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Abstract We provide a class of separable II1 factors M whose central sequence algebra is not the
‘tail’ algebra associated with any decreasing sequence of von Neumann subalgebras of M. This settles a

question of McDuff [On residual sequences in a II1 factor, J. Lond. Math. Soc. (2) (1971), 273–280].
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1. Introduction and statement of main results

A uniformly bounded sequence (xk) in a II1 factor M is called central if limk ‖xk y−
yxk‖2 = 0, for every y ∈ M . Central sequences have played a fundamental role in the study
of II1 factors since the very beginning of the subject with Murray and von Neumann’s
property Gamma [29]. A separable II1 factor M has property Gamma if it admits a central
sequence (xk) which is not trivial, in the sense that limk ‖xk − τ(xk)1‖2 > 0. Murray and
von Neumann proved that the unique hyperfinite II1 factor has property Gamma, while
the free group factor L(F2) does not, thus giving the first example of two non-isomorphic
separable II1 factors [29]. Over two decades later, in the late 1960s, the analysis of central
sequences of [29] was refined to provide additional examples of non-isomorphic separable
II1 factors in [6, 10, 42, 49], culminating with McDuff’s construction of a continuum of
such factors [25, 26].

Shortly after, McDuff [27] defined the central sequence algebra of a II1 factor M as the
relative commutant, M ′ ∩Mω, of M into its ultrapower Mω [41, 48], where ω is a free
ultrafilter on N. This has since allowed for a more structural approach to central sequences
and led to significant progress in the study of II1 factors. Indeed, the central sequence
algebra was a crucial tool in Connes’ famous classification of amenable II1 factors [8].
Furthermore, the relative commutant M ′ ∩Mω, for some von Neumann algebra M ⊃ M ,
was used by Popa to formalize his influential spectral gap rigidity principle in [36, 37].
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Most recently, central sequence algebras and their subalgebras were used to provide a
continuum of II1 factors with non-isomorphic ultrapowers in [4] (adding to the four such
factors noticed in [12–14]).

However, despite the progress the use of central sequence algebras has allowed, their
structure remains fairly poorly understood. For instance, it is open whether any II1
factor M whose central sequence algebra is abelian admits an abelian subalgebra A such
that M ′ ∩Mω

⊂ Aω (see [24]). In this article, we investigate the existence of a certain
‘canonical form’ for central sequence algebras. To make this precise, we recall the following
notions introduced by McDuff in [28] in order to distill the key ideas of [26].

Definition 1.1 [28, Definition 2]. Let M be a separable II1 factor. A von Neumann
subalgebra A of M is called residual if limk ‖xk − E A(xk)‖2 = 0, for every central sequence
(xk) in M . A sequence (An)n∈N of von Neumann subalgebras of M is called a residual
sequence if

(1) An+1 ⊂ An , for every n;

(2) An is residual in M , for every n and

(3) if xk ∈ Ak and ‖xk‖ 6 1, for every k, then the sequence (xk) is central in M .

Remark 1.2. A decreasing sequence (An)n∈N of von Neumann subalgebras of M is residual
if and only if M ′ ∩Mω

=
⋂

n∈N Aωn . Thus, a separable II1 factor M admits a residual
sequence if and only if its central sequence algebra is equal to the ‘tail’ algebra, ∩n∈NAωn ,
associated with a decreasing sequence of von Neumann subalgebras (An)n∈N.

In [28], McDuff noted that it was unknown whether every II1 factor admits a residual
sequence. She gave examples of II1 factors which do not admit any strongly residual
sequence (An)n∈N (i.e., ones satisfying, in addition to (1)–(3), the existence of a subalgebra
An
⊂ An such that An = An+1⊗̄An) but left open the case of residual sequences. The main

goal of this article is to provide the first examples of II1 factors with no residual sequence.
Before stating our results in this direction, let us note that several large, well-studied
classes of II1 factors admit a residual sequence.

Examples 1.3. The following II1 factors admit a residual sequence:

(1) Any II1 factor without property Gamma.

(2) The hyperfinite II1 factor R. If we write R =
⊗̄

k∈NM2(C) and let Rn =⊗̄
k>nM2(C), then (Rn)n∈N is a residual sequence in R.

(3) Any II1 factor M which is strongly McDuff, i.e., can be written as M = N⊗̄R,
where N is a II1 factor without property Gamma. If An = 1⊗ Rn , then Connes’
characterization of property Gamma [8, Theorem 2.1] implies that (An)n∈N is a
residual sequence in M .

(4) Any infinite tensor product M =
⊗̄

k∈NMk of II1 factors without property Gamma.

If An =
⊗̄

k>n Mk , then [8, Theorem 2.1] implies that (An)n∈N is a residual sequence

in M . Note that M is McDuff, i.e., M ∼= M⊗̄R but not strongly McDuff [39,
Theorem 4.1].
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(5) The II1 factors L(T0(0)) and L(T1(0)), where 0 is any countable group and the
countable groups T0(0), T1(0) are defined as in [10, 26] (see also [4, Section 1.1]).
Then T0(0) and T1(0) both contain 0̃ :=

⊕
i∈N 0i , where each 0i is a copy of 0. If

An = L(
⊕

i>n 0i ), then [4, Corollary 2.11] shows that (An)n∈N is a residual sequence
in both L(T0(0)) and L(T1(0)). In particular, the uncountably many II1 factors
which were shown to have non-isomorphic ultrapowers in [4] all admit residual
sequences.

(6) Any tensor product M =
⊗̄N

k=1 Mk , where N ∈ N∪ {∞}, and for every k, Mk is

a II1 factor admitting a residual sequence, (Ak,n)n∈N. If Bn = (
⊗̄min{n,N }

k=1 Ak,n)

⊗̄(
⊗̄N

k=min{n,N }+1 Mk), then [24, Proposition 5.2] implies that (Bn)n∈N is a residual
sequence in M .

Remark 1.4. In [39, 40], Popa studied the class of II1 factors M which arise as an inductive

limit of sub-factors (Mn)n∈N with spectral gap and noticed that M ′ ∩Mω
=
⋂

n(M
′
n ∩M)ω

(see [39, Lemma 2.3]). Thus, every such II1 factor M admits a residual sequence, (M ′n ∩
M)n∈N. Conversely, although it is unclear whether any II1 factor admitting a residual

sequence must be an inductive limit of sub-factors with spectral gap, we note that this

holds for the factors in Examples 1.3(1)–(5).

We are now ready to state our first main result which gives examples of II1 factors

with no residual sequences, and thereby settles McDuff’s question [28].

Theorem A. Let 0 be a countable non-amenable group. For every k ∈ N, let πk : 0→

O(Hk) be an orthogonal representation such that

(1) π⊗l
k is weakly contained in the left regular representation of 0, for some l = l(k) ∈ N;

and

(2) there is an orthonormal sequence (ξm
k )m∈N ⊂ Hk such that supm∈N ‖πk(g)(ξm

k )−

ξm
k ‖ → 0, as k →∞, for every g ∈ 0.

Let 0 y (Bk, τk) be the Gaussian action associated with πk and 0 y (B, τ ) :=⊗̄
k∈N(Bk, τk) be the diagonal product action. Define M = B o0.

Then the II1 factor M does not admit a residual sequence of von Neumann subalgebras.

For the definition of Gaussian actions, we refer the reader to § 2.6. Next, we provide a

class of examples to which Theorem A applies and discuss a connection with a problem

posed in [23].

Example 1.5. Let 0 = Fn be the free group on n > 2 generators. Denote by |g| the word

length of an element g ∈ 0 with respect to a fixed free set of generators. Let t > 0. By [15],

the function ϕt : 0→ R given by ϕt (g) = e−t |g| is positive definite. Let ρt : 0→ O(Ht )

be the Gelfand Naimark Segal (GNS) orthogonal representation associated with ϕt and

ξt ∈ Ht such that 〈ρt (g)(ξt ), ξt 〉 = ϕt (g), for all g ∈ 0. Let ρ̃t = ρt ⊗ Id`2(N) : 0→ O(Ht ⊗

`2(N)) be the direct sum of infinitely many copies of ρt .
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Let (tk) be any sequence of positive numbers converging to 0 and put πk := ρ̃tk : 0→

O(Htk ⊗ `
2(N)). Then the representations (πk)k∈N satisfy the hypothesis of Theorem A.

First, given t > 0, note that ϕl
t ∈ `

2(0), and hence ρ⊗l
t is contained in a multiple of the

left regular representation of 0, whenever l > log(2n− 1)/(2t). This implies that π⊗l
k is

contained in a multiple of the left regular representation of 0, for some integer l = l(k) >
1. Second, note that the vectors ξm

k := ξtk ⊗ δm ∈ Htk ⊗ `
2(N) satisfy supm∈N ‖πk(g)(ξm

k )−

ξm
k ‖ =

√
2(1−ϕtk (g))→ 0, as k →∞, for any g ∈ 0.

Remark 1.6. Theorem A also sheds new light on a problem of Jones and Schmidt. In [23,

Theorem 2.1], they proved that any ergodic but not strongly ergodic countable measure
preserving equivalence relation R on a probability space (X, µ) admits a hyperfinite

quotient. More specifically, there exists an ergodic hyperfinite measure preserving

equivalence relation Rhyp on a probability space (Y, ν) together with a factor map π :

(X, µ)→ (Y, ν) such that (π ×π)(R) = Rhyp, almost everywhere. In [23, Problem 4.3],

Jones and Schmidt asked whether there is always such a quotient with the additional

property that R0 := {(x1, x2) ∈ R | π(x1) = π(x2)} is strongly ergodic on almost all of
its ergodic components. If such a quotient exists, then following [21, Definition 1.3], we

say that R has the Jones–Schmidt property. If R has the Jones–Schmidt property and

we let M = L(R), A = L∞(X), then there exists a decreasing sequence of von Neumann

subalgebras (Bn)n∈N of A such that M ′ ∩ Aω =
⋂

n Bωn and Bn+1 ⊂ Bn has finite index for

every n ∈ N (see [21, Proposition 5.3 and the proof of Lemma 6.1]).

In [21, Theorems E and F], the authors settled in the negative [23, Problem 4.3] by

providing examples of equivalence relations R without the Jones–Schmidt property. This

was achieved by showing that for certain R, in the above notation, M ′ ∩ Aω is not equal

to ∩n Bωn , for any decreasing sequence of von Neumann subalgebras (Bn)n∈N of A with

Bn+1 ⊂ Bn of finite index for every n ∈ N.

