P

@ CrossMark

J. Appl. Probab. 59, 1199-1227 (2022)
doi:10.1017/jpr.2022.14

ASYMPTOTIC BEHAVIOR AND QUASI-LIMITING DISTRIBUTIONS ON
TIME-FRACTIONAL BIRTH AND DEATH PROCESSES
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Abstract

In this article we provide new results for the asymptotic behavior of a time-fractional
birth and death process N (f), whose transition probabilities P[Ny (f) = j | Ny (0) =i] are
governed by a time-fractional system of differential equations, under the condition that
it is not killed. More specifically, we prove that the concepts of quasi-limiting distri-
bution and quasi-stationary distribution do not coincide, which is a consequence of the
long-memory nature of the process. In addition, exact formulas for the quasi-limiting
distribution and its rate convergence are presented. In the first sections, we revisit the
two equivalent characterizations for this process: the first one is a time-changed classic
birth and death process, whereas the second one is a Markov renewal process. Finally,
we apply our main theorems to the linear model originally introduced by Orsingher and
Polito [23].
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1. Introduction

The birth and death processes have been extensively studied in various areas of both prob-
ability theory and its applications in population models, epidemiology, queuing theory, and
engineering, to name just a few. Two fundamental aspects related to its analysis are the
representation of the transition probabilities that model the evolution of the system and the
asymptotic behavior after a long time.

Since many processes exhibit the phenomenon of long memory, a Markov process does not
seem at all appropriate, so that fractional models appear to be more precise. Time-fractional
models in the context of anomalous diffusion were studied by Orsingher in [21] and [22],
where he analyzed the time-fractional telegraph equation and a fractional diffusion equation,
respectively. Previous results for fractional birth and death processes can be found in the arti-
cles of Orsingher [23] for the linear case, Meerschaert [20] for the fractional Poisson process,
and Jumarie [13] for a pure birth and death process with multiple births. Surprisingly, none of
them provide representations for an arbitrary time-fractional birth and death process, and con-
sequently results concerning the asymptotic behavior for this class of process are not available
in the literature.
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For Markov processes, the study of the number of survivors after a long time started with
the early work of Kolmogorov in 1938. Later in 1947, Yaglom [25] showed that the limit
behavior of sub-critical branching processes conditioned to survival was given by a proper
distribution. In 1965, Darroch and Seneta [7] began the study of quasi-stationary distributions
(QSDs) on finite-state irreducible Markov chains, and Seneta and Vere-Jones [24] in 1966 did
it for Markov chains with countable states. A very important publication is that of Van Doorn
in 1991 [8], which states a criterion to determine the existence and uniqueness of QSDs for
birth and death chains. More recent results about the existence and uniqueness of QSDs can be
found in [9] and [10].

For diffusion processes on the half-line, the first work is due to Mandl [15], who stud-
ied the existence of a QSD on the half-line for +o00 being a natural boundary according to
Feller’s classification. Subsequently many results on the existence of QSDs and limit laws for
one-dimensional diffusions killed at 0 were provided by Ferrari [11], Collet, Martinez, and
San Martin [5], and Martinez and San Martin [16, 17].

Most of these works are based on studying the spectral decomposition of the infinitesimal
operator associated with the process. Applying similar ideas, we can study the asymptotic
behavior of time-fractional models, which is precisely one of the main objectives of this article.

This article is organized as follows. In Section 2 we present the model description. More
specifically, we introduce the system of time-fractional equations that governs the transition
probabilities. In Section 3 two equivalent characterizations are shown: the first one is a time-
changed birth and death process, whereas the second one is a Markov renewal process. In
Section 4 we follow a different approach based on a spectral representation of the transition
probabilities to study the quasi-limiting behavior of the process conditioned not to be killed.
In Section 5.1 we study the concept of quasi-stationary distributions, proving that the quasi-
limiting distribution and quasi-stationary distribution are not the same. Finally, in Section 6,
we apply our main theorems to the linear model.

2. Model formulation

We let Ny (), t > 0 denote the fractional birth and death process killed at zero. The transition
probabilities denoted by

Pij.a(t) =P[Na (1) = j| Na(0) =]

are governed by the time-fractional system of differential equations (commonly called the
system of backward equations)

Dpjj.a(®) = wipi-1j,a(®) — Ai + wi)pija () + Aipiy1ja®), j=0,i>1, on
Poja(®)=0, j>1

As usual, the values A; > 0, u; > 0 (with the convention g = Ao = 0) are the birth rates and
death rates respectively, whereas the parameter « € (0, 1] determines the order of the Caputo
fractional operator D*(-), defined as
1 t /
Def() = SO 4, we,
'd—ow) Jo t—uw*

D'y =f®, a=1.
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In particular, when o = 1 the operator is just the derivative and N (¢) is the classical birth and
death process. The matrix formulation for the system of equations (2.1) is

D*P() = Q“P(1),
where P(?) is the matrix with coefficients p; j,(#), i > 1, j > 1. The components g; j, i > 1,j > 1
of the matrix Q@ are
—(i+p) ifi=j,
qij=1{ wi ifi=j+1, 2.2)
Ai ifi=j—1.

We recall that pg j o(f) = 0 for all j > 1. This fact makes the matrix formulation consistent with
the system of fractional differential equations (2.1). The initial condition is the Kronecker delta

Dij,a(0)=24;;.

3. Two equivalent characterizations

In this section we introduce the representation of the process N (¢) as a standard birth and
death chain changed in time, i.e. Ny(f) = N1(L“)(f)), where L{(¢) is the inverse of a stable
subordinator. Also, we get a representation as a Markov renewal process in the general case. To
make this work self-contained, we first introduce a brief summary of the stable subordinators
and its inverse.

3.1. The stable subordinator and its inverse

A subordinator D®(¢), t> 0 is a one-dimensional Levy process such that its trajectories
are non-decreasing with probability 1. We say that a subordinator is stable when the Laplace
transform of D@(¢) satisfies

B[P 0] =" (3.1)

Associated to a subordinator D®)(¢), we define the inverse process L)(¢), t > 0 as follows:
L) =inf{r > 0: DY) > 1}. (3.2)

The process L@(¢) denotes the first time that D®(-) exceeds a level # > 0. It is clear that the
trajectories of the process L (r) are non-decreasing and moreover they are continuous (see
Theorem 2 on page 642 of [2] for a technical proof concerning the modulus of continuity
of L@)(-)). From (3.2) we can deduce that the finite-dimensional distributions of D®(¢) and
L@(z) satisfy the identity

PILY4) > x;, 1 <i<n]=P[D®(x;) <1, 1 <i<n]. (3.3)
Equation (3.1) directly implies that the process D) () is self-similar of index 1/a, that is,
PD®(cx)) <t;, 1 <i<n]=P[c/*Dx;) <5, 1 <i<n]. (3.4)
Moreover, from (3.3) and (3.4) we have that the process L@(¢) is self-similar of index «:

PIL®(ct;) > xij, 1 <i<n] =P[c*LY#) > xi, 1 <i<nl].
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For all ¢ > 0, the distribution of D®(¢) has only a density component, here denoted by g (-, 7).
In the same way, the inverse L(®)(r) has only a density component A (-, 1) satisfying

t
ho(u, )= —u~ "7V (™1 1),
o

Concerning the Laplace transform of 4y («, ) we have the identities

o0 o
/ e hy(u, H)dr=s*"1 e,
0
(3.5)
o
f e ho(u, 1) du = Ey 1 (—st%),
0

where &, 1(-) is the Mittag—Leffler function formally defined as

k

Z
fan@=)  ————, z€C.
~ Tak+1)

Finally, we emphasize that the increments of the process L(®(r) are dependent and non-
stationary (see [18, Corollaries 3.3 and 3.4] for more details).

