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Abstract We provide a class of separable 117 factors M whose central sequence algebra is not the
‘tail’ algebra associated with any decreasing sequence of von Neumann subalgebras of M. This settles a
question of McDuff [On residual sequences in a IIy factor, J. Lond. Math. Soc. (2) (1971), 273-280].
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1. Introduction and statement of main results

A uniformly bounded sequence (xz) in a II; factor M is called central if limg ||xzy —
yxkll2 = 0, for every y € M. Central sequences have played a fundamental role in the study
of II; factors since the very beginning of the subject with Murray and von Neumann’s
property Gamma [29]. A separable II; factor M has property Gamma if it admits a central
sequence (xx) which is not trivial, in the sense that limg || xx — T (xx)1|]2 > 0. Murray and
von Neumann proved that the unique hyperfinite II; factor has property Gamma, while
the free group factor L(IF2) does not, thus giving the first example of two non-isomorphic
separable II; factors [29]. Over two decades later, in the late 1960s, the analysis of central
sequences of [29] was refined to provide additional examples of non-isomorphic separable
II; factors in [6, 10, 42, 49], culminating with McDuff’s construction of a continuum of
such factors [25, 26].

Shortly after, McDuff [27] defined the central sequence algebra of a 11; factor M as the
relative commutant, M’ N M, of M into its ultrapower M® [41, 48], where w is a free
ultrafilter on N. This has since allowed for a more structural approach to central sequences
and led to significant progress in the study of II; factors. Indeed, the central sequence
algebra was a crucial tool in Connes’ famous classification of amenable II; factors [8].
Furthermore, the relative commutant M’ N M®, for some von Neumann algebra M > M,
was used by Popa to formalize his influential spectral gap rigidity principle in [36, 37].
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Most recently, central sequence algebras and their subalgebras were used to provide a
continuum of II; factors with non-isomorphic ultrapowers in [4] (adding to the four such
factors noticed in [12-14]).

However, despite the progress the use of central sequence algebras has allowed, their
structure remains fairly poorly understood. For instance, it is open whether any II;
factor M whose central sequence algebra is abelian admits an abelian subalgebra A such
that M'NM® C A? (see [24]). In this article, we investigate the existence of a certain
‘canonical form’ for central sequence algebras. To make this precise, we recall the following
notions introduced by McDuff in [28] in order to distill the key ideas of [26].

Definition 1.1 [28, Definition 2]. Let M be a separable II; factor. A von Neumann
subalgebra A of M is called residual if limg ||xx — E 4 (xx)||2 = 0, for every central sequence
(xx) in M. A sequence (A,)nen of von Neumann subalgebras of M is called a residual
sequence if

(1) Ay41 C Ay, for every n;
(2) A, is residual in M, for every n and

(3) if xx € Ay and ||xg|| < 1, for every k, then the sequence (x) is central in M.

Remark 1.2. A decreasing sequence (Ay);en of von Neumann subalgebras of M is residual
if and only if M'NM® =,y A%. Thus, a separable II; factor M admits a residual
sequence if and only if its central sequence algebra is equal to the ‘tail’ algebra, N,ecNAY,
associated with a decreasing sequence of von Neumann subalgebras (A;);eN-

In [28], McDuff noted that it was unknown whether every II; factor admits a residual
sequence. She gave examples of II; factors which do not admit any strongly residual
sequence (A,)nen (i-e., ones satisfying, in addition to (1)—(3), the existence of a subalgebra
A" C A, such that A, = A,11®A") but left open the case of residual sequences. The main
goal of this article is to provide the first examples of IT; factors with no residual sequence.
Before stating our results in this direction, let us note that several large, well-studied
classes of II; factors admit a residual sequence.

Examples 1.3. The following II; factors admit a residual sequence:
(1) Any II; factor without property Gamma.

(2) The hyperfinite II; factor R. If we write R = ®k€NM2((C) and let R, =
®k>nM2((C), then (R,)neN is a residual sequence in R.

(3) Any II; factor M which is strongly McDuff, i.e., can be written as M = N®R,
where N is a IIj factor without property Gamma. If A, = 1® R,, then Connes’
characterization of property Gamma [8, Theorem 2.1] implies that (A,)qen is a
residual sequence in M.

(4) Any infinite tensor product M = ®keNMk of II; factors without property Gamma.
IfA, = ®k>anv then [8, Theorem 2.1] implies that (A,),en is a residual sequence

in M. Note that M is McDuff, i.e., M = M®R but not strongly McDuff [39,
Theorem 4.1].
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(5) The II; factors L(Tp(I')) and L(T;(T")), where I' is any countable group and the
countable groups To(T"), T1(T") are defined as in [10, 26] (see also [4, Section 1.1]).
Then Ty(I') and T7(I") both contain T.= D, cn i, where each I'; is a copy of I'. If
A, = L(@i>n [';), then [4, Corollary 2.11] shows that (A,)en is a residual sequence
in both L(Tp(I")) and L(T1(I')). In particular, the uncountably many II; factors
which were shown to have non-isomorphic ultrapowers in [4] all admit residual
sequences.

(6) Any tensor product M = ®,1{V=1Mk, where N € NU{oo}, and for every k, My is

= min{n,N

a II; factor admitting a residual sequence, (Agn)nen. If By = (Q_; }Ak,,,)

- =N
®(Qk=minfn,n)+1Mk), then [24, Proposition 5.2] implies that (By)nen is a residual
sequence in M.

Remark 1.4. In [39, 40], Popa studied the class of II; factors M which arise as an inductive
limit of sub-factors (M,),en with spectral gap and noticed that M'NM® = (), (M, N M)®
(see [39, Lemma 2.3]). Thus, every such II; factor M admits a residual sequence, (M}, N
M), en. Conversely, although it is unclear whether any II; factor admitting a residual
sequence must be an inductive limit of sub-factors with spectral gap, we note that this
holds for the factors in Examples 1.3(1)—(5).

We are now ready to state our first main result which gives examples of II; factors
with no residual sequences, and thereby settles McDuff’s question [28].

Theorem A. Let I' be a countable non-amenable group. For every k € N, let my : T’ —
O(Hk) be an orthogonal representation such that

(1) n,?l is weakly contained in the left regular representation of T', for somel = I(k) € N;
and

(2) there is an orthonormal sequence (§")men C Hi such that sup,,cy |7k (g)(E") —
gl — 0, as k — oo, for every g € T.

Let T'~ (Bx, %) be the Gaussian action associated with wp and T ~ (B, 7T):=
Rren(Bk, T) be the diagonal product action. Define M = B X T.
Then the 11} factor M does not admit a residual sequence of von Neumann subalgebras.

For the definition of Gaussian actions, we refer the reader to § 2.6. Next, we provide a
class of examples to which Theorem A applies and discuss a connection with a problem
posed in [23].

Example 1.5. Let I' = F,, be the free group on n > 2 generators. Denote by |g| the word
length of an element g € T" with respect to a fixed free set of generators. Let 7 > 0. By [15],
the function ¢; : I' — R given by ¢;(g) = e~ I8! is positive definite. Let p; : I' — O(H,;)
be the Gelfand Naimark Segal (GNS) orthogonal representation associated with ¢, and
& € M, such that (0,(8)(5), &) = @i (g), forall g € I'. Let py = py @ Idp2(yy : I' > O(H; ®
£2(N)) be the direct sum of infinitely many copies of p;.
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Let () be any sequence of positive numbers converging to 0 and put mx := g, : ' =
O(Hy, ® £>(N)). Then the representations (mx)ren satisfy the hypothesis of Theorem A.
First, given t > 0, note that (pf € ¢2(I"), and hence ,O;X)l is contained in a multiple of the
left regular representation of I, whenever [ > log(2n — 1)/(2¢). This implies that nk®l is
contained in a multiple of the left regular representation of I', for some integer I = I(k) >
1. Second, note that the vectors &§" := &, ® 6, € H, ® £2(N) satisfy Sup,en 17k (g) (67") —

' = /2(1 — @y (g)) — 0,as k — oo, for any g e .