Theorem A allows us to strengthen the negative solution to [23, Problem 4.3] given in

[21]. More precisely, in the context of Theorem A, assume that 0 is not inner amenable

and let R be the equivalence relation associated with the action 0 y B. Since M =
L(R) = B o0 has no residual sequence by Theorem A, while M ′ ∩ Aω = M ′ ∩Mω by [7],

we deduce that M ′ ∩ Aω cannot be written as
⋂

n Bωn , for any decreasing sequence (Bn)n∈N
of von Neumann subalgebras of A.

Our second main result shows that the conclusion of Theorem A also holds if we replace

Gaussian by free Bogoljubov actions (see § 2.6). Moreover, we establish the following

stronger statement.

Theorem B. Let 0 be a countable non-inner amenable group. For every k ∈ N, let πk :

0→ O(Hk) be an orthogonal representation such that

(1) π⊗l
k is weakly contained in the left regular representation of 0, for some l = l(k) ∈ N,

and

(2) there are orthogonal unit vectors ξ1
k , ξ

2
k ∈ Hk such that maxm∈{1,2} ‖πk(g)(ξm

k )−

ξm
k ‖ → 0, as k →∞, for every g ∈ 0.
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Let 0 y (Bk, τk) be the free Bogoljubov action associated with πk and 0 y (B, τ ) :=⊗̄
k∈N(Bk, τk) be the diagonal product action. Define M = B o0.

Then the II1 factor M does not admit a residual sequence of von Neumann subalgebras.

Moreover, there exists a separable von Neumann subalgebra P ⊂ M ′ ∩Mω such that

there is no sequence (An)n∈N of von Neumann subalgebras of M satisfying P ⊂
∏
ω An ⊂

M ′ ∩Mω.

Since 0 = Fn is not inner amenable for any n > 2 and the representations (πk)k∈N from

Example 1.5 satisfy the hypothesis of Theorem B, its conclusion holds for those examples.

Moreover, in the notation from Example 1.5, πk = ρtk ⊕ ρtk also satisfy the hypothesis of

Theorem B.

In order to put Theorem B into a better perspective and to contrast it with Theorem A,

we note the following result.

Proposition C. Let (Mn, τn), n ∈ N, be a sequence of tracial von Neumann algebras. Let

P, Q be commuting separable von Neumann subalgebras of
∏
ω Mn. Assume that P is

amenable.

Then there exist commuting von Neumann subalgebras Pn, Qn of Mn, for every n ∈ N,

such that P ⊂
∏
ω Pn and Q ⊂

∏
ω Qn.

Proposition C implies that for any tracial von Neumann algebra (M, τ ) and any

separable amenable von Neumann subalgebra P ⊂ M ′ ∩Mω, there is a sequence (Pn)n∈N
of von Neumann subalgebras of M such that P ⊂

∏
ω Pn and M ⊂

∏
ω(P

′
n ∩M), and,

therefore, P ⊂
∏

n Pn ⊂ M ′ ∩Mω. Consequently, the moreover part of Theorem B cannot

hold if P is amenable. In particular, if M = B o0 is as in Theorem A and 0 is not inner

amenable, then M will not satisfy the moreover assertion of Theorem B. Indeed, in this

case, M ′ ∩Mω is abelian, being a subalgebra of Bω by [7].

In recent years, there has been growing interest in the study of the notion of stability for

groups (see the survey [44]). As a byproduct of the methods developed in this article, we

obtain two applications to the notion of tracial stability for countable groups, formalized
recently in [17] (see also [16]).

Definition 1.7 [17, Definition 3]. A countable group 0 is W ∗-tracially stable if for any

sequence (Mn, τn), n ∈ N, of tracial von Neumann algebras and any homomorphism ϕ :

0→ U(
∏
ω Mn), there exist homomorphisms ϕn : 0→ U(Mn), for every n ∈ N, such that

ϕ = (ϕn)n .

The class of W∗-tracially stable groups contains all abelian and free groups as well

as other classes of both amenable and non-amenable groups; see [17]. As an immediate

consequence of Proposition C, we deduce that the class of W∗-tracially stable groups is

closed under taking the direct product with a W ∗-tracially stable amenable group. For

the case of the direct product with an abelian group, this result is part of [17, Theorem 1].

Corollary D. Let 0 and Σ be W ∗-tracially stable groups. Assume that Σ is amenable.

Then 0×Σ is W ∗-tracially stable.
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In contrast to Corollary D, we show that the class of W∗-tracially stable groups is not

closed under taking the direct product. More precisely, we prove that any direct product

of non-abelian free groups is not W∗-tracially stable, thereby answering a question of

Atkinson in the negative (see [1, Question 4.16]).

Theorem E. Fl ×Fm is not W ∗-tracially stable, for any 2 6 l,m 6 +∞.

Moreover, there exist a II1 factor M and a trace preserving ∗-homomorphism ϕ :

L(F2×F2)→ Mω such that there is no sequence of homomorphisms ϕn : F2×F2 → U(M)
satisfying ϕ|F2×F2 = (ϕn)n.

Structure of the paper

Besides the introduction, there are four other sections in this paper. In § 2, we recall

some preliminaries and prove a few useful lemmas needed in the remainder of the paper.
In § 3, inspired by Boutonnet’s work [2, 3], we prove a structural result concerning II1
factors associated with Gaussian and free Bogoljubov actions. In § 4, this is used to

prove Theorems A and B. Finally in § 5, we prove Proposition C and use the established

machinery from the previous sections to deduce Theorem E.

2. Preliminaries

2.1. Tracial von Neumann algebras

We begin this section by recalling several notions and constructions involving tracial von

Neumann algebras.

A tracial von Neumann algebra (M, τ ) is a von Neumann algebra M equipped with

a faithful normal tracial state τ : M → C. We denote by L2(M) the completion of M
with respect to the 2-norm ‖x‖2 =

√
τ(x∗x) and consider the standard representation

M ⊂ B(L2(M)). We also denote by U(M) the group of unitary elements of M , by (M)1 =
{x ∈ M | ‖x‖ 6 1} the unit ball of M and by Z(M) = M ∩M ′ the center of M . It follows

from von Neumann’s bicommutant theorem that a self-adjoint set S ⊂ M generates M
as a von Neumann algebra if and only if S′′ = M .

Let P ⊂ M be a unital von Neumann subalgebra. Jones’ basic construction of the

inclusion P ⊂ M is defined as the von Neumann subalgebra of B(L2(M)) generated by M
and the orthogonal projection eP : L2(M)→ L2(P) and is denoted by 〈M, eP 〉. The basic

construction 〈M, eP 〉 carries a canonical semi-finite trace τ̂ defined by τ̂ (xeP y) = τ(xy),
for all x, y ∈ M . We further denote by EP : M → P the conditional expectation onto P,

by P ′ ∩M = {x ∈ M | xy = yx , for all y ∈ P} the relative commutant of P in M and by

NM (P) = {u ∈ U(M) | u Pu∗ = P} the normalizer of P in M . We say that P is regular in

M if NM (P) generates M as a von Neumann algebra.

Any trace preserving action 0 yσ (M, τ ) extends to a unitary representation σ : 0→

U(L2(M)) called the Koopman representation of σ .

Let ω be a free ultrafilter on N. Consider the C∗-algebra `∞(N,M) = {(xn) ∈ MN
|

sup ‖xn‖ <∞} together with its closed ideal I = {(xn) ∈ `
∞(N,M) | lim

n→ω
‖xn‖2 = 0}.

Then Mω
:= `∞(N,M)/I is a tracial von Neumann algebra, called the ultrapower of
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M , whose canonical trace is given by τω(x) = lim
n→ω

τ(xn), for all x = (xn) ∈ Mω. If (Mn)n

is a sequence of von Neumann subalgebras of M , then their ultraproduct, denoted by∏
ω Mn , can be realized as the von Neumann subalgebra of Mω consisting of x = (xn)

such that lim
n→ω
‖xn − EMn (xn)‖2 = 0.

Lemma 2.1. Let (M, τ ) be a tracial von Neumann algebra and (An)n be a sequence of von

Neumann subalgebras of M such that
∏
ω An ⊂ M ′ ∩Mω. Then lim

n→ω
‖x − E A′n∩M (x)‖2 = 0,

for every x ∈ M.

Proof. Let x ∈ M . If n ∈ N, we can find un ∈ U(An) such that ‖x − un xu∗n‖2 >
‖x − E A′n∩M (x)‖2 (see, e.g., the proof of [21, Theorem 2.5]). Since (un) ∈

∏
ω An

and
∏
ω An ⊂ M ′ ∩Mω, we get that limn→ω ‖x − un xu∗n‖2 = 0 and hence limn→ω ‖x −

E A′n∩M (x)‖2 = 0.

2.2. Hilbert bimodules

Let (M1, τ1) and (M2, τ2) be two tracial von Neumann algebras. An M1-M2-bimodule is

a Hilbert space H endowed with two normal, commuting ∗-homomorphisms π1 : M1 →

B(H) and π2 : Mop
2 → B(H). We define a ∗-homomorphism πH : M1⊗Mop

2 → B(H) by

πH(x ⊗ yop) = π1(x)π2(yop) and write xξ y = π1(x)π2(yop)ξ , for all x ∈ M1, y ∈ M2 and

ξ ∈ H. We also write M1HM2 to indicate that H is an M1-M2-bimodule. Examples of

bimodules include the trivial M1-bimodule M1 L2(M1)M1 and the coarse M1-M2-bimodule

M1 L2(M1)⊗ L2(M2)M2 .

Next, we recall a few notions and constructions involving bimodules (see [9, Appendix

B] and [33]). If H and K are M1-M2-bimodules, we say that H is weakly contained

in K and write H ⊂weak K if ‖πH(T )‖ 6 ‖πK(T )‖, for all T ∈ M1⊗Mop
2 . If H is an

M1-M2-bimodule and K is an M2-M3-bimodule, then the Connes fusion tensor product of

H and K is an M1-M3-bimodule denoted by H⊗M2 K. If 8 : M1 → M2 is a unital normal

completely positive map, then there is a unique M1-M2-bimodule, denoted by H8, with

a unit vector ξ8 ∈ H8 such that M1ξ8M2 is dense in H8 and 〈xξ8y, ξ8〉 = τ2(8(x)y),
for all x ∈ M1 and y ∈ M2. The next result analyzes the Connes fusion tensor product of

bimodules associated with completely positive maps.

Lemma 2.2. Let 8 : M1 → M2 and 9 : M2 → M3 be unital normal completely positive

maps, where (M1, τ1), (M2, τ2), (M3, τ3) are tracial von Neumann algebras. Then the

following hold:

(1) The M1-M3-bimodule H9◦Ad(u)◦8 is isomorphic to a sub-bimodule of H8⊗M2 H9 ,

for every u ∈ U(M2).

(2) If U is a set of unitaries in M2 whose span is ‖.‖2-dense in M2, then the

M1-M3-bimodule H8⊗M2 H9 is isomorphic to a sub-bimodule of
⊕

u∈U H9◦Ad(u)◦8.