3.2. The time-changed process

The following theorem is a generalization from the previous ones given by Orsingher and
Polito [23] for fractional linear birth and death process, and by Meerschaert [19, 20] in the con-
text of the time-fractional Brownian motion and the fractional Poisson processes, respectively.
The arguments given below do not differ too much in comparison with the aforementioned
references. However, we consider it important to write a detailed formal proof for the general
case in order to introduce some techniques that will be used in the forthcoming sections.

Theorem 3.1. For all « € (0, 1), the stochastic process Ny(t), t > 0 admits a representation (in
the sense ot the finite-dimensional distributions) of the form

No () = N (L)1),

where Ni(t) is a standard birth and death process and L) is the inverse of a stable
subordinator independent of N1 ().

Proof. Given fixed i > 1 and j > 0, for all > 0 we have
o
PINI(L@ (1)) = j| N1(0) =] = f Pij1 (Wha (u, 1) du.
0

We will show that P[N;(L®(¢)) = j| N1(0) = i] defined above is the solution to the system of
fractional differential equations (2.1) through its Laplace transform. We notice first that

o0
W, i(s) = / e PN/ (L)1) = j| Ni(0) = i] dt
0
satisfies the identity

W j(s) = sy (),
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where

R N
D; i(s) = / Cﬂtp,',j,l(t) dt
0

is the Laplace transform of p; j 1(#). This follows from the simple computation

\l’,;j(s) = /OO e ! (pri,j,l(u)ha(u7 3} du) dr
0 0
=foopi,j,1(u)<foo e ho(u, t) dt) du
0 0

o0 o
:s“_I/ pijawe " " du
0
=571, j(s%). (3.6)

By keeping j > 0 fixed, it is not difficult to check that the sequence ®; ;(s*) defined above
satisfies the recurrence relation

$YD; (%) = 8ij = wi®Pi—1;(sY) — (A + )@ j(s*) + A1 j(s%), i1 (3.7
By combining (3.6) and (3.7) we get

S\IJi,j(S) — 5,"]'

s = piWi—1,j(s) — (A + ) Wi j(s) + AiWit1,5(s). (3.3)

Since P[N1(L®(0)) = j | N1(0) = i] = 8; j, from (A.3) we have the identities

S\I/,‘,J'(S) — 3,',/‘
Sl—ot

=52, j(s) — s* PN (L@(0) = j | N1 (0) = i]
_ / D (BN (L) = j| N1(0) = i]) dr.
0

By taking the inverse of the Laplace transform in (3.8), we conclude that P[N; (L (7)) = j|
N1(0) =] is the solution to (2.1), finishing the proof. U

Remark 3.1. The trajectories of the process L("‘)(t), t >0 are non-decreasing, so that
Theorem 3.1 can be used to obtain the finite-dimensional distributions of N, (¢),

P[Na(te) = je; 1 <€ <n|Ne(0)=1]

=P[N (LY(1) = jo; 1 <€ <n|Ny(0)=1i]

n—1

= [[PIViCte11) = L96) = jerr | Nelt) = jel,
=0

with the convention jy =i, fo = 0.

https://doi.org/10.1017/jpr.2022.14 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2022.14

1204 J. L. CURINAO

3.3. Markov renewal process

Definition 3.1. Let (X,,),cn, be a Markov chain with states in Ny and let (S;)uen, be a
sequence of random times satisfying Sy =0, S, < S,+1 for all n > 0. The stochastic process
(Xn, Snnen, is called a Markov renewal process with state space No = {0, 1, 2, 3, ...} if the
identity

PlXps1=J, Tos1 <t Xe, Sodo<e<n]l =PlXut1 = Jj, Tut1 <11 X0l (3.9)

holds for all j € Ng, n € Ng, and ¢ > 0. Here 7,41 = S;+1 — Sy, n > 0 are called the inter-arrival
times. The stochastic process (Y(#));>0 defined as Y (1) = ano Xnls,<i<S,,, is called the
minimal semi-Markov process associated with (X,;, S;)nen,-

Connected to a Markov renewal process, we consider the transition probabilities
Pij=PXp11=jl Xn=1]

and the kernel
Qi j(t) =PXyt1 = Jj, Tur1 <t| Xy =il.

The transition probabilities are recovered in the limit t — oo,
lim Q; (1) = lim P[Xyt1 = j, Toy1 <t | X =il =pij.
t— 00 —00

By introducing the notation

0:;(@)

LJ

G, ()=
from a direct computation we get
P[Tor1 <t| Xy =1, Xpt1 = jl = Gi (1),

and more generally, for all finite collections of times 0 <] <ty < --- <y,

n
PTm < twi 1 <m <n|(Xo<eznl = [ | Gxo_y.x, (t0)- (3.10)
=1

Equation (3.10) implies that the inter-arrival times (7¢)¢en, are conditionally indepen-
dent given the Markov chain (X;),cn, with a distribution Gy, x,.,(-) depending only on X
and Xyy1. It is well known that a Markov renewal process is characterized by Gx, x,,,(?)
and the transition probabilities p;;. In addition, this is a Markov process if and only if
Gx, X0, (1) = 1 — e "&eXee)l for some positive rate #(X¢, Xe41)- A more detailed review of
Markov renewal processes can be found in [4, Chapter 8]. In the following theorem we provide
a characterization for the sample paths of the process (Ny (¢))s>0.

