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Let 2 be a bounded C%* domain in R?. We prove that the boundary-value problem
Av =0 in 2, dv/In = Asinh(v) on 942, has infinitely many (classical) solutions for

any given A > 0. These solutions are constructed by means of a variational principle.
We also investigate the limiting behaviour as A — 07; indeed, we prove that each of
our solutions, as A — 0%, after passing to a subsequence, develops a finite number of
singularities located on 0f2.

1. Introduction and main results

A very common boundary condition in corrosion modelling is associated with the
names of Butler and Volmer. In its simplest form, it asserts that there is an exponen-
tial relationship between the boundary voltages and the boundary normal currents

9w _ AMePW —e=(U=Pwy 4 9g,
on

where the coefficient 0 < § < 1 (frequently referred to as the transfer coefficient)
is a ‘constitutive constant’; it depends on the constituents of the electrochemical
system, but only very mildly on their concentrations. The constant A, on the other
hand, is highly concentration dependent; it may take negative, as well as positive,
values—values near zero corresponding to a transition between ‘active’ and ‘passive’
status of the boundary. The source term g represents externally imposed boundary
currents. If we take 0 = % and set v = %w, then the above boundary condition
simplifies to

ov .
B = Asinh(v) + g. (1.1)

We shall closely examine this version in the two-dimensional setting. We shall
assume that the domain in question, 2 C R2, contains no sources or sinks and
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constitutively is modelled by a simple Laplace operator, so that the voltage poten-
tial v satisfies

Av =0 in £, (1.2)

subject to the boundary condition (1.1) on all of 92. The externally imposed current
is equilibrated, that is,
/ gdo = 0.
Yo}

For a detailed discussion of this and more elaborate models of corrosion, see, for
instance, [6]. The boundary-value problem (1.2) and (1.1) is easily seen to have
a unique solution for A < 0 (modulo a constant for A = 0). In [12], it is proven
that there exists a positive value A, (depending on ¢) such that the unique solution
that exists for A < 0 may be ‘continued’ for values of A in the interval 0 < A < A,.
Numerical experiments presented in that same paper strongly suggest that solutions
exist for even larger values of A; the same experiments also indicate that the solution
will not be unique for A > 0.

The special case of 2 = D = the unit disc is studied in detail in [4], the goal
being to examine the multiplicity of solutions and their ‘blow-up’ behaviour. For
that purpose, it is assumed that there are no externally imposed boundary currents,
so that the boundary condition reads

2_:,, = Asinh(v) on 0f2. (1.3)
The function v = 0 is now a solution for all values of A\. For A < 0, it is the only
solution, but for A > 0, the picture is radically different. At each non-negative
integer value of A\, a non-zero family of solutions branches off the zero solution. The
fact that the bifurcation happens at non-negative integer values of A\ owes to the
fact that these are the (Steklov) eigenvalues for the boundary-value problem, where
the nonlinear boundary condition (1.3) is replaced by its linearized counterpart
Ov/On = Av. For A = 0, the new family of solutions is trivial, it simply consists
of the constants, but the families corresponding to A = 1,2,... are much more
interesting. These solutions continue to exist for parameter values all the way down
to A =07, and, as A — 0T, they exhibit very interesting blow-up behaviour. Quite
surprisingly, all these solutions are given by explicit formulae. Let k£ be any positive
integer, let K (z,y) denote the function K (z,y) = log(z?+y?), let p;, 0 < j < 2k—1,
denote the 2k points on the unit circle, which in ‘complex notation’ are given by

pj = e™/k and define
k4 A\
p(A) = (m) :
Then the functions

2k—1

vara (2, y) == > (1K ((z,y) — me(N)py)
j=0

are indeed solutions to the boundary-value problem (1.2), (1.3) for 0 < A < k. We
may thus conclude that

https://doi.org/10.1017/5S0308210500002316 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500002316

On the existence and ‘blow-up’ of solutions 121

(i) given any A > 0, there exist infinitely many non-trivial solutions to the
boundary-value problem (1.2), (1.3), namely vap x, & = [A] + 1, where [}
denotes the integer part of A.

These solutions have the properties that

(i) as A — 0T, vopn develops 2k singularities located at the points p;, with
0<j<2k—1;
(i) as A — 07, Qugg x/On converges to 27 25261

sures; and

(=1)7t18,. in the sense of mea-

(iii) ||vak,>\||%2(D) = 8kmlog(1/A) + O(1) as A — 07.

If we introduce the energy
E() = %HVUH%z(D) - )\/ [cosh(v(o)) — 1] do,
aD

then all these solutions also have energies that are of the order log(1/\) as A — 0.

The goal of this paper is to show that the problem (1.2), (1.3) qualitatively
has a very similar ‘solution structure’ for an arbitrary two-dimensional bounded
C?%* domain £2.

1.1. Existence
Concerning existence, we prove the following.

Let 2 C R? be a bounded C** domain. The boundary-value problem (1.2)
and (1.8) has infinitely many classical solutions for any fized A > 0. To be quite pre-
cise, one may construct countably many families of solutions {vg x}32 5. The family
v, s defined for 0 < A < py, where py, is the kth (Steklov) eigenvalue associated
with the linear boundary-value problem

d¢

Ap=0 1in {2, — =pp on 0.
on

Each of these families of solutions satisfies the following estimates as X — 0% :
1 1
v 1) < 190 o) < € o (3 ) (1.4)

c. (k) 1og(§> < E(vpr) < Cu(k) 1og(§>. (1.5)

Here, ¢, (k) and C,(k) are two positive constants, and E(v) denotes the energy
expression

E() = %HVUH%z(Q) — )\/SQ[COSh(v(U)) — 1] do.

It may happen that the Steklov eigenvalues pj have multiplicities greater than
one—in this case, it is not impossible that the sequence of solutions we construct
will contain elements that are repeated a finite number of times. We do suspect,
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however, that such multiple eigenvalues give rise to additional solutions. Consider,
for example, the case of the unit disc. In this case,

w1 =0 and pop = pok+1 =k for k> 1.

Earlier, we gave an explicit formula for the solution wvgj x; additional solutions
arise by arbitrary rotation of this solution. The eigenvalue por = pory1 = k, of
multiplicity two, is thus associated with a set of solutions to (1.2) and (1.3) of
genus two, much as one might have expected.

1.2. Blow-up

Let {v, }» be a sequence of continuous functions defined on 2. We introduce the
following notion of blow-up points for {v, }.

DEFINITION 1.1. A point z € £2 is said to be a blow-up point for the sequence
{v,} if and only if there exists a sequence of points z,, — z, x, € 2, such that
|vn ()] — 00 as n — oo.

Concerning the blow-up behaviour of solutions, we prove the following.

Let 2 C R? be a bounded C*>* domain, and let vy, , A, — 01, be a sequence of
solutions to the boundary-value problem (1.2) and (1.3), satisfying (1.4) and (1.5),
and set

V) =y, — |8Q|71/ vy, do.
o0
Then there exists a subsequence, for simplicity also called M\, a reqular finite Borel
measure p, supported on 02, and a finite non-empty set of points S C O0f2 such
that!
81))\

n

on

— 11 in the sense of measures, as A, — 07,
and

S is the set of blow-up points for the sequence {vgn};
the set S is also exactly the set of points o € 982 for which u({c}) # 0.

The main technique used to classify solutions to the boundary-value problem (1.2)
and (1.3) is one that is frequently associated with the names of Lyusternik and
Schnirelman, or Palais and Smale. This technique characterizes critical values of
the energy as appropriate inf sup involving sets of a fixed genus > k. The associated
critical points are solutions to (1.2) and (1.3). Estimates for the critical values lead
to corresponding estimates for the energy and the L2-norm of the gradient.

!Here, ‘convergence in the sense of measures’ refers to convergence in the weak* topology on
the dual of C°(9£2); in other words,

S .
/ &de N / odu
on On 90

for all p € C°(992).
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The basis for our analysis of the limiting blow-up behaviour is a uniform
L1(0£2) estimate for vy /On (which follows directly from the aforementioned energy
estimates) combined with an adaptation of techniques developed by Brezis and
Merle [3]. In the case of the unit disc, the measure g consists entirely of a sum of
Dirac delta functions supported on the set S. For more general domains, we can
currently not exclude that p has a non-zero regular part as well. An interesting
open question concerns the specific form of this regular part (if, indeed, it exists),
as well as the exact location of the points of the set S.