Proof. For u ∈ U(M2), we denote ηu := ξ8u∗⊗M2 ξ9 ∈ H8⊗M2 H9 . Following [33,

§ 1.3.1], for every x ∈ M1, y ∈ M3, we have that

〈xηu y, ηu〉 = 〈xξ8u∗⊗M2 ξ9 y, ξ8u∗⊗M2 ξ9〉 = 〈xξ8u∗ p, ξ8u∗〉 = τ2(8(x)u∗ pu),
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where p ∈ M2 is such that τ2(zp) = 〈zξ9 y, ξ9〉 = τ3(9(z)y), for all z ∈ M2. Thus, for

all x ∈ M1, y ∈ M3, we have that 〈xηu y, ηu〉 = τ2(u8(x)u∗ p) = τ3(9(u8(x)u∗)y). This

shows that the M1-M3-bimodule M1ηu M3 is isomorphic to H9◦Ad(u)◦8 and proves the

first assertion of the lemma.

Finally, note that if the span of U ⊂ U(M2) is ‖.‖2-dense in M2, then the span of

{M1ηu M3 | u ∈ U} is dense in H8⊗M2 H9 . This implies the second assertion.

2.3. Intertwining by bimodules

We next recall from [35, Theorem 2.1 and Corollary 2.3] the powerful intertwining-

by-bimodules technique of Popa.

Theorem 2.3 [35]. Let (M, τ ) be a tracial von Neumann algebra and P ⊂ pMp, Q ⊂ q Mq
be unital von Neumann subalgebras, for some projections p, q ∈ M. Then the following
conditions are equivalent:

• There exist projections p0 ∈ P, q0 ∈ Q, a ∗-homomorphism θ : p0 Pp0 → q0 Qq0 and a

non-zero partial isometry v ∈ q0 Mp0 such that θ(x)v = vx, for all x ∈ p0 Pp0.

• There is no net un ∈ U(P) satisfying ‖EQ(x∗un y)‖2 → 0, for all x, y ∈ pMq.

• There exists a non-zero projection f ∈ P ′ ∩ 〈M, eQ〉 with τ̂ ( f ) <∞.

If one of these conditions holds true, then we write P ≺M Q and say that a corner of P
embeds into Q inside M. If Pp′ ≺M Q for any non-zero projection p′ ∈ P ′ ∩ pMp, then

we write P ≺s
M Q.

2.4. Amenability

A tracial von Neumann algebra (M, τ ) is called amenable if there exists a positive

linear functional ϕ : B(L2(M))→ C such that ϕ|M = τ and ϕ is M-central, in the

following sense: ϕ(xT ) = ϕ(T x), for all x ∈ M and T ∈ B(L2(M)). Equivalently, (M, τ ) is

amenable if M L2(M)M is weakly contained in M L2(M)⊗ L2(M)M . By Connes’ celebrated

classification of amenable factors [8], M is amenable if and only if it is approximately

finite dimensional.

Next, we recall the notion of relative amenability introduced by Ozawa and Popa. Let

p ∈ M be a projection and P ⊂ pMp, Q ⊂ M be von Neumann subalgebras. Following

[31, § 2.2], we say that P is amenable relative to Q inside M if there exists a positive

linear functional ϕ : p〈M, eQ〉p→ C such that ϕ|pMp = τ and ϕ is P-central.

As shown in [11, Lemma 2.7], relative amenability is closed under inductive limits.

Here we establish the following generalization of this result, which we will need later on.

Given a set I , we denote by limn a state on `∞(I ) which extends the usual limit.

Lemma 2.4. Let (M, τ ) be a tracial von Neumann algebra and P, Q ⊂ M be von Neumann

subalgebras. Assume that Pn ⊂ M, n ∈ I , is a net of von Neumann subalgebras such that

‖EPn (x)− x‖2 → 0, for all x ∈ P, and pn ∈ P ′n ∩M are projections such that Pn pn is

amenable relative to Q inside M, for every n ∈ I . Then there exists a projection p ∈
P ′ ∩M such that Pp is amenable relative to Q inside M and τ(p) > limn τ(pn).
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Proof. We may clearly assume that c := limn τ(pn) > 0 and τ(pn) > 0, for every n.

For every n, let ϕn : pn〈M, eQ〉pn → C be a Pn pn-central positive linear functional

such that ϕn |pn Mpn = τ . The Cauchy–Schwarz inequality implies that |ϕn(pnT xpn)| 6√
ϕn(pnT T ∗ pn)ϕn(pn x∗xpn) 6 ‖T ‖‖x‖2 and, similarly, that |ϕn(pn xT pn)| 6 ‖T ‖‖x‖2, for

all x ∈ M , T ∈ 〈M, eQ〉.

We define a state ϕ : 〈M, eQ〉 → C by letting

ϕ(T ) = lim
n

ϕn(pnT pn)

τ (pn)
, for every T ∈ 〈M, eQ〉.

We claim that ϕ is P-central. To this end, let x ∈ P, T ∈ 〈M, eQ〉 and n ∈ I . Since ϕn
is Pn pn-central, ϕn(pnT EPn (x)pn) = ϕn(pn EPn (x)T pn), and, thus,

|ϕn(pnT xpn)−ϕn(pn xT pn)| 6 |ϕn(pnT (x − EPn (x))pn)| + |ϕn(pn(x − EPn (x))T pn)|

6 2‖T ‖‖x − EPn (x)‖2.

Since ‖x − EPn (x)‖2 → 0 and limn τ(pn) > 0, we get that ϕ(T x) = ϕ(xT ), and the claim

is proven.

Finally, note that ϕ|M 6 1
c τ . Thus, we can find y ∈ P ′ ∩M such that 0 6 y 6 1

c and
ϕ(x) = τ(xy), for all x ∈ M . Let p ∈ P ′ ∩M be the support projection of y. Then y 6
1
c p; hence, τ(p) > cτ(y) = c. Since the restriction of ϕ to p(P ′ ∩M)p is faithful, [31,

Theorem 2.1] implies that Pp is amenable relative to Q inside M , which finishes the

proof.

Corollary 2.5. Let (M, τ ) and (N , τ ′) be tracial von Neumann algebras. Assume that

there exists a net of von Neumann subalgebras Pn ⊂ M, n ∈ I , and trace preserving

∗-homomorphisms πn : N → M such that ‖πn(x)− EPn (πn(x))‖2 → 0, for every x ∈ N .

For n ∈ I , let pn ∈ P ′n ∩M be a projection such that Pn pn is amenable. Then there is a

projection z ∈ Z(N ) such that N z is amenable and τ(z) > limn τ(pn). In particular, if Pn
is amenable for every n, then N is amenable.

Proof. For every n, let Mn = M and view Pn and N as subalgebras of Mn via the identity

map and πn , respectively. If we put M̃ = ∗N ,n∈I Mn , then we have ‖EPn (x)− x‖2 → 0,

for every x ∈ N . Since Pn pn is amenable for every n, Lemma 2.4 implies the existence
of a projection p ∈ N ′ ∩ M̃ such that N p is amenable and τ(p) > limn τ(pn). Thus, if z
is the support projection of EZ(N )(p), then N z is amenable. Since z > p, we have that

τ(z) > τ(p), which finishes the proof.

The next lemma, which appears to be of independent interest, provides general

conditions which guarantee that if P is amenable relative to a decreasing net of

subalgebras Qn , then P is amenable relative to their intersection,
⋂

n Qn . More generally,

we have the following.

Lemma 2.6. Let (M, τ ) be a tracial von Neumann algebra and Q ⊂ M a von Neumann

subalgebra. Assume that there exist nets of von Neumann subalgebras Qn,Mn ⊂ M such

that

(1) Q ⊂ Mn ∩ Qn and Qn L2(M)Mn ⊂weak Qn L2(Qn)⊗Q L2(Mn)Mn , for every n;

(2) ‖x − EMn (x)‖2 → 0, for every x ∈ M.
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If P ⊂ M is a von Neumann subalgebra which is amenable relative to Qn inside M, for

every n, then P is amenable relative to Q inside M.

Lemma 2.6 applies, in particular, if there exists un ∈ U(M) such that un Pu∗n ⊂ Qn
or, more generally, if P ≺s

M Qn , for every n. Indeed, by [11, Lemma 2.6(3)], the latter

condition implies that P is amenable relative to Qn inside M .

Proof. Assume that P is amenable relative to Qn , for every n. Then [31, Theorem 2.1]

gives that P L2(M)M ⊂weak P L2(M)⊗Qn L2(M)M , and, thus, P L2(M)Mn ⊂weak

P L2(M)⊗Qn L2(M)Mn , for every n. Since Qn L2(M)Mn ⊂weak Qn L2(Qn)⊗Q L2(Mn)Mn , we

further get that P L2(M)Mn ⊂weak P L2(M)⊗Q L2(Mn)Mn , and, thus,

P L2(M)⊗Mn L2(M)M ⊂weak P L2(M)⊗Q L2(Mn)⊗Mn L2(M)M

= P L2(M)⊗Q L2(M)M , for every n.

On the other hand, since ‖x − EMn (x)‖2 → 0, for every x ∈ M , we have

P L2(M)M ⊂weak

⊕
n

P L2(M)⊗Mn L2(M)M .

By combining the last two displayed inclusions, we get that P L2(M)M ⊂weak P L2(M)⊗Q
L2(M)M , and, therefore, P is amenable relative to Q inside M .

Remark 2.7. Several weaker versions of particular cases of Lemma 2.6 have been observed

before. Indeed, conditions (1) and (2) from Lemma 2.6 are satisfied in the following two

cases:

(a) M = ∗Q,k∈NMk is an amalgamated free product of tracial von Neumann algebras

(Mk)k∈N over a common subalgebra Q, Qn = ∗Q,k>n Mk and Mn = ∗Q,k<n Mk .

(b) M = (
⊗̄

k∈NMk)⊗̄Q is an infinite tensor product of tracial von Neumann algebras

(Mk)k∈N and Q, Qn = (
⊗̄

k>n Mk)⊗̄Q and Mn = (
⊗̄

k<n Mk)⊗̄Q.

Lemma 2.6 was first noticed by the first author in case (a) under the assumption that

P can be unitarily conjugated into Qn and extended in [19, Proposition 4.2] to cover the
more general assumption that P ≺s

M Qn . When Q = C1, the latter result was also noticed

by Boutonnet and Vaes (personal communication), whose proof inspired our Lemma 2.6.

In case (b), weaker versions of Lemma 2.6 were obtained in [22, Lemma 4.4] and [5,
Proposition 2.7].