Theorem 3.2. For all a € (0, 1) the process (Ny(2))i>0 admits a representation of the form
NOl (t) = Z Xnﬂs,,,m§t<$n+1,a s
n>0

where (X, Sn.o)n>0 is a Markov renewal process. The transition probabilities are

. . A . . i
PXy1=i+1|X,=i]= , PXpi=i—1|X,=i]l= ,
[n+l | n ] Ai‘*‘Mi [n+] | n ] )\i'i‘/li

i>1, (3.11)
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and P X1 = j| X, =01 =080, j > 0. Before Lo = inf{n > 0: X,, =0}, the distributions of the
inter-arrival times

7;n+1,0t = Om+1l,a _Sm,av 0<m<n,
conditioned on (Xg)o<e<n, 1 <n <Ly — 1, are independent and they follow a Mittag—Leffler
distribution with parameter Lx, + |x,, that is,

GijO=1—=Eq1(—Ai+udt®), i=1,j>1.
Proof. We first construct the process associated with o = 1. Let (X;;),en, be a Markov chain
with transition probabilities given by (3.11) and the killing condition P[X,,+1 = j| X, =0] =
80,j,j = 1. Let (Sp,1)nen, be an increasing sequence of random variables defined recursively as

80,1=0,8,1=2Yy_; Te,1, n> 1. Here the sequence of random variables 7,411 = Spt+1,1 —
Sn.1 satisfies

PXyt1=J, Tog1,1 <t | Xe, Se,1)0<t<n] =PXpp1 = j, Tag1,1 <t X]

for all > 0, n € Ny and they are conditionally independent of (X,),en,. Let us recall the def-
inition Lo = inf{n > 0: X,, = 0}. For 0 <n < Ly — 1, the distribution of 7,41 conditioned on
(X, Xn—i—l) is

P[Tap11 <t X1 = j, Xy =il=1—e B >0, i>1.

Note that the origin is an absorbing state, so we automatically have X, =0 for all £ > Ly
and consequently N(f) =0 for all > Sy, 1. This implies that the sequence of random vari-
ables (7¢,1)¢>1,+1 has no influence on the evolution of (N (t)),zSLOY1 . The process (N1(2))r=0 is
defined by

Ni(n):= ZXn]lSn‘lft<Sn+l,l = Z X”/\Lﬂ]lsn‘l»§[<sn+l,l )

n>0 n>0

where n A Ly = min{n, Ly} is a Markov process (see [4, Chapter 8, Section 3] for more details).
Now, from Theorem 3.1, we know that (N (#));>0 = (N} (L(a)(l)))zzo is a time-changed version
of Ni(¢), so

No(t):= ZXn/\LO]lSn,lfL(a)(t)<Sn+l,l ’

n>0

where L@ (7) is the inverse of a stable subordinator (D(“)(t)),zo independent of (X, Sy, 1)nen,-
The sequence (Sy,o )neN, is defined via the equivalence

Spa <t &= S <L, t>0, n>1.

Once the process Ny(?) is properly defined, the next step is to prove that the pairs
(Xn, Sn,a)nenN, defined above form a Markov renewal process with the specified properties.
To prove the condition (3.9), we first note that

(Sta<tr:1<l<n} < (Sp1 <L@®t);1<l<n}, >0, n>1.

for any collection 0 =1y <t <---1,. From the definition of an inverse subordinator we
have S| < L@(t) <= D@(S,.1) <t for all >0, so that S,y =D (S, ) in the finite
distributional sense. This implies that for all n > 0

Sn+l,a - Sn,ot = D(a)(8n+l,1) - D(O[)(Sn,l)

=D (Ty1,1 + Sp1) = DO (S ). (3.12)
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Since D@(.) is a stable subordinator, (3.12) implies that 7,414 = Snt1.a — Sne is inde-
pendent of Sy 4 :D(O‘)(Sg,l), 1 <¢ <n and has the same distribution as D(“)(7;l+1,1). But
DTy 1.1) <tisequivalent to Tpy11 < L(r). Consequently it follows that
PXyt1=J, Tot1,e <t | Xe =1ip, St <te)1<t<n]
=PXut1 = J, Tos1,1 L0 | Xe =i, Set < Lt0))o<<n]
=PXp1 = j. Tar1.1 < LW | Xy =]
= ]P)[Xn—H = j, 7:1+1,oz <t | X, = in]-

We will now show that N, (#) preserves the transition probabilities of the original process
N1(1). Since lim,_, oo L(r) = 0o with probability 1, we get for all j > 0, i > 0

P?- = lim P[Xy11 = J, Tot 1,0 <t Xy =1]
Jo oo
= lim PXp41 = j. Tar1.1 <LO0O | X, =1]
11— 00
= lim P[X,11 =, 7;1-’,—1,1 <ulX,=i]
u—> o0
=Di;-

The next step is to prove that the random variables 7,41 «, conditioned on (X, Xp41), 1 <n <
Ly — 1, follow a Mittag—Leffler distribution. For i > 1 we have

PlTnt1.0 > 1| Xps1 = Jo Xn = i1 = P[Tpp1.1 > LOO | X1 = j, X =]

oo
=] P[Tot1,1 > ul Xpp1 = j, Xp = ilha(u, 1) du
0

oo
=/ e_()\i‘Hl«i)Mha(u’ 1) du
0
— R[e—CutnL )
= Ea 1 (= (i + 1t%).

The independence of (7. )1<¢<, conditioned on (X¢)o<¢<n, is more delicate. We first notice
that from (A.4), for all s > 0 and i > 1, we have

o0 o0
f B[ Tos 1o <11 X1 = Jj, Xo = 1dr = / eI — £ 1 (—(hi + i) dr
0 0

1 A ~
= A (3.13)
§ 8%+ Ai + i
By integrating by parts, we can deduce that the identity (3.13) is the same as
_ . . Ai+ i
E[e™Tmle | X, = j, Xy =i] = —— . 3.14
[ | Xnr1=J, Xn l] S+ ( )
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Now we set ~
(pn,a(s) = / eistP[Sn,a <t | (XZ)Oslfn] dr.
0

Similarly to (3.14), from the construction of ¢, (s) we can see that

1 1| =
Pna(s) = —E[e e I(Xe)0<£<n]=—E[| [ eTme |(Xe)0<e<n:|. (3.15)
S S

m=1

We need to compute @, (s) more explicitly. Since Ny () is a time-changed process, we have

o0
Pnals) = / e " P[Sy1 < L) | (Xe)o<e<n] dt
0

o o
[ e ( [ PES. = u Cocecalhatie du) dr,
0 0
by using Fubini’s theorem and recalling the identity
o0 o
/ e hy(u, ) dr =s*"1e™™",
0
Thus we obtain

o0 o0
(pn,a(s) Z/ e (/ I[D[Sn,l <ul (Xl)Ogﬁfn]ha(uv 3} du) dt
0 0
o0 o0
_ / PSu1 < ut| (Xe)o<ten] ( / e ho (i, 1) dr) du
0 0
w o
_ / PlSu1 < ] (XDosenls® ¢ du
0

=5 g 1(5%).