Remark 1.6. Theorem A also sheds new light on a problem of Jones and Schmidt. In [23,
Theorem 2.1], they proved that any ergodic but not strongly ergodic countable measure
preserving equivalence relation R on a probability space (X, u) admits a hyperfinite
quotient. More specifically, there exists an ergodic hyperfinite measure preserving
equivalence relation Ryy, on a probability space (Y, v) together with a factor map 7 :
(X, n) = (Y, v) such that (7 x 7)(R) = Rpyp, almost everywhere. In [23, Problem 4.3],
Jones and Schmidt asked whether there is always such a quotient with the additional
property that Rg := {(x1,x2) € R | w(x1) = mw(xp)} is strongly ergodic on almost all of
its ergodic components. If such a quotient exists, then following [21, Definition 1.3], we
say that R has the Jones—Schmidt property. If R has the Jones—Schmidt property and
we let M = L(R), A = L*°(X), then there exists a decreasing sequence of von Neumann
subalgebras (By)nen of A such that M'NA® = (), BY and By,4+1 C By has finite index for
every n € N (see [21, Proposition 5.3 and the proof of Lemma 6.1]).

In [21, Theorems E and F], the authors settled in the negative [23, Problem 4.3] by
providing examples of equivalence relations R without the Jones—Schmidt property. This
was achieved by showing that for certain R, in the above notation, M’ N A® is not equal
to N, BY, for any decreasing sequence of von Neumann subalgebras (Bj),eny of A with
B,+1 C B, of finite index for every n € N.

Theorem A allows us to strengthen the negative solution to [23, Problem 4.3] given in
[21]. More precisely, in the context of Theorem A, assume that I' is not inner amenable
and let R be the equivalence relation associated with the action I' ~ B. Since M =
L(R) = B x T has no residual sequence by Theorem A, while M'NA® = M' N M® by [7],
we deduce that M' N A® cannot be written as (), BY, for any decreasing sequence (Bp)neN
of von Neumann subalgebras of A.

Our second main result shows that the conclusion of Theorem A also holds if we replace
Gaussian by free Bogoljubov actions (see §2.6). Moreover, we establish the following
stronger statement.

Theorem B. Let T be a countable non-inner amenable group. For every k € N, let my :
' = O(Hy) be an orthogonal representation such that

(1) n,?l is weakly contained in the left regular representation of ', for somel = I(k) € N,
and

(2) there are orthogonal unit vectors é;‘kl,é',g € Hi such that maxm,eq1,2y [l (g) (6(") —
&'l = 0, as k — oo, for every g € T.
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Let T' ~ (Bk, t) be the free Bogoljubov action associated with wp and I' ~ (B, T) 1=
Qren(Bk, ) be the diagonal product action. Define M = B X T.
Then the 1) factor M does not admit a residual sequence of von Neumann subalgebras.
Moreover, there exists a separable von Neumann subalgebra P C M'NM® such that
there is no sequence (An)nen of von Neumann subalgebras of M satisfying P C [, An C
M NM®.

Since I' = FF,, is not inner amenable for any n > 2 and the representations (7 )ren from
Example 1.5 satisfy the hypothesis of Theorem B, its conclusion holds for those examples.
Moreover, in the notation from Example 1.5, my = p;, @ py, also satisfy the hypothesis of
Theorem B.

In order to put Theorem B into a better perspective and to contrast it with Theorem A,
we note the following result.

Proposition C. Let (M, t,), n € N, be a sequence of tracial von Neumann algebras. Let
P, Q be commuting separable von Neumann subalgebras of [, M,. Assume that P is
amenable.

Then there exist commuting von Neumann subalgebras P,, Q, of M, for every n € N,
such that P C [], Pn and Q C [],, On-

Proposition C implies that for any tracial von Neumann algebra (M, t) and any
separable amenable von Neumann subalgebra P C M’ N M, there is a sequence (Py)neN
of von Neumann subalgebras of M such that P C [[, P, and M C [[,(P,NM), and,
therefore, P C [], P C M’ N M®. Consequently, the moreover part of Theorem B cannot
hold if P is amenable. In particular, if M = B X T is as in Theorem A and I' is not inner
amenable, then M will not satisfy the moreover assertion of Theorem B. Indeed, in this
case, M' N M® is abelian, being a subalgebra of B® by [7].

In recent years, there has been growing interest in the study of the notion of stability for
groups (see the survey [44]). As a byproduct of the methods developed in this article, we
obtain two applications to the notion of tracial stability for countable groups, formalized
recently in [17] (see also [16]).

Definition 1.7 [17, Definition 3]. A countable group I' is W*-tracially stable if for any
sequence (M, t,), n € N, of tracial von Neumann algebras and any homomorphism ¢ :
I' - U], M»), there exist homomorphisms ¢, : I' = U(M,), for every n € N, such that

© = (@n)n-

The class of W*-tracially stable groups contains all abelian and free groups as well
as other classes of both amenable and non-amenable groups; see [17]. As an immediate
consequence of Proposition C, we deduce that the class of W*-tracially stable groups is
closed under taking the direct product with a W*-tracially stable amenable group. For
the case of the direct product with an abelian group, this result is part of [17, Theorem 1].

Corollary D. Let I' and X be W*-tracially stable groups. Assume that X is amenable.
Then T’ x X is W*-tracially stable.
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In contrast to Corollary D, we show that the class of W*-tracially stable groups is not
closed under taking the direct product. More precisely, we prove that any direct product
of non-abelian free groups is not W*-tracially stable, thereby answering a question of
Atkinson in the negative (see [1, Question 4.16]).

Theorem E. F; x F,, is not W*-tracially stable, for any 2 <1, m < 4o00.
Moreover, there exist a II} factor M and a trace preserving *-homomorphism ¢ :
L(Fy x F2) — M@ such that there is no sequence of homomorphisms ¢, : Fp x Fy — U(M)

satisfying O, xw, = (@n)n-

Structure of the paper

Besides the introduction, there are four other sections in this paper. In §2, we recall
some preliminaries and prove a few useful lemmas needed in the remainder of the paper.
In §3, inspired by Boutonnet’s work [2, 3], we prove a structural result concerning II;
factors associated with Gaussian and free Bogoljubov actions. In §4, this is used to
prove Theorems A and B. Finally in §5, we prove Proposition C and use the established
machinery from the previous sections to deduce Theorem E.

2. Preliminaries

2.1. Tracial von Neumann algebras

We begin this section by recalling several notions and constructions involving tracial von
Neumann algebras.

A tracial von Neumann algebra (M, 1) is a von Neumann algebra M equipped with
a faithful normal tracial state v : M — C. We denote by L*(M) the completion of M
with respect to the 2-norm |x||» = +/T(x*x) and consider the standard representation
M C B(L*(M)). We also denote by U(M) the group of unitary elements of M, by (M); =
{x € M| ||x|| < 1} the unit ball of M and by Z(M) = M N M’ the center of M. It follows
from von Neumann’s bicommutant theorem that a self-adjoint set S C M generates M
as a von Neumann algebra if and only if §” = M.

Let P C M be a unital von Neumann subalgebra. Jones’ basic construction of the
inclusion P C M is defined as the von Neumann subalgebra of B(L?(M)) generated by M
and the orthogonal projection ep : L2(M) — L%(P) and is denoted by (M, ep). The basic
construction (M, ep) carries a canonical semi-finite trace T defined by T(xepy) = T(xy),
for all x, y € M. We further denote by Ep : M — P the conditional expectation onto P,
by PPNM ={x € M | xy = yx, for all y € P} the relative commutant of P in M and by
Ny (P) ={u e U(M) | uPu* = P} the normalizer of P in M. We say that P is regular in
M if Ny (P) generates M as a von Neumann algebra.

Any trace preserving action I' % (M, t) extends to a unitary representation o : I' —
U(L*(M)) called the Koopman representation of o.

Let w be a free ultrafilter on N. Consider the C*-algebra £°(N, M) = {(x,) € MY |
sup ||xp || < oo} together with its closed ideal Z = {(x,) € £*(N, M) | nh_r)l}u llxn ]2 = 0}.

Then M® :=£°(N, M)/Z is a tracial von Neumann algebra, called the ultrapower of
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M, whose canonical trace is given by 7,(x) = lim t(x,), for all x = (x,) € M®. If (M,),
n—-w
is a sequence of von Neumann subalgebras of M, then their ultraproduct, denoted by

[1, My, can be realized as the von Neumann subalgebra of M® consisting of x = (x,)
such that lim ||x, — Ep, (xp)|l2 = 0.
n—w

Lemma 2.1. Let (M, t) be a tracial von Neumann algebra and (A,), be a sequence of von
Neumann subalgebras of M such that [, Ay C M'NM®. Then lim |x — Eqrqp(x)]l2 = 0,
n—-w n

for every x e M.