2.5. Malleable deformations

In [34, 35], Popa introduced the notion of an s-malleable deformation of a von Neumann

algebra. In combination with his powerful deformation/rigidity techniques, this notion has

led to remarkable progress in the theory of von Neumann algebras (see, e.g., [20, 38, 45]).

S-malleable deformations will also play an important role in this paper.

Definition 2.8. Let (M, τ ) be a tracial von Neumann algebra. We say that a triple

(M̃, (αt )t∈R, β) is an s-malleable deformation of M if the following conditions hold:
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(1) (M̃, τ̃ ) is a tracial von Neumann algebra such that M̃ ⊃ M and τ̃|M = τ ;

(2) (αt )t∈R ⊂ Aut(M̃, τ̃ ) is a one-parameter group with limt→0 ‖αt (x)− x‖2 = 0, for all

x ∈ M̃ .

(3) β ∈ Aut(M̃, τ̃ ) satisfies β2
= IdM̃ , βαtβ

−1
= α−t for all t ∈ R, and β(x) = x , for all

x ∈ M .

As established in [36], s-malleable deformations have the following ‘transversality’
property.

Lemma 2.9 [36, Lemma 2.1]. For any x ∈ M and t ∈ R, we have

‖x −α2t (x)‖2 6 2 ‖αt (x)− EM (αt (x))‖2 .

2.6. Gaussian and free Bogoljubov actions

We next discuss two kinds of actions that will play a crucial role in this paper, Gaussian

and free Bogoljubov actions. Below we describe one possible construction of these actions,

following [32] and [47]. For further properties of Gaussian and free Bogoljubov actions,

we refer the reader to [3] and [18], respectively.

For the remainder of the preliminaries, we fix an orthogonal representation π : 0→

O(HR) of a countable group 0 on a real Hilbert space HR. Let H = HR⊗R C be the

complexified Hilbert space, H⊗n its nth tensor power and H�n its symmetric nth tensor

power. The latter is the closed subspace of H⊗n spanned by vectors of the form

ξ1� · · ·� ξn :=
1
n!

∑
σ∈Sn

ξσ(1)⊗ · · ·⊗ ξσ(n),

with the inner product normalized such that ‖ξ‖2H�n = n! ‖ξ‖2H⊗n . We then consider the

symmetric Fock space

S(H) := C�⊕
⊕
n>1

H�n,

where the unit vector � is the so-called vacuum vector. Any vector ξ ∈ H gives rise to

an unbounded operator `ξ on S(H), the so-called left creation operator, defined by

`ξ (�) = ξ, and `ξ (ξ1� · · ·� ξn) = ξ � ξ1� · · ·� ξn .

Denoting s(ξ) = `ξ + `∗ξ , one checks that the operators {s(ξ)}ξ∈H commute. Moreover,

one can show [32] that with respect to the vacuum state 〈·�,�〉, they can be regarded

as independent random variables with Gaussian distribution N (0, ‖ξ‖2).
Consider the abelian von Neumann algebra Aπ ⊂ B(S(H)) generated by all operators

of the form

ω(ξ1, . . . , ξn) := exp(iπs(ξ1) . . . s(ξn)),

together with the trace τ = 〈·�,�〉. Any orthogonal operator T ∈ O(HR) can also be

viewed as a unitary operator on its complexification H and gives rise to a unitary operator

on S(H), which we will still denote by T , defined by

T (�) = �, and T (ξ1� · · ·� ξn) = (T ξ1)� · · ·� (T ξn).
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One then checks that Tω(ξ1, . . . , ξn)T ∗ = ω(T ξ1, . . . , T ξn); hence, T normalizes Aπ . Since

T (�) = �, Ad(T ) is a trace preserving automorphism of Aπ .

Definition 2.10. The Gaussian action associated with π is the action σ = σπ : 0 y
(Aπ , τ ) defined by σg = Ad(π(g)), for every g ∈ 0.

One can easily check that the unitaries ω(ξ) satisfy the properties ω(0) = 1, ω(ξ + η) =

ω(ξ)ω(η), τ(ω(ξ)) = exp(−‖ξ‖2) and σg(ω(ξ)) = ω(π(g)ξ) for all ξ, η ∈ H, g ∈ 0. This,

in fact, gives an equivalent description of the Gaussian action (see [46]).

The free Bogoljubov action arises in a similar way using the full Fock space

F(H) := C�⊕
⊕
n>1

H⊗n .

We consider the left creation operator Lξ associated with ξ ∈ H defined by

Lξ (�) = ξ, and Lξ (ξ1⊗ · · ·⊗ ξn) = ξ ⊗ ξ1⊗ · · ·⊗ ξn .

Putting W (ξ) = Lξ + L∗ξ , one can show [47] that the distribution of the self-adjoint

operator W (ξ) with respect to the vacuum state 〈·�,�〉 is the semicircular law supported

on [−2 ‖ξ‖ , 2 ‖ξ‖] and that for any orthogonal set of vectors from HR, the associated

family of operators is freely independent with respect to 〈·�,�〉.

Denote by 0(HR)′′ the von Neumann algebra generated by {W (ξ) | ξ ∈ HR}. Then

0(HR)′′ is isomorphic to the free group factor L(Fdim(HR)). Moreover, τ = 〈·�,�〉 is

a normal faithful trace on 0(HR)′′. As for the symmetric Fock space, any operator

T ∈ O(HR) induces an operator T ∈ U(F(H)), satisfying Ad(T )(W (ξ)) = W (T ξ).

Definition 2.11. The free Bogoljubov action associated with π is the action ρ = ρπ : 0 y
(0(HR)′′, τ ) defined by ρg = Ad(π(g)), for every g ∈ 0.

Since 0(HR)′′� = F(H), the Koopman representation associated with ρ of 0 on

L2(0(HR)′′) is isomorphic to the representation of 0 on F(H). This implies the following

fact which will be needed later on.

Lemma 2.12. Denote by ρ0 the restriction of the Koopman representation of ρ to

L2(0(HR)′′)	C1. If π⊗k is weakly contained in the left regular representation of 0, for

some k ∈ N, then ρ⊗k
0 is weakly contained in the left regular representation of 0.

2.7. Deformations associated with Gaussian and free Bogoljubov actions

We will now recall the construction of s-malleable deformations of the crossed product

von Neumann algebras associated with the above actions. On HR⊕ HR, consider the

orthogonal operators

At =

(
cos(π2 t) − sin(π2 t)

sin(π2 t) cos(π2 t)

)
, t ∈ R, and B =

(
1 0

0 −1

)
.

https://doi.org/10.1017/S1474748019000653 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748019000653


II1 factors with exotic central sequence algebras 1683

We note that, canonically, Aπ⊕π ∼= Aπ ⊗̄Aπ and 0(HR⊕ HR)′′ ∼= 0(HR)′′ ∗0(HR)′′. Under

these identifications, we have that σπ⊕π ∼= σπ ⊗ σπ and ρπ⊕π ∼= ρπ ∗ ρπ , respectively.

Associated with the operators At and B, we get automorphisms

αt := Ad(At ), t ∈ R, and β := Ad(B)

of Aπ ⊗̄Aπ and 0(HR)′′ ∗0(HR)′′, respectively. Since At and B commute with π ⊕π , it

follows that αt and β commute with σπ ⊗ σπ and ρπ ∗ ρπ , respectively.

• For the Gaussian action, let M = Aπ o0, M̃ = (Aπ ⊗̄Aπ )o0, and view M as a

subalgebra of M̃ via M ∼= (Aπ ⊗̄1)o0. By the discussion above, the automorphisms αt
and β of Aπ ⊗̄Aπ extend to automorphisms of M̃ by letting αt (ug) = β(ug) = ug, for

all g ∈ 0.

• For the free Bogoljubov action, let M = 0(HR)′′o0, M̃ = (0(HR)′′ ∗0(HR)′′)o0, and

view M as a subalgebra of M̃ via M ∼= (0(HR)′′ ∗ 1)o0. By the discussion above, the

automorphisms αt and β of 0(HR)′′ ∗0(HR)′′ extend to automorphisms of M̃ by letting

αt (ug) = β(ug) = ug, for all g ∈ 0.

In both cases, it is easy to check that (M̃, (αt )t∈R, β) is an s-malleable deformation of M .

3. Spectral gap rigidity

This section is devoted to the following rigidity result and its Corollary 3.2.

Theorem 3.1. Let (M, τ ) be a tracial von Neumann algebra and N , P ⊂ M be

von Neumann subalgebras. Assume that there exists an s-malleable deformation
(M̃, (αt )t∈R, β) such that

(1) The M-bimodule H := L2(M̃)	 L2(M) has the property that H⊗M k is weakly
contained in the bimodule L2(M)⊗N L2(M), for some k ∈ N.

(2) The M-bimodule L2(M̃) with the bimodular structure given by x · ξ · y = xξα1(y),
for every x, y ∈ M, ξ ∈ L2(M̃), is contained in a multiple of the bimodule L2(M)⊗P
L2(M).

Let Q ⊂ M be a von Neumann subalgebra such that Qp is not amenable relative to N
inside M, for any non-zero projection p ∈ Q′ ∩M. Then Q′ ∩M ≺s

M P.

The proof of Theorem 3.1 relies on Popa’s deformation/rigidity theory and notably uses
his spectral gap rigidity principle introduced in [36, 37]. Theorem 3.1 and Corollary 3.2

were inspired by Boutonnet’s work (see [2] and [3, Chapter II]), whose exposition we

follow closely. Finally, we note that condition (1) in Theorem 3.1 was first considered by

Sinclair in [43].

Corollary 3.2. Let 0 be a countable group and π : 0→ O(HR) be an orthogonal

representation. Assume that π⊗k is weakly contained in the left regular representation of

0, for some k ∈ N. Let 0 y (C, τ ) be either the Gaussian action or the free Bogoljubov

action associated with π . Let 0 y (D, ρ) be a trace preserving action on a tracial von

Neumann algebra D, consider the diagonal product action 0 y (C⊗̄D, τ ⊗ ρ), and denote

M = (C⊗̄D)o0.
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Let Q ⊂ M be a von Neumann subalgebra such that Qp is not amenable relative to D
inside M, for any non-zero projection p ∈ Q′ ∩M. Then Q′ ∩M ≺s

M D o0.

The remainder of this section is devoted to the proofs of Theorem 3.1 and Corollary 3.2.

Lemma 3.3 [2]. Let (M̃, τ ) be a tracial von Neumann algebra and N ⊂ M ⊂ M̃ be

von Neumann subalgebras. Assume that the M-bimodule H := L2(M̃)	 L2(M) has the

property that H⊗M k is weakly contained in the bimodule L2(M)⊗N L2(M), for some k ∈ N.
Let Q ⊂ M be a von Neumann subalgebra such that Qp is not amenable relative to N

inside M, for any non-zero projection p ∈ Q′ ∩M. Then Q′ ∩ M̃ω
⊂ Mω. In particular,

Q′ ∩ M̃ ⊂ M.