For a =1, conditioned on (X;)o<¢<n, the inter-arrival times are independent and exponentially
distributed, so

n—1
A'Xz + X,
sﬂt = — _—,
©n,1(s%) o leol ¥ hx, + i,
leading to the formula
-1
1 T )\Xg + MmXx,
5)=— | | - 3.16
®n,a(9) s S+, + i, ( )

£=0
By combining (3.14), (3.15), and (3.16), we now get

Pn.a(s) = E[]‘[ e T | (Xe)()fesn} = [T Ele™ T | X, Xm-1)]- (3.17)

m=1 m=1

Equation (3.17) directly implies that for all 1 <n < Ly — 1, conditioned on (X¢)o<¢ <y, the inter-
arrival times T¢41.0 = Se+1.0 — St.a» 0 < £ < n are independent, concluding the proof. O
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4. The spectral representation of the transition probabilities

4.1. Preliminaries

For all i > 0 fixed, we let
Tio =inf{t > 0: Ny (t) =1}

denote the first time the process Ny () attains the state i. In particular, for i = 0, we say that T 4
is the absorption time or the extinction time of the process. For the sake of convenience, for o« =
1 we write Ty instead of Ty ;. In the following we will use the notation IP;[-] for P[- | Ny (0) =]
and EE;[-] for E[- | Ny (0) = i] to denote the dependence on the initial condition N, (0). For n > 1
we define the coefficients

Note that these coefficients satisfy the identity 41 /7, = A,/ in+1. This implies that Q(“) is
reversible with respect to the measure 7, that is,

mq;j =m;q;,; foralli,j>1.

The following series are essential to describe some properties of the process:

A=Y m)™'. B=) m. D= an

i>1 i>1 j>1 k=1

kkﬂfk

For o = 1, some well-known results are as follows (see e.g. [6, Chapter 5]).

(1) The process is almost surely absorbed at zero, i.e. P;[Ty < oo] = 1, if and only if A = co.
(2) The absorption time has a finite mean, i.e. [£;[Ty] < oo, if and only if B < co.

(3) The process comes from infinity, i.e. sup;>; E;[7To] < 0o, if and only if D < oco.

4.2. Main results

Here we present the approach of Karlin and McGregor’s polynomials originally introduced
in [14] ([6, Section 5.2] is also recommended for a detailed discussion). Given a fixed 6 > 0,
we define recursively the sequence of polynomials

—0Yi(0) = wihi—1(0) — (A + ud¥i(0) + Aiyri1(0), i>1,

4.1)
Yo@) =0, y1(0)=1.
These polynomials satisfy the orthogonality condition
o
7Ij /0 V(@) yi(©) dI'(0) = 8j«, 4.2)

where I' is a probability measure supported in [0*, 00), for some 6* >0, and §; is the
Kronecker delta.
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Based on these polynomials, it can be shown that when « = 1, the spectral representation
of the transition probabilities is

Pija() =, /9 OV ONNONEES W EST (43)

The following theorem generalizes the representation (4.3) to the complete case « € (0, 1].

Theorem 4.1. The solution to the system of equations (2.1) can be written as

Pija(t) =1; /0 Ea 1 (=0 Yi(@)Y;(0) AT (@), i=1, j=1, (4.4)

where £y 1(-) is the Mittag—Leffler function with parameter o.

Proof. By combining Theorem 3.1 and equation (4.3), we have forj>1,i>1

Pija(®)=PiINI(L? (1) = j]

_ / BN ) = e, ) du
0

=7 /0 ( /9 e—auw,-(e)wj(e)dr(e))ha(u, 1) du. (4.5)

We now define the integrals

ROES / e O 0) AT @), i1, = 1.
Gi

Recalling that I' is a probability measure, it is clear that /; j(f) < 1; ;(0) for all t >0, j> 1. In
addition, from the Cauchy—Schwarz inequality and (4.2) we get

© 1
0= / e Yi@)y(0)] dT(0) < /T i ;D) < /T; i(0)1;,;(0) = Wecs <oo. (4.6

* l ]
For each ¢ > 0 fixed, Ay (1, t) is a probability density function supported on Rz{. By applying

Fubini’s theorem in (4.5) we get

Pi,j,a(t)Zﬂj/ </0 e " ho(u, 1) du>1ﬂi(9)1ﬁj(9)dr(9),

*

and recalling the identity

o0
Ea1(—01%) = / e " hy(u, 1) du,
0

we deduce (4.4), concluding the proof. O
The following theorem provides an explicit form for the distribution of the absorption time.

Theorem 4.2. Assume A = co. For all i > 1, the probability of non-extinction before the instant
t>0is

Pi[To,e > 1] = 1 / Ea,l(—Qt"‘)@ dr).
0*

https://doi.org/10.1017/jpr.2022.14 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2022.14

1210 J. L. CURINAO

Proof. If A = 00, it is well known that the probability measure I" satisfies I'({0}) =0, and
moreover d['4(0) = 0~ dI'(9) is a probability measure with no atoms at zero (see formula
(2.20) from [8]). In this case we have for o = 1

Pi[To>l]=1—Pi,0,1(t)=1—M1/ *’Qw’(g)dr(m i=1.

We first check that .
/ 5|1//i(9)|dr(9) <oo, i>1.

o*

For any § > 0 we have

/ [¥i(6)] AT (0).

'S} §4+6*
f —|¢,(0)|d1“(0)<< max |yi(0 )I)/ ng(9)+
5+6*
4.7

o 0*,6*+8] 8+ 0"

For the first term on the right-hand side of (4.7), we have that 1;(f) is a polynomial of degree
i — 1, so it is bounded on any closed interval. Since dI'? is a probability measure, we have

5+0* 1 0 1
05/ —dF(Q)E/ —dIr')=—
* 0 o* 0 M1
By choosing j =1 in (4.6) we get
[e¢) o 1
0 S/ |¥:(0)] dT"(0) </ [¥i(0)] dI'(0) < —= < o0.
540 o N

The proof finishes by following the same approach as Theorem 4.1. O

Remark 4.1. The transition probabilities p; j (¢) are also the solution to the forward system of
equations

Dpija(®) = Aj—1pij—1,0() — & + u)pija® + wix1Pijr1.a@), j>1,i>1,  (4.8)

Dp;.0,a(t) = (1P, 1,a(0), 4.9)
with the convention Ay = po =0. In fact, by combining (2.1), (4.1), and (4.4), fori>1,j>1
we have

Dpij.a® = wipi-1j,a(®) — Ai + 1Pij,a(®) + AiPit1,j,a(t)

=7j /e Ea 1 (=01)(ihi=1(0) — (Mi + w)¥i(6) + Aihit1(0))(9) AI'(0)

=7 /9 Ea 1 (=01)(—0i(9);(0) AT (0).