We want to point out that our analysis does not claim to capture all solutions
to (1.2) and (1.3), or even all possible kinds of asymptotic behaviour. For example,
for certain (non-simply connected) domains it is not hard to construct a family of
solutions whose normal flux blows up everywhere on 02 — this family fails to satisfy
the upper energy bounds in (1.4) and (1.5).

This paper is organized as follows. In §2 we gather some preliminary results
and prove the existence of infinitely many solutions via an appropriate variational
approach. In §3 we establish lower and upper bounds for the energy of the solu-
tions constructed in the previous section. In this section we also establish a uni-
form L' bound for the normal derivatives. Finally, in §4 we examine the limiting
behaviour of these solutions and their normal derivatives as A — 0F.

2. Existence of infinitely many solutions

Let 2 C R? be a bounded C%® domain, and let A denote a positive number. We
wish to study the existence, as well as the asymptotic behaviour, of non-trivial
(finite-energy) solutions to the boundary-value problem

Av=0 in £2,
(2.1
2_:,, = Asinh(v) on 0f2. )
Denoting by | - || the norm on L?({2), we consider the functional
E(v) := %HV@H%z(Q) - )\/ [cosh(v(o)) — 1] do (2.2)
a0

on H'(£2); as one can easily deduce from lemma 2.1 below, E is an even O™
functional on H'(f2) and the critical points of E in this space are (finite-energy)
solutions to (2.1). Due to the regularity of 0f2, standard elliptic regularity theory
implies that these critical points are indeed classical (C>(£2) N C1*(£2)) solutions
to (2.1). In the following, the space H'(£2) is equipped with the scalar product

(ulv); ::/ Vu(z) - Vo(z) dx —|—/ u(o)v(o)do; (2.3)
¢ an
the associated norm is denoted || - ||1.

We recall the two following results, which are both consequences of the fact that,
for any a,b € R, the Sobolev space H'/?(a, b) is continuously embedded in the
Orlicz space associated with the convex function @(t) := et —1 (see [1,8,12]). For
the convenience of the reader, we provide outlines of proofs that derive these results
from the more classical two-dimensional Moser—Trudinger inequality.
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LEMMA 2.1. For any o € R, there exist two constants, C > 0 and 8 > 0, such that
/ cosh(av(o))do < Cexp(B|v|3) Vv e HY(R).
an

Proof. Tt is a simple consequence of a well-known inequality that

/ e dg < Celllvllt (2.4)

¢
(see [1,11]). Indeed, theorem 7.15 of [11, p. 162] asserts that
/ WalVeliim)’ < Q] Vo € H(2),
¢

SO

/ 2
/ ™ dr < / eloetlVullz @) v/l Velliza)® gz < 0 IV iz o) vy € B (02).
[0} [0}

Let 2 CC 2, and, given any v € H'(£2), let © € H}(£2) be such that
t=v onf and [VOl.g) < Clvllme).
Then

/ e du < / e dg < GV iz < el vy € B (),
0

I7;
This verifies (2.4). It is also well known that

/ |w|pdo<C’p(/ |Vw|pdx+/ |w|pdx>
o9 2 2

for any p > 1. We now pick a fixed 1 < p < 2 and estimate

/ e do :/ VP[P do < C’(/ |V(ea”/”)|pdx+/ ea”dx>. (2.5)
a9 a9 2 2

By differentiation and use of Holder’s inequality,

p

2e‘“’/”Vv dx

/|V(ea”/”)|pdx:/
[0 2P
p
- (2> / IVo[Pe® da
p [0
p/2 (2—p)/2
< C’(/ |Vv|2dac> (/ (e2v)?/(2=P) dx)
2 2

< Cloze? I, (2.6)

For the last inequality, we used the estimate (2.4). Insertion of (2.6) into (2.5), and
use of (2.4), now yields

/ e do < C(||v]? + 1)eB’Hva < Ceﬁl\vl\f’
o0
which immediately leads to the estimate of this lemma. O
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LEMMA 2.2. If {v,}n is a sequence in H'(£2) converging weakly to v € H($2),
then
sinh(aw,) — sinh(aw) and cosh(av,) — cosh(av)

strongly in L*(012) for any fired o € R.

Proof. Consider the first convergence result. The sequence {v,}, is bounded in
H'() and, from Sobolev’s imbedding theorem and the compactness of the imbed-
ding HY?(002) C LP(892), p < 0o, we get that v, — v in L*(9£2). By the mean-
value theorem,

sinh(aw, (2)) — sinh(av(x)) = a(v, —v)(z) cosh(a&, (x)),
with min{v, (z),v(z)} < &, (z) < max{v,(z),v(z)}. Therefore,
[sinh(av, (2)) — sinh(ao(@)I? < [af|(vn — v)(2)[? cosh(lal (v ()] + [u(z)]))2,
and so

|| sinh(awy,) — sinh(av)|| 12 a0)

< lelllvn = vllz1 o)l cosh(lavn| + |av])[ L1 @0

/

2|alllvn = vl @)l cosh(lava]) cosh(jav])| L an)

1/8 1/8
Cllvn = vllzs00) | cosh(8avs) | 1450 | cosh(8av)[[1AT50)

INCINN

Cllvn —vllz1a02)-

Here we have used the inequality cosh(z +vy) < 2 cosh(z) cosh(y) in the second line,
and lemma 2.1 in the last line. This establishes the first convergence result. The
proof of the second result follows along the exact same lines. O

In order to construct a family of critical points for E, and thus a family of
solutions to (2.1), we have two possibilities. The first is to construct critical points
for the undefined functional E on H'({2), where undefined refers to the fact that
FE is neither bounded from below nor from above. The second possibility is to
introduce a functional J, which is bounded from one side, and which is such that
critical points for J on some submanifold X yield critical points for E in H(2)
(via some simple transform). In what follows, we adopt the second approach.

As suggested in the works of Pohozaev [9] and Bahri [2] (see, for instance, [7, ch. 4
and 5]), we define

J(u) :=sup E(tu), u#0.
t>0
Note that J(u) = 0, and

(i) J(u) = oo if and only if u € H}(2) = HY(2) N{u : ulpn = 0};
(ii) J(u) =0 if and only if E(tu) <0 V¢ > 0.

In the following three lemmas, we shall carefully examine the regularity properties
of J. First we show that, whenever 0 < J(u) < oo, there exists a (unique) real
parameter ¢(u) > 0 such that J(u) = E(t(u)u); indeed, t(u) is the solution to

t||Vu||%2(Q) - )\/ sinh(tu(o))u(o) do = 0.
o0
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We furthermore show that ¢(u) is a smooth function of w on the open set
{0 < J < oo}. This immediately implies that J is a C* functional on the open
set {0 < J < oo}. A slight extension of this argument yields that J is continuous
from H'(£2)\{0} onto [0, 00] (it is very simple to see that .J may not be continuously
extended to all of H1(£2)). Finally, we also demonstrate how critical points for .J on
the unit sphere yield critical points for E in H'(§2), by the simple transformation
u — t(u)u.

LEMMA 2.3. For fized u € H'(2)\ {0}, define
f(t) == E(tu) = %tQHVUH%z(Q) - )\/ [cosh(tu(o)) — 1] do, teR.
o9

Then f is an even function and f € C>(R). Suppose u is such that sup,q f(t) is
finite and positive. Then there exists a unique positive real number t(u), satisfying
f(t(w)) = supyso f(t) = J(u). The map w +— t(w) is well defined in an H'(12)
neighbourhood of u, and it is of class C*°.

Proof. Tt is clear that f is C*°, even on R, with f(0) = 0. Assuming that sup,~ f(t)
is finite and positive, we also easily conclude that u does not identically vanish on
012, and thus that f(t) — —oo ast — +00. As a consequence, there exists t(u) > 0
such that f(t(u)) = maxsso f(t). A straightforward calculation shows that

)= t||Vu||%2(Q) - )\/69 sinh(tu(o))u(s) do,
@) = ||Vu||%2(9) - )\/69 cosh(tu(o))u? (o) do,
"(t) = — sinh(tu(o))u? (o) do.