Proof. Let x e M. If neN, we can find u, €e U(A,) such that |x —uuxu)|, >
[x —Eanm(x)ll2 (see, e.g., the proof of [21, Theorem 2.5]). Since (un) €[], An
and [[,An C M'NM?, we get that lim,_ [[x —upxuyll> =0 and hence lim,_ [lx —
Exnm()ll2 =0. O

2.2. Hilbert bimodules

Let (M1, 1) and (M3, 12) be two tracial von Neumann algebras. An Mj-M,-bimodule is
a Hilbert space H endowed with two normal, commuting *-homomorphisms | : M| —
B(H) and 7 : Mé)p — B(#H). We define a *-homomorphism my : M ®M§p — B(H) by
Ty (x ® yOP) = w1 (x)m2(y°P) and write x&y = w1 (x)m2(¥y°P)&, for all x € My, y € M, and
& € H. We also write p,Hp, to indicate that H is an Mj-M;-bimodule. Examples of
bimodules include the trivial Mi-bimodule », L2(M 1)m, and the coarse M-M>-bimodule
my L2 (M) ® L* (M) .

Next, we recall a few notions and constructions involving bimodules (see [9, Appendix
B] and [33]). If H and K are M;-Mp-bimodules, we say that H is weakly contained
in K and write H Cyeak K if [|[ry (D) < |z (T)||, for all T € M, ®M§p. If H is an
M -M>-bimodule and K is an M-M3-bimodule, then the Connes fusion tensor product of
H and K is an M|-M3-bimodule denoted by H Qu, K. If ® : M| — M, is a unital normal
completely positive map, then there is a unique Mi-M>-bimodule, denoted by He, with
a unit vector £&p € He such that MiEpM; is dense in He and (x&py, o) = T2 (P(x)y),
for all x € M| and y € M,. The next result analyzes the Connes fusion tensor product of
bimodules associated with completely positive maps.

Lemma 2.2. Let ®: My — M and ¥V : My — M3 be unital normal completely positive
maps, where (My, t1), (M2, 12), (M3, 13) are tracial von Neumann algebras. Then the
following hold:

(1) The Mi-M3-bimodule HyoAdwyow 5 isomorphic to a sub-bimodule of Ho ®m, Hw,
for every u e U(M3).

(2) If U is a set of unitaries in My whose span is |.||2-dense in My, then the
M -M3-bimodule Ho @y, Hw is isomorphic to a sub-bimodule of B, ey Hwo Adwu)od -

Proof. For u € U(M,), we denote ny :=&ou™ Qu,Ew € Ho Qu, Hy. Following [33,
§1.3.1], for every x € My, y € M3, we have that

X0y, nu) = (xEou™ @um, Ewy, Sott™ @, §w) = (x6ou™ p, Sou™) = 1o (P()u” pu),
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where p € M, is such that m2(zp) = (z&wy, Ew) = 13 (W(2)y), for all z € M,. Thus, for
all x € M,y € M3, we have that (xn,y,n,) = nu®x)u*p) = r3(Vud(x)u*)y). This
shows that the M;-M3-bimodule M5, M5 is isomorphic to HyoAdw)oe and proves the
first assertion of the lemma.

Finally, note that if the span of U C U(M>) is ||.|2-dense in M, then the span of
{Min,M3 | u € U} is dense in Hep ®m, Hw. This implies the second assertion. O

2.3. Intertwining by bimodules

We next recall from [35, Theorem 2.1 and Corollary 2.3] the powerful intertwining-
by-bimodules technique of Popa.

Theorem 2.3 [35]. Let (M, 1) be a tracial von Neumann algebra and P C pMp, Q C gMgq
be unital von Neumann subalgebras, for some projections p,q € M. Then the following
conditions are equivalent:

e There exist projections po € P, qo € Q, a x-homomorphism 6 : poPpo — qoQqo and a
non-zero partial isometry v € goMpo such that 0(x)v = vx, for all x € poPpy.

e There is no net u, € U(P) satisfying |Eg(x*uny)ll2 = 0, for allx,y € pMgq.
e There exists a non-zero projection f € P'N (M, eg) with T(f) < oo.

If one of these conditions holds true, then we write P <3 Q and say that a corner of P
embeds into Q inside M. If Pp' <y Q for any non-zero projection p’ € P'N\ pMp, then
we write P <}, 0.

2.4. Amenability

A tracial von Neumann algebra (M, t) is called amenable if there exists a positive
linear functional ¢ :B(L?(M)) — C such that o =1 and ¢ is M-central, in the
following sense: @(xT) = ¢(Tx), for all x € M and T € B(L*(M)). Equivalently, (M, 7) is
amenable if yy L?(M)y is weakly contained in y L>(M) ® L>(M)y;. By Connes’ celebrated
classification of amenable factors [8], M is amenable if and only if it is approximately
finite dimensional.

Next, we recall the notion of relative amenability introduced by Ozawa and Popa. Let
p € M be a projection and P C pMp, Q C M be von Neumann subalgebras. Following
[31, §2.2], we say that P is amenable relative to Q inside M if there exists a positive
linear functional ¢ : p(M, eg)p — C such that ¢|,u, = v and ¢ is P-central.

As shown in [11, Lemma 2.7], relative amenability is closed under inductive limits.
Here we establish the following generalization of this result, which we will need later on.
Given a set I, we denote by lim, a state on £°°(I) which extends the usual limit.

Lemma 2.4. Let (M, t) be a tracial von Neumann algebra and P, Q C M be von Neumann
subalgebras. Assume that P, C M, n € I, is a net of von Neumann subalgebras such that
|Ep,(x) —x|l2 = 0, for all x € P, and p, € P,NM are projections such that P,p, is
amenable relative to Q inside M, for every n € I. Then there exists a projection p €
P'N\M such that Pp is amenable relative to Q inside M and t(p) > lim, T(py).
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Proof. We may clearly assume that c¢:=lim, t(p,) >0 and t(p,) > 0, for every n.
For every n, let ¢, : p,(M,eg)pn — C be a P,p,-central positive linear functional
such that ¢y, ap, = T. The Cauchy-Schwarz inequality implies that [¢,(paTxpp)| <
N (P TT* pp)oun(pux*xpy) < T |||l x[l2 and, similarly, that |, (paxTpn)l < T |l[lx]l2, for
allx e M, T € (M, ep).

We define a state ¢ : (M, eg) — C by letting
©n(pnT pn)

(pn)
We claim that ¢ is P-central. To this end, let x € P, T € (M, eg) and n € I. Since ¢,
is Py pn-central, @, (puT Ep,(x) pn) = ¢n(pnEp,(x)Tpy), and, thus,

|00 (PnTxpn) — @n(PuxT pu)| < l@n(pnT (x — Ep, (X)) pp)| + |@n(pn(x — Ep, (X)) T py)|
< 20T lx — Ep, (X) 2.

o(T) = lim , forevery T € (M,ep).
n

Since ||lx — Ep,(x)|l2 = 0 and lim, t(p,) > 0, we get that ¢(Tx) = ¢(xT), and the claim
is proven.

Finally, note that ¢u < %1’. Thus, we can find y € P"N'M such that 0 < y < % and
@(x) =t(xy), for all x € M. Let p € PN M be the support projection of y. Then y <
%p; hence, 7(p) > ct(y) = c. Since the restriction of ¢ to p(P'NM)p is faithful, [31,
Theorem 2.1] implies that Pp is amenable relative to Q inside M, which finishes the
proof. O

Corollary 2.5. Let (M, t) and (N, t’) be tracial von Neumann algebras. Assume that
there exists a net of von Neumann subalgebras P, C M, n € I, and trace preserving
sk-homomorphisms m, : N = M such that ||m,(x) — Ep, (7, (x))|l2 — 0, for every x € N.
Fornel, let p, € P,NM be a projection such that P,p, is amenable. Then there is a
projection z € Z(N) such that Nz is amenable and t(z) = lim, T(py,). In particular, if P,
is amenable for every n, then N is amenable.