We now apply the recursive formula (4.1) to —6;(0),

D*pija() =1; /9 Ea 1 (=01 O) (1 Yj—1(0) — (& + w)¥;(0) + Ajpjr1(0)) AT'(9),
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and we use (4.4) to obtain
AT
Dpija(t)= PU La(®) — (W + A)pija(t) + n—lpi,jﬂ,a(l).
Jj+

This is equivalent to (4.8), since 7ju; = mj_1Aj—1 and 7;A; = wjp1pjv1. For j=0, (4.9) can
be deduced in a similar way. From Theorem 4.2 we get for all i > 1

°° w )
Pi0,a@®)=1=Pi[Too >11=1— 1 ) Ea,1(=01%)——dI'(0). (4.10)
By replacing (4.10) in the backward equation (2.1) forj=0,i> 1,

D*pi0,a(t) = wipi-1,0,a () — (Ai + wi)pi.0.a () + Aipit1,0,«(1)

= / " (ot @ = Gt ;;,-)we) + Aii1(6)

dr),
and from the recurrence relation (4.1),
o
D*pija() =1 / Ea 1(=01")Yi(0) AT (0) = p1pi 1 a(0).

5. Asymptotic behavior and quasi-limiting distributions

Theorem 4.2 allows us to deduce some new results related to the quasi-limiting behavior.
We start by defining the integrals

> Yi(0)y;(6)

Cijx=
L], o Qk

dr@), i=1,j>1, k>0.

When 6* > 0, the coefficients C; j x are finite. In fact

12 / roo 1/2
c,]k_(g*)k</ vf(e)dr(e)) (/9 w,?<0>dr<9)) < c0.

From a probabilistic point of view, the parameter 6* can be identified as

0" = sup{@: ]E,-(eeTO) < oo} —l1m1nf ! InPi(To>1), i>1.

1—>00

We remark that the definition of 6* does not depend on i. In particular, the condition 6* > 0
implies that the absorption time T has finite exponential moments for all 6 € (0, 6*) (see [6,
Lemma 4.1]). In the following proposition, we establish the asymptotic behavior of both the
transition probabilities and the distribution of the absorption time Tp 4.

Proposition 5.1. Assume 6* > 0. For all 0 < a < 1 the following limits are fulfilled:
K1 * ¥i(0)
(1l —a) Jor 62

T < Yi(O)(0)
T —a) Jo 6

lim B[ To.o > 1] = dr), 5.1
— 00

lim % j o (1) = dr(). (5.2)
—00
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Proof. For all 6 > 0 the following limit applies (see (A.8) from the Appendix):

1

1
ST (5.3)

lim %€, 1(—01*) =
— 00

In addition, we know that

vi( )dF(9)<oo forall k> 1.
oo O

Given € > 0, the limit (5.3) in particular implies that

l+e
& -0 < —— 17 ¢
10 = Sr i~

for ¢ > t, large enough. This means that the limit (5.1) follows from the dominated convergence

theorem
oo
(0
lim P[To.q > 1] =M1f (nm P8, 1(—9;“))w dr)
t—00 ? » \I—00 ’ 0
(6
_ VO 4o
IF'd—a) Jo« 62
The limit (5.2) is proved by using the same argument. (]

Proposition 5.1 leads us to the following theorem, interpreted as a Yaglom limit for the
fractional case.

Theorem 5.1. Assume 6* > 0. For all 0 < a < 1 we have

P. .
lim Pi[Ny (D) = j| To, > 1] = =2, (5.4)
t—00 ijl Pi,j
where
min{i—1,j—1} |
P;j =7Tj(Pi,1 + Z m), j=2, (5.5)
k=1
1
Piy=—.
M1

Remark 5.1. Before proving Theorem 5.1, let us make some comments.

1. The limit (5.4) is the same for the complete interval o € (0, 1) and strongly depends on
the initial condition i > 1. This behavior is completely different to the non-fractional
casea =1,

Jim Pi[N1 (1) = j | To > 1] = v;(6"),

because the limit v;(6*) is independent of the initial condition i > 1. Here v;(6*) is

a probability measure, also called the quasi-stationary distribution or quasi-limiting
distribution.
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2. We analyze in more detail the two extreme cases for the limit (5.4).

e For i =1, the second term in (5.5) vanishes, so

-
lim Pi[Ny() = j| Too > 1= A
t—00 i1 T

e For i — oo (assuming that the limit exists) we get

+
lim hm Pi[Ng() = j| Tow > t] = (m Zk 1 /\knk)
i—o00 ! Zj>1 n/(m Zk | T )

The condition Z 1 7Tj < 00 is equivalent to the positive recurrence of the process, i.e.
E;[To] < oo for all i > 1. On the other hand, the series

converges if and only if the process comes down from infinity, i.e. sup;s; ]Ej[e9T0~'] <00
for all 6 € (0, 6*). According to Theorem 3.2 of [8], this is equivalent to the existence of a
unique quasi-stationary distribution, which is associated with 6*. As we mention below, in the
fractional model (i.e. « € (0, 1)) the quasi-limiting behavior strongly depends on the initial
condition, so its behavior changes drastically compared to the Markovian case. This fact is not
at all intuitive, and constitutes an interesting result on asymptotic behavior associated with a
long memory process.

Proof of Theorem 5.1. As a direct consequence of Proposition 5.1, we have

i Ciji
lim /[N, )= j|Toq > 1]= L 291 (5.6)
m1 Cii2
Since p; j,1(t) =Pi[N1(t) = j, To > t], we get from (4.3)
o
Pi[Ni()=j, To > 1] = ﬂj/e e Yi(0)y;(0) dT'(6).
By taking the integral over ¢ > 0, Fubini’s theorem yields
o o0 oo
| Emo=in=aa=g [ [ et uomo ao
0 o Jor
=m; Yi6)y;0) dr), (5.7
o* 0
and analogously
o o
(0
[ Eimo = nar=p [ Y ar) (538)
0 Gﬁ 92

so the limit (5.6) is equivalent to

JoS PN () = j, To > 1] dt
Jo7 PilTo > 1] dt ’

lim P;[Ny(H)=j| TO,ot >t]=
—00
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We recall the system of equations (4.8) for o =1

Pﬁ,j,l(t) = Aji—1Pij—1,1(0) — (& + up)pij1 () + wjr1pij+1,1(0,  j=1. (5.9

By taking the integral over ¢ > 0, from the right-hand side of (5.9), we obtain for j > 1
oo
/ .
/0 Pij1 0 dt= lim pi; () = pi;1(0) = —4i.

When j =0, from (4.9) we get for « = 1 that p;,o,l(t) = [1pi.1,«(t), and consequently

o0 1
/ PiNi(t) =1, Ty > 1] = —.
0 M1

By introducing the notation

Pij= /000 Pi[N1() = J, To > t] dt,
with the convention P; o = 0 we get the recurrence formula
—0ij=Aj—1Pij-1 — (Aj + upPij+ pwjiv1Pijr1, j=1,
whose solution can be computed explicitly. Let us rearrange some terms,
—8;j=j—1Pij—1 — APij) + (i1 Pijr1 — WiPij),
by taking the sum over 1 <k <j:
J
- Z 3ik =roPio — AjPij+ wjr1Pijr1 — uiPin, j>1
k=1

Since P;p=0and P; 1 =1/p1, we get

J
1= " 8ik=—NPij+ w1 Piji1. (5.10)
k=1
We notice that
] 0 ifj>i,
k=1 1 lf] < i,

equation (5.10) becomes
Lj<i = wjt1Pijr1 — AjPij.

