
GENERALIZED STOCHASTIC
CONVEXITY AND STOCHASTIC

ORDERINGS OF MIXTURES

MIIICCCHHHEEELLL DEEENNNUUUIIITTT AAANNNDDD CLLLAAAUUUDDDEEE LEEEFFFÈÈÈVVVRRREEE
Institut de Statistique et de Recherche Opérationnelle

Université Libre de Bruxelles
CP 210, Boulevard du Triomphe

B-1050 Bruxelles, Belgium
mdenuit@ulb.ac.be
clefevre@ulb.ac.be

SEEERRRGGGEEEYYY UTTTEEEVVV
Department of Mathematics and Statistics

La Trobe University
Bundoora, Victoria 3083, Australia

stasu@luff.latrobe.edu.au

In this paper, a new concept called generalized stochastic convexity is introduced as
an extension of the classic notion of stochastic convexity+ It relies on the well-
known concept of generalized convex functions and corresponds to a stochastic
convexity with respect to some Tchebycheff system of functions+ A special case
discussed in detail is the notion of stochastics-convexity~s[ N!,which is obtained
when this system is the family of power functions$x0, x1, + + + , xs21%+ The analysis is
made, first for totally positive families of distributions and then for families that do
not enjoy that property+ Further, integral stochastic orderings, said of Tchebycheff-
type, are introduced that are induced by cones of generalized convex functions+ For
s-convex functions, they reduce to thes-convex stochastic orderings studied re-
cently+ These orderings are then used for comparing mixtures and compound sums,
with some illustrations in epidemic theory and actuarial sciences+

1. INTRODUCTION

Let us consider a family of random variables$Xu,u [ Q% valued in a subsetS
of the real lineR and with lawPu indexed by a single parameteru [ Q # R+
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Now, given a functionf : S r R, let us construct the new functionf* defined
as

f* :Q r R : u ° f*~u! [ Ef~Xu!, (1.1)

provided that the expectation exists+ A natural question is to which extent some
properties of the functionf can be transmitted to the functionf*+ In other words,
given the fact thatf belongs to some specific class of functionsF1

S , does it imply
thatf* belongs to some remarkable class of functionsF2

Q?
Such a question is rather general and has been discussed for various problems in

probability and statistics+ Of special interest here is the work of Shaked and Shan-
thikumar@14# in which F1

S andF2
Q are both classes of~increasing! convex func-

tions+When the property of~increasingness! convexity is transmitted fromf to f*,
then the family of lawsP~Q! 5 $Pu,u [ Q% is said to be stochastically~increasing!
convex~Chap+ VI , Shaked and Shanthikumar@15# !+

It is well recognized, however, that the standard definition of convexity can
be restrictive for various purposes in mathematics+ In the field of probabilistic
modeling, this arises, for instance, when one wants to compare certain statistics of
practical importance+ So, the more general concept ofs-convex function~s [ N!
introduced by Popoviciu@12# is a very useful tool for comparing stochastic mod-
els in epidemic theory and actuarial sciences~see some recent works by Lefèvre
and Utev@9# , and Denuit and Lefèvre@1# , Denuit, Lefèvre, and Shaked@2#, and
Denuit, Lefèvre, and Utev@3# !+

The s-convexity itself is a special case of the classic concept of generalized
convex functions+This convexity is defined with respect to an arbitrary Tchebycheff
system of functions and reduces to thes-convexity when the system is the family of
power functions$x0, x1, + + + , xs21%+ A study of Tchebycheff systems with applica-
tions in analysis and statistics is provided in Karlin and Studden@7# ~see also Pecˇarić,
Proschan, and Tong@11# !+

In the present paper, we precisely investigate the possible transmission of the
generalized convexity from a functionf to the functionf* given by~1+1!+ Thus,F1

S

being a class of generalized convex functions onS, we would like to know whether
F2

Q is a class of generalized convex functions onQ+ If this is true, the family of
distributionsP~Q! is said to be stochastically generalized convex+We will present
basic facts concerning the generalized convexity+We will then examine in detail the
possible transmission of the more specific property ofs-convexity+

The starting point of our approach is the analysis, in Section 3, of the general-
ized convexity for totally positive families of distributions+ In this case, the gener-
alized stochastic convexity for an appropriate Tchebycheff system is rather
straightforward+ Moreover, the property of stochastics-convexity is then satisfied
when, roughly speaking, each moment of orderk in ~1+1!, 1 # k # s2 1, is a poly-
nomial ofu of orderk with positive highest coefficient+A few standard distributions
will be given for illustration+ For this part, we will make an extensive recourse to
results given in Karlin@6# +
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Though the technique based on the total positivity seems to be very efficient, it
does not allow us to cover all the desired examples+ In Section 4, using direct argu-
ments,we derive complementary results for the stochastics-convexity which do not
follow, surprisingly, from the previous general theory+ These will be illustrated with
some standard distributionsP~Q! that are stochasticallys-convex+

