)dr) and C =
( fol(l —r)tp}(r)tpi(r)dr> have the standard form in this case (e.g., see [22,23]) and

by, is the array coming from the last term in equation (5.2).
For the resulting system of ODE’s we apply an implicit scheme and take

B, (t,) + 5TMC — 5‘cl_)u(r,,)] a™ = Bja!. (5.3)

[Bl or [+ a(e,)

(1 + o(zy))?

Some extra care is needed for the evaluation of o"™' ~ o(t,1) and of &(t,.1) ~

(™! — o) /51. We have that (1) = &(1)/ (mﬂw - ¢(r)) and that

) = — TP g 1 /1 4 + 70 (A(r7) — A(r,0)
0

r r.
— ¢, d 4 o/ (1 W) (A(r,T) — A(r, 0
(v — 2(0) s — be d Jo 4+ 74/ (1+ 7a) (A(r.7) — A(r.0))

Then, we use the approximation %4')(1,,) ~ (d(1,) — D(t,—1)) /OT.

In Figure 6 the system of equations (3.13) is solved numerically for the case that the
initial shape of the calcite core is a square. In (a) u is plotted against space and time. In
(b) the moving boundaries, y;(t) and y,(t), given by the conditions: max{z : A(y/(1),7) =
4 — (2Lo)*} and min{t : A(y.(1),t) = 4(1 + 7,L§)}, respectively, are plotted against
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time (in the vertical axes) together with (7). The values of the parameters used in these
simulations are for M =61, T = .8, e = 1, y,, = 1, p. = 2.71gr/cm?, p, = 2.31gr/cm’,
pm = 0.7352 ¢. = 0.05, ¢, = 0.15, 61 = .8 - 5y?. The area between y;, y, and o(t) specifies
the region where the corrosion process is taking place and pure calcite and gypsum coexist
in a microscopic scale.

5.1 Application for the case of a limestone monument corrosion

In such a case the reaction (2.2) applies. We proceed with the modelling approach described
in [24].

We describe briefly the model by focusing in the minor modification needed to add
in the equations already presented. According to the reaction (2.2) we have that the the
molar concentration of SOi_, u satisfies the diffusion equation in the pores of the material

e1u; = Au. (5.4)

We also have diffusion of water of dimensionless concentration v = v(y,7) in the same
domain and

€0, = Av. (5.5)

The motion of the boundary, the inner surface of the pore, is given by the standard kinetic
condition expressing the fact that Speed of the moving boundary x Calcium carbonate
concentration x Rate of reaction. In our case and by taking into account the Law of mass
action we have that the rate of reaction should have the form

R(y,7) = g(v)uvz.

The function g models the fact that the reaction takes its full speed when the water
concentration is larger than an upper threshold v, and it does not occur at all when the
concentration is lower than a lower threshold v;. Between v; and v,, we have to account
for the fact that calcium carbonate inside the pores is covered just by water droplets and
not of a water film and thus reaction takes place but not in its full speed. Such a function
should have the form g(v) = min(max(et)t)=0 [24]. Thus, at the boundary I'y, the kinetic

Uy —U]

condition for the speed of the moving boundary V should be
V =R(y,7), ye€Ty. (5.6)

Furthermore, the flux of u arriving at the interface is consumed by the chemical reaction
transforming concrete into gypsum. In addition, we may have transport of the residual
reactant due to the motion of the boundary and thus the boundary condition at the
interface of the corroded—uncorroded material, given that V = R(y, 7) will be

0
g =V+piVe yerlu, (57)

where n is the outward normal vector at a point of the moving boundary I'y, and for
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y = yu%. The same should apply for the water concentration v and get

d
yzé — V4 BV, ey (5.8)

These equations apply in the porous net inside the material in I'y,. Moreover, we
consider exactly the same geometry and setting as the one described in Section 2. In the
cell symmetry conditions should be applied for the variable u and v in the following form:

n-Viulopg =0, n-Volgo =0 yer.. (5.9)

The expansion of the cell boundary is given again by :

0

Ve = —
¢ ot

< |~Q(O)|+VaAg(T))» yer,. (5.10)