Proof. For every n, let M, = M and view P, and N as subalgebras of M), via the identity
map and m,, respectively. If we put M= *N ne1 My, then we have ||Ep, (x) —x|2 — O,
for every x € N. Since P, p, is amenable for every n, Lemma 2.4 implies the existence
of a projection p € N'N'M such that Np is amenable and t(p) > lim, t(p,). Thus, if z
is the support projection of Ezy)(p), then Nz is amenable. Since z > p, we have that
7(z) = ©(p), which finishes the proof. O

The next lemma, which appears to be of independent interest, provides general
conditions which guarantee that if P is amenable relative to a decreasing net of
subalgebras Q,, then P is amenable relative to their intersection, (), Q.. More generally,
we have the following.

Lemma 2.6. Let (M, t) be a tracial von Neumann algebra and Q C M a von Neumann
subalgebra. Assume that there exist nets of von Neumann subalgebras Qn, M,, C M such
that

(1) Q C MyNQy and o, L*(M)y, Cueak 0,L*(Qn) ®0 L* (M), for every n;
(2) llx — Ep, (x)ll2 = 0, for every x € M.
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If P C M is a von Neumann subalgebra which is amenable relative to Q, inside M, for
every n, then P is amenable relative to Q inside M.

Lemma 2.6 applies, in particular, if there exists u, € U(M) such that u,Pu) C Q,
or, more generally, if P <3, Q,, for every n. Indeed, by [11, Lemma 2.6(3)], the latter
condition implies that P is amenable relative to Q, inside M.

Proof. Assume that P is amenable relative to Q,, for every n. Then [31, Theorem 2.1]
gives that pL2(M)y Cyeak PL*(M)®g, L*(M)y, and, thus, pL>*(M)um, Cweak
pLA(M)®¢, L>(M)u,, for every n. Since g, L>(M)m, Cweak 0,L>(Qn) ® 0 L>(My) 1, , we
further get that pL2(M)y, Cweak pL>(M) ®¢ L*(M,)p,, and, thus,

pL*(M) ®m, L*(M)y Cyeak pL*(M)®¢ L*(My) @y, L* (M) y
= pLZ(M) ®o L2(M)M, for every n.

On the other hand, since ||x — Ep, (x)[l2 — 0, for every x € M, we have

PLA(M)y Cyeak €D pL*(M) @1, L2 (M) 1.
n

By combining the last two displayed inclusions, we get that pL>(M)y Cweak pL*(M) ®o
L%(M)y, and, therefore, P is amenable relative to Q inside M. O]

Remark 2.7. Several weaker versions of particular cases of Lemma 2.6 have been observed
before. Indeed, conditions (1) and (2) from Lemma 2.6 are satisfied in the following two
cases:

(a) M =% reNMy is an amalgamated free product of tracial von Neumann algebras
(Mi)ken over a common subalgebra Q, Q, = *g k>nMy and M, = *g x<n M.

(b) M = (®k€NMk)®Q is an infinite tensor product o_f tracial von Neumann algebras
(Mi)ken and Q, On = (Qy >, M)®Q and My = (Qy -, M)®Q.

Lemma 2.6 was first noticed by the first author in case (a) under the assumption that
P can be unitarily conjugated into Q, and extended in [19, Proposition 4.2] to cover the
more general assumption that P <}, Q,. When Q = C1, the latter result was also noticed
by Boutonnet and Vaes (personal communication), whose proof inspired our Lemma 2.6.
In case (b), weaker versions of Lemma 2.6 were obtained in [22, Lemma 4.4] and [5,
Proposition 2.7].

2.5. Malleable deformations

In [34, 35], Popa introduced the notion of an s-malleable deformation of a von Neumann
algebra. In combination with his powerful deformation/rigidity techniques, this notion has
led to remarkable progress in the theory of von Neumann algebras (see, e.g., [20, 38, 45]).
S-malleable deformations will also play an important role in this paper.

Dgﬁnition 2.8. Let (M, 1) be a tracial von Neumann algebra. We say that a triple
(M, (atr)ser, B) is an s-malleable deformation of M if the following conditions hold:
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(1) (M, %) is a tracial von Neumann algebra such that M > M and Iu = T1;

(2) (a,)tENR C Aut(M, 7) is a one-parameter group with lim,_¢ |, (x) — x||2 = 0, for all
xeM.

(3) B € Aut(M, %) satisfies B2 = Id;, Ba, ' =a_, forallt € R, and B(x) = x, for all
xeM.

As established in [36], s-malleable deformations have the following ‘transversality’
property.

Lemma 2.9 [36, Lemma 2.1]. For any x € M and t € R, we have

llx — a2 ()2 < 2o (x) = Ep (e (x)]l2 -

2.6. Gaussian and free Bogoljubov actions

We next discuss two kinds of actions that will play a crucial role in this paper, Gaussian
and free Bogoljubov actions. Below we describe one possible construction of these actions,
following [32] and [47]. For further properties of Gaussian and free Bogoljubov actions,
we refer the reader to [3] and [18], respectively.

For the remainder of the preliminaries, we fix an orthogonal representation 7 : ' —
O(HR) of a countable group I'" on a real Hilbert space Hr. Let H = Hr ®r C be the
complexified Hilbert space, H®" its nth tensor power and H®" its symmetric nth tensor
power. The latter is the closed subspace of H®" spanned by vectors of the form

1
£§10--Q& = = Zfo(l)®-~-®§a(ﬂ)’

o€eS,

with the inner product normalized such that ||& ”%.1@71 =n!|& ||%1®,,. We then consider the
symmetric Fock space
S(H) :=CQa @ H®",
n>1
where the unit vector Q is the so-called vacuum vector. Any vector & € H gives rise to
an unbounded operator £¢ on S(H), the so-called left creation operator, defined by

() =&, and £:(50---08) =060 0.

Denoting s(§) = £ +€§, one checks that the operators {s(§)}sen commute. Moreover,
one can show [32] that with respect to the vacuum state (-€2, Q), they can be regarded
as independent random variables with Gaussian distribution A (0, ||& 1.

Consider the abelian von Neumann algebra A, C B(S(H)) generated by all operators
of the form

(&1, ..., &) =exp(ins(§r) ... 5(6n)),

together with the trace 7 = (-Q, Q). Any orthogonal operator T € O(HR) can also be
viewed as a unitary operator on its complexification H and gives rise to a unitary operator
on S(H), which we will still denote by T, defined by

T(Q)=Q2, and TE O --0&)=T&§)0O -0 (T&).
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One then checks that Tw (&1, ..., &)T* = w(TE&, ..., TE,); hence, T normalizes A . Since
T(R2) = Q, Ad(T) is a trace preserving automorphism of A .

Definition 2.10. The Gaussian action associated with m is the action 0 = o, : '
(Az, 7) defined by o, = Ad(7(g)), for every g € I'.

One can easily check that the unitaries w (&) satisfy the properties w(0) = 1, w(§ + 1) =

o), 1) = exp(— [£]%) and og( (&) = w(x(9)§) for all &,n € H, g € T'. This,
in fact, gives an equivalent description of the Gaussian action (see [46]).
The free Bogoljubov action arises in a similar way using the full Fock space

F(H) :=Cea P H®"
n>1

We consider the left creation operator Lg associated with & € H defined by
Le(Q) =&, and L:(51® Q&) =EQRER® - ®&,.

Putting W(§) = Lg + L}, one can show [47] that the distribution of the self-adjoint
operator W (&) with respect to the vacuum state (-2, 2) is the semicircular law supported
on [—2|&]l,2]|€]]] and that for any orthogonal set of vectors from Hpg, the associated
family of operators is freely independent with respect to (-2, 2).

Denote by I'(Hg)” the von Neumann algebra generated by {W(§) | & € Hr}. Then
['(Hr)" is isomorphic to the free group factor L(Fgim(mg)). Moreover, v = (-Q, Q) is
a normal faithful trace on T'(HR)”. As for the symmetric Fock space, any operator
T € O(HR) induces an operator T € U(F(H)), satistying Ad(T)(W (§)) = W(TE).