Proof. The proof of [2, Lemma 2.3], which applies verbatim for N = C1, works in

general.

The following lemma is a standard application of Popa’s spectral gap rigidity principle.

Lemma 3.4. Let (M, τ ) be a tracial von Neumann algebra and N ⊂ M be a von Neumann

subalgebra. Assume that there exists an s-malleable deformation (M̃, (αt )t∈R, β) such that

the M-bimodule H := L2(M̃)	 L2(M) has the property that H⊗M k is weakly contained in

the bimodule L2(M)⊗N L2(M), for some k ∈ N.

Let Q ⊂ M be a von Neumann subalgebra such that Qp is not amenable relative to

N inside M, for any non-zero projection p ∈ Q′ ∩M. Then αt converges uniformly on
(Q′ ∩M)1.

Proof. Fix ε > 0. Since Q′ ∩ M̃ω
⊂ Mω by Lemma 3.3, there exist x1, . . . , xn ∈ Q and

δ > 0 such that for all y ∈ (M̃)1:

∀i ∈ {1, . . . , n} : ‖[y, xi ]‖2 6 δ H⇒ ‖y− EM (y)‖2 6 ε.

Taking t > 0 such that ‖αs(xi )− xi‖2 6 δ
2 for all 1 6 i 6 n and all s ∈ [0, t], we get for

any x ∈ (Q′ ∩M)1

‖αs(x)xi − xiαs(x)‖2 = ‖xα−s(xi )−α−s(xi )x‖2
6 2 ‖x‖ ‖α−s(xi )− xi‖2+‖xxi − xi x‖2
6 2 ‖αs(xi )− xi‖2

6 δ.

Hence, for all s ∈ [0, t] and x ∈ (Q′ ∩M)1, we have ‖αs(x)− EM (αs(x))‖2 6 ε, and,

thus, by Lemma 2.9, ‖α2s(x)− x‖2 6 2ε. It follows that αt converges uniformly on

(Q′ ∩M)1.

Lemma 3.5. Assume the setting of Lemma 3.4 and let p ∈ (Q′ ∩M)′ ∩M be a non-zero

projection. Then there is a non-zero element a1 ∈ pM̃α1(p) such that xa1 = a1α1(x) for

all x ∈ (Q′ ∩M)p.

Proof. We follow closely the proof of [35, Theorem 4.1]. Put D = Q′ ∩M and fix a

projection p ∈ D′ ∩M .
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Claim 1. For any t > 0 small enough, there exists a non-zero element at ∈ pM̃αt (p) such

that at = uatαt (u∗) for all u ∈ U(Dp).

Proof of Claim 1. By Lemma 3.4, αt → id uniformly on (Dp)1, as t → 0. Thus, for any

t > 0 small enough, we have that ‖u−αt (u)‖22 6 τ(p), and, hence,

<τ(uαt (u∗)) >
τ(p)

2
, for all u ∈ U(Dp). (3.1)

Consider the unique element at of minimal ‖.‖2-norm in the ‖.‖2-closure of the convex hull

of the set {uαt (u∗) | u ∈ U(Dp)}. By uniqueness, we have at = uatαt (u∗) for all u ∈ U(Dp).
Moreover, by (3.1), we get <τ(at ) >

τ(p)
2 > 0; hence, at 6= 0.

Claim 2. Let t > 0 and at ∈ pM̃αt (p) be a non-zero element such that at = uatαt (u∗)
for all u ∈ U(Dp). Then there exists b ∈ Q such that a2t := αt (β(a∗t )bat ) 6= 0. Moreover,
a2t ∈ pM̃α2t (p) satisfies a2t = ua2tα2t (u∗) for all u ∈ U(Dp).

Proof of Claim 2. To prove the first part of the claim, assume that αt (β(a∗t )bat ) = 0, and,

thus, β(a∗t )bat = 0, for all b ∈ Q. Thus, if we let r = at a∗t ∈ M̃ , then since β(u∗1) = u∗1, we

get that

β(u1ru∗1)u2ru∗2 = β(u1at )(β(a∗t )u
∗

1u2at )(a∗t u∗2) = 0, for all u1, u2 ∈ U(Q). (3.2)

Let s be the element of minimal ‖.‖2-norm in the ‖.‖2-closure of the convex hull of the set
{uru∗ | u ∈ U(Q)}. Since τ(s) = τ(r) > 0 and s > 0, we get that s 6= 0 and further that

s2
6= 0. By uniqueness, we have that s ∈ Q′ ∩ M̃ and since Q′ ∩ M̃ ⊂ M by Lemma 3.3,

we conclude that s ∈ M . By combining the last two facts, we get that β(s)s = s2
6= 0.

This, however, contradicts (3.2) which implies that β(s)s = 0. The moreover assertion is

now a straightforward calculation.

By Claim 1, its conclusion holds for t = 2−k for some k ∈ N. Using Claim 2

and induction, we then find 0 6= a1 ∈ pM̃α1(p) such that a1 = ua1α1(u∗), for all u ∈
U(Dp).

Proof of Theorem 3.1. Let p ∈ (Q′ ∩M)′ ∩M be a non-zero projection. We need to

show that (Q′ ∩M)p ≺M P. By Lemma 3.5, we can find 0 6= a1 ∈ pM̃α1(p) such

that xa1 = a1α1(x) for all x ∈ (Q′ ∩M)p. Thus, the pMp-bimodule pMp L2(M̃)α1(pMp)
contains a non-zero (Q′ ∩M)p-central vector. Since this bimodule is contained in a

multiple of pL2(M)⊗P L2(M)p by assumption (2), we get that pL2(M)⊗P L2(M)p
contains a non-zero (Q′ ∩M)p-central vector. In other words, the pMp-bimodule

pL2(〈M, eP 〉)p contains a non-zero (Q′ ∩M)p-central vector ξ . Let ε > 0 such that

f = 1[ε,∞)(ξ∗ξ) 6= 0. Then we have that f ∈ ((Q′ ∩M)p)′ ∩ p〈M, eP 〉p. Since τ̂ ( f ) 6
‖ξ‖2/ε <∞, Theorem 2.3 implies that (Q′ ∩M)p ≺M P, thus finishing the proof of the

theorem.

Proof of Corollary 3.2. In § 2.7, we defined an s-malleable deformation (C̃ o0,

(αt )t∈R, β) of C o0, where C̃ = C⊗̄C or C̃ = C ∗C , depending on whether 0 y C is

the Gaussian action or the free Bogoljubov action associated with π , respectively. By

construction, αt (C̃) = C̃ , β(C̃) = C̃ and αt (ug) = ug, for all t ∈ R and g ∈ 0. Recall
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that M = (C⊗̄D)o0 and put M̃ = (C̃⊗̄D)o0. We extend αt and β to automorphisms

of M̃ by letting αt (x) = β(x) = x , for all t ∈ R and x ∈ D. Then (M̃, (αt )t∈R, β) is an

s-malleable deformation of M . In order to derive the conclusion, it remains to verify that

conditions (1) and (2) from Theorem 3.1 are satisfied with N = D and P = D o0.

As in the proof of [46, Lemma 3.5], given a unitary representation η : 0→ U(K), we

define Kη = K⊗ L2(M) and endow it with the following M-bimodule structure:

(aug) · (ξ ⊗ x) · (buh)= ηg(ξ)⊗ augxbuh, for all a, b ∈C⊗̄D, g, h ∈0, x ∈M, and ξ ∈K.

If η′ : 0→ U(K′) is another unitary representation of 0, then Kη⊗η′ ∼= Kη⊗M Kη′ , and
if η is weakly contained in η′, then Kη ⊂weak Kη′ . If λ : 0→ U(`2(0)) is the left regular

representation, then it is straightforward to check that Kλ ∼= L2(M)⊗̄C⊗̄D L2(M) as

M-bimodules via the isomorphism

Kλ = `2(0)⊗ L2(M)→ L2(M)⊗̄C⊗̄D L2(M) : δg ⊗ x 7→ ug ⊗C⊗̄D u∗gx .

Case 1. 0 yσ (C, τ ) is the Gaussian action associated with π .

Let σ0 : 0→ U(L2(C)	C1) be the restriction of the Koopman representation of σ to

L2(C)	C1. Since π⊗k is weakly contained in the left regular representation λ of 0, the
same holds for σ⊗k

0 by [32, Proposition 2.7] and [3, Proposition II.1.15]. Moreover, we

note that as M-bimodules, Kσ0 is isomorphic to L2(M̃)	 L2(M) via the isomorphism

Kσ0 = (L
2(C)	C1)⊗ L2(M)→ L2(M̃)	 L2(M) : c1⊗ ((c2⊗ d)ug) 7→ (c1⊗ c2⊗ d)ug.

We conclude that

(L2(M̃)	 L2(M))⊗M k ∼= K⊗M k
σ0
∼= K

σ⊗k
0
⊂weak Kλ.

Since C is abelian, hence amenable, Kλ ∼= L2(M)⊗C⊗̄D L2(M) is weakly contained in

L2(M)
⊗̄

D L2(M), proving condition (1). Since L2(M̃) = Mα1(M)
‖.‖2 and τ(xα1(y)) =

τ(x EDo0(y)), for all x, y ∈ M , the M-bimodule M L2(M̃)α1(M) is isomorphic to

L2(M)⊗Do0 L2(M). Thus, condition (2) also holds.

Case 2. 0 yρ (C, τ ) is the free Bogoljubov action associated with π .

We will denote still by ρ the diagonal product action of 0 on C̃⊗̄D.

Claim. Let ξ = ξ1ξ2 . . . ξn ∈ C̃ = C ∗C, where ξ1 ∈ 1 ∗ (C 	C1), ξ2 ∈ (C 	C1) ∗ 1, . . . ,
ξn ∈ 1 ∗ (C 	C1). Then the M-bimodule Lξ := MξM satisfies L⊗M k

ξ ⊂weak L2(M)⊗D

L2(M).

Proof of the claim. Define ϕ : 0→ C and the completely positive map 8 : M → M by

letting ϕ(g) = 〈ρg(ξ), ξ〉 and 8((c⊗ d)ug) = τ(c)ϕ(g)(1⊗ d)ug, for all c ∈ C, d ∈ D and

g ∈ 0.

If c, c′ ∈ C ∗ 1, d, d ′ ∈ D and g, g′ ∈ 0, then 〈cρg(ξ)c′, ξ〉 = τ(ξ∗cρg(ξ)c′) =
τ(c)τ (c′)ϕ(g), and, thus,
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〈(c⊗ d)ugξug′(c′⊗ d ′), ξ〉 = δgg′,e〈cρg(ξ)c′, ξ〉〈dd ′, 1〉

= δgg′,eϕ(g)τ (c)τ (c′)τ (dd ′)

= τ(8((c⊗ d)ug)ug′(c′⊗ d ′)).