Recalling the identity
miv1 1
)»j]Tj Tj41 ’
we now get
Lici  Pijt1  Pij

ATTj i+l 7

E)
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whose solution is

For j > 2 this is the same as

1 min{i—1,j—1} 1
Pij=m| —+ — (5.11)
Y j<m Z Kkﬂk)

k=1
so the limit is . . Py
Jim BilNa() = /1 To > 1= 5o,
concluding the proof.
The following theorem provides the convergence rate of the limit obtained in (5.6).
Theorem 5.2. Forall0 <a < 1, o #£ 1/2, we have

lim t“( Pija® Pij ) Py Td-o <Ci,1,3 B Ci,j,2>
imoo \PilToa>11 Yoy Pij Y1 PijT(1—20)\Cinn  Cij )
and similarly for o =1/2,

lim t( pija® P ) _ 1 Py (Ci,1,4 B Ci,j,3>
t—00 ]Pi[TO,a > t] ijl Pi,j 2 2/21 Pi,j Ci,1,2 Ci,j,l ’

Proof. For a # 1/2 we recall the asymptotic expansion of the Mittag—Leffler function for ¢
large enough (see (A.5) from the Appendix):

1 1 1 1
Ey1(—01%) = - - )
@1 (=67 T —a) 0 T —2a)022 +olE )

The constants C; j ;. are finite, so the following asymptotic expansions are valid,

C., i1 1 C.‘ .’2
Pija() = 7Tj< o &

1 —2a
Fl-a)@ Ta-2a o ))’

Cii2 1 Ciiz 1 -2
P;[ T 1= s — ——— — 4ot ") ),
ilTo,a > 1] M(F(l—a)t‘l I(1 — 20) 2% o( )
and after some algebraic manipulations,

Q

Rmm>ﬂ_mCm21_%%%§%%+WW)

For |z| small enough, we know that (1 — 2 =14z+0(@), so

Pija® 7 Cij (1 1 rd-o (Ci,j,z B Ci,l,3>> Fo(r®)
Pi[TO,a > 1] u1 Ci,l,2 I'(l— 2(1) Ci’j,l Ci,l,z

2 T(l—a) 1 _
Pija®) _ 7 Cija (1_ i Ta—2ay @ + O “))
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and consequently

t"‘( Pija®  m Cija ) _ 7 Cija ( I'l—a) (Ci,1,3 B Ci,j,2>> +o(l)
PilToe > 11 w1 Cinz/ w1 Cin2\I'A=20)\Ci1p Cija '

The limit is obtained by letting t — oo and recalling the identity

Pij 7 Cija
Y1 Pij mGiig

For o = 1/2 we now have to consider the asymptotic expansion (A.7),

oo, 1
0112 T(1/2) " 0352 (—1)2)

E1p (=017 = +o(t73/?).

Following the same approach we now obtain

it i Cii 1 I'(1/2 Cii C;
pt,j,a() 7 G (1+ (1/2) < ij3 1,1,4))_‘_0(1‘_1)-

PilToo>11 11 Ciio tT(=1/2\Cij1  Cii2
Since
rasz) 1
r-1/2 2
the proof concludes by using the same argument as the case o 7%~ 1/2. U

5.1. Quasi-stationary distributions

In this section we suppose that the initial state Ny(0) is random, with a distribution v
supported on Nt ={1, 2, 3,...}. In this case we set

Py[Na() = j1:= Z P[Ne(0) = i]P[Na(1) = j| Na(0) =]

i>1

= Z ViDij.a (D),

i>1

where p; j (¢) are the transition probabilities defined in the previous sections. More generally,
given A € N we write
Py[Na(t) €Al = Py[No(t) = jl.
JeEA
It can be shown that
pj,a(t) = PU[NO[([) = ]]

is the unique ‘honest’ solution, that is, it is a non-negative solution to the system of equations

Dpj.o(®) = Aj—1Pj-1,0(0) = A + w)pj.a(®) + wir1pjr1.(0),  j=2, (5.12)
DYp1 o) = =1 + w1)p1.e(0) + 12p2.a (@), (5.13)
DYoo (1) = 1p1,a(1), (5.14)
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satisfying ijo Pj.o(t)=1and p; (0) = v, for all t > 0, j > 1. In fact, for a € (0, 1) we know
from Theorem 3.1 that

o0
pijal) = /0 pij Wha(u, 0, i1, j=0.

This implies
o0 o0
Pj,a(t)=zvz' /O Dija(Whe(u, ) du = /0 Pj1(Whg(u, t) du.
>0

Since p; () = Zizl v;p; j,1(2) is the unique honest solution for o =1 (see [8, pages 685-686]
for more details on the non-fractional case), necessarily p;(?) defined above is the unique
solution for @ € (0, 1).

Definition 5.1. We say that a probability measure v is a quasi-stationary distribution (QSD) if,
for all A C€ Nt and ¢ > 0, we have the identity

Py[No(t) €A, To,q > t] =v(A)P,[T0,« > 1]. (5.15)

When o =1, a probability measure v is a QSD if and only if it is a solution to the system
VIQ@W = —Qv for some 6 € (0, 6*], where Q@ is the matrix defined in (2.2). Moreover,

Py[To > t]=e"", (5.16)

PyINi(D) = j, To > t] = vje . (5.17)

Similar properties appear in the fractional case. They are enunciated in the following results.

Proposition 5.2. Let v be a OSD for (N1(t))s=0. Then, for all « € (0, 1), the following identities
are satisfied:

PulTo,q > 11 = Eq,1(—01%), (5.18)

Py [Ne(t) = j, To.o > 1] = v;Ea,1(—01") (5.19)
Sfor some 6 € (0, 6*]. Consequently, v is a QSD for (Ny(t))r=0, & € (0, 1).

Proof. If v is a QSD for (N(#))>0, then (5.16) and (5.17) hold for some 6 € (0, 6*]. To
prove (5.18), from Theorem 3.1 we have

o0
PulToq > 1= / Py[To > ulha(u, ) du
0

o
=/ e " ho(u, 1) du
0

= a,l(_eta)

for all >0 and « € (0, 1) fixed. Equation (5.19) is obtained from (5.17) by using the same
argument. The proof concludes by noticing that (5.15) can be directly deduced from (5.18) and
(5.19). [l
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Proposition 5.2 asserts that if the initial distribution coincides with some QSD of (N{(¢))s>0,
then the distribution of the absorption time follows a Mittag—Leffler distribution. The following
theorem establishes that the family of quasi-stationary distributions for (Ny (¢));>0 coincides for

all @ € (0, 1].
Theorem 5.3. A probability measure v is a QSD for (Ny(1))r>0 if and only if it solves the system
of equations
—0vj=Aj—1vji-1 — (G + w)vj + mjp 1V, J=2, (5.20)
—0vy = —(A1 + p1)vi + u2va, (5.21)

where @ = wyvy. Consequently v is a QSD for (Ny(1))r=0 if and only if v is a QSD for (N1(t))s>o0.