£ =3 [ sib(eu(o)d(o)d

From the expression for f'”, it follows that f’ is strictly concave on |0, +00[ (remem-
ber that u ¢ H}(£2) and A > 0). We also have that f'(0) = 0 and f/(t) — —oo as
t — +o00. Since sup,~ f(t) > 0 = f(0), the derivative f’ must take some positive
values on ]0,+oo[. A combination of these facts gives that there exists a unique
t. > 0 such that f’(t.) = 0; moreover, f(¢), as well as f'(t), are positive for
0 <t < t.. Using the fact that t. is defined by the relation

||Vu||%2(9) = t;l)\/SQ sinh(t,u(o))u(o) do,

we get

' (t) = )\/ [M — 1} cosh(t,u)u? do < 0,
o0 txu

since s~ tanh(s) < 1 for all s € R\ {0}. We conclude that there exists a unique

t(u) := t, > 0 such that f(t(u)) = maxy~o f(¢), and from the last inequality and

the implicit functions theorem it follows that the mapping w +— t(w) is well defined

and C*° in a neighbourhood of w. O

LEMMA 2.4. The functional J : H'(£2)\ {0} — [0, 0] is even and continuous. J is
finite on H*(£2) \ H}($2).
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Proof. That J is even is obvious, and so is the fact that it is finite on H'(§2)\ H{ (£2).
In order to prove continuity, we consider u,, € H(£2) \ {0}, with u, — ug €
H(02)\ {0}, as n — oo, and seek to establish that J(u,) — J(ug). Three different
cases occur: (1) J(ug) = oo; (ii) J(up) = 0; and (iii) 0 < J(ug) < oo.

CASE i. For any fixed t > 0, we have

J(un) = sup E(sup) = E(tu,) Vn

s>0
and
E(tu,) — E(tup) asn — oo.
Therefore,
liminf J(uy) 2 lim E(tu,) = E(tug) VYt >0,
and so

liminf J(uy,) 2 sup E(tug) = J(ug) = oo.

n—00 >0
This immediately implies that J(u,) — 0o = J(ug) as n — oo.

CASE ii. The set {u € H'(2)\ {0} : J(u) < oo} is easily seen to be open, and, as
a consequence, we have that J(u,) < oo for n sufficiently large. By taking away
those u,, for which J(uy) = 0 (and for which convergence to J(ug) is no problem),
it remains to counsider a sequence with 0 < J(u,) < oo, for which u, — wuq,
J(ug) = 0. We shall prove that the corresponding parameters ¢(u,) converge to
zero as n — oo; if not, there exists a subsequence, t(u,, ), and a constant ¢ > 0,
such that 0 < ¢ < t(uy,, ) for all k. Since E(tuy,) = 0 for all 0 < ¢ < t(up, ) (see the
proof of lemma 2.3), it follows immediately that
E(tug) = lim E(tu,,) >0 forall0<t<ec

k—o0

This implies that E(-ug) vanishes on the interval [0, ¢], and after differentiation,

a4V
(£> E(tug) =0 forall0 <t <ec (2.7)

Due to the formula

(%>3E(tu0) =)\ /69 sinh(tuo(c))uo(c)? do,

the identity (2.7) represents a contradiction to the facts that A > 0 and that ug
does not vanish identically on 0f2. We conclude that ¢(u,) — 0 as n — oo, and
thus J(upn) = E(t(un)un) — E(0) =0 = J(ug) as n — 0.

CasE iii. The set {u € H'(£2)\ {0} : 0 < J(u) < oo} is easily seen to be open, and,
as a consequence, we have that 0 < J(u,) < oo for n sufficiently large. The fact
that the mapping u — t(u) is smooth (C*) now implies that t(u,) — t(ug), and
50 J(up) = E(t(uy)un) — E(t(ug)ug) = J(ug) as n — oo. |

Next we observe that critical points for J yield critical points for E.
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LEMMA 2.5. For u € H'(£2) \ {0}, with sup,cp E(tu) > 0, let t(u) be as defined
in lemma 2.3. The functional J is even and of class C> on the open even set
{0 < J < o0}, Forue{0<J< oo}, we have J'(u) = t(u)E’' (t(u)u). Moreover, if
u € HY(R2) is a critical point for J on the sphere

2= {u € Hl(n);/Q |Vu(m)|2dx+/ lu(0)|? do = 1} (2.8)

o2

for which the critical value ¢ := J(u) is positive (and finite), then v := t(u)u is a
critical point for E in H(£2) corresponding to the same critical value c.

Proof. Tt is clear that J is even and C* on the set {0 < J < oo}. Now, as J is
constant on the rays {su; s > 0}, the Lagrange multiplier corresponding to the
critical point, u, of J on X', must be zero. Indeed, if we define F(w) := (w|w);,
w € HY(N), and if u € ¥ and u € R are such that

J'(u) = pF'(u) in (H'(2)),

then it follows that
2u = 2u(/ |Vu|2dm—|—/ |u(o)|2do> = u(F'(u),u) = (J'(u),u) =0,
Q o0

since, for all s € R, we have J(su) = J(u), and thus, for all s € R (and, in particular,
for s =1),

d /
EJ(su) = (J'(su),u) = 0.

Therefore, the positive critical values for J on X are also critical values in H'(2),
while a critical point for J on X yields a ray of critical points for J in H(£2). It
is also easy to see that a critical point, u, for J in H'(§2), with a corresponding
positive (finite) critical value, gives rise to a critical point, u/||ul|1, for J on X, with
the same critical value. For u € {0 < J < oo} and for any w € H'({2), we have

(' (u), w) = t(u) (E" (t(u)u), w) + (B (tH(u)u), u){t'(w), w).

Now, by the very definition of ¢(u), we have (E'(t(u)u),u) = f'(t(u)) = 0, and
therefore
(J'(u), w) = t(u){E'(t(u)u), w),

ie. J'(u) = t(u)E'(t(u)u). Consequently, we see that if v € X is such that
0 < J(u) < oo, and if u is a critical point for J on X, then v := t(u)u is a critical
point for E in H!(£2). a

REMARK 2.6. It is important to observe that if v € H'(£2) is a non-trivial solution
0 (2.1), then E(v) > 0,and v ¢ H3(£2), 500 < J(v) < oc. The fact that v ¢ HJ (£2)
is obvious. Furthermore, multiplying (2.1) by v and integrating by parts, we obtain

||Vv||%2(9) = )\/69 v(o) sinh(v(0)) do,

and so
Ew) = )\/69[%1)(0) sinh(v(o)) — cosh(v(o)) + 1]do > 0.

https://doi.org/10.1017/5S0308210500002316 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500002316

On the existence and ‘blow-up’ of solutions 129

The strict positivity follows from the fact that, for all § € R\ {0},

111 1 n—1
19sinh(g) — cosh(d) + 1 = —[———}92”:- S N
30sinh(9) = cosh(d) + Z(2n—1)! 2 o 2;(2n—1)!n

nz1
Thus it is quite natural to seek critical points for E only on the set {0 < J < oco}.

In order to see that (2.1) has infinitely many solutions, it suffices to prove that J
has an unbounded sequence of critical values on Y. In constructing such a sequence,
we rely on what is frequently known as the Lyusternik—Schnirelman technique. We
recall that, given a closed even subset A of X, the genus y(A) is the smallest integer
k for which there exists a continuous odd mapping of A into R¥ \ {0} (an even set

is one for which A = —A). For integer k > 1, we now define the sets
W, :={ACX; Aisclosed, A=—A and v(A4) > k} (2.9)
and the numbers
ok = cp(A) = Aiel{lf;k 223 J(u). (2.10)

It is easy to see that, given any k& > 1, there exists a compact even subset A C
X\ HY(2), with y(A) = k. Simply take

A= {iaﬁj(m);/Q(JZZajVFj(m)>2dm+An(iaij(a)>2do:1},

where the functions {Fj}§:1 C H(02) are selected so that their boundary traces
fj = Fjloq are linearly independent. This, in combination with the continuity of .J
(see lemma 2.4), implies that ¢, < oo for any k > 1. The goal is to prove that the
values ¢y form a non-decreasing set of critical values for J, converging to +oco.