In other words, using the notation from § 2.2, this means that Lξ ∼= H8, as M-bimodules.

Note that if v ∈ U(C), w ∈ U(D), h ∈ 0, then for all d ∈ D and g ∈ 0, we have that

[8 ◦Ad((v⊗w)uh)]((1⊗ d)ug) = τ(vρhgh−1(v)
∗)ϕ(hgh−1)Ad((1⊗w)uh)((1⊗ d)ug).

(3.3)

Let U be the set of unitaries u ∈ M of the form u = (v⊗w)uh , with v ∈ U(C), w ∈
U(D), h ∈ 0. Since the span of U is ‖.‖2-dense in M , Lemma 2.2(2) implies that the

M-bimodule L⊗M k
ξ
∼= H⊗M k

8 is isomorphic to a sub-bimodule of⊕
u1,...,uk−1∈U

H8◦Ad(uk−1)◦8◦···◦Ad(u1)◦8.

We fix u1, . . . , uk−1 ∈ U and denote 9 := 8 ◦Ad(uk−1) ◦8 ◦ · · · ◦Ad(u1) ◦8 : M → M .

Thus, in order to prove the claim, it suffices to argue that H9 ⊂weak L2(M)⊗D L2(M). To

this end, for i ∈ {1, . . . , k− 1}, write ui = (vi ⊗wi )uhi , where vi ∈ U(C), wi ∈ U(D) and

hi ∈ 0. We define U = (1⊗wk−1)uhk−1 . . . (1⊗w1)uh1 ∈ U(D o0) and a positive definite

function ψ : 0→ C by letting

ψ(g) =
k−1∏
i=1

τ(viρhi ...h1gh−1
1 ...h−1

i
(vi )
∗), for all g ∈ 0.

By using (3.3) and induction, it follows that for all c ∈ C , d ∈ D and g ∈ 0, we have that

9((c⊗ d)ug) = τ(c)ψ(g)ϕ(g)
k−1∏
i=1

ϕ(hi . . . h1gh−1
1 . . . h−1

i )Ad(U )((1⊗ d)ug). (3.4)

Let 2 : M → M and � : M → M be the completely positive maps given by 2(xug) =

ψ(g)xug and �(xug) = ϕ(g)
∏k−1

i=1 ϕ(hi . . . h1gh−1
1 . . . h−1

i )xug, for all x ∈ C⊗̄D and g ∈
0. Then (3.4) rewrites as 9 = Ad(U ) ◦2 ◦� ◦ EDo0. By Lemma 2.2(1), we get that

the M-bimodule H9 is isomorphic to a sub-bimodule of HEDo0 ⊗M H�⊗M H2. (3.5)

Let ρ0 : 0→ U(L2(C)	C1) be the restriction of the Koopman representation of ρ

to L2(C)	C1. Since ϕ(g) = 〈ρg(ξ), ξ〉 =
∏n

i=1〈ρg(ξi ), ξi 〉 and ξi ∈ C 	C1, for all g ∈ 0
and i ∈ {1, . . . , n}, it follows that the M-bimodule H� is isomorphic to a sub-bimodule

of K
ρ⊗kn

0
. Since π⊗k is weakly contained in the left regular representation λ, so is ρ⊗k

0

by Lemma 2.12. Thus, ρ⊗kn
0 is weakly contained in λ. Hence, K

ρ⊗kn
0
⊂weak Kλ ∼= HEC⊗̄D .

Altogether, we conclude that H� ⊂weak HEC⊗̄D . In combination with (3.5), we derive
that

H9 ⊂weak HEDo0 ⊗M HEC⊗̄D ⊗M H2. (3.6)

Since HEN
∼= L2(M)⊗N L2(M), for any von Neumann subalgebra N ⊂ M , and the

(D o0)-(C⊗̄D)-bimodule L2(M) is isomorphic to L2(D o0)⊗D L2(C⊗̄D), it follows that
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H9 ⊂weak L2(M)⊗D H2. Using that D is regular in M and 2|D = idD, it is easy to see

that L2(M)⊗D H2 is isomorphic to a sub-bimodule of a multiple of L2(M)⊗D L2(M).
Thus, H9 ⊂weak L2(M)⊗D L2(M), which finishes the proof of the claim.

Since L2(M̃)	 L2(M) decomposes as a direct sum of M-bimodules of the form Lξ as in

the claim, condition (1) follows. To verify condition (2), let ξ ∈ C̃ be a non-zero element of

the form ξ = ξ1ξ2 . . . ξn , where ξ1 ∈ 1 ∗ (C 	C1), ξ2 ∈ (C 	C1) ∗ 1, . . . , ξn ∈ (C 	C1) ∗ 1.

Using a calculation similar to the one in the claim, it follows that the M-bimodule

M Mξα1(M)α1(M) is isomorphic to a submodule of a multiple of L2(M)⊗Do0 L2(M). This

implies that condition (2) holds in case (2) and finishes the proof of Corollary 3.2.

4. Proofs of Theorems A and B

The proofs of Theorems A and B rely on the following consequence of Corollary 3.2.

Lemma 4.1. Let 0 be a non-amenable group. For k ∈ N, let πk : 0→ O(Hk) be an

orthogonal representation such that π
⊗l(k)
k is weakly contained in the left regular

representation of 0, for some l(k) ∈ N. Let 0 y (Bk, τk) be either the Gaussian or the

free Bogoljubov action associated with πk . Let 0 y (B, τ ) :=
⊗̄

k(Bk, τk) be the diagonal

product action and denote M = B o0. Let (Mn)n∈N be a sequence of von Neumann

subalgebras of M such that ‖x − EMn (x)‖2 → 0, for every x ∈ M.

Then there exist projections pn ∈ Z(M ′n ∩M), for n ∈ N, such that limn→∞ τ(pn) = 1
and (M ′n ∩M)pn ≺

s
M (

⊗̄
k>N Bk)o0, for every n, N ∈ N.

Moreover, if 0 is not inner amenable, then there exist projections rn ∈ Z(M ′n ∩M), for

n ∈ N, such that limn→∞ τ(rn) = 1 and (M ′n ∩M)rn is amenable, for every n ∈ N.

Proof. Let qn ∈ Z(M ′n ∩M) be the largest projection such that Mnqn is amenable relative

to B. We claim that τ(qn)→ 0. Otherwise, after replacing (Mn)n∈N with a subsequence,

we may assume that τ(qn)→ c > 0. By Lemma 2.4, this implies that there is a non-zero

projection q ∈ Z(M) such that Mq is amenable relative to B. Since M is a factor, this

would give that M is amenable relative to B and hence that 0 is amenable by [31,

Proposition 2.4], which is a contradiction.

Next, fix n ∈ N and put pn = 1− qn . Then Mn p′ is not amenable relative to B,

for any non-zero projection p′ ∈ (M ′n ∩M)pn . Otherwise, [11, Lemma 2.6(2)] would

provide a non-zero projection z ∈ Z(M ′n ∩M)pn such that Mnz is amenable relative to B,

contradicting the maximality of qn . Let i ∈ N and denote Ci =
⊗̄

k 6=i Bk . Since Ci ⊂ B,

Mn p′ is not amenable relative to Ci , for any non-zero projection p′ ∈ (M ′n ∩M)pn . Since

0 y Bi is either the Gaussian or the free Bogoljubov action associated with πi and a

multiple of πi is weakly contained in the left regular representation of 0, we can apply

Corollary 3.2 to the inclusion Mn pn ⊂ M = (Bi ⊗̄Ci )o0 to deduce that

(M ′n ∩M)pn ≺
s
M Ci o0, for all i ∈ N. (4.1)

Let N ∈ N. Since the subalgebras {Ci }
N
i=1 of M are regular and any two form a

commuting square, (4.1) and [11, Lemma 2.8(2)] imply that (M ′n ∩M)pn ≺
s
M
⋂N

i=1(Ci o
0) = (

⊗̄
k>N Bk)o0. Since τ(pn)→ 1, this proves the main assertion.
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For the moreover assertion, assume that 0 is not inner amenable. Then by [7], we get

that M ′ ∩Mω
⊂ Bω and, hence,

∏
ω(M

′
n ∩M) ⊂ M ′ ∩Mω

⊂ Bω. By combining this with

[21, Lemmas 2.2 and 2.3], we can find projections fn ∈ Z(M ′n ∩M) such that τ( fn)→ 1
and

(M ′n ∩M) fn ≺
s
M B, for every n ∈ N. (4.2)

Put rn = pn ∧ fn ∈ Z(M ′n ∩M). Then (M ′n ∩M)rn ≺
s
M B and (M ′n ∩M)rn ≺

s
M (

⊗̄
k>N Bk)

o0, for every n, N ∈ N. Since B is regular in M , B and (
⊗̄

k>N Bk)o0 form a commuting

square and B ∩ ((
⊗̄

k>N Bk)o0) =
⊗̄

k>N Bk , [11, Lemma 2.8(2)] implies that

(M ′n ∩M)rn ≺
s
M

⊗̄
k>N

Bk, for every n, N ∈ N. (4.3)

For N ∈ N, put QN =
⊗̄

k>N Bk and RN = (
⊗̄

k6N Bk)o0. Then ‖x − ERN (x)‖2 → 0, for

any x ∈ M , and QN L2(M)RN
∼= QN L2(QN )⊗ L2(RN )RN , for any N ∈ N. These facts and

(4.3) imply that we can apply Lemma 2.6 to deduce that (M ′n ∩M)rn is amenable, for

every n ∈ N.

4.1. Proof of Theorem A

Assume, by contradiction, that M admits a residual sequence (An)n . For n ∈ N, let Mn =

A′n ∩M . Since
∏
ω An ⊂

⋂
n Aωn ⊂ M ′ ∩Mω, Lemma 2.1 implies that ‖x − EMn (x)‖2 → 0,

for every x ∈ M . By Lemma 4.1, we can find projections pn ∈ Z(M ′n ∩M) such that

τ(pn)→ 1 and (M ′n ∩M)pn ≺
s
M (

⊗̄
l>N Bl)o0, for every n, N ∈ N. Since An ⊂ M ′n ∩M ,

we thus get that

An pn ≺
s
M

(⊗̄
l>N

Bl

)
o0, for every n, N ∈ N. (4.4)

Let n ∈ N be fixed such that τ(pn) > 15/16. Recall that 0 y Bk is the Gaussian action

associated with πk and denote U m
k = ω(ξ

m
k ) ∈ U(Bk), for every k,m ∈ N.