Definition 2.11. The free Bogoljubov action associated with 7 is the action p = p; : '
(T'(Hr)"”, 7) defined by p, = Ad(7(g)), for every g € T

Since I'(HRr)"2 = F(H), the Koopman representation associated with p of I' on
L2(I'(Hg)") is isomorphic to the representation of I' on F(H). This implies the following
fact which will be needed later on.

Lemma 2.12. Denote by po the restriction of the Koopman representation of p to
L*(I'(Hr)") & Cl1. If n® is weakly contained in the left reqular representation of T', for
some k € N, then ,ogbk is weakly contained in the left reqular representation of T.

2.7. Deformations associated with Gaussian and free Bogoljubov actions

We will now recall the construction of s-malleable deformations of the crossed product
von Neumann algebras associated with the above actions. On Hr @ HR, consider the
orthogonal operators

cos(Zt) —sin(Z1) 10
A = .(2) 2 , teR, and B= .
sin(5¢) cos(5t) 0 -1
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We note that, canonically, Azer = A, ®A; and I'(Hr @ Hr)"” = I'(Hr)” * I'(Hgr)”. Under
these identifications, we have that oyg; = o7y ® ox and prer = pr * P, respectively.
Associated with the operators A; and B, we get automorphisms

o ;= Ad(A;), teR, and pB:=Ad(B)

of A;®A, and I'(Hgr)” *T"(HR)", respectively. Since A, and B commute with = ® 7, it
follows that @, and 8 commute with o; ® o, and py * o5, respectively.

e For the Gaussian action, let M = Ay xI', M = (A,®A,) xT, and view M as a
subalgebra of M via M = (A;®1) x I'. By the discussion above, the automorphisms «a;,
and B of A;®A; extend to automorphisms of M by letting o;(ug) = B(ug) = ug, for
allgerl.

e For the free Bogoljubov action, let M = ['(Hg)” x ', M = (I'(Hr)" * T'(Hr)") x T, and
view M as a subalgebra of M via M = (I'(Hg)” 1) x T". By the discussion above, the
automorphisms «; and B of I'(Hr)” * I'(Hr)" extend to automorphisms of M by letting
o;(ug) = Blug) = ug, for all g e I'.

In both cases, it is easy to check that (M, ()seR, B) is an s-malleable deformation of M.

3. Spectral gap rigidity

This section is devoted to the following rigidity result and its Corollary 3.2.

Theorem 3.1. Let (M,t) be a tracial von Neumann algebra and N, P C M be
von Neumann subalgebras. Assume that there exists an s-malleable deformation
(M, (a)rer, B) such that

(1) The M-bimodule M := L*(M)© L*(M) has the property that H®MK is weakly
contained in the bimodule L*(M) ®y L*(M), for some k € N.

(2) The M-bimodule L%(M) wifh the bimodular structure given by x-&-y = xEa1(y),
for every x,y € M, & € L>(M), is contained in a multiple of the bimodule L>(M) ®p
L3(M).

Let Q C M be a von Neumann subalgebra such that Qp is not amenable relative to N
wmside M, for any non-zero projection p € Q'"N\M. Then Q'NM <§v1 P.

The proof of Theorem 3.1 relies on Popa’s deformation /rigidity theory and notably uses
his spectral gap rigidity principle introduced in [36, 37]. Theorem 3.1 and Corollary 3.2
were inspired by Boutonnet’s work (see [2] and [3, Chapter II]), whose exposition we
follow closely. Finally, we note that condition (1) in Theorem 3.1 was first considered by
Sinclair in [43].

Corollary 3.2. Let I' be a countable group and w:T — O(Hgr) be an orthogonal
representation. Assume that w® is weakly contained in the left reqular representation of
[, for some k € N. Let ' ~ (C, t) be either the Gaussian action or the free Bogoljubov
action associated with w. Let T' ~ (D, p) be a trace preserving action on a tracial von
Neumann algebra D, consider the diagonal product action I’ ~ (C®D, T ® p), and denote
M= (C®D)«T.
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Let Q C M be a von Neumann subalgebra such that Qp is not amenable relative to D
inside M, for any non-zero projection p € Q'NM. Then Q"'NM <}, DxT.

The remainder of this section is devoted to the proofs of Theorem 3.1 and Corollary 3.2.

Lemma 3.3 [2]. Let (M,1) be a tracial von Neumann algebra and N C M C M be
von Neumann subalgebras. Assume that the M-bimodule H := LX(M)© L%(M) has the
property that H®M* is weakly contained in the bimodule L*(M) @y L*(M), for some k € N.

Let Q C M be a von Neumann subalgebra such that Qp is not amenable relative to N
inside M, for any non-zero projection p € Q'\NM. Then Q'NM® C M®. In particular,
ONMcM.

Proof. The proof of [2, Lemma 2.3], which applies verbatim for N = Cl1, works in
general. ]

The following lemma is a standard application of Popa’s spectral gap rigidity principle.

Lemma 3.4. Let (M, 7) be a tracial von Neumann algebra and N C M be a von Neumann
subalgebra. Assume that there exists an s-malleable deformation (M, ()seR, B) such that
the M-bimodule H := L*(M) & L%(M) has the property that HOmk g weakly contained in
the bimodule L*(M) @y L*(M), for some k € N.

Let Q C M be a von Neumann subalgebra such that Qp is not amenable relative to
N inside M, for any non-zero projection p € Q'NM. Then a; converges uniformly on

(Q'NM);.

Proof. Fix & > 0. Since Q'NM® C M® by Lemma 3.3, there exist x1,...,x, € Q and
8 > 0 such that for all y € (M);:

Viell,....n}:ly.xilll, <8 = Ily—EuOI <e

Taking ¢ > 0 such that [lag(x;) —xiflr < % for all 1 <i < n and all s € [0, t], we get for
any x € (Q' N M),

llos (x)x; — xis ()|l = llxa—s(x;) —a—s(xi)x|l,

< 2lxll lo—s (xi) = xillp + llxxi — xix|l

/

2 laeg (xi) — xill2
8.

NN

Hence, for all s € [0,7] and x € (Q'NM);, we have |az(x) — Ep(as(x)|, < &, and,
thus, by Lemma 2.9, [Japs(x) — x|, < 2¢. It follows that «, converges uniformly on
(Q'NM);. O

Lemma 3.5. Assume the setting of Lemma 3.4 and let p € (Q'NM) N M be a non-zero
projection. Then there is a non-zero element a; € pMay(p) such that xa; = aja1(x) for
allx € (Q'NM)p.

Proof. We follow closely the proof of [35, Theorem 4.1]. Put D= Q'NM and fix a
projection p € D'NM.
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Claim 1. For anyt > 0 small enough, there exists a non-zero element a; € pMay(p) such
that a; = uaso, (™) for all u € U(Dp).

Proof of Claim 1. By Lemma 3.4, oy — id uniformly on (Dp)1, as t — 0. Thus, for any
t > 0 small enough, we have that ||u —a,(u)||% < ©(p), and, hence,

Nt (uoy (u™)) > %, for all u € U(Dp). (3.1)

Consider the unique element a; of minimal ||.||2-norm in the ||.||2-closure of the convex hull
of the set {ua;(u™) | u € U(Dp)}. By uniqueness, we have a; = ua;o; (u™) for allu € U(Dp).
Moreover, by (3.1), we get Rt (a;) > T(zp) > 0; hence, a; # 0. O

Claim 2. Let t > 0 and a; € p]\;lott(p) be a mon-zero element such that a; = uaso; (u™)
for all u € U(Dp). Then there exists b € Q such that ay := a;(B(a;)ba;) # 0. Moreover,
ay € pMay,(p) satisfies ayr = uariar (u™) for all u € U(Dp).