LEMMA 2.7. Let {ux}r>1, {@r}r=1 be the sequence of Steklov eigenvalues and
(normalized) eigenfunctions defined by

0
Apr =0 in £, ok _ Brpr  on 082,
on

(<Pj|<Pk)1 =/ VorV; dw+/ PrPj dozéi.
0 o0

Suppose that X is fized, with pg, < A\ < pgo+1, ko = 1. Let Hy denote the span
of ©1,-- -, Pk, and let Hg- denote the orthogonal supplement of Hy in H($2) with
respect to the scalar product (-|-)1. Then there exist two constants R > 0 and a > 0
such that

vEHy and |v|i;=R = E@)>a (2.11)

Proof. Indeed, for v € Hg-, we have
IVelia) > s | (o) do
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and

E(w) = %HVUH%z(Q) — %)\/60 02(0) do — A/(sg[cosh(v(o)) —1- %02(0)] do

1 A > 2
>=(1- Voll22 0y — ClIVo[[42 0y e?1V11. 2.12
(1= 22190l 0y ~ Vel (2.12)

Here we use the fact that (due to lemma 2.1) there exist constants C' > 0 and
[ > 0 such that

/ [cosh(v(0)) — 1 — 3v%(0)] < C v* cosh(v) do
o0 o0

C ( /6 . v® do>1/2 ( /6 . cosh(2v) do>1/2

Cllwlli exp(Bllv]I?)

ClIVolL2 oy exp(BIIVUIZ ()

for all v € H'(£2) with [,,vdo = 0. We also use the fact that v € Hg- implies that
Joqvdo =0, since o1 =1/4/]002] (and p; = 0). From (2.12), we conclude that if

R > 0 is chosen sufficiently small, then, for some 6 > 0 and any v € Hy with
llvlli = R, we have E(v) > §R? =: a. |

N

NN

We now show that for k sufficiently large (exactly how large depends on M), we
have that ¢, > 0.

LEMMA 2.8. Let A > 0 be fived, with pr, < A < pgo+1, ko = 1. Then 0 < cpo+1,
and therefore 0 < cgo4+1 < ¢ < 00 for k = ko + 1.

Proof. Let k = ko + 1 and let A € A, be given. Since the genus of A is strictly
larger than ko, we may infer that there exists u, € AN Hy-. If AN Hy = ), then
the orthogonal projection onto Hy would yield a continuous odd mapping of A
into Hy \ {0}; by taking the coordinates (relative to any basis of Hy), we would
now get a continuous odd mapping of A into R¥® \ {0}, and this would imply
v(A) < ko — a contradiction. Let ¢ > 0 and R > 0 be as in lemma 2.7. Then
J(us) 2 E(Ruy) 2 a > 0, and therefore

sup J(u) = J(us) = a
u€A

for any A € y,. We conclude that 0 < a < cgoy1 Scp <ooforall k> ko+1. O

Before being in a position to conclude that each 0 < ¢; < 0o is a critical value
for J on X, we need to show that J satisfies the following Palais—Smale condition
(as before, F(u) := (ulu); := ||Vu||%2(m + 50 lu(o)]? do).

LEMMA 2.9. Let ¢ be a given positive finite value. Assume that {un, antn>1 i85 a
sequence in X X R such that

J(upn) — ¢ and e, :=J (up) — 0 F'(uy) — 0 in (H (1))

as n — +00. Then a, — 0, and there exists u € X and a subsequence {unj }j>1
such that w,, — u in H'(£2).
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Proof. We begin by showing that the sequence v, := t(uy, )u,, is bounded in H!(£2),
or, equivalently, that the sequence {¢(uy)}, is bounded in R. From the definition
of t(u),

t(u)?||Vul]® = A /69 t(u)usinh(t(u)u) do (2.13)

for any u € X such that 0 < J(u) < co. We also note that there exists a constant
b > 0 such that cosh(f) — 1 < 16sinh() + b for all 6 € R. Therefore, as

J(u) = 3t(u)?||Vu® - )\/an[cosh(t(u)u(a)) —1]do,
we have
J(u) = 2t(u)®||Vu® - iA/an t(u)usinh(t(u)u) do — Ab|0S2|

= Lt(u)?|| Vul® — Xb|0s2|.

Since {J(u,)}, is bounded, it follows that so is the sequence {||Vuv,|}, =
{t(un)||Vupl| }n. Using (2.13), we now also get that {v, sinh(v,)}, is bounded in
L1(092), and thus that the sequence {v,},, is bounded in L?*(942). We may finally
conclude that {v,}, is bounded in H'(£2).

As {uy}n is a sequence in the unit ball of H(£2), and as 0 < J(u,) < oo for n
sufficiently large,

=20, = (J (un), un) — an(F'(un), un) = (En, un) — 0.

Here we use the facts that (J'(u,),u,) = 0 and (F'(u,),u,) = 2F(u,) = 2. Thus
the sequence {ay, }n converges to zero as n — +00.

Using the relation between E’(v,) and J'(u,) stated in lemma 2.5, we observe
that v,, satisfies the variational identity

t(un) [/Q Vo, (z) - Vw(z)dx — )\/6 sinh(v,, (0))w (o) do| = (J' (uy), w) (2.14)

19,
= (en, W) + 20, (un|w);

for all w € H(£2). The sequence {v,}, being bounded, we may extract a sub-
sequence {vy,};>1 such that v,, — v weakly in H($), Up; — v strongly in
L%(£2). Due to lemma 2.2, it follows that sinh(v,,) — sinh(v) strongly in L?(92).
By further extraction of a subsequence, if necessary, we may also obtain that
t(un;) — t = 0. The limit ¢ must indeed satisfy ¢ > 0; because, if t(u,,) — 0,
then we would have that v,, — 0 in H'(£2) and thus E(v,,) — 0, but this would
contradict the fact that E(v,;) = J(un;) — ¢ > 0. Consider the linear forms
Ry, € (H'(£2))" as being defined by

. 1
Ry, (w) := /Qvnj (x)w(x) dz+A /69 sinh (v, )w do—i—m[(snj,w)—l—Qanj (tn, |w)1]
for w € H'(§2). Rearranging (2.14), we get
/ Vo, (x) - Vw(z) dr + / U, (2)w(z) dz = Ry, (w). (2.15)
7 7
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From the discussion above, it follows that the linear forms R, converge to R,
defined by

R(w) ::/ vwdm—i-)\/ sinh(v)w do
7 o0

in (H'(£2))". We therefore conclude that v,, — v, in H'(£2), where v, solves

/ Vo, - Vwdz —|—/ vawde = R(w) :/ vwdx + )\/ sinh(v)w do.
7 7 7 o0

As v,; —= v in H(£2), by the uniqueness of the limit, it follows that v, = v, that
is, v, — v in H'(£2), where v solves

Av =0 in £, Q. = Asinh(v) on 0f2.
on

O

We can now formulate and prove our main result concerning the existence of
infinitely many solutions to the problem (2.1).

THEOREM 2.10. Let A > 0 be fized, with pg, < A < prot1, ko = 1. Then {ck b es ko+1
is a non-decreasing sequence of finite positive critical values for J, and ¢ — +00
as k — +oo. In particular, for any fized X > 0, the boundary-value problem (2.1)
has infinitely many solutions {vy}i such that E(vy) — 400, and |lvg]1 — +00, as
k — 4o0.

Proof. This is a classical result in the theory of critical points. Any even non-
constant C! function J (with a lower bound), which satisfies a Palais—Smale
condition, such as the one given in lemma 2.9, possesses an unbounded non-
decreasing sequence of critical values on the sphere X', constructed exactly as we
have defined the sequence {ci} (see, for example, 7, théoréme 5.5, ch. 4, pp. 212—
213] or [10]). Lemmas 2.4 and 2.8 ensure that we may disregard the ‘set of non-
differentiability’ {J(u) = 0} U{J(u) = oo}. The fact that F(v;) — oo follows from
the unboundedness of the critical values; to see that ||vg||; — oo, simply note that
Lluell? > E(or). O

3. Auxiliary results and a prior: estimates for the variational solutions

In this section, we establish some results concerning lower and upper bounds for
the solutions constructed in the previous section. We suppose that

0=p1 < A< po.