As we can see the additions in the basic model of Section 3 is that we consider also
diffusion of the water and an extra equation for it, together with the specific form of the
reaction term R = R(u,v). Also there is no production of u inside the material, that is
f ~ fo = 0 and transport of the residual reactant gives an extra term in the boundary
conditions at I'y;. The homogenization analysis can be carried out in exactly the same
way and finally we can obtain the full system of equations to be solved. Namely, for
€i, Bi,yi, 1 = 1,2, dimensionless constants [24], the equation for u is

ertte — Dy, iy = —~Rauw) (1 + pry Z8D oy <y <1, 30 (5.11a)
i ’Y“ A(y’ T)
1 (rb '(LT)
u(—o, 1) = ,ou(lt)+ u(l,7) =0, 5.11b
" M g )
u(y,0) = ua(y), (5.11¢)
while the diffusion equation for the water concentration v has the form,
1 L(y,7)
e — D(y, T)vyy = ——R(u,v) (2 ,y — 1, =0, 5.12
2e = DU Doy = = R(w o) 2+ for) e, —a0) <y <1, v (5.120)
1 ¢y(1,7)
v(—o, 1) = ——, vy(l,7)+ v(l,7) =0, 5.12b
(o) = gy olho+ e (5.12b)
v(y,0) = va(y), (5.12¢)

together with the equation for the motion of the inner boundary, (3.13d), (3.13¢), but with
R = R(u,v), as already defined, instead of R = R(u), and the equations for the motion
of the outer boundary (3.13f), (3.13g). In addition, L and A are determined by equation
(3.13h), the porosity ¢ by (3.13i), the expansion of the macroscopic outer boundary by
(3.13j), the variation of the diffusion coefficient by (3.13k), while the cell problems are
given by equations (3.13/) and (3.13m).

The rest of the analysis of Section 3 can be easily adjusted to this case. The form of
I, will be given in the same way. Additionally, the problem has to be transformed to a
fixed domain and the left hand side of equations (5.11a), (5.12a) takes a form similar to
the left hand side of equation (4.6).

We use values for the parameters taken by [7,24] and we have e; = 1.01 - 10712,
€ =6.9964 10713, 9, =598, y, = 1.2685-10'3, B; = 5.053-10"'2 and f, = 6.1131-107°,
va = 0.3276.
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FIGURE 7. A simulation of the corrosion process for the case that we have equations (5.14) and
(5.13) in place of (5.11a) and (5.12a) together with the rest of the equations of the system (3.13),
for small e, and 1/y,. The simulations are done in the case that we have in the microgeometry, (a)
a square shaped core (SQ, green line), (b) a circle shaped calcite core (CL, red line) and (c) a Lame
curve shaped core (LC, blue line).

Therefore, the water diffusion is very fast compared with the reaction progress. Thus,
vyy ~ 0 for e5,1/y,, < 1. For a constant concentration at the boundary y =0, v¢ = 1 and
(vg), =0, at the point y = 1, and as far as D(y,t) = O(1), v is approximated by

1 ¢y(1,7)
v= 1- Y y (5.13)
$(0,7) P(1,7) + dy(1,7)
Moreover, the equation for u, given that €1, f; < 1, is approximated by
1 L
D(y. 1)y = —g(v)uv? WD) <y<1 >0 (5.14)

Vu A(y,7)’

Therefore, the quasi-steady approximation is valid for the system. For this case a
simulation has been done in Figure 7 where the boundaries y, and y; are plotted against
time and S, is taken to be (a) a square, (b) a circle, (c) a Lame curve. We can see that
due to the fact that diffusion is fast a layer of thickness y = 1 (x =1 = .012 cm), instantly
becomes partly corroded, that is y; is placed very close at the t = 0 line, while this
layer is fully corroded at about 0.0025 time units for a circular calcite core or at about
t = 0.0025 x tg ~ 1 month for the timescale ty used. Corrosion is faster in the case
of a Lame curve—geometry and even faster for square cell geometry The effect of the
microgeometry in the process is apparent here.
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5.2 Application for the case of sewers pipes corrosion

In the case of sewers pipes corrosion we have that H,S, which is produced inside the pipes
diffuses inside the pores of the pipe wall from its inner surface and through in it. Then,
inside the pores of the pipe wall we have H,S in the gaseous phase with dimensionless
concentration vg, H,S in the liquid phase and of dimensionless concentration v;, coexisting.
These are exchanged between gaseous and liquid phase. Moreover, the liquid H,S due
to bioconversion is transformed to SO?~, of dimensional concentration u, which in tern
reacts with the calcite of the inner wall of the pore producing gypsum CaSQOy - 2H,0. The
latter process, which actually is the cause of the corrosion, is described by the reaction
(2.1).