Proof of Claim 2. To prove the first part of the claim, assume that o (B(a/)ba;) = 0, and,
thus, B(a;)ba; = 0, for all b € Q. Thus, if we let r = a,af € M, then since B(u}) = uj, we
get that

Buiru)urruy = B(uia;)(B(a] ) ujura;)(afuz) =0, for all uy, ur € U(Q). (3.2)

Let s be the element of minimal |.||2-norm in the ||.||2-closure of the convex hull of the set
{uru® | u € U(Q)}. Since t(s) = t(r) > 0 and s > 0, we get that s # 0 and further that
s2 # 0. By uniqueness, we have that s € Q’NM and since Q'NM C M by Lemma 3.3,
we conclude that s € M. By combining the last two facts, we get that B(s)s = s # 0.
This, however, contradicts (3.2) which implies that B(s)s = 0. The moreover assertion is
now a straightforward calculation. O

By Claim 1, its conclusion holds fog t =27% for some k € N. Using Claim 2
and induction, we then find 0 # a; € pMa;(p) such that a; = uaja;(u*), for all u €
U(Dp). O

Proof of Theorem 3.1. Let p € (Q'NM)' NM be a non-zero projection. We need to
show that (Q'NM)p <y P. By Lemma 3.5, we can find 0 # a; € pMa;(p) such
that xa; = aja;(x) for all x € (Q'NM)p. Thus, the pMp-bimodule pMpLz(M)al(pMp)
contains a non-zero (Q'N M)p-central vector. Since this bimodule is contained in a
multiple of pL*(M)®p L>(M)p by assumption (2), we get that pL?>(M)®p L>(M)p
contains a non-zero (Q'N M)p-central vector. In other words, the pMp-bimodule
pL*>((M,ep))p contains a non-zero (Q'N M)p-central vector &. Let & > 0 such that
f = liz.00)(§*€) #0. Then we have that f € (Q'NM)p) Np(M,ep)p. Since T(f) <
l€]I?/e < 0o, Theorem 2.3 implies that (Q’ N M)p <y P, thus finishing the proof of the
theorem. U

Proof of Corollary 3.2. In §2.7, we defined an s-malleable deformation (C‘ x T,
(ar)rer, B) of C x T, where C=CQC or C= C % C, depending on whether I' ~ C is
the Gaussian action or the free Bogoljubov action associated with m, respectively. By
construction, o (C) = C‘, /3(C~') =C and o;(ug) = ug, for all t € R and g eT'. Recall

https://doi.org/10.1017/51474748019000653 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000653

1686 A. loana and P. Spaas

that M = (C®D) x T and put M = (C®D) x T'. We extend o; and B to automorphisms
of M by letting a;(x) = B(x) = x, for all t €e R and x € D. Then (M, () eR, B) is an
s-malleable deformation of M. In order to derive the conclusion, it remains to verify that
conditions (1) and (2) from Theorem 3.1 are satisfied with N = D and P = D xT.

As in the proof of [46, Lemma 3.5], given a unitary representation n: I' = U(K), we
define £, =K ® L*(M) and endow it with the following M-bimodule structure:

(aug) - (E ®@x) - (bup) =ng(§) @ augxbuy, foralla,be C®D,g,hel,xeM,and £ cK.

If n: T — U(K') is another unitary representation of I', then K, g,y = K, @y Ky, and
if 1 is weakly contained in 7', then K, Cyeax K. If A : T — UE*T)) is the left regular
representation, then it is straightforward to check that K, = LZ(M)@)C@DLZ(M) as
M-bimodules via the isomorphism

Ky =M@ LXM) - L*(M)®cgpL*(M) : 8, ®x > g @cap Uy
Case 1. T' % (C, 1) is the Gaussian action associated with 7.

Let op : I' = U(L?*(C) ©C1) be the restriction of the Koopman representation of o to
L%(C)©Cl. Since 7®F is weakly contained in the left regular representation A of I, the
same holds for 00®k by [32, Proposition 2.7] and [3, Proposition II.1.15]. Moreover, we
note that as M-bimodules, Ky, is isomorphic to L%(M) & L*(M) via the isomorphism

Koy = (LX(C)©CH ® LX(M) — L*(M)S L2 (M) : ¢1 ® ((c2 ® d)utg) > (1 ® 2 @ d)ug.
We conclude that

(L*(M) © L*(M))®mh = Emk = Kot Caveak K.

Since C is abelian, hence amenable, K, = L2(M) ®cép L%(M) is weakly contained in
L2(M)®DL2(M), proving condition (1). Since L3(M) = M(itl(M)”'”2 and t(xai(y)) =
t(xEpxr(y)), for all x,y e M, the M-bimodule MLZ(M)al(M) is isomorphic to
L>(M) ® psr L*(M). Thus, condition (2) also holds.

Case 2. T' P (C, 7) is the free Bogoljubov action associated with .
We will denote still by p the diagonal product action of I' on CQD.

Claim. Let € = &&...6,€ C=CxC, where & € 1%x(COC1),& € (COC*1,...,
& €1x(CeCl). Then the M-bimodule L := MEM satisfies E?Mk Cweak L* (M) ®p
L2(M).

Proof of the claim. Define ¢ : I' — C and the completely positive map ® : M — M by
letting ¢(g) = (0p4(£), &) and ®((c @ d)ug) = t(c)p(g)(1 @ d)ug, for all c € C,d € D and
gel.

If c¢,c/eCxl, d,deD and g,g' e, then (cpa(§)c’,&)=1(E"cpe(§)c) =
(c)t(c)e(g), and, thus,
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((c®d)ugtuy (' ®d'), §) = 8ggr o(cpg(§)C', E)(dd, 1)
= 8¢ e0(g)T()T()T(dd")
= r(@((c@d)ug)ug/(c'(}bd/)).

In other words, using the notation from § 2.2, this means that £¢ = He, as M-bimodules.
Note that if v e U(C), w e U(D), h € T, then for all d € D and g € I, we have that

[@oAd((v @ w)up) (1 Q@ d)ug) = T(vPyg)-1 W)Mehgh™HAA(1 @ wyuy)((1 Qd)ug).
(3.3)
Let U be the set of unitaries u € M of the form u = (v ® w)uy, with v e U(C), w €
U(D),h € T. Since the span of U is |.|[2-dense in M, Lemma 2.2(2) implies that the
M-bimodule L?M - HEM ¥ is isomorphic to a sub-bimodule of

@ HooAdui_1)odo--0Ad(u)od-
UL yeeny uk,leu
We fix uy,...,ur_1 € 4 and denote ¥ := ®o Ad(up_1)o®o---0cAd(uj)o®: M - M.

Thus, in order to prove the claim, it suffices to argue that Hy Cyeax L2(M) ®p L*(M). To
this end, for i € {1,..., k—1}, write u; = (v; ® w;)uy,, where v; € U(C), w; € U(D) and
hi € T'. We define U = (1 @ wk—up,_, ... (1 @ wup, € U(D xT') and a positive definite
function ¢ : I' — C by letting

k—1

V(g) = 1_! t(v,-ph’_”_hlghl_l_”hi_l(vi)*), for all g € T
1=

By using (3.3) and induction, it follows that for all c € C,d € D and g € T, we have that

k—1
V((c®@dug) = (Y (o) [ [¢hi ... high" ... h7HAAWU) (1 @ d)uy). (3.4)
i=1
Let ©: M — M and Q: M — M be the completely positive maps given by O (xug) =
Y(g)xug and Q(xuy) = ¢(g) ]—[f:l] o(h; ...hlghfl ...h;l)xug, for all x € C®D and g €
[. Then (3.4) rewrites as ¥ = Ad(U) o ® o0 Qo Epyr. By Lemma 2.2(1), we get that

the M-bimodule Hy is isomorphic to a sub-bimodule of Hg,,,» @y Ho Qu He- (3.5)

Let po: T — U(L*(C) ©C1) be the restriction of the Koopman representation of p
to L>(€) ©CL. Since ¢(g) = (pg(§).§) = [1{_1(pg(&). &) and & € COCI, for all g €T
and i € {1,...,n}, it follows that the M-bimodule Hg is isomorphic to a sub-bimodule
of ’Cp(()gkn. Since 7®F is weakly contained in the left regular representation A, so is ,ogbk
by Lemma 2.12. Thus, pg@k" is weakly contained in A. Hence, /Cpgakn Cweak Ko = HEcg)-
Altogether, we conclude that Ho Cweak HEqg,- In combination with (3.5), we derive
that

Hw Cweak HEp.r @M HEqg, ®u Heo. (3.6)

Since Hg, = L*(M)®y L*(M), for any von Neumann subalgebra N C M, and the

(D x T)-(C®D)-bimodule L?(M) is isomorphic to L2(D x ') ® p L2(CQD), it follows that
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Hy Cweak L2(M) ®p He. Using that D is regular in M and ®|p =1idp, it is easy to see
that L2(M) ® p He is isomorphic to a sub-bimodule of a multiple of L2(M) ®p L*(M).
Thus, Hw Cweak L2(M) ®p L*(M), which finishes the proof of the claim. O

Since L2(M) © L%(M) decomposes as a direct sum of M-bimodules of the form Lg as in
the claim, condition (1) follows. To verify condition (2), let & € C be a non-zero element of
the form & = &1&...&,, where £ e I x(COCl),& e (COCH*1,...,&, € (CoOCl)*1.
Using a calculation similar to the one in the claim, it follows that the M-bimodule
mMMEa (M), (ary is isomorphic to a submodule of a multiple of L?>(M) ®pxr L>(M). This
implies that condition (2) holds in case (2) and finishes the proof of Corollary 3.2. O

4. Proofs of Theorems A and B

The proofs of Theorems A and B rely on the following consequence of Corollary 3.2.