Briefly speaking, we establish two main results. Lemmas 3.2 and 3.5 show that a
branch of solutions corresponding to any of the critical values ¢ (), k > 2, blows
up (in energy) as A — 07, the energy being of the order log(1/)). Corollary 3.7
shows that the normal currents dvy,/dn stay bounded in L'(9£2) as A — 0.

Our first task is to establish a lower bound for the energy of solutions. Consider
a finite-energy solution, v # 0, to

-Av=0 in £2,

ov . (3.1)
I Asinh(v) on 912.
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We wish to prove that the energy, F(v), as well as the expression ||Vv||%2(m, may

be bounded from below by alog(1/\) (as A — 01). We first observe that, by Green’s
formula,

v (o)

an on

0= do = )\/69 sinh(v (o)) do.

Therefore, the solution v may be written in the form v = v + s, with v° € H'(£2),
and s € R, satisfying

—Av’ =0 in £2,
0 (3.2)
8877, = Asinh(v® 4+ s) on 992,
and
/ v (0)do =0, / sinh(v%(c) + s)do = 0. (3.3)
Gle) Gle)

It is easy to find a formula for s in terms of v°. Indeed, due to the relation
sinh(a 4+ §) = sinh(a) cosh(B) + cosh(«) sinh(3),
the second identity in (3.3) yields

— [0 sinh(v? (o ))da
fa cosh(v9(a)) do

or, equivalently (since tanh(s) = (e?* — 1)/(e?* + 1)),

tanh(s) =

L0 ") dg

0 1
_ — Lllppg222 " "7
s=s(v) =glos Jop e’ @) do

(3.4)

We need the following estimate for s in terms of ||VUO||%2(Q).

LEMMA 3.1. Let s(v°) be as defined in (3.4) for v® € H*(£2), with [,,v°(c)do = 0.
There exist two positive constants, C1 and Ca, depending only on (2, such that

|5(07)] < C1 + Co|| V| 72()-

Proof. By Holder’s inequality, we have

(/ e (@ do> (/ e’ (@) d0> > 1002)2.
Y] a0

Since s(—v%) = —s(v°), we may assume, without loss of generality, that s(v°) > 0,

that is,
/ e”o(”) doé/ efvo(”) do
o0 202

(if not, we simply prove the estimate of this lemma for —v° in place of v"). Therefore,
(o) 2
Joge _ do < 1 (/ G dg> ’
faQ ev’(9) do 100212\ Js0
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and, as |s(v0)] = s(v?),
|s(v?)] < —log |92 +log(/ e’ (@) da>. (3.5)
a0
Lemma 2.1 yields that
/69 e ") do < /69 2 cosh(v?) do < Cexp(B||v°]?) < C’exp(,BHVUOH%z(Q)).

This inequality, together with (3.5), immediately leads to the desired estimate. O

We can now state and prove our result concerning the lower estimate for the
energy of solutions.

LEMMA 3.2. Assume that 0 < A\ < po and that v € H'(82), v # 0, is a solution
to (3.1). There exists two constants a,b > 0, independent of A and v, such that

1 1
E(v) > alog(;) — b, ||Vv||%2(9) > alog(x> —b.

Proof. Multiplying equation (3.1) by v and integrating by parts, we obtain

||Vv||%2(9) = )\/ v(o) sinh(v(0)) do. (3.6)
Gle)
For any € > 0, there exists a constant C. > 0 such that
0 < cosh(f) — 1 < C. +efsinh(f) VO € R.
It follows, due to (3.6), that
%”VU”%%Q) = E(v)
= %HV@H%z(Q) - )\/SQ[COSh(v(U)) —1]do
> %HV@H%z(Q) - e /69 v(o) sinh(v(o)) do — AC;
> (3 =) Vvll2(n) — AC-.

This shows that finding a lower bound for || Vv||%2( () is equivalent to finding a lower

bound for E(v) (for A in a bounded interval). Let v = v° + s(v°) be the splitting
introduced earlier. By the mean-value theorem,

sinh(v° (o) + 5(v°)) — sinh(s(v?)) = v°(0) cosh(s(v?) 4 60°(0))

for some 6 € [0, 1], and thus, noting that [,,v°(c)sinh(s(¢v?)) do = 0, we calculate
Vo0l = A | o(@)lsinh(o*(a) + 5(u")) = sinh(s(s"))} do

= UO g 2COS S UO UO g ag
—AAQI(N h(s(o°) + 00°(0)) d
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< Ae|s<v°>|/ 100 (o) 26" dor
o0

0 0
<Al MO T 50 e Ml L2 (002)

0
< AVEL N0 2, 0 [l cosh(20)][112

Here we have also used the fact that

cosh(s(v”) + 0v°(0)) < exp(|s(v”)] + [0 (o))

As ||UO||L4(6Q) C’||VUO||%2(Q), the above estimate and lemma 2.1 yield

012
V00122 ) < AC N[ W00)2, ) IV izcn, (3.7)

Since v is a non-zero solution, it is also non-constant. This implies Vo® # 0 and,
from (3.7), we now get that

0 012
Aels @GPV o) 5

for some constant ¢ > 0, independent of A and v. This estimate, in combination with
lemma 3.1, implies that ||Vvo||L2(Q) > alog(A™!) — b for some positive constants a
and b, independent of A and v. O

REMARK 3.3. One may easily check that the pair v%; s is a solution to (3.2)—(3.3)
if and only if s = s(v°) (as given by (3.4)) and v is a critical point of the functional

Ey(w) := %HVU;H%z(Q) - )\/SQ[COSh(w(U) + s(w)) — 1] do

on the space

Hy := {w € Hl(Q);/SQw(a) do = o}.

Also note that E(v) = E(v° + s(v°)) = Ey(v°). Furthermore, the v° corresponding
to any non trivial solution to (3.2)—(3.3) belongs to the manifold

Y= {w € Hy; w #0, /Q |Vw|?da = )\/69 sinh(w(o) + s(w))w(o) da},

and using the same klnd of arguments as in § 2, one can show that, for 0 < A < puo,
there exists such a v° € ¥ that additionally minimizes the energy Ey on Y. In this
way, one sees that, for this range of A, equation (2.1) possesses a ground state, that
is, a non-trivial solution that has minimal energy among all possible solutions. We
are not going into the details of this argument in the present paper.

In order to be able to analyse the blow-up, as A — 0T, of the variational solutions
we obtained in the previous section, we need to estimate the critical values c(\)
for a fixed k > 2, assuming 0 = u; < A < us. As mentioned in §1, the special
case when (2 is a disc was considered in [4], and an entire set of explicit solutions
was constructed using as building blocks appropriately modified versions of the
fundamental solution G(z) := —log(|z|?)/4m. The main idea in the following proof

https://doi.org/10.1017/5S0308210500002316 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500002316

136 0. Kavian and M. Vogelius

of upper estimates for ¢, (A) (on an arbitrary domain) is to introduce sets A € 2y,
constructed from similarly modified versions of G.

To be more specific, we choose k distinct points o1, ..., on the boundary 02
and, for e > 0, R > 0, we introduce the functions

Gj(z) := —log(e? + |z — 0;]?)
and the set
k k 2 k 2
AE,R = {ZajGj; / (ZajVGj(x)> diE-i—/ (ZajGj(a)> do ZRQ}.
j=1 2N = 902 N0

(3.8)

LEMMA 3.4. Let k > 2 and the points o € 052, 1 < j < k, be fized, and let the set
Acr, 0 <e, 0 <R, be defined as above. There ezists A, > 0, only depending on k,
the points o;, and {2, such that, given any 0 < X < X, one may find € > 0 (of the
order X) and R > 0 (of the order /(log1/X)) for which one has

||Vv||%2(9) — )\/69 v(o)sinh(v(o))do <0 Yv € A. g.