Next, we introduce a broad class of integral stochastic orderings, said of
Tchebycheff-type, that are induced by cones of generalized convex functions+ These
orderings are considered implicitly in@7# + In the special case ofs-convex func-
tions, they correspond to thes-convex stochastic orderings studied and used re-
cently in the four papers mentioned before+ We briefly give some properties of
these new orderings+ We then focus on thes-convex comparison of mixtures and
compound sums, with some illustrations in epidemic theory and actuarial sciences+

It is worth indicating that, for s51 or 2, further results can be obtained using the
alternative concept of sample path convexity~see, e+g+, @15# , Chap+ VI !+ Whether
this approach can be generalized to any integers$ 3 is an interesting open problem+

2. MATHEMATICAL BACKGROUND

We start by recalling some standard definitions and basic results@6# +

2.1. Tchebycheff Systems

A system of linearly independent real-valued functionsCs5 $c0,c1, + + + ,cs% defined
on an ordered subsetS of the real lineR is called a Tchebycheff system~T-system in
short! if for all x0 , x1 , {{{ , xs [ S,

DSc0,c1, + + + ,cs

x0, x1, + + + , xs
D [ *

c0~x0! c0~x1! + + + c0~xs!

I I L I
cs~x0! cs~x1! + + + cs~xs!

* . 0+ (2.1)

A systemCs such that$c0,c1, + + + ,ck% is aT-system for everyk 5 0,1, + + + ,s, is
called a completeT-system~CT-system!+

2.2. Convexity with Respect to a T -System

A function f : S r R is said to be convex with respect to theT-systemCs21 if
$c0,c1, + + + ,cs21,f% is aweak T-system, that is, if for all x0 , x1 , {{{ , xs [ S,

DSc0,c1, + + + ,cs21,f
x0, x1, + + + , xs21, xs

D $ 0+ (2.2)

The set of the convex functions with respect toCs21 is denoted byCs2cx
S ~Cs21!+

Obviously, this is a convex cone closed in the topology of pointwise convergence; it
is usually referred to as a cone of generalized convex functions+

A special situation of interest is when theT-systemCs21 is theCT-system of
functionsPs21 5 $x0, x, + + + , xs21%+ In this case, Cs2cx

S ~Ps21! corresponds to the class
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of the s-convex functions; it is denoted byUs2cx
S + If S is an interval andf has a

derivative of degrees ~denoted byf~s! !, then

f [ Us2cx
S m f~s! $ 0+

A function f : S r R is said to be increasing convex with respect to theCT-
systemCs21 if

f [ ù
k51

s

Ck2cx
S ~Ck21!, (2.3)

that is, if $c0,c1, + + + ,ck,f% is a weakT-system fork5 0,1, + + + ,s21+ The set of such
functions is denoted byCs2icx

S ~Cs21!+ In particular, Cs2icx
S ~Ps21! represents the class

of thes-increasing convex functions, denoted byUs2icx
S +

2.3. Total Positivity

A real function ~called a kernel! K~+ , +! of two variables ranging over linearly
ordered subsetsQ andS of R, respectively, is said to be totally positive of orders
~TPs in short! if for all u1 , u2 , {{{ , uk [ Q andx1 , x2 , {{{ , xk [ S, with
k 5 1,2, + + + ,s,

KSu1,u2, + + + ,uk

x1, x2, + + + , xk
D [ *

K~u1, x1! K~u1, x2! + + + K~u1, xk!

I I L I
K~uk, x1! K~uk, x2! + + + K~uk, xk!

* $ 0+ (2.4)

When the subscript “s” is omitted, then the property is understood for all values of
s+Some classic examples ofTPkernels are the exponential,power, triangular,Cauchy,
and Gauss kernels+

A function f :R r R is said to be aPólya functionof orders ~PFs in short! if
K~u, x! [ f~x 2 u! is TPs whenu, x [ R+ For s5 2, Pólya functions correspond to
log-concave functions+

2.4. Totally Positive Family of Distributions

Let us assume that there exists a sigma-finite dominating measurem for the family
of distributionsP~Q! 5 $Pu,u [ Q%, and letfu denote a density function for the
distributionPu+ The familyP~Q! is said to beTPs ~resp+ TP! if the kernelK~u, x! [
fu~x! is TPs ~resp+ TPs for anys!+ A density functionf is PFs if K~u, x! [ f~x2 u!
is TPs whenu, x [ R+

Every density isTP1, and theTP2 densities are those having a monotone like-
lihood ratio+ Various standard distributions areTP ~e+g+, the one-parameter expo-
nential families, the noncentral-xn

2 and t densities!+ Moreover, several standard
densities arePF2 ~e+g+, the normal, gamma, and Weibull densities!, but this is not
true for the Cauchy law and many others~such as in Lemma 4+12!+
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In the sequel, we will apply several classic results from the theory of convexity
and total positivity+ For clarity and brevity reasons, we prefer to refer to them di-
rectly in the work and not to recall them explicitly in this section+

3. STOCHASTIC CONVEXITY FOR TP FAMILIES OF DISTRIBUTIONS

We are going to point out that the property of generalized stochastic convexity is
satisfied by the families of distributions that are totally positive+