Lemma 4.1. Let T' be a non-amenable group. For k € N, let mp : T — O(Hy) be an
orthogonal representation such that n,?l(k) 18 weakly contained in the left regular
representation of I', for some I(k) € N. Let I' ~ (B, 1) be either the Gaussian or the
free Bogoljubov action associated with my. Let T~ (B, ) := @), (B, ©) be the diagonal
product action and denote M = B xT'. Let (My),en be a sequence of von Neumann
subalgebras of M such that ||x — Ep,(x)||2 = 0, for every x € M.

Then there exist projections p, € Z(M, N M), for n € N, such that limy_o T(py) =1
and (M, N M)p, <3, (®k>NBk) x T, for every n, N € N,

Moreover, if T is not inner amenable, then there exist projections r, € Z(M, N M), for
n €N, such that limy—o0 T(ry) = 1 and (M, N\ M)ry, is amenable, for every n € N.

Proof. Let g, € Z(M], N M) be the largest projection such that M, g, is amenable relative
to B. We claim that t(g,) — 0. Otherwise, after replacing (M,),cn with a subsequence,
we may assume that 7(g,) — ¢ > 0. By Lemma 2.4, this implies that there is a non-zero
projection g € Z(M) such that Mg is amenable relative to B. Since M is a factor, this
would give that M is amenable relative to B and hence that ' is amenable by [31,
Proposition 2.4], which is a contradiction.

Next, fix n € N and put p, =1—g¢,. Then M,p’ is not amenable relative to B,
for any non-zero projection p’ € (M, N M)p,. Otherwise, [11, Lemma 2.6(2)] would
provide a non-zero projection z € Z(M, N M)p, such that M,z is amenable relative to B,
contradicting the maximality of g,. Let i € N and denote C; = ®k;ﬁi By. Since C; C B,
M, p’ is not amenable relative to C;, for any non-zero projection p’ € (M), N M)p,. Since
' ~ B; is either the Gaussian or the free Bogoljubov action associated with 7; and a
multiple of ; is weakly contained in the left regular representation of I, we can apply
Corollary 3.2 to the inclusion M, p, C M = (B;®C;) x T" to deduce that

(M, "M)p, <3, Ci xT, forallieN. (4.1)

Let N € N. Since the subalgebras {C,~}IN= | of M are regular and any two form a
commuting square, (4.1) and [11, Lemma 2.8(2)] imply that (M, N M)p, <), ﬂlNzl(Ci X
I') = (@~ yBr) x T'. Since t(p,) — 1, this proves the main assertion.
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For the moreover assertion, assume that I' is not inner amenable. Then by [7], we get
that M'NM® C B® and, hence, [[,(M,NM) C M'NM® C B®. By combining this with
[21, Lemmas 2.2 and 2.3], we can find projections f, € Z(M, N M) such that t(f,) — 1
and

(M, N"M) f, <}, B, forevery neN. (4.2)

Put r, = pu A fu € Z(M}, N\ M). Then (M}, N\ M)r, <3, B and (M}, M)r, <%, (- nBr)
x T, for every n, N € N. Since B is regular in M, B and (Q);. y Bx) x I form a commuting
square and BN ((Q)y- yBr) X ') = Q. y Bk, [11, Lemma 2.8(2)] implies that

(M, 0\ M)r, <3, ®k>NBk, for every n, N € N. (4.3)

For N e N, put Oy = ®k>NBk and Ry = (®k<NBk) x T'. Then ||x — Eg, (x)]l2 = 0, for
any x € M, and QNLZ(M)RN = QNLZ(QN)®L2(RN)RN7 for any N € N. These facts and
(4.3) imply that we can apply Lemma 2.6 to deduce that (M, N M)r, is amenable, for
every n € N. O

4.1. Proof of Theorem A

Assume, by contradiction, that M admits a residual sequence (A,),. For n € N, let M,, =
A, N M. Since [[, A, C ), AY C M'NM®, Lemma 2.1 implies that ||x — Ep, (x)|l2 — 0,
for every x € M. By Lemma 4.1, we can find projections p, € Z(M, N M) such that
7(py) = 1 and (M, " M) p, <3, (Q;.nyBi) x T, for every n, N € N. Since A, C M, N M,
we thus get that

Anpn <Yy <®I>NBI> x T, for every n, N € N. (4.4)

Let n € N be fixed such that 7(p,) > 15/16. Recall that I' ~ By is the Gaussian action
associated with mx and denote U}" = w (&) € U(By), for every k,m € N,

Claim. There exists k € N such that |U" — Ea, (U2 < 1/16, for every m € N.

Proof of the claim. Assuming the claim is false, for every k € N, we can find m(k) € N
such that Uy := U™ e U(By) satisfies |Uy — Ea,(Upll2 > 1/16. Since 1 —e™" <1, for
any t > 0, we get

g Uit — Uslla = llo(mi() (&™) — 0" )2

= /20— exp(—lm() &) — "))
< V20m() &) — &P, for every g €T

Since sup,, ey Ik (8)(€") — &Il = 0, we deduce that ||ugUku;‘ —Uglla — 0, for every
g € I'. Since Uy € U(By), we also have that Ugx = xUy, for every x € B. By combining
the last two facts, we get that U := (Uy) € M'N M®. However, since |U — Eae(U)|2 =
limg—o |Ux — Ea, (U2 > 1/16, this contradicts that M'NM® C A®. Altogether, this
proves the claim. O
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Let k € N be as in the claim and put V, = U;" —t(U}"). Then we have V,, € By,

1Viell <2, [|Vinllz = /1 —exp(—=1) and [|V,y — E4, (V)2 < 1/16, for every m € N. Since
T(Vr:/ V) =0, for all m # m’, we also have that V,, — 0 weakly.

By specializing (4.4) to N =k, we get that A,p, <), (®1>kBl) x I'. This implies
that we can find a finite dimensional subspace K C @), B; such that if e denotes the

orthogonal projection from LZ(M) onto the ||.|>-closed linear span of {(®ug |y €
K,z€ @B, g €T}, then

lx —e(x)|l2 < 1/16, for all x € (A, pu)i- (4.5)

Next, if m eN, then |V, —Ea, (V)| <1/16 and hence |[|Viupn — Ea,(Va)pall2 <
1/16. Since EA,l(Vm)pn € Aypn and ”EA,L(Vm)pn” <2, (45) gives ”EAn(Vm)pn -
e(Ea, (Vi) pn)ll2 < 1/8. Combining the last two inequalities further implies that

|Vinon —e(Vimpn)lla < 1/4, for every m € N. (4.6)
Now, we claim that
mlew ”E(®1>k31)><1r(x Viy)l2 =0, forall x,ye M. (4.7)

Indeed, it is enough to check this when x =uy,(a®b) and y = (c®d)uy, for a,c €
®lngla b,d € Q,. B and g, h € I'. Then, since V,, € B, we have E(®,>sz)xF(mey) =
T(aVipb)ugbduy, and the conclusion follows since V;, — 0 weakly. This proves (4.7).

Let {§j};=1 be an orthonormal basis for K. Since E(®1>sz)NF(§i*§f) =4, foralli, j e
{1,...,r}, we get that e(x) = Z; VEE @, kB/)xF(s*x) for every x € M. In combination
with (4.7), it follows that |le(V,pn)lla = 0. On the other hand, since [|V,,]| <2 and
©(pn) > 15/16, we have that

Vi pullz Z Vi llz = 1 Vi (1 = p)ll2 = Vi ll2 = 2111 = pall2
=/ 1—exp(—1) —2\/1—1(p,) > 1/4, for every m € N.