The equations in dimensionless form expressing the evolution of the concentrations
inside the pores of the material, see [5,22,23], are

v, %

“ @Té - ayg i (Brog —vr). (5.15a)
61;, a 4]

o T o T (Bivg —v1) — Bavi, (5.15b)
ou  u

€5~ 52 TP (5.15¢)

with €;, f;, i = 1,2,3, ui, up dimensionless constants [22]. The motion of the moving
boundary inside the pore of the material is given by (3.13d), (3.13¢), but with

R(y,t)=u, ye€Ty. (5.106)

After applying the averaging process in the same way as before and having in mind that
for v, and v; Neumann conditions hold for the moving boundary I'., we obtain for the
macroscopic scale

2

ov 0%v
€15 =Dy r)ﬁf — 1 (Brvg — i), (5.17a)
ov 0%
€15 = D0, T)W; + 112 (Biog — 1) — oo, (5.17b)
au o%u
S D(y, r)a 5 + B + F(u), (5.17¢)
for F(u) = IR(u)AITEfZ as in equation (3.13a), while the same equations (3.13d)—(3.13)

apply as before. Note also that here in equation (5.17¢) the term fS3v; plays the role of f
in equation (3.13a). This set of equations can be completed with appropriate boundary
and initial conditions of the form (3.13b) and (3.13c) for all concentrations vg, v;, u

In the case that we evaluate the dimensionless constants with specific values of the
parameters (cf. [5,22]) we may obtain small values for ¢ and large values for u. More
specifically, we have €y, €5, e3 < 1 and uy, u» > 1, f; = 1, giving vy ~ v; and allowing us
to apply again a quasi steady approximation. In such a case the model equations to be
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FIGURE 8. A simulation of the corrosion process for the case that we have equations (5.18a) and
(5.18b) in place of (5.17b) and (5.17¢) together with the rest of the equations in the system (5.17),
for small e;, €3 and a square (green line), circular (red line) or Lame curve (blue line) shaped calcite
core in the microgeometry. In general there is visible difference in the final result regarding the
microstructure consideration. We observe faster corrosion in the case of square cell and slower in
the case of a cyclic cell. For a cell shaped as a lame curve the behaviour is intermediate.

solved become

2
D(y, f)M — Py =0, (5.18a)
02
o%u
D(y, r)a—yz + B3v; + F(u) = 0. (5.18b)

A simulation is presented in Figure 8. We notice some small variations between the
boundaries with respect to the considered microstructure geometry (square, circle or
Lame curve shaped calcite core). The corrosion is faster in the case of the square-cell
geometry. The effect of diffusion is fast, the material becomes immediately everywhere
partly corroded and fully corroded simultaneously at a later time. The material is fully
transformed, for example, for the case of circle, at about 0.1328 time units, which in
dimensional terms, gives that a layer of 13 cm is fully corroded after 22.67 years.

6 Discussion

The major issue in the present paper is to expand an existing model, describing calcium
carbonate corrosion and also addressing the formation of a mixed (mushy) region during
this process. The modelling expansions include the phenomenon of volume expansion
coming from the difference in the density of calcite and gypsum, as well as the variation
of the diffusion, resulting from the shape evolution of the calcite part inside a pore.
Homogenization method is applied to derive a set of macroscopic equations which can
be solved numerically.
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In some cases, the complete set of the resulting equations can be simplified so as to
diminish the numerical complications. For the same reason in the micro-scale only two-
dimensional geometry is considered. Some simulations for various cases are presented.

An important aspect to be addressed in a future work should be the study of existence,
uniqueness and asymptotic properties of the solution of the macroscopic model derived
in this work.

Of course, further extensions of this work, regarding the modelling approach and
the derivation of macroscopic equations, should include three-dimensional micro-scale
geometry. Another aspect avoided at present, and in possible future research, is to include
in the model the stress forces between the cells and due to volume expansion. Also
additional simulations for different macroscopic geometries could be another interesting
aspect. Moreover this model can be adjusted to other similar phenomena where we have
corrosion in a porous media.
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