3.1. Generalized Stochastic Convexity

Let $Xu,u [ Q% be a family of random variables valued inS # R, and letP~Q! 5
$Pu,u [ Q% be the family of associated distributions+ The question raised is whether
the generalized convexity is transmitted from a functionf to the functionf* defined
in ~1+1!+

Definition 3.1: Consider an arbitrary functionf that belongs toCs2cx
S ~Cs21! for

some T-systemCs21+ If the function f* : u ° f*~u! 5 Ef~Xu! belongs to
Cs2cx

Q ~ ECs21! for some T-system ECs21 related tocs21, thenP~Q! is said to be sto-
chastically convex in the pair~Cs21, ECs21!+ When for a CT-systemcs21, f [
Cs2icx
S ~Cs21! implies thatf* [ Cs2icx

Q ~ ECs21! for some CT-system ECs21, P~Q! is said
to be stochastically increasing convex in~Cs21, ECs21!+

From the classic composition formula@6, p+ 284# we easily deduce that a suf-
ficient condition for this property is that the familyP~Q! is TPs+

Property 3.2: Let Cs21 be a T-system~resp+ a CT-system!+ If the familyP~Q! is
TPs, then P~Q! is stochastically convex ~resp+ increasing convex! in the pair
~Cs21, ECs21!, where the functionsDck, k 5 0,1, + + + ,s2 1, constituting ECs21 are given
by

Dck~u! [ Eck~Xu! 5E
x[S

ck~x! fu~x! dµ~x!, u [ Q+ (3.1)

Now, let us examine the three cases indicated below where the parametrization
in P~Q! is achieved by shift or convolution of random variables with Pólya density
functions+ From the definition ofPFs and the closure-type property ofPFs densities
by convolution@6, p+ 286# , we know thatP~Q! is TPs under each of these transfor-
mations+ Therefore, applying Property 3+2 yields directly the following result+

Property 3.3: Let $Y,Yn : n $ 1% be a sequence of i+i+d+ real-valued randomvari-
ables with PFs density function+ Consider a family of randomvariables$Xu,u [ Q%
that is defined by one of the three following transformations:
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i+ Xu 5 Y1 u, with Q 5 R;
ii + Xu 5 (n51

u Yn, with Q 5 N and under the additional assumption that Y$
0 a+s+;

iii + Xu 5 (n51
Nu Yn, under the assumption that Y$ 0 a+s+ and where$Nu,u [ Q%

is a family of non-negative integer-valued randomvariables, independent
of the Yn’s, and with TPs distributions+

Then, the associated family of distributionsP~Q! 5 $Pu,u [ Q% is stochastically
~increasing! convex in any pair~Cs21, ECs21!+

3.2. Stochastic s -Convexity

A particular situation met in many applications is when theT-systemsCs21 and ECs21

correspond to the familyPs21 5 $1, x, + + + , xs21%+ If the s-convexity is transmitted
from f to f*, that is, if f* [ Us2cx

Q ~resp+ Us2icx
Q ! wheneverf [ Us2cx

S ~resp+ Us2icx
S !,

then$Pu,u [ Q% is said to be stochasticallys-convex~resp+ s-increasing convex!+ For
s5 1 or 2, P~Q! is stochastically increasing or convex in the usual sense@14,15# +

The result below follows from Karlin@6, p+ 24# and gives a sufficient condition
that guarantees this property+ It corresponds to a special case of Property 3+2 and will
be illustrated with several standard distributions+

Property 3.4: LetP~Q! be a TPs family such that for k5 1,2, + + + ,s2 1,

EQk~Xu! [ E
x[S

fu~x!Qk~x! dµ~x! 5 EQk~u!, u [ Q, (3.2)

where Qk is an arbitrary real polynomial of exact degree k with positive highest
coefficient and EQk is an associated real polynomial of the same type+ Then, P~Q! is
stochastically s-~increasing! convex+

Example 3.5:The following families of distributions are stochasticallys-~increasing!
convex~for anys [ N0!:

i+ the family of the Poisson distributions with meanu [ R0
1 ;

ii + the family of the continuous uniform distributions on@0,u# ,with parameter
u [ R0

1 ;

iii + the family of the negative binomial distributions with fixed exponentn and
with meannu, u [ R0

1 ;

iv+ the family of the negative exponential distributions parameterized by its
meanu [ R0

1 +

Proof: It is well known that each of these families isTP+ Thus, it suffices to check
that condition~3+2! is satisfied+ For the Poisson distribution, we have

(
x50

1`

e2u
ux

x!
xk 5 (

j50

k

S~k, j !u j, k [ N,
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where theS~k, j !’s are Stirling numbers of the second kind, which are positive, so
that~3+2! holds true+ This is also the case for the uniform distribution, since

1

u
E

x50

u

xk dx 5
uk

k!
, k [ N,

for the negative binomial random variableXu, since

ESXu

k D 5 Sn 1 k 2 1

k Duk, k [ N,

and for the exponential random variableXu, since

EXu
k 5 k! uk, k [ N+ n

Example 3.6:Let $Xu 5 ~ju!a, u [ Q% whereju is an exponential random variable
with meanu anda is some positive non-integer real number+ This family isTP, but
it does not transfer moments into polynomials, since