Proof. A simple calculation shows that VG,(z) = —2(z — 0;)(e? + |z — 0;|*) 7!, s0

that
V6, o) = Cytog(2) + 01)
and
=, 1 a 2 k 2
cjz_; aj log(g) < /Q(;Oljv(;j(x)> dm+[39 (;aj(;j(g)> do

k
1
<CY o? log(;), (3.9)
j=1

say, for ¢ < % The positive constants C;, C' and ¢ depend only on the points o;
and on f2.
Using the notation v = 25:1 a;G; € A r, we also have

/ vsinh(v) do :/ |v| sinh(|v|) do = l/ |v(o)| exp(|v(o)|) do + O(R).
o0 o0 2 Jog

(3.10)
Let jo denote an index with |ay,| := max(|aq],..., |ax|), and choose p > 0 suffi-

ciently small so that

> |loglo — o;|?| < $lloglo — o), |*| on 2N B,(ay,).

J#jo
For ¢ sufficiently small (exactly how small depends only on the points 0, 1 < j < k),
we then have

> a;Gj(0)

J#jo

< %|ajoGjo(U)| on 92N Bp(ojo),
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and therefore [v(c)| > 3|a;,Gj,(0)| on 020 B,(0},), so that
vl exp(|u(0)]) > §laj, G (o) exp(3]ao Gjo (o)) on 0020 By(oj,).  (3.11)

By elementary calculations, one easily sees that there exist constants ag, bg > 0 and
a1, b1, depending continuously on « > 1, such that

1/e
/ (1+s%)7*ds = ag() + ar (@) + o(e2*),
0

/€
/1 log(1+ s?)(1 4 s?)"“ds = by(a) + by (a) log(e)e*** + o(log(e)e®* 1),
0

and therefore
d
/ |log(e? 4 t)|(e? + t?) "> dt
0 d/e
=g 2ot / |log(e?) + log(1 + s?)[(1 + s*)~*dt
0

1

= 2ag(a)e 2! log(—> +o(e7 2 loge), (3.12)
€

where the remainder term depends on the constant d, but is ‘little o’ of e 72+ loge
independently of « and e. Using the estimate (3.12), together with the inequal-
ity (3.10) and (3.11), we get (provided |oj,| > 2)

[ wsiub(wao =1 | 0ja G (0)] exp(} a3, Gy (0)]) do + O(R)
o0 2 JoanB,(0;,)

i N .
> gl g ()11 -+ ey o0l log(e)) + O(R),

where ag(|ov,|) == ao(3]aj, [)aj,| and ¢ > 0 is a constant, independent of &, oy,
and R. Using this lower estimate we have, for v = Z?Zl a;G; € AR,

||Vv||%2(9) - )\/ vsinh(v) do
00
1 , .
<R?- )\ [cdo(|aj0|) log(;>51|am| + laj, lo(e* 10 log (£)) + O(R)

1 , .
< R2 — AC&0(|O£J‘D|) 10g(;>£1|am| + >\|Olj0|0(51*|0170| lOg(E)) + )\O(R),
(3.13)

provided that |a,| > 2. According to (3.9), for v = Z?Zl a;G; € A; g, we have
that

R R
—_ o,  —. 3.14
VEkClog(1l/e) ol Velog(l/e) (3.14)
If we now select

R =2v/kClog(1/¢), (3.15)
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with C being the same constant as in equation (3.14), then it follows that
2 <oy, | £2v/kC/e, and thus ao(|ay,|) > 0 is uniformly bounded and bounded
away from zero. From a combination of this and inequality (3.13), we now get, for
some constants Cy and ¢; > 0,

| Vol — )\/ vsinh(v) do
Yo

< 4/{:Clog(§> - Aclog(é)alla"ol + do(et 10l log(e))

1 1
< ¢ log(;) — A log(;)sl (3.16)

for e sufficiently small (how small depends only on the points ¢;, k and 2). By
choosing € = ¢;\/Cy, the estimate (3.16) yields

||Vv||%2(9) - )\/arzvsinh(v) do <0

for all v € A, g and for all A < A, (to guarantee that ¢ is sufficiently small). With
the above choice for ¢, R is given by

1
R? = C’log(x> +D (3.17)
for some constants C' and D, C' being positive. This concludes the proof of the

lemma. O

We may now obtain the desired upper estimate on cg(\).

LEMMA 3.5. For any k = 2, there exist positive constants Cy(k) and A, such that
1
ck(N) < Cu(k) log(x>, 0< A<,

Proof. Let ¢, R and A¢ g be as described in lemma 3.4. For A sufficiently small (and
thus ¢ sufficiently small), the set A. 1 (defined in (3.8)) is in Ay, and A 1 N HL(2)
is empty. Therefore,

= 1 <
0 < cx(N) Alé{lf[’k 18)1612 J(v) < vrenji J(v) < o0.

Due to the facts that A. p = RA.; and that J(Rv) = J(v) for v € A1, we
conclude that

0 < cxp(N) € max J(v) = J(vy) < 00
vEA: R

for some v, € A, r. Recall that in lemma 2.3 we defined f(t) := E(tv.), and recall
that J(vs) = f(t(v«)vs). Using the estimate of R given in lemma 3.4 (see (3.17)),
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we immediately get

J(v,) = %t(u*)QHVv*H%z(Q) — )\/SQ[COSh(t(v*)v*) —1]do

< C.r(o.)?105( 3

for some constant C. (k) and for A sufficiently small, say, 0 < A < A.. As we have
seen in the proof of lemma 2.3, f achieves its maximum at a unique point ¢(v.) > 0.
We also know that f’ is strictly concave on (0,00) (see the proof of lemma 2.3),
while f/(0) = f/(t(v+)) = 0, and therefore f'(t) > 0 for 0 < t < ¢(vy). By lemma 3.4,
we have

)= ||Vv*||%2(9) — )\/69 vy sinh(vy) do <0,

which now, in turn, implies that ¢(v,) < 1. This finally yields the estimate
1 1
0 < cp(N) < C*(k:)t(u*)%og(X) < O, (k) log(x>, 0< A<,

for some constants C, (k) and A, depending only on k and (2. O
Next we state an elementary lemma from integration theory.

LEMMA 3.6. Let (X,du) be a non-negative measure space, let a, b be two given
positive constants, and let w be a measurable function on X with the property that,
for a certain X € (0,1), one has

1
/X lwlell dp < %log(x> +b. (3.18)

Then there exists two positive constants C1, Ca, depending only on a, b and u(X),
such that

/ elldu < G + Cs.
x A

Proof. For any € € (0, 1), there exists a constant C(e) such that
e’ <ese® 4+ Ce)

for any s > 0. In fact, C(¢) := maxs>o(1 — es)e® = (1 — ef)e?, where 6 is given by
0:=(1—-¢)/e, and so C(e) = cexp((1 —€)/e). It follows that

/ elldp < Cle)u(X) + e/ lwlel™! dg
b'e b'e

N B
< a(u(X) exp (%) + % 1og(§> + b). (3.19)
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Now choose € to be given by

1 a 1
—=1+log|{b+1+—log—|.
B +og(+ +>\og>\>

This ensures that c(1+log(1/A)~! < e < C(1 +log(1/)X))~}, with positive con-
stants ¢ and C only depending on a and b. It also ensures that

exp(1_€> :b—i-l—i-%log%.
€

A combination of these two facts with the estimate (3.19) yields the result of the
lemma. O

COROLLARY 3.7. For k = 2 let Ay < ps be as in lemma 8.5 and assume that
0 < A < Ai. There exists a constant D, (k), depending only on k and {2, such
that, if vi (equal to vy x) is a variational solution obtained in theorem 2.10, with
E(vg) = cx(A), then

/s

Proof. From the beginning of the proof of lemma 3.2, it follows (by taking e = i)
that

O (o)
on

do = )\/69 | sinh(vg(0))| do < Dy (k).

||V’U]€||%2(_Q) < 4E(’Uk) + MC.