Claim. There exists k ∈ N such that ‖U m
k − E An (U

m
k )‖2 6 1/16, for every m ∈ N.

Proof of the claim. Assuming the claim is false, for every k ∈ N, we can find m(k) ∈ N
such that Uk := U m(k)

k ∈ U(Bk) satisfies ‖Uk − E An (Uk)‖2 > 1/16. Since 1− e−t 6 t , for

any t > 0, we get

‖ugUku∗g −Uk‖2 = ‖ω(πk(g)(ξ
m(k)
k ))−ω(ξ

m(k)
k )‖2

=

√
2(1− exp(−‖πk(g)(ξ

m(k)
k )− ξ

m(k)
k ‖2))

6
√

2‖πk(g)(ξ
m(k)
k )− ξ

m(k)
k ‖, for every g ∈ 0.

Since supm∈N ‖πk(g)(ξm
k )− ξ

m
k ‖ → 0, we deduce that ‖ugUku∗g −Uk‖2 → 0, for every

g ∈ 0. Since Uk ∈ U(Bk), we also have that Uk x = xUk , for every x ∈ B. By combining

the last two facts, we get that U := (Uk) ∈ M ′ ∩Mω. However, since ‖U − E Aωn (U )‖2 =
limk→ω ‖Uk − E An (Uk)‖2 > 1/16, this contradicts that M ′ ∩Mω

⊂ Aωn . Altogether, this

proves the claim.
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Let k ∈ N be as in the claim and put Vm = U m
k − τ(U

m
k ). Then we have Vm ∈ Bk ,

‖Vm‖ 6 2, ‖Vm‖2 =
√

1− exp(−1) and ‖Vm − E An (Vm)‖2 6 1/16, for every m ∈ N. Since

τ(V ∗m′Vm) = 0, for all m 6= m′, we also have that Vm → 0 weakly.

By specializing (4.4) to N = k, we get that An pn ≺
s
M (

⊗̄
l>k Bl)o0. This implies

that we can find a finite dimensional subspace K ⊂
⊗̄

l6k Bl such that if e denotes the

orthogonal projection from L2(M) onto the ‖.‖2-closed linear span of {(y⊗ z)ug | y ∈
K, z ∈

⊗̄
l>k Bl , g ∈ 0}, then

‖x − e(x)‖2 6 1/16, for all x ∈ (An pn)1. (4.5)

Next, if m ∈ N, then ‖Vm − E An (Vm)‖ 6 1/16 and hence ‖Vm pn − E An (Vm)pn‖2 6
1/16. Since E An (Vm)pn ∈ An pn and ‖E An (Vm)pn‖ 6 2, (4.5) gives ‖E An (Vm)pn −

e(E An (Vm)pn)‖2 6 1/8. Combining the last two inequalities further implies that

‖Vm pn − e(Vm pn)‖2 6 1/4, for every m ∈ N. (4.6)

Now, we claim that

lim
m→∞

‖E
(
⊗̄

l>k Bl )o0(xVm y)‖2 = 0, for all x, y ∈ M. (4.7)

Indeed, it is enough to check this when x = ug(a⊗ b) and y = (c⊗ d)uh , for a, c ∈⊗̄
l6k Bl , b, d ∈

⊗̄
l>k Bl and g, h ∈ 0. Then, since Vm ∈ Bk , we have E

(
⊗̄

l>k Bl )o0(xVm y) =
τ(aVmb)ugbduh and the conclusion follows since Vm → 0 weakly. This proves (4.7).

Let {ξ j }
r
j=1 be an orthonormal basis for K. Since E

(
⊗̄

l>k Bl )o0(ξ
∗

i ξ j ) = δi, j , for all i, j ∈
{1, . . . , r}, we get that e(x) =

∑r
j=1 ξ j E

(
⊗̄

l>k Bl )o0(ξ
∗

j x), for every x ∈ M . In combination

with (4.7), it follows that ‖e(Vm pn)‖2 → 0. On the other hand, since ‖Vm‖ 6 2 and

τ(pn) > 15/16, we have that

‖Vm pn‖2 > ‖Vm‖2−‖Vm(1− pn)‖2 > ‖Vm‖2− 2‖1− pn‖2

=
√

1− exp(−1)− 2
√

1− τ(pn) > 1/4, for every m ∈ N.

Altogether, we get that lim infm→∞ ‖Vm pn − e(Vm pn)‖2 > 1/4, which contradicts (4.6).

So M cannot have a residual sequence.

Remark 4.2. The proof of Theorem A shows that there is no sequence (An)n∈N of von

Neumann subalgebras of M such that
∏
ω An ⊂ M ′ ∩Mω

⊂
⋂

n∈N Aωn . In particular, there

is no sequence (An)n∈N of von Neumann subalgebras of M which satisfies conditions (2)

and (3) of Definition 1.1.

4.2. Proof of Theorem B

Recall that 0 y Bk is the free Bogoljubov action associated with πk and denote

Wk,m = W (ξm
k ) ∈ Bk , for k ∈ N and m ∈ {1, 2}. Then for any k ∈ N, {Wk,1,Wk,2} are freely

independent semicircular operators with ‖Wk,1‖ = ‖Wk,2‖ = 2. Moreover, if m ∈ {1, 2},
then for any g ∈ 0, we have that ‖ugWk,mu∗g −Wk,m‖2 = ‖W (πk(g)(ξm

k ))−W (ξm
k )‖2 =

‖πk(g)(ξm
k )− ξ

m
k ‖ → 0. Since Wk,m ∈ Bk , we also have that ‖Wk,m x − xWk,m‖2 → 0, for

every x ∈ B. By combining the last two facts, we get that Wm = (Wk,m)k ∈ M ′ ∩Mω.
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Let us first prove the moreover assertion. To this end, let P ⊂ M ′ ∩Mω be the von

Neumann subalgebra generated by W1 and W2. Assume, by contradiction, that there is

a sequence (An)n of von Neumann subalgebras of M such that

P ⊂
∏
ω

An ⊂ M ′ ∩Mω.

For n ∈ N, let Mn = A′n ∩M . Lemma 2.1 implies that limn→ω ‖x − EMn (x)‖2 → 0, for

every x ∈ M . The moreover assertion of Lemma 4.1 implies the existence of projections

rn ∈ Z(M ′n ∩M) such that limn→ω τ(rn)→ 1 and (M ′n ∩M)rn is amenable, for every n ∈ N.

Thus, Anrn is amenable, for every n ∈ N.

If n ∈ N, then since Wm = (Wk,m)k ∈ P ⊂
∏
ω Ak , there is kn ∈ N satisfying τ(rkn ) >

1− 1/n2 and ‖Wkn ,m − E Akn
(Wkn ,m)‖2 6 1/n, for every m ∈ {1, 2}. Thus, if Bn = Akn rkn ⊕

C(1− rkn ), then

‖Wkn ,m − EBn (Wkn ,m)‖2 6 1/n+‖1− rkn‖2 6 2/n, for every n ∈ N and m ∈ {1, 2}.
(4.8)

Let N be the II1 factor generated by two freely independent semicircular operators

S1, S2 with ‖S1‖ = ‖S2‖ = 2. For n ∈ N, let πn : N → M be the unique trace preserving

∗-homomorphism such that πn(Sm) = Wkn ,m , for all m ∈ {1, 2}. Then (4.8) gives that

‖πn(x)− EBn (πn(x))‖2 → 0, for every x ∈ N . Since Bn is amenable, for every n ∈ N,

Corollary 2.5 implies that N is amenable. Since N ∼= L(F2) is not amenable, this gives a

contradiction and thus proves the moreover assertion.

To prove the main assertion, assume, by contradiction, that M admits a residual

sequence (An)n . Then P ⊂ M ′ ∩Mω
=
⋂

n Aωn and since P is separable, we can find

an increasing sequence of positive integers (kn) such that P ⊂
∏
ω Akn . Since

∏
ω Ank ⊂⋂

n Aωn = M ′ ∩Mω, this contradicts the moreover assertion.

5. Stability

5.1. Proof of Proposition C

Since P is amenable, it is approximately finite dimensional by Connes’ theorem [8]. Thus,

we can find an increasing sequence (Bk)k of finite dimensional von Neumann subalgebras

such that P = (
⋃

k Bk)
′′. If k ∈ N, then since Bk is finite dimensional, there exists Sk ∈ ω

such that for every n ∈ Sk , we have an embedding Bk ⊂ Mn in such a way that the

embedding Bk ⊂
∏
ω Mn is the diagonal embedding. Put S0 = N.

Claim. There exists a sequence (kn) ⊂ N such that n ∈ Skn , for all n ∈ N, limn→ω kn =

+∞, and

Q ⊂
∏
ω

(B ′kn
∩Mn).

Proof of the claim. Since Bk is finite dimensional, Q ⊂ P ′ ∩
∏
ω Mn ⊂ B ′k ∩

∏
ω Mn =∏

ω(B
′

k ∩Mn), for every k ∈ N. Hence, Q ⊂
⋂

k∈N
∏
ω(B

′

k ∩Mn), i.e.,

lim
n→ω

∥∥∥qn − EB′k∩Mn (qn)

∥∥∥
2
= 0, for all k ∈ N and q = (qn) ∈ Q. (5.1)
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Now, let {q(m)}m∈N be a ‖.‖2-dense sequence in (Q)1. Let X0 = N and

Xk =

{
n ∈ Sk |

∥∥∥q(i)n − EB′k∩Mn (q
(i)
n )

∥∥∥
2
6

1
k
, for all 1 6 i 6 k

}
.

For n ∈ N, define kn to be the largest k 6 n such that n ∈ Xk . We claim that limn→ω kn =

+∞. Otherwise, there exists k ∈ N such that {n ∈ N | kn = k} ∈ ω. Then {n ∈ N | n 6∈
Xk+1} ∈ ω. Since Sk+1 ∈ ω, this would imply the existence of i ∈ {1, . . . , k+ 1} such that

we have {
n ∈ N |

∥∥∥q(i)n − EB′k+1∩Mn (q
(i)
n )

∥∥∥
2
>

1
k+ 1

}
∈ ω,

and, thus,

lim
n→ω

∥∥∥q(i)n − EB′k+1∩Mn (q
(i)
n )

∥∥∥
2
>

1
k+ 1

,

contradicting (5.1). By construction, Q ⊂
∏
ω(B

′

kn
∩Mn), which finishes the proof of the

claim.

Taking (kn) as in the claim, we also have that P ⊂
∏
ω Bkn . Thus, Pn = Bkn and Qn =

B ′kn
∩Mn verify the conclusion of Proposition C.