EXu
k 5 G~ka1 1!uka, k [ N+

By Property 3+2, however, we see thatP~Q! is stochastically convex in the pair
~Ps21, ECs21!, with Dck : u ° uka, k 5 0,1, + + + ,s2 1+

4. STOCHASTIC CONVEXITY FOR NON-TP FAMILIES OF DISTRIBUTIONS

In this section,we derive complementary results for families of distributions that are
not necessarily totally positive+

4.1. Generalized Stochastic Convexity

HereafterCs21 is assumed to have the following rather general representation@6,
p+ 276# + Let S 5 @a,b# , a,b [ R, b possibly infinite, and letv0,v1, + + + ,vs21 be
positive functions onS such thatvk [ Cs~S ! ~i+e+, vk has a continuoussth derivative
in the interior ofS !+ Then, c0~x! 5 v0~x! and fork 5 1,2, + + + ,s2 1,

ck~x! 5 v0~x!E
j15a

x

v1~j1!E
j25a

j1

v2~j2! + + +E
jk5a

jk21

vk~jk! djk + + +dj2dj1+

(4.1)

Such a representation does hold true when theck’s possess certain smoothness prop-
erties+ In this case, f [ Cs2cx

S ~Cs21!, s$ 2, implies thatf [ C s22~S !; for s5 1, it
implies thatf0c0 is nondecreasing onS+Moreover, Cs2cx

S ~Cs21! ù Cs~S ! is weakly
dense inCs2cx

S ~Cs21!+ Now, let w0, t~x! be the functionv0~x! for x $ t and 0 other-
wise, and whens$ 2, define

GENERALIZED STOCHASTIC CONVEXITY 281

https://doi.org/10.1017/S0269964899133023 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964899133023


ws21, t ~x! 5 v0~x!E
j15t

x

v1~j1!E
j25t

j1

v2~j2! + + +E
js215t

js22

vs21~js21! djs21 + + +dj2 dj1

(4.2)

for t # x+ It is well known that for anyt, ws21, t [ Cs2cx
S ~Cs21!, and that anyf [

Cs2cx
S ~Cs21! can be expanded in terms of thewk, t’s, k 5 0,1, + + + ,s2 1 andt [ S @7,

p+ 387# + This implies the next result+

Property 4.1: The familyP~Q! is stochastically generalized increasing convex in
the pair ~Cs21, ECs21! if and only if f* [ Cs2icx

Q ~ ECs21! for all f [ Cs2icx
S ~Cs21! ù

Cs~S !, or, equivalently, for all f [ $w0,a,w1,a, + + + ,ws21,a; ws21, t , t [ S%+P~Q! is sto-
chastically generalized convex in the pair ~Cs21, ECs21! if and only if f* [
Cs2cx

Q ~ ECs21! for all f [ Cs2cx
S ~Cs21! ù Cs~S!, or, equivalently, for all f [

$6w0,a,6w1,a, + + + ,6ws21,a; ws21, t , t [ S %+

4.2. Stochastic s -Convexity

Property 4+1 leads to the following characterization of the stochastics-~increasing!
convexity, which generalizes Theorem 6+A+6 in Shaked and Shanthikumar@15# +

Property 4.2: For S 5 @a,b# , a,b [ R, b possibly infinite, the familyP~Q! is
stochastically s-increasing convex if and only iff* [ Us2icx

Q for all f [ Us2icx
@a,b#

ù
Cs~ @a,b# ! 5 $f : @a,b# r R6f~k!~x! $ 0 for k 51,2, + + + ,s, ∀x [ @a,b#%, or, equiv-
alently, for all f [ $~x2 a!k, k51,2, + + + ,s21; ~x2 t!1

s21, t [ S%+ P~Q! is stochas-
tically s-convex if and only if f* [ Us2cx

Q for all f [ Us2cx
@a,b#

ù Cs~ @a,b# ! 5
$f : @a,b# r R6f~s!~x! $ 0 ∀x [ @a,b#%, or, equivalently, for all f [ $6~x 2 a!k,
k 5 1,2, + + + ,s2 1; ~x 2 t!1

s21, t [ S%+

With the composition of twos-increasing convex functions giving ans-increasing
convex function, we directly obtain the following property that points out the pres-
ervation of the stochastics-increasing convexity by some transformations+

Property 4.3:

i+ Letw : SrR be a measurable function that belongs toUs2icx
S + If $Xu,u [ Q%

is stochastically s-increasing convex, then$w~Xu!,u [ Q% also is+
ii + Let q :Q r Q be a function belonging toUs2icx

Q + If $Xu,u [ Q% is stochas-
tically s-increasing convex, then$Xq~u!,u [ Q% also is+