Upon combination with lemma 3.5, we now arrive at

)\/ vg (o) sinh(vg (o)) do = ||VU]€||%2(Q)

o8
<AE(u) + AC
< Clog\™Y)+D

for some positive constants C' and D, depending only on k£ and {2. Using the fact
that |f]el?l < 20sinh(f) + e~ ! for all@ € R, we conclude that there exist two positive
constants a and b such that

1
/69 log ()| ( D do < %log(x> +b.

Now, lemma 3.6 shows that fan el (@l dg < C1 A1 + Cs, and this establishes the
claim of the corollary. O

4. Blow-up and limit of solutions

Let 0 < A, < A« be a sequence tending to 0 and, for a fixed k& > 2, let vy, = vi,»,
be solutions of

Avy, =0 in {2,
(4.1
% = A, sinh(vy,) on 012, )
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corresponding to the kth critical value (as constructed earlier in this paper). We
have already established in lemmas 3.2 and 3.5 (see also the proof of corollary 3.7)
that, for some positive constants a, b, C' and D,

1
E(vx,) 2 alOg(A—> —b, (4.2)
1
[Voy, |12 < C’log(A—> + D. (4.3)
The fact that
)\n/ |sinh(vy,)|do < C (4.4)
o9

is a direct consequence of lemma 3.6 and the estimate (4.3) (as we have already seen

in the proof of corollary 3.7). We shall also use the decomposition vy, = v?\n +sx,

introduced earlier. In this context, we already have an estimate for the constant
Sy, in terms of vg\n. However, here it will be more convenient to use an estimate

based on the relation
1 do
|S)\n| = ‘—/ U, do </ |U)\n|—
1092 Jog 20 |092]
and (4.4). We obtain
oncl <tos( e[ o 52))
a |092]
d
log(/ exp(|va, |)|8?Z|>

——|sinh(vy, )| do + 1>

<1
o8 |arz|

log(A—n + 1>

<log = +D. (4.5)
An
Here we have used Jensen’s inequality for the exponential function, and the inequal-
ity exp|t| < 2|sinh¢| + 1. An essential aspect of the above estimate is that the
constant in front of log(1/A;,) is 1. In this section, we establish the following result
concerning the behaviour of vy, as A, — 0T.

THEOREM 4.1. Let vy, € HY(2), \,, — 0T, be a sequence of solutions to (4.1),
which additionally satisfy (4.2) and (4.3), and define

1

0
" L
A " 1092 Jan

= Ux U, do.

n

There exists a subsequence, also referred to as vy, , a regular finite Borel measure
w (on 902) and a finite set of points {xD}N.| C 902, N > 1, such that

Ansinh(vy, )|on — w,
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in the sense of measures, i.e.

/ Ap sinh(vy, Jpdo — / odu  for all p € C°(02).
FYe) EYe)

The points ), i = 1,...,N, are ezxactly the points at which p has point masses,
i.e. at which p({z}) # 0. The same points 9, i = 1,... N, also represent the
blow-up points for the sequence v?\n, in the sense that

(N ={z e 2:32, -z, x, € 2, with [0S (zn)] — o0}

The proof of this theorem consists of an adaptation of the proof of the somewhat
similar results for solutions to the boundary-value problem

Av =U(z)e” in {2,
v=20 on 01?2

found in [3] (see also [5] for a related result). For the convenience of the reader, we
provide the details of this adaptation. We begin with two lemmas.

LEMMA 4.2. Let w be a classical solution to Aw =0 in 2, Ow/On = f on 952, for
some function f, satisfying fan fdo =0. Let w be normalized by fan w(o)do = 0.
For every § € (0,7), there exists a constant Cs such that

/ exp [M} do < Cs.
00 £l a0

The constant Cs depends only on 0 and 2.
Proof. Let H(x,y), y € 012, denote the solution to

A H(z,y) =0 in £2,
OH —y)- 4.6
@) _Le=pm 1o (16)
on, T |z—y|? |0£2|
normalized with [, H(o,y)do = 0. We note that H(-,y) is in C>(£2) N Ch*(12),
and
Cy := eolax |H (z,y)| < oo.

Define now Green’s function for the Neumann boundary problem
1
N(z,y) = —=logle — y|+ H(z,y),

r € 2\ {y}, y € 902. A simple calculation gives that the function w(y), y € 942, is

given by

wy) = [ N(o,y)f(o)do.

an

From Jensen’s inequality (and the convexity of the exponential function), it follows
that

/ flo
eo| [ oo do| < [ expitr- oV HD a

00 1l o2 o0 Il o0
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and so we may estimate

(r— )l } o fl
/me"p[ ||f||L1<aQ> /ag/me"” 9N (0, o dordy

ggle(pa)cg/ / 11 —dy |f (o)l do
00 Jogo lo =yt =0/ T fllLr o)
< C’le(7.r76)c0 DtS:

where
G H(z,y)l, D / L4
‘= max x ‘= max —_—
07 o yean b 0 5co0 Joo Jo — y|o/m 4
and Cj only depends on the diameter of 2. O

LEMMA 4.3. Let {wy}, be a sequence of classical solutions to

Aw, =0 in £,
ow,,

on

Suppose |[wn||lp2(0) < C and suppose there e:cists a point o € 912, a ball B, (xo)
of radius ro > 0 centred at xo and an inder s < 5 L such that

= fn on 082

I foll o=+ By, (@o)n02) < Cs
with C' independent of n and H~° denoting the dual of H°. Then
lwnll Lo (B, 2 (0)no0) < lwnllL=(B,, s (z0)n2) < C
for some (other) C independent of n.
Proof. From interior elliptic estimates, it follows that
lwallgsr2-s(B,, 2 @o)ne) < CUlfalla=2(B, (2o)no0) + lwnllL2(B,, @o)ne)) < C

for any 0 < s < — . Using Sobolev’s imbedding theorem more precisely, the fact
that, for the two-dlmensmnal domain {2 and s < — , one has

H3/275(B,.(z0) N 2) € C°(B,(x0) N 2),
we now get

lwnll Lo (B, 2 (@o)r002) < lwnllLoe(B,, 2 @o)ne) < Cllwnllgs/z—s (s, 2@one) < C.

O

Let v;\rn and vy ~denote the positive part and the negative part of vy, , respec-
tively. Since {\,, sinh(vy,)} is bounded in L*(942) (cf. (4.4)), it follows immediately
that

{Ansinh(vy )} = {An(sinh(vx,))*} and  {A,sinh(vy )} = {An(sinh(vy,)) "}
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are bounded in L'(92). We may therefore extract a subsequence (in the following,
also denoted vy, ), so that

An sinh(v;\rn) —ut (4.7)
and
Apsinh(vy ) — p7, (4.8)

where pt and g~ are non-negative regular finite Borel measures and the conver-
gence is in the aforementioned sense of measures. Along this subsequence, we also
have

Ansinh(vy,) = Ay sinh(vy ) — Apsinh(vy ) — " —p7,
Anlsinh(vy, )| = An sinh(v] ) + Ay sinh(vy ) — pb +p”.

We use the notation || = p* + p~ (this is frequently called the total variation
measure associated with p).

We are now ready to proceed with the proof of theorem 4.1. We formulate the
ingredients of this proof in the form of three separate lemmas. The proof of each of
the lemmas follows along the lines of the proof of theorem 3 in the aforementioned
paper by Brezis and Merle. We first introduce the so-called regular points of 0f2.

DEFINITION 4.4. A point xg € 912 is called regular if there exists a continuous
function 0 < ¢ < 1, with ¢ = 1 in a neighbourhood of zq such that [, 1 d|u| < %w.