5.2. Proof of Theorem E

In the proof of Theorem E, we will need the following consequence of Corollary 3.2. Recall

that a tracial von Neumann algebra (M, τ ) is called solid [30] if the relative commutant
P ′ ∩M is amenable, for any diffuse von Neumann subalgebra P ⊂ M .

Lemma 5.1. Let 0 be a countable group and π : 0→ O(HR) be a mixing orthogonal

representation. Assume that π⊗k is weakly contained in the left regular representation

of 0, for some k ∈ N. Let 0 y (C, τ ) be the free Bogoljubov action associated with π . If

L(0) is solid, then C o0 is solid.

Proof. Assume that L(0) is solid. In order to prove that M = C o0 is solid, it suffices

to show that if P ⊂ M is a diffuse von Neumann subalgebra, then P ′ ∩M has an

amenable direct summand. Suppose, by contradiction, that P ′ ∩M has no amenable

direct summand. By applying Corollary 3.2, we get that P ≺M L(0). Hence, there

exist projections p ∈ P, q ∈ L(0), a ∗-homomorphism θ : pPp→ q L(0)q and a non-zero

partial isometry v ∈ q Mp such that θ(x)v = vx for all x ∈ pPp. Since π is mixing, the

action 0 y C is mixing by [18, Proposition 2.6]. Since θ(pPp) ⊂ q L(0)q is a diffuse

subalgebra and vv∗ ∈ θ(pPp)′ ∩ q Mq, [35, Theorem 3.1] implies that q0 := vv
∗
∈ L(0).

Thus, P0 := vPv∗ is a diffuse subalgebra of q0L(0)q0. Since v(P ′ ∩M)v∗ ⊂ q0 Mq0 is

a subalgebra which commutes with P0, [35, Theorem 3.1] gives that v(P ′ ∩M)v∗ ⊂
P ′0 ∩ q0L(0)q0. Since L(0) is solid, we get that v(P ′ ∩M)v∗ is amenable and thus P ′ ∩M
has an amenable direct summand. This finishes the proof of the lemma.

Proof of Theorem E. First, note that if W is a self-adjoint operator in a tracial von

Neumann algebra whose distribution with respect to the trace is the semicircular law

supported on [−2, 2], then {W }′′ is a diffuse abelian von Neumann algebra. Hence, we

can find a Borel function f : [−2, 2] → T such that U = f (W ) ∈ {W }′′ is a Haar unitary,
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i.e., τ(U n) = 0, for all n ∈ Z \ {0}. From now on, fix two freely independent self-adjoint

operators W1,W2 in a tracial von Neumann algebra whose distribution is the semicircular

law supported on [−2, 2]. Define U1 = f (W1) and U2 = f (W2). Then U1 and U2 are

freely independent Haar unitaries, and, thus, N = {U1,U2}
′′ satisfies N = {U1}

′′
∗ {U2}

′′ ∼=

L(F2).

Let 0 = F2 and a1, a2 ∈ 0 be free generators. Let πk : 0→ O(Hk), k ∈ N, be a sequence

of mixing representations such that a tensor multiple of πk is weakly contained in the left

regular representation of 0, and there exist unit vectors ξk,m ∈ Hk such that ‖πk(g)(ξm
k )−

ξm
k ‖ → 0, for every m ∈ {1, 2} and g ∈ 0. For instance, let (πk)k∈N be as in Example 1.5

and note that, by construction, πk is indeed mixing, for every k ∈ N. Let 0 y Bk be the
free Bogoljubov action associated with πk and denote Mk = Bk o0, for every k ∈ N.

Then Wk,m = W (ξm
k ) ∈ Bk is a self-adjoint operator whose distribution is the

semicircular law supported on [−2, 2]. Moreover, ‖ugWk,m −Wk,mug‖2 = ‖πk(g)(ξm
k )−

ξm
k ‖ → 0, for every m ∈ {1, 2} and g ∈ 0. Thus, if we put Uk,m = f (Wk,m) ∈ U(Bk), then

‖ugUk,m −Uk,mug‖2 → 0, for every m ∈ {1, 2} and g ∈ 0. (5.2)

Let ρk : N → Mk be the unique trace preserving ∗-homomorphism given by ρk(U1) =

Uk,1 and ρk(U2) = Uk,2. Then (5.2) rewrites as

‖ugρk(Um)− ρk(Um)ug‖2 → 0, for every m ∈ {1, 2} and g ∈ 0. (5.3)

In the rest of the proof, we treat the two assertions of Theorem E separately.

Part 1. We first prove that 0×0 is not W∗-tracially stable. This readily implies that

Fl ×Fm is not W∗-tracially stable, for every 2 6 l,m 6 +∞. Assume, by contradiction,

that 0×0 is W∗-tracially stable. Using (5.3), we can define a homomorphism ϕ : 0×0→

U(
∏
ω Mk) by letting

ϕ(am, e) = (ρk(Um))k and ϕ(e, g) = ug, for all m ∈ {1, 2} and g ∈ 0. (5.4)

Since 0×0 is assumed W∗-tracially stable, there must be homomorphisms ϕk : 0×

0→ U(Mk) such that ϕ = (ϕk)k . Let Ck = ϕk(0×{e})′′ and Dk = ϕk({e}×0)′′. Then Ck
and Dk are commuting von Neumann subalgebras of Mk and we have that

lim
k→ω
‖ρk(Um)− ECk (ρk(Um))‖2 = 0, for every m ∈ {1, 2}, and (5.5)

lim
k→ω
‖ug − EDk (ug)‖2 = 0, for every g ∈ 0. (5.6)

Then (5.5) implies that lim
k→ω
‖ρk(x)− ECk (ρk(x))‖2 → 0, for every x ∈ N . Since N is a

non-amenable II1 factor, Corollary 2.5 implies that if pk ∈ Z(Ck) is the largest projection

such that Ck pk is amenable, then limk→ω τ(pk) = 0. Since L(0) is also a non-amenable

II1 factor, by repeating this argument using (5.6), it follows that limk→ω τ(qk) = 0, where

qk ∈ Z(Dk) denotes the largest projection such that Dkqk is amenable. Thus, for every

k ∈ N, rk := (1− pk)(1− qk) ∈ {Ck, Dk}
′′ is a projection such that Ckrk and Dkrk have no

amenable direct summands, and limk→ω τ(rk) = 1. In particular, we can find k such that

rk 6= 0. This implies that rk Mrk , and thus M , is not solid, which is a contradiction by

Lemma 5.1. This finishes the proof of the first assertion of Theorem E.

https://doi.org/10.1017/S1474748019000653 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748019000653


1694 A. Ioana and P. Spaas

Part 2. For the moreover assertion, put B =
⊗̄

k∈NBk and M = B o0. Using the natural

embeddings Mk ⊂ M , for every k ∈ N, we can view
∏
ω Mk as a subalgebra of Mω. Thus,

we may view ϕ as a homomorphism ϕ : 0×0→ U(Mω). Since by the definition (5.4) of

ϕ we have ϕ(a, e) ∈ Bω, τ(ϕ(a, e)) = δa,e and ϕ(e, g) = ug, it follows that τ(ϕ(a, g)) =
τ(ϕ(a, e)ug) = δ(a,g),(e,e), for all a, g ∈ 0. Thus, ϕ extends to a ∗-homomorphism ϕ :

L(F2×F2)→ Mω.

We claim that there are no homomorphisms ϕk : 0×0→ U(M) such that ϕ = (ϕk)k .

Assume, by contradiction, that such homomorphisms (ϕk) exist. Then Ck = ϕk(0×{e})′′

and Dk = ϕk({e}×0)′′ are commuting von Neumann subalgebras of M such that (5.5)

and (5.6) hold.
Since 0 is non-amenable, [31, Proposition 2.4] implies that L(0) is not amenable relative

to B inside M . Thus, since L(0)′ ∩M = C1, there is no non-zero projection q ∈ L(0)′ ∩M
such that L(0)q is amenable relative to B inside M . Let qk ∈ D′k ∩M be the largest

projection such that Dkqk is amenable relative to B inside M . Then by [11, Lemma 2.6],

we have that qk ∈ Z(D′k ∩M). Since by (5.6) we have that limω ‖x − EDk (x)‖2 = 0, for

every x ∈ L(0), we can apply Lemma 2.4 to conclude that limω τ(qk) = 0.

Next, fix k ∈ N. Then Dk p′ is not amenable relative to B inside M , for any

non-zero projection p′ ∈ (D′k ∩M)(1− qk). For i ∈ N, let Ri =
⊗̄

l 6=i Bl . Then by applying

Corollary 3.2 to the decomposition M = (Bi ⊗̄Ri )o0, it follows that Ck(1− qk) ≺
s
M

Ri o0, for every i ∈ N. If n0 ∈ N, then the subalgebras {Ri o0}n0
i=1 of M are regular and

any two form a commuting square. Since
⋂n0

i=1(Ri o0) = (
⊗̄

l>n0
Bl)o0, [11, Lemma

2.8(2)] implies that

Ck(1− qk) ≺
s
M

(⊗̄
l>n0

Bl

)
o0, for every k, n0 ∈ N. (5.7)

Since 0 = 〈a1, a2〉 is not inner amenable, we can find a constant c > 0 such that

‖x − EB(x)‖2 6 c(‖[x, ua1 ]‖2+‖[x, ua2 ]‖2), for every x ∈ M. (5.8)

For k ∈ N, denote εk = ‖ua1 − EDk (ua1)‖2+‖ua2 − EDk (ua2)‖2. Then (5.6) implies that

limω εk = 0. Since Ck and Dk commute, we have that ‖[x, ua1 ]‖2+‖[x, ua2 ]‖2 6 2εk , for all

x ∈ (Ck)1. In combination with (5.8), we get that ‖x − EB(x)‖2 6 2cεk , for all x ∈ (Ck)1.

By applying [21, Lemma 2.2], we derive the existence of a projection rk ∈ Z(C ′k ∩M) such

that τ(rk) > 1− 2cεk and

Ckrk ≺
s
M B, for every k ∈ N. (5.9)

Since B and (
⊗̄

l>n0
Bl)o0 are regular subalgebras of M which form a commuting square,

if pk = (1− qk)rk ∈ C ′k ∩M , by combining (5.7), (5.9) and [11, Lemma 2.8(2)], we get that

Ck pk ≺M
⊗̄

l>n0
Bl , for every k, n0 ∈ N. (5.10)

Using (5.10) and reasoning as at the end of the proof of Lemma 4.1, it follows that

Ck pk is amenable, for every k ∈ N. Since limω τ(qk) = 0 and limω τ(rk) = 1, we get that

limω τ(pk) = 1. On the other hand, (5.5) implies that limω ‖ρk(x)− ECk (ρk(x))‖2 = 0,

for every x ∈ N . By applying Corollary 2.5, we derive that N is amenable, which is a

contradiction.
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