Altogether, we get that liminfy,_ oo || Vinpn — e(Vinpu)ll2 > 1/4, which contradicts (4.6).
So M cannot have a residual sequence. O

Remark 4.2. The proof of Theorem A shows that there is no sequence (A;),eN of von
Neumann subalgebras of M such that [[, A, C M'NM® C ),y AY. In particular, there
is no sequence (A,)nen of von Neumann subalgebras of M which satisfies conditions (2)
and (3) of Definition 1.1.

4.2. Proof of Theorem B

Recall that T" ~ By is the free Bogoljubov action associated with m; and denote
Wim = W(E") € By, for k € N and m € {1, 2}. Then for any k € N, {Wy 1, Wi 2} are freely
independent semicircular operators with ||Wk 1l = [|Wk 2|l = 2. Moreover, if m € {1, 2},
then for any g € I', we have that |lugWimug — Wimll2 = IIW (i (8)(§) — W(ED N2 =
7k (e) (&) — &Il = 0. Since Wi,y € Bi, we also have that ||[Wi mx —xWg |2 — 0, for
every x € B. By combining the last two facts, we get that W, = (Wg ) € M' N M®.
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Let us first prove the moreover assertion. To this end, let P C M'NM® be the von
Neumann subalgebra generated by W; and W;. Assume, by contradiction, that there is
a sequence (A,), of von Neumann subalgebras of M such that

Pclancmnm®.

w

For n € N, let M,, = A, N M. Lemma 2.1 implies that lim,_,, [[x — Ep, (x)|l2 — 0, for
every x € M. The moreover assertion of Lemma 4.1 implies the existence of projections
rn € Z(M] N M) such that lim,_., 7(r,) — 1 and (M, N M)r, is amenable, for every n € N.
Thus, A,r, is amenable, for every n € N.

If n € N, then since W, = (Wgm)r € P C ], Ak, there is k, € N satisfying v(rt,) >
1—1/n% and | Wiym — Eag, Wi, m)ll2 < 1/n, for every m € {1, 2}. Thus, if B, = A, ri, ®
C( —ry,), then

Wi,.n — EB, Wi, m)ll2 < 1/n+ |1 —rg,ll2 <2/n, foreveryn e Nandm e {1, 2}.

(4.8)
Let N be the II; factor generated by two freely independent semicircular operators
S1, 82 with [|S1]| = ||1S2ll = 2. For n € N, let 7, : N - M be the unique trace preserving

sx-homomorphism such that m,(S,) = W,.m, for all m € {1,2}. Then (4.8) gives that
Iy (x) — Ep, (w,(x))||2 = 0, for every x € N. Since B, is amenable, for every n € N,
Corollary 2.5 implies that N is amenable. Since N = L(IF,) is not amenable, this gives a
contradiction and thus proves the moreover assertion.

To prove the main assertion, assume, by contradiction, that M admits a residual
sequence (A,),. Then P C M'NM® =), A? and since P is separable, we can find
an increasing sequence of positive integers (k,) such that P C [], Ax,. Since [], An, C
N, A2 = M’ N M®, this contradicts the moreover assertion. O

5. Stability

5.1. Proof of Proposition C

Since P is amenable, it is approximately finite dimensional by Connes’ theorem [8]. Thus,
we can find an increasing sequence (By)x of finite dimensional von Neumann subalgebras
such that P = (|, B)”. If k € N, then since By is finite dimensional, there exists S; € w
such that for every n € S;, we have an embedding By C M, in such a way that the
embedding Bx C [], M, is the diagonal embedding. Put Sy = N.

Claim. There exists a sequence (k,) C N such that n € S,, for all n € N, lim,_,, k, =
400, and

0 c [[Bi, N M.

Proof of the claim. Since Bj is finite dimensional, Q C P'N[][, M, C B, N[], M, =
[1.,(B, N My), for every k € N. Hence, Q C (\yen [ o(Br N My), ie.,

=0, forallkeNandg=I(g)e<0. (5.1)

qn — EB,QﬂMn (gn) )

lim ‘
n—w
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Now, let {g"™},,en be a ||.|l,-dense sequence in (Q)1. Let Xo = N and

o

For n € N, define k, to be the largest k < n such that n € Xy. We claim that lim, ., k, =
400. Otherwise, there exists k € N such that {n e N|k, =k} € w. Then (neN|n ¢
Xk+1} € w. Since Sg41 € w, this would imply the existence of i € {1, ..., k+ 1} such that
we have

— Egom, (4, ’))H , forall 1 < k} )

e = om0, - 5 o

and, thus,
Jim, qu Es;, o, (q"l))H k+1
contradicting (5.1). By construction, Q C ]_[w(B,’(n N M},), which finishes the proof of the
claim. O
Taking (k,) as in the claim, we also have that P C [],, B,. Thus, P, = B, and Q, =
B; 1,V Mn verify the conclusion of Proposition C. O

5.2. Proof of Theorem E

In the proof of Theorem E, we will need the following consequence of Corollary 3.2. Recall
that a tracial von Neumann algebra (M, t) is called solid [30] if the relative commutant
P’'N' M is amenable, for any diffuse von Neumann subalgebra P C M.

Lemma 5.1. Let ' be a countable group and mw : T — O(HR) be a mizing orthogonal
representation. Assume that w® is weakly contained in the left reqular representation
of T, for some k € N. Let ' ~ (C, t) be the free Bogoljubov action associated with . If
L(T") is solid, then C x T is solid.

Proof. Assume that L(I") is solid. In order to prove that M = C x T" is solid, it suffices
to show that if P C M is a diffuse von Neumann subalgebra, then P’NM has an
amenable direct summand. Suppose, by contradiction, that P’N'M has no amenable
direct summand. By applying Corollary 3.2, we get that P < L(I'). Hence, there
exist projections p € P,q € L(I'), a *-homomorphism 6 : pPp — gL (I")q and a non-zero
partial isometry v € g Mp such that 6(x)v = vx for all x € pPp. Since 7 is mixing, the
action I' ~ C is mixing by [18, Proposition 2.6]. Since 0(pPp) C qL(I')q is a diffuse
subalgebra and vv* € 8(pPp) NgMgq, [35, Theorem 3.1] implies that go := vv* € L(I).
Thus, Py:=vPv* is a diffuse subalgebra of goL(I")go. Since v(P'NM)v* C goMgqo is
a subalgebra which commutes with Py, [35, Theorem 3.1] gives that v(P'NM)v* C
PiNqoL(I")go. Since L(I") is solid, we get that v(P’N M)v* is amenable and thus P’ N M
has an amenable direct summand. This finishes the proof of the lemma. O

Proof of Theorem E. First, note that if W is a self-adjoint operator in a tracial von
Neumann algebra whose distribution with respect to the trace is the semicircular law
supported on [—2,2], then {W}” is a diffuse abelian von Neumann algebra. Hence, we
can find a Borel function f : [-2,2] — T such that U = f(W) € {W}" is a Haar unitary,
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ie, t(U") =0, for all n € Z\ {0}. From now on, fix two freely independent self-adjoint
operators W, Ws in a tracial von Neumann algebra whose distribution is the semicircular
law supported on [—2,2]. Define Uy = f(W;) and U, = f(W>). Then U; and U, are
freely independent Haar unitaries, and, thus, N = {U;, U}” satisfies N = {U1}" x {Up}' =
L(F2).

Let I' = Fp and aj, ay € " be free generators. Let my : I' — O(Hy), k € N, be a sequence
of mixing representations such that a tensor multiple of 7y is weakly contained in the left
regular representation of I', and there exist unit vectors & ,, € Hy such that ||z (g)(§") —
&'l — 0, for every m € {1, 2} and g € I'. For instance, let (7x)ren be as in Example 1.5
and note that, by construction, m is indeed mixing, for every k € N. Let I' ~ By be the
free Bogoljubov action associated with m; and denote My = By x I, for every k € N.

Then Wi, = W(&") € Br is a self-adjoint operator whose distribution is the
semicircular law supported on [-2,2]. Moreover, |[ug Wi m — Wi mglla = llmi(g) (") —
&'l = 0, for every m € {1,2} and g € I'. Thus, if we put Ux,m = f