The three results below are concerned with cases where the parametrization in
P~Q! corresponds to changes of scale or origin+ Parts~i! and~iii ! extend Examples
6+A+5 and 6+A+12 in @15# +We note that for these parts, the convexity result directly
follows from a property~here stronger! of sample paths-convexity+
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Property 4.4:

i+ Let Y be a nonnegative randomvariable, and define Xu 5uY+ Then, $Xu,u [
R% is stochastically s-~increasing! convex, for any s[ N0+

ii + Let Y be a real-valued randomvariable with a symmetric density at0, and
define Xu 5 uY+ Then, $Xu,u [ R1% is stochastically2s-~increasing! con-
vex, for any s[ N0+

iii + Let Y be a real-valued randomvariable, and define Xu 5 Y 1 u+ Then,
$Xu,u [ R% is stochastically s-~increasing! convex, for any s[ N0+

Proof: We will only establish~ii !+Givenf [U2s2icx
R ù C2s~R!,we have that fork5

1,2, + + + ,s,

d2k

du2k f*~u! 5 E @Y2kf~2k! ~Xu!# $ 0,

and

d2k21

du2k21 f*~u! 5 E $Y2k21 @f~2k21! ~Xu! 2 f~2k21! ~0!#% 1 f~2k21! ~0!EY2k21 $ 0,

since EY2k21 5 0 ~Y being symmetric about 0! and y2k21@f~2k21!~uy! 2
f~2k21!~0!# $ 0 for all y [ R ~becausef~2k! $ 0 andu [ R1!+ Thus, by Property
4+2 we deduce~ii !+ n

Example 4.5:The family of the normal distributions with mean 0 and with standard
deviations [ R1 is stochastically 2s-~increasing! convex, while the family of the
normal distributions with meanµ [ R and with fixed standard deviations is sto-
chasticallys-~increasing! convex+

We underline that in Property 4+4 ~iii ! it is not assumed, as it is in Property 3+3
~i!, that Y has aPFs density function+ In other words, working with the stochastic
s-~increasing! convexity leads to a stronger result which does not follow from the
previous general theory+ This will be supported by Lemma 4+12 ~i!+

In the next property~which extends Example 6+A+3 in Shaked and Shanthiku-
mar@15# !, u is assumed to take values inN+We recall@3# thatUs2cx

N can be defined
equivalently as

Us2cx
N 5 $f :N r R6Dsf~i ! $ 0 for all i [ N%, (4.3)

whereDs is thesth iterated of the forward difference operatorD, defined for a func-
tion f :N r R by Df~i ! 5 f~i 1 1! 2 f~i !+

Property 4.6: Let $Yn,n $ 1% be a sequence of i+i+d+ randomvariables valued
in S 5 N or R1, and define Xu 5 (n51

u Yn+ Then, $Xu ,u [ N% is stochastically
s-~increasing! convex+
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Proof: The argument is inspired from Rolski@13, Ex+ 2+6# + Let us consider, for
instance, thes-convex case whenS5R1+ LetF be the distribution function ofY1 and
let F *~u! be theuth convolution ofF+We have to show that the functionf* given by

f* :N r R : u ° f*~u! [ EfS(
n51

u

YnD5E
x[R1

f~x! dF*~u! ~x!

belongs toUs2cx
N for all f [ Us2cx

R1
+ Define a functionw onR1 by

w~t! 5E
x[R1

f~x 1 t! dF*~u! ~x!+

Sincef [Us2cx
R1
,we directly see thatw [Us2cx

R1
+Denote byDh the forward difference

operator with incrementh+Using a well-known result~see,e+g+, @11,Formula~1+4+1!#!,
we then get that for allh1,h2, + + + ,hs [ R1,

~Dh1
Dh2
+ + +Dhs

!w~0! 5E
j150

h1 E
j25j1

j11h2

+ + +E
js5js21

js211hs

w~s! ~js! dj1 dj2 + + +djs $ 0+

(4.4)

Now, we notice thatf*~u! 5 w~0!, and it is easily checked thatDsf*~u! can be
expressed as

Dsf*~u! 5E
h1[R1

E
h2[R1

+ + +E
hs[R1

~Dh1
Dh2
+ + +Dhs

!w~0! dF~h1! dF~h2! + + +dF~hs!+

(4.5)

Therefore, from Eqs+ ~4+4! and~4+5!, we deduce thatDsf*~u! $ 0 as required+ n

Example 4.7:The following families of distributions are stochasticallys-~increasing!
convex:

i+ the family of the chi-square distributions with parametern [ N;
ii + the family of the binomial distributions with parametern [ N and with

meannp;

iii + the family of the negative binomial distributions with parametern [ N and
with meannu+

Here too, we indicate that Property 4+6 does not rely, as does Property 3+3 ~ii !,
on the assumption that theYn’s have aPFs density function+ See Lemma 4+12 ~ii !
below for a supporting example+

Property 4+6 together with Property 4+3 ~i! allow us to state the following result,
which generalizes Theorem 6+6+6 in Shaked and Shanthikumar@15# +

Property 4.8: Let $Yn,n $ 1% be a sequence of i+i+d+ randomvariablesvalued in
S 5 N or R1+ Let $Nu,u [ Q% be a family of non-negative integer-valued random
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variables, independent of the Yn’s, and define Xu 5 (n51
Nu Yn+ If $Nu,u [ Q% is sto-

chastically s-increasing convex, then$Xu,u [ Q% also is+

Example 4.9:The family of the compound Poisson sums with parameteru [R1, for
random variables valued inN or R1, is stochasticallys-increasing convex+