LEMMA 4.5. Let vy, denote the subsequence extracted above. Given any regular
point xg € 02, there exists a positive number vy and a constant C, independent of
n, such that

08, 1| L (B, (2o)r02) < 10, 1L (B, (@o)ne2) < C. (4.9)

Proof. We decompose vgn into two parts,

R, = o0 +o2,

1
where vg ) solves

Avgln) =0 in £2,
o, _ A sinh L A, sinh(vy, ) d 00
o = 1A\, sinh(vy,,) 0] 691/1 nsinh(vy,)do  on
and vg\i) solves
Avg\i) =0 in £2,
o e
G = Ansin (vx,) 5 On 0%

Here, 0 < ¢ < 1 is a C%* function such that ) = 1 near zo and

| vl < 4m.
o8
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The existence of such a smooth ¢ also immediately follows from definition 4.4 (and
the assumption that z¢ is a regular point). Both functions vg\) are normalized by
L0 vg\) do = 0. Elhptlc regularlty theory gives that vy, € C>(2) N CH(£2), and
the same is true for v)\ (and v)\ . Duality and elliptic estimates give that

[0}, 1ir=+2 () < CsllAn sinh(ox, )| ge+1/2(00)

for any —2 < s < —1, in particular, for s = —%, i.e.
[0 #1722y < CllAn sinh (v, )l -1 00)- (4.10)
We have
[ A sinh(vx, )l g-100) =  sup / An sinh(vy, (0)) w(o) do
”w”Hl(QQ)gl 012
< sup  [[Agsinh(oy, )l e0) vl Le00)
HwHHl(amg 1
< C.

For the last inequality, we used (4.4) and the fact that H'(9£2) C L>(92). By a
combination of this estimate and (4.10),

||U(>J\n||H1/2(Q) < C (4.11)

The same argument works for vg\ln), so that

131720y < C. (4.12)
Since v} = vg\l) + 0(2) inequalities (4.11) and (4.12) immediately imply
10N 1722y < C- (4.13)
The component vg\ ) has
ov 1 .
8—n" = counst. (: o0 o YA, sinh(vy,,) d0>

near xg, and local elliptic estimates thus show that there exists ro > 0 such that
1021 2w (Bary (wo)r02) < N052 £ (Barg (20)02)

C(”U)\n ||H1/2(Q) + W‘/&Q PAn sinh(v)\n) do >
<cC. (4.14)

For the last estimate, we used (4.13) and the fact that the sequence {\,, sinh(v,)}
is bounded in L!(942). Concerning the component vy, , one has
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Since

Y| sinh(ox, )| do — / bdlul,
o8 o8

and since fan Ydlul < %(w — dp), for some &g > 0 sufficiently small, we conclude
that

A, sinh(vy, ) |21 002) < 3(m — )

for n sufficiently large. As a consequence,

<m—do

H vy
LY(002)

on

for n sufficiently large. Due to lemma 4.2, there exists p > 1 such that

)
/ (el do < O (4.15)
on
One may, for instance, take
— 15
_ T 3%
b= ™= (50

We also have
Anlsinh(vx, )] < A exp(fox, ) < Anexp([os] + [07] + [sx, 1),

with .
sy, = s(v) ) = o0 o vy, do.
The component vg\i) is uniformly bounded sufficiently close to xg (cf. (4.14)). Due
to the estimate (4.5), it follows that
@

| A sinh(vy, )P < C(el"n )P (4.16)

in some neighbourhood By, (x9) N 0f2. By a combination of the estimates (4.15)
and (4.16),

<C

H o))
Lr (B2r0 (wg )OSQ)

on

for some p > 1, uniformly in n. Sobolev’s imbedding theorem therefore yields

<C

o)
on

‘Hs (Bzry (20)NOS2)

uniformly in n, for some s < % Using the interior elliptic estimates of lemma 4.3,
we arrive at

0 0
”Ugn)HLOQ(BrD (20)NON) < ”Ugn)HLOQ(BrD(wO)ﬁQ) <C

uniformly in n. This is the desired estimate. O

DEFINITION 4.6. Let S denote the set of singular points of 92, that is, the points
which are not regular in the sense of definition 4.4: S = 912 \ {regular points}.
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LEMMA 4.7. The set S consists of finitely many points, and it is non-empty.

Proof. From the definition of a regular point in definition 4.4, it follows that if
ro € S, then [, ¢ d|u| > i for any continuous function 0 < ¢ < 1, with
1 = 1 in a neighbourhood of z(. Since the measure p is regular, we conclude that
lu({zo})| = 47 for any zg € S. Due to the finiteness of the measure ||, it now
follows that S consists of a finite number of points, with

fan|N| < 2fan|N|
infz,es [n({zo})l ™

#S5 <

If S were empty, then lemma 4.5, together with the compactness of 92, would
imply that
[0, I (002) < C.

Since |s, | < log(1/A,) + D (see (4.5)), it would follow that
[ A sinh(vy, )| Lo (902) < C,

and therefore
VR, l2(2) < CllAn sinh(vy,) || 2200y < C.

From lemma 3.1, we could now conclude that
[sx,| < C1 + Col[ VR |72 < C,

or
s, ln<@0) < 103, 2= 00) + [sx.] < C.

We would therefore have the estimate
E(vy,) = l/ |Vuy, |? do — )\n/ (cosh(vy,) —1)do
2 /0 Yo}

= )\n/ (3 sinh(vy, Jus, — cosh(vy,) + 1) do
o0
<CMN,—0

as n — oo, which clearly contradicts (4.2). As a consequence, S must be non-
empty. O

We proceed to show the following result.

LEMMA 4.8. Let vy, be the subsequence extracted in connection with (4.7) and
(4.8). The set S may alternatively be characterized as

S={x€d: 3w, —x, v, €N, with v (x,)] — oo}

={reR:3x, =z, 2, €N, with WY (v,)| — oo}
and

S={ze€d:u({z}) #0}.
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Proof. The fact that the set
{x €00 : 32, — x, x, € 2, with |vgn ()| — o0}

is a subset of S is already established. Indeed, if this inclusion did not hold, then
there would exist a regular point xy and a sequence z, — xg, T, € {2, with
|v§\n (zn)| — oc0. However, this would contradict the already verified fact that

[0, [l (B, (z0)n02) < 103, 1L (B, (zo)ne2) < C

for some 19 > 0 (lemma 4.5).
To establish the other inclusion, we simply take g € S and note that, for such
zo and for any r > 0, one necessarily has

||U§n ”LOQ(BT(wo)ﬁaQ) — 00 asn — o0. (4.17)

If this were not the case, then there would exist 1 > 0 and a subsequence v, = v Any
such that

1
okl Lo (B, @oynan) < MNOR, NLoe (Bry @o)no2) + 1830, | < log(/\nk> +D.
Here we have relied on (4.5) for the last estimate. We would thus have

/ Any | sinh(vg)|do < C|B,(z9) N 02| < Cr
Br(wo)ﬁaﬂ

for any 0 < r < r; and any k. Consequently, there would exist a continuous function
0 <v¥ <1, with ¢ =1 in a neighbourhood of ¢, so that

/ YA, | sinh(vg)|do < 27 for all k.
an
However, this would imply that

/ Yd|p| = lim/ YA, | sinh(vg)|do < 37,
o0 k—oo Jan

and so xo would be a regular point—a contradiction. Thus we conclude that (4.17)
must hold. We now pick N; < Ny < -+ < N < Niy1 < ---, so that

n2Nip = |} =B @onoe) =k,
and then we select points x,,, N < n < Niy1 — 1, so that
Tn € Byk(v0) N 02, and v} (zn)| >k — 1.

With this selection of points z,, € 942, it is clear that x,, — ¢ and |v?\n(:ﬂn)| — 00
as n — oo. This verifies the first alternative characterization of S. The fact that
there are no blow-up points inside (2 is a direct consequence of interior elliptic
estimates, the bound (4.11) and the identity Avgn = 01in 2. This verifies the second
alternative characterization of .S.

When it comes to the third characterization, we have already seen in the proof
of the last lemma that [p({z})| > &7 for any = € S (this was used to prove that S
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consists of a finite number of points). It remains to be seen that u({zg}) = 0 for
any regular point zo. From lemma 4.5, we know that there exists By, (xo) such that

08,1l L% (Bry (z0)r002) < C-

As above, this implies that

1
||U/\n||Loe(Bm(m)maQ) < ||U9\n||Loo(Bm(m)maQ) +[sa,] < 10g(>\—> + D,

mn

and therefore

/ Ap|sinh(vy, )| do < C|B,.(z9) N 02| < Cr
Br(wo)ﬁaﬂ

for any 0 < 7 < 79 and any n. We conclude that |u({zo})| < Cr for any 0 < r < ro,
or |u({o})] = 0. O

A combination of lemma 4.7 and 4.8 now immediately establishes theorem 4.1.
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