Proof. From Proposition 5.2 we know that any QSD associated with N(#) is necessarily a
QSD for N, (¢), o € (0, 1], so the system of equations (5.20), (5.21) is a sufficient condition to
be a QSD for (Ng(1))r>0.

To prove the converse, we first notice that if v is a QSD, then for all j > 1

Pja(®) =Py[Ne(t) = j, To,a > t] = vjPy[To,a > 1.
By taking the operator D* on both sides we now get
Dpja(?) = vy;D*(Py[To,o > 1.
Since pj «(¢) is a solution to (5.12) satisfying p; (0) =v;, j > 1, we get forall £ > 0

vDYPy[To,q > 1) = Aj—1pj—1,a(t) — (& + 1p)pj.a () + wjir1Pj+1,(D,  j=2, (5.22)

viIDYPy[To,e > 1) = —(A1 + pp1.e(® + pn2p2.a(®). (5.23)
The existence of the limit vy = lim,_, o+ D*(P,[To,o > t]) can be deduced by noticing
first that

DYpo.o () =D*(1 = Py[To,e > t]) = —=D*(Py[To,o > 1]).
By letting  — 0T in the equation D*pg o(f) = 1p1.4(1), we get
6= lim D% () =1 im pyo(1) = pyvy.
t—0t t—0t
Finally, we take the limit  — 07 in (5.22), (5.23) to conclude that any QSD v is a solution to
(5.20), (5.21) for 6 = vy 1. O

Since the family of quasi-stationary distributions is the same for the complete interval
a € (0, 1], its characterization coincides with the one originally presented by Van Doorn,
enunciated below.

Theorem 5.4. (Van Doorn [8].) If the series

diverges, then either 6* = 0 and there is no QSD distribution, or 6* > 0, in which case there is
a family of QSD distributions indexed by vg, 0 € (0, 0*]. If the D series converges, then there
is a unique distribution QSD indexed by 6*.
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6. The linear process

We revisit the linear model, previously studied by Orsingher and Polito [23]. The birth rates
and death rates are A; = il and u; = iu respectively. To make our analysis simpler, we assume
first that the initial condition is N, (0) = 1. It is well known that in the case o = 1, the transition
probabilities are

(ay~!
(14 ayt1

(A(1 — e~ =iy =1
()\. — U e—(k—ﬂ)t)j+l

A=p,
p1,j1(0) =
(A —p)?e=A=mi A,

Similarly, the probabilities of non-extinction are

A—p K\ o om
T<1_2<X> e , A>U,
m>1
— A A\
Py[To > t] = “_Z S A<,
A 2
m>1
1
9 A’ZM
14+ At

(see Section 8.6 of [1]). A widely known fact is that the asymptotic behavior depends on the
ratio A /. In the fractional case the same occurs, so we study the three cases separately.

The case A < . As mentioned above, we first study the asymptotic behavior of the process
with initial state N, (0) = 1. When « € (0, 1), the probability of non-extinction is

—A
Pi[Toe > 1= (MT> D )" a1 (= (i = Myme)

m>1
(see formula (2.20) from [23]). We recall that from (A.8) we have for all m > 1

1
I —a)(n—1m

lim “Eq 1(— (0 — A)mt%) = 6.1)
— 00

From (6.1) and the dominated convergence theorem, we obtain

. w—=A\
lim #“P1[Too > 1] = (T) Jlim 7% Z A/ )" Eg 1 (= (e — A)mit™)

m>1

—
— <MT> >/ Jim & 1(=( = 1ymi®)

m>1

_ -/
_r(l—a),\m>l m

1 1 < A)
=————In({1——).
ra—a)a w
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The limit can be deduced in an alternative way. We now consider the representation

w—Ar (Ofp)e s
k1= (ufpye

P[To > t]=
Equations (5.1) and (5.8) jointly imply
1 o
t1~1>rgo laPi[TO’a > t] = m A ]P)[[T() > l/l] du.

By using this equivalence we get for i = 1

1 % = (hfp) e
im P [Toy > f] = / por/we du
t—00 ’ rd—-a o A

1— & e—(u—u
7
o0
= ;l Inl1— & e—(u—)»)u
'a—a)a % 0
1 1 A
=———In{1——). (6.2)
'a—a) n

Similarly, from (5.2) and (5.7) we have for all j > 1
1 o
lim FPANG ()= . To > 1= s [ BN = /. To = e
t—00 ’ ra—ow Jy

We obtain in the linear case

(AM(1 — g~ mpuyy =1
(A — pe=G—muy+l

00 () (A—pu __ 1 i—1
Cot [TEET D g,
o (A e(h—wu _ wyt

e~ A—mu gy

/0 PNy @) = j. To > ul du=<x—m2fo

By taking the change of variable z = e ") after some manipulation we find

B ) 00 (k(e(k—u)u _ 1))]'—1 G _ B )\‘j—l /l (1 _ Z)/'—l
= /(; (O 0= _ )+ ¢ du = (u ’\)W‘H o (1= Az/uy+! dz.

For z € [0, 1], it is certain that

so the expansion series

1 £+j
g = 2 () et

>0
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holds, and by applying Tonelli’s theorem we get

. oo
e e m = e /(l—z)’ S () e e

>0

=(u—2) M,HZW w () f (1—2"!

>0
_ ¢ (e TOHOIE+1)
=(n = )‘)Wﬂ%o‘/ 2 ( )I‘(£+1+1)
Since
(e+j>_(z+j)!_ Ce+j+1)
e/ eyt T T+ DIG+1)°

we can simplify some terms in the series, obtaining

yall ot TOTE+1) 1 '
(e =30 2 G0 () Feman =3¢ T S i gwm —(k/u)’

For j > 1, from a direct computation we have shown the limit

/OOIPI[M(M)_], To>uldu=— La/wy
0 A

For N,(0)=1, the quasi-limiting distribution can be deduced from (6.2) and (6.3), by

noticing that .
A A
_m(]__):Zﬂ’

6.3)

“ =1 J
so that oy
. . “wy/j
tlgglo Py[No(®) = j| Toe >1t]= m (6.4)
Since P1j=(A/ wy~1/j, the limit (6.4) can also be written in the form
lim PY[No(1) = /| Too > ] = il
f=oe ’ 2j=1 P

which is consistent with our theorems. Now, the quasi-limiting behavior when the initial cqndi-
tion is Ny (0) > 1 can be obtaingd directly from (5.4). We recall the expressions ; = (A / u)/_l /i
and A; = jA, so Ajmwj = u(A/uy and (5.11) becomes

()\./,u,)/ 1 min{i—1,j—1} 1
p = -
Y |:M L w(h/ )k

'] k=1

» min{i—1,j—1}

A /wy 1
Y g (/k
Oy ()i — 65)
N - ‘
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Equation (6.5) is the same as

1 1—(/py .