By comparison with Property 3+3 ~iii !, we observe again that Property 4+8 does
not ask that theYn’s have aPFs density function+ This is important, in particular, for
the compound Poisson sums; see Lemma 4+12 ~iii ! below+

Sometimes it is simpler to check the stochastic convexity by a direct argument
rather than by a general technique+ Here are two illustrations+

Example 4.10:The family of the binomial distributions with fixed exponentn and
with meannp, p [ @0,1# , is stochasticallys-~increasing! convex+ Indeed, it is easily
shown that

dk

dpk f*~ p! 5
n!

~n 2 k!!
EDkf~Xn2k!, 1 # k # n,

so thatf [ Us2~i !cx
Dn obviously implies thatf* [ Us2~i !cx

@0,1# +

Example 4.11:The family of the discrete uniform distributions on$0,1, + + + ,n%,with
parametern [ N0, is stochasticallys-~increasing! convex+ This is a consequence of
the following formula, which can be proved by induction,

~n 1 s1 1!Sn 1 s

s DDsf*~n! 5 (
k50

n Sk 1 s

s DDsf~k!+

The following lemma illustrates that when dealing with the stochastic
s-~increasing! convexity, rather than with the generalized stochastic convexity, it is
possible to relax theTPhypothesis for certain results~as stated before!+

Lemma 4.12: Let$Y,Yn : n$1% be a sequence of i+i+d+ real-valued randomvariables
with a density function f~x! 5 0+5 when x[ @0,1# ø @2,3# + Consider a family of
randomvariables$Xu,u [ Q% that is defined by one of the three following trans-
formations:

i+ Xu 5 Y1 u, with Q 5 R;
ii + Xu 5 (n51

u Yn, with Q 5 N;
iii + Xu 5 (n51

Nu Yn with Q 5 R1 and where$Nu,u [ R1% is a family of Poisson
randomvariables with parameteru, independent of the Yn’s+

Then, the associated family of distributionsP~Q! 5 $Pu,u [ Q% is stochastically
s-~increasing! convex but not TP2+

Proof:

Case (i): By Property 4+4 ~iii !, $Xu,u [ R% is stochasticallys-~increasing! convex+
Let us show that the kernelK~u, x! 5 f ~x 2 u! is notTP2, so thatf is notPF+ First,
take 0, u1 , x1 , 1 and 2, u2 , x2 , 3, yielding x1 2 u2 , 0 and thus
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KSu1, u2

x1, x2
D 5 f ~x1 2 u1! f ~x2 2 u2! 5

1

4
. 0+

Now, for u1 , x1 2 1, 1 , u2 , x1 , 2, 2 1 u1 , x2 , 3, we have 1, x1 2 u1 , 2
and thus

KSu1, u2

x1, x2
D 5 2f ~x2 2 u1! f ~x1 2 u2! 5 2

1

4
, 0+

Case (ii): By Property 4+6, $Xu,u [ N% is stochasticallys-~increasing! convex+We
now prove that the kernel

K~u, x! 5 f *~u! ~x!, u [ N, x [ R1,

is notTP2+ Indeed, for x1 , x2,

KS 1, 2

x1, x2
D 5 f ~x1! f *~2! ~x2! 2 f ~x2! f *~2! ~x1!, (4.6)

and we observe thatf *~2!~t! . 0 for all t [ @0,6# , t Þ 0,2,4,6+ Thus, for 0 , x1 , 1
and 1, x2 , 2, ~4+6! is equal tof ~x1! f *~2!~x2! . 0, while for 1 , x1 , 2 and 2,
x2 , 3, ~4+6! is equal to2f ~x2! f *~2!~x1! , 0+

Case (iii): By Property 4+8, $Xu,u [ R1% is stochasticallys-~increasing! convex+
The corresponding kernel is given by

K~u, x! 5 (
n51

1`

P~Nu 5 n! f *~n! ~x!, u [ R1, x [ R1,

and we now check that it is notTP2+ Clearly, we have foru, h, x1 andx2 . 0,

1

h
KS u, u 1 h

x1, x2
D 5 K~u, x1!

K~u 1 h, x2! 2 K~u, x2!

h

2 K~u, x2!
K~u 1 h, x1! 2 K~u, x1!

h
+ (4.7)

Putting

T~u, x1, x2! 5 K~u, x1!
]K~u, x2!

]u
2 K~u, x2!

]K~u, x1!

]u
, (4.8)

we obtain that

T~u, x1, x2! 5 (
n51

1`

(
m51

1`

f *~n! ~x1! f *~m! ~x2!

3 HP~Nu 5 n!
d

du
P~Nu 5 m! 2 P~Nu 5 m!

d

du
P~Nu 5 n!J

5 (
n51

1`

(
m51

1`

f *~n! ~x1! f *~m! ~x2!P~Nu 5 n!P~Nu 5 m!
m2 n

u
,
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which yields

1

u2 T~u, x1, x2! 5
e22u

2
@ f ~x1! f *~2! ~x2! 2 f ~x2! f *~2! ~x1!# 1 o~u!+ (4.9)

Now, by ~4+7! and~4+8!, K~u, x! TP2 would imply thatT~u, x1, x2! is always non-
negative, but this does not hold true from~4+9! and~ii ! above+ n

5. STOCHASTIC ORDERINGS OF MIXTURES

We start by introducing integral stochastic orderings that are induced by cones of
generalized convex functions+

Definition 5.1: Consider two randomvariables X and Yvalued inS # R+Given a
T-systemCs21of the form~4+1!,X is said to be smaller than Y in theCs21-Tchebycheff
ordering, denoted by Xa2Cs212cx

S Y,when Ef~X ! # Ef~Y! for all f [ Cs2cx
S ~cs21! for

which the expectations exist+ Given a CT-systemCs21 of the form~4+1!, X is said to
be smaller than Y in theCs21-increasing Tchebycheff ordering, denoted by
X a2Cs212icx

S Y, when Ef~X ! # Ef~Y! for all f [ Cs2icx
S ~Cs21! for which the expec-

tations exist+

These orderings have been considered implicitly in@7, Chap+ IV, Sect+ 5#+
In the particular case, whereCs21 is the familyPs21, they correspond to the sto-
chastics-convex ands-increasing convex orderings, denoted bya2s2cx

S anda2s2icx
S ,

respectively+
Note that since6ck [ Cs2cx

S ~Cs21! for k 5 0,1, + + + ,s2 1, we have

X a2Cs212cx
S Yn Eck~X ! 5 Eck~Y! for k 5 0,1, + + + ,s2 1+ (5.1)

In other words, the orderinga2Cs212cx
S can only be used to compare random vari-

ables such that the expectations of their transformations byc0,c1, + + + ,cs21 are
identical+ For the orderinga2s2cx

S , the constraint is that the random variables have
the sames 2 1 first moments+

This observation highlights natural reasons for generalizinga2s2cx
S into

a2Cs212cx
S + Indeed, for some random variableZ, the momentsEZk may not exist

but, for instance, all the expectationsE @Zk exp~2Z!# do exist+ Thus, a2s2cx
S is

not applicable but one could considera2Cs212cx
S , whereck~x! 5 xk exp~2x!, k 5

0,1, + + + ,s 2 1+ Furthermore, in probabilistic modeling, the comparison of models
often leads us to fix certain expected values+ These quantities, however, are not
always the moments of some random variableZ, but can represent the expectation
of certain functions, more complex, of Z+

As with Property 4+1, a density argument yields the following characterization
of a2Cs212cx

S +

Property 5.2: For two randomvariables X and Yvalued inS, X a2Cs212icx
S Y if and

only if Ef~X ! # Ef~Y! for all f [ Cs2icx
S ~Cs21! ù Cs~S! for which the expectations

exist, or, equivalently,
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X a2Cs212icx
S Ym HEwk,a~X ! # Ewk,a~Y! for k 5 0,1, + + + ,s2 1,

Ews21, t ~X ! # Ews21, t ~Y! for all t [ S+
X a2Cs212cx

S Y if and only if Ef~X ! # Ef~Y! for all f [ Cs2cx
S ~Cs21! ù Cs~S! for

which the expectations exist, or, equivalently,

X a2cs212cx
S Ym HEwk,a~X ! 5 Ewk,a~Y! for k 5 0,1, + + + ,s2 1,

Ews21, t ~X ! # Ews21, t ~Y! for all t [ S+
To check the possible existence of aa2Cs212cx

S ordering, it is convenient to have
a condition of crossing-type between the distributions+ LetS2~f! denote the number
of sign changes of the functionf on its domain+ The same argument as in@2# for the
s-convex ordering yields the sufficient condition below~see also@7, p+ 407# !+

Property 5.3: For two randomvariables X and Yvalued inS, X a2Cs212cx
S Y if

Eck~X ! 5 Eck~Y! for k 5 0,1, + + + ,s 2 1, and if either the distribution functions
satisfy S2~FX 2 FY! 5 s2 1 and FX $ FY near`, or the density functions satisfy
S2~ fX 2 fY! 5 s and fY $ fX near`+

Now, these concepts of generalized stochastic convexity and stochastic order-
ings of Tchebycheff-type allow us to deduce directly a rather general result for the
comparison of mixtures+

Property 5.4: Let $Xu,u [ Q% be a family of randomvariablesvalued inS and
with law Pu+ Let XL denote a randomvariable distributed as a mixture of these Xu’s
with mixing lawL, that is,

P~XL # x! 5E
u[Q

P~Xu # x! dP~L # u!, x [ S+

If the familyP~Q! 5 $Pu,u [ Q% is stochastically~increasing! convex in the pair
~Cs21, ECs21!, then

L1 a2 ECs212~i !cx

Q
L2 n XL1

a2Cs212~i !cx
S XL2

+ (5.2)