T 1 1 J =1,
_ Mo/t =1

i(k/u)’"—(/\/u)” izt

Ao/t -1

The quasi-limiting distribution is

Pij NG/ w9 — )
Yimt Pig 2t HG/ 0T — Gy

‘We notice that in the limit case i — oo we have

_ -
NG/ =T

which is not a finite measure since Zj>1 il =00.

The case A > u. We first study the case A = . The probability of non-extinction is

o
Py[To,e > 1] =/ e &y 1(—At%u) du
0

(see [23, formula (2.26)]). Alternatively, for ¢ =1 we have the identity P([Ty > ] =
1/(1 + At). From Theorem 3.1 we get the formula

1
Pi[Toe > 1 =E| ———|.
10,0 >1] |:1+)»L("‘>(t):|

In order to study the asymptotic behavior, we introduce the function
() =t*(log log %) <.
It is well known that (see [3, equation 4.2, page 31])

(o)
L0 _ e 6.6)

lim sup

t—oo  f(D)

with probability 1, for some positive constant C, depending only on «. By taking the limit
t — 00, we now get

o o f(@
lim inf f()P1 [T, > 1] = lim inf E[Hk—m}
>E liminfL
t—oo 14 AL@(r)

> E 1
- li 1 )LLW)(t) :
1m sup;_, o, ® + o
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From (6.6) and noticing that lim;_, o, f(f) = 0o, we conclude

hlrll)cl)gff(t)lpﬁ [To,o > 1] = Yo

Similarly, we compute

: P1j.a(t) . JOp1,j.a)
lim sup ————— =limsup ——————
t—oo PilToa>11  1—o00 fOP1[To,a > 1]

- lim sup,_, o, f(OP1,j,0(?)
= liminf,_ oo f(O)P[To.o > 1]

< ACq lim sup f(O)p1 j,a (0)-
— o0

The identity

(L@ 1)y ! }

Plj,a(D)= E[m

allows us to compute the limit

AL@ @y !
(1 + AL@ )y +1 }

< El:llgigpf (t)(l +AL(a)(t)y+l

lim supfz(t)pl,j,o,(t) =1lim supfz(t)IE|:
[—00

t— 00

1 ) 1
= EE[h?li‘ip (L(“>(t)/f(t))2]

_ 1
T (AC)?

In conclusion,
. . I .
lim sup f($)p1,j,«(t) < lim — lim supf2(t)p1,j,a(t) =0.
t—00 =00 f(t) 1—o0

Consequently there is no quasi-limiting distribution as expected. Finally, when A > u the
probability of non-extinction is

mooA—p w\"
Pi[Too > 11= T T (X) Ea 1 (=0 — wymit®),
m>1
which is a strictly positive value (see [23, formula (2.13)]), so there is no quasi-limiting
distribution. By following an argument similar to the previous case, we get the limit

. A—p I A—pn /"
lim *( Py [T 1] — = .
s ( e >1=— ) T(l—a) n; m
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Appendix A. The Mittag—Leffler function
We present a summary concerning the basic properties of the Mittag—Leffler function.

Definition A.1. The complex-valued Mittag—Leffler function with parameter o € (0, 1] is
defined as
k

z
Ea,l(z)—gm, zeC.

In particular, when o = 1 we have that £ | (z) = €* is the exponential function.

In the real-valued case it is well known (see [12, Proposition 3.23]) that the Mittag—Leffler
function with negative argument &, 1(—x), x > 0 is completely monotonic for all 0 <« <1,
that is,

n

(—1)”%(501,1(—@) >0.

This is equivalent to the existence of a representation of &, 1(—x) in the form of a Laplace—
Stieltjes integral with non-decreasing density and non-negative measure du:

Eat(—1)= /0 e~ du(u).

Since &£4,1(0) =1 we have from the dominated convergence theorem that u is a probability
measure. In fact we know from (3.5), for s =x and t = 1, that

o
Eq1(—0) =E[e™ D] = / e g (u, 1) du, (A.1)
0

and consequently the measure is du(u) = hy(u, 1) du. The density hy(u, 1) is known as the
Lamperti distribution obtained as the law of the ratio of two independent subordinators of order
«. In particular, the integral representation (A.1) implies that the function &£y, 1(x) is strictly
positive for x > 0.

Proposition A.1. For all . > 0, f(x) = Ey,1(—Ax®) is the unique solution to the equation
D*f(x) = —Af(x), f(O)=1. (A.2)

Proof. It proceeds by direct computation by taking the Laplace transform

L[f1(s) = /0 e ¥ f(x)dx

on both sides of (A.2). On the right-hand side we just have L[—Af](s) = —AL[f](s), whereas
on the left-hand side we have

o 1 (W
LID*F1(s) = —F(l — a)L[/o - du](s)

/ tia
= L[f ](S)ﬁ[m} ()

= (sLIF1(s) — F(0))s* 1. (A.3)
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This implies
ga—1
LIf1(s) = PR (A4)
By taking the inverse
(=2
f)= k; m,
we conclude f(x) = &y, 1(—1x%). O

Concerning the asymptotic behavior of the complex-valued Mittag—Leffler function, we
take formulas 4.7.4 and 4.7.5 from page 75 of [12]. Let o €(0,2) and let mo/2 <0 <
min{w, am}, where 6 = arg(z). For all |z| large enough we have

N—1 m

1 1/a Z N
— _aZ _ _
Ea 1) = - mEZI T =) +0(lz2I™), larg(x)| <6,
L S
_ - -N
Ear@ == F(l_ma)JrO(lzl ), 6<|arg@x)| <.

m=1

In particular, when arg(z) =0 and arg(z) =, we recover the asymptotic expansion for the
real-valued case. In fact when |x| is large enough we get the following approximations:

e 1 1 1 1
xI'1l—w) 22T -2w)

11 I
el (D= ) T 2T —20)

&ﬂwzé@ +0(x7),
(A.5)

+0(7).

The variable x can be replaced by £A1%, so that for o« # 1/2, A > 0 fixed and ¢ > 0 large enough,
we obtain the following asymptotic formulas:

1 ;170 1 1 1 1 _
g )\’taz_)» t_ _ Ot3‘1,
a1 ()= e T —a) 22T —20) T O¢ )
(A.6)
Eu 1 (=A%) = ! ! ! + 033
ol T T(—a) 2222 T(1 —2a) :
For o = 1/2, the second term in (A.6) vanishes, yielding
1 1 1 1
Eq1 (=112 = o). A7
a1 ( )= a7 ra2 TeerTcin T @ (A7)
Moreover, the following limits are valid for all A > 0:
lim %E, 1 (=A%) = —;
oo % AT —a)
(A.8)

« 1
lim e+ g1 (M) = —.
t—00 o
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