In particular, if P~Q! is stochastically s-~increasing! convex, then

L1 a2s2~i !cx
Q L2 n XL1

a2s2~i !cx
S XL2

+ (5.3)

Example 5.5:LetXL 5 ~jL!a wherejL is a mixed exponential random variable with
random meanL as mixing parameter anda is some positive non-integer real number+
From Property 5+4 and Example 3+6, we deduce that

L1 a2 ECs212~i !cx

R1

L2 n XL1
a2s2~i !cx

R1

XL2
, (5.4)

where ECs21 5 $1, xa, x2a, + + + , x ~s21!a%+

Example 5.6:Let XL be a mixed Poisson random variable with random meanL as
mixing parameter+ From Property 5+4 and Example 3+5 ~i!, we get that~5+3! holds
true+ A similar s-~increasing! convex ordering is valid for the mixed random vari-
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ables built from the parametric distributions discussed in Examples 3+5 ~ii !–~iv!,
4+5, 4+7 ~i!–~iii !, 4+9, 4+10, and 4+11+

Combining Properties 4+6 and 5+4 yields the following comparison result for
compound sums+

Property 5.7: Let $Yn,n $ 1% be a sequence of i+i+d+ randomvariablesvalued in
S 5 N or R1, and let N be some non-negative integer-valued randomvariable in-
dependent of the Yn’s+ Then,

N1 a2s2~i !cx
N N2 n (

n51

N1

Yn a2s2~i !cx
S (

n51

N2

Yn+

Moreover, let $Zn,n$1% be another sequence of i+i+d+ randomvariables of the same
type and such that Yn a2s2~i !cx

S Zn for all n $ 1+ Then,

N1 a2s2~i !cx
N N2 n (

n51

N1

Yn a2s2~i !cx
S (

n51

N2

Zn+

Extrema with respect to thes-convex orderings have been derived for discrete
random variables@1# and for continuous random variables@2# + Using Property 5+4,
the latter extrema can allow us to approximate mixed distributions when only the
momentsELk, k 5 1,2, + + + ,s2 1, of the mixing parameter are known+ By Property
5+7, the former extrema can provide approximations to compound sums when only
the momentsENk, k51,2, + + + ,s21, of the number of terms are fixed+ For modelling
problems~as in the two illustrations below!, such approximations are useful when
only partial information on some components of the model are available+

Illustration 5.8~Carrier-borne epidemic model!: Let us consider a closed commu-
nity subdivided initially inton susceptibles andmcarriers+ Each carrierj, say, is in-
fectious during a random period of time of lengthTj + During that period, the carrier
can contact any given susceptible according to a Poisson process with rateb+ All the
infectious periods and contact processes are independent+A susceptible, if ever con-
tacted, is immediately detected and removed from the population+LetS~t! denote the
number of susceptibles still present at timet, t $ 0+We easily see that the probability
Qj ~t! that any given susceptible escapes contacts with carrierj until timet is given by
Qj ~t! 5 exp@2b min~t,Tj !# + Therefore, S~t! has a mixed binomial distribution with
fixed exponentn and with random parameterPj51

m Qj ~t! as mixing parameter+
Now, let us assume that the initial number of susceptibles, for instance, is not

known with precision,which is rather frequent in practice+Therefore,we replace the
constantn above by some random variableN, say+ The dependence onN is marked
by writing SN~t!+ From Examples 4+7 and 5+6, we then deduce that

N1 a2s2~i !cx
N N2 n SN1

~t! a2s2~i !cx
N SN2

~t!+ (5.5)

This result extends a property given in Malice and Lefèvre@10# +We mention that the
effects of heterogeneity in carrier-borne epidemics have been investigated by Lefèvre
and Malice@8# and Tong@16# +
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Illustration 5.9 ~Collective risk model in actuarial sciences!: Let us consider an
insurer who manages a homogeneous portfolio ofn risks over a given period of time+
During that period, each policyholderi, say, can have a claim with probabilityp,
which is represented by the indicator variableIi ~ p!+ If claim i occurs, its amount is
of random levelYi ~valued inR1!+ The indicatorsIi ~ p! are independent, and the
amountsYi are i+i+d+ and independent of theIi ~ p!’s+ Then, the total claim amount,
denoted byXp, is given by

Xp 5 (
i51

n

Yi Ii ~ p!+ (5.6)

Now, let us assume that the probabilityp is no longer a constant but corresponds
to some random variablep, say, valued in@0,1# + This can be used to translate a
possible variability effect in the claim occurrences of the portfolio+ Let Xp denote
the associated total claim amount+ Clearly, Xp can be expressed as

Xp 5 (
i51

N

Yi , (5.7)

where the random variableN has a mixed binomial distribution with fixed exponent
n and with random parameterp as mixing parameter+ From Examples 4+10 and 5+6
and Property 5+7, we then obtain that

p1 a2s2~i !cx

@0,1#
p2 n Xp1

a2s2~i !cx
R1

Xp2
+ (5.8)

For a treatment of actuarial models and methods with various comparison problems,
see De Vylder@4# and Goovaerts, Kaas, Van Heerwaarden, and Bauwelinckx@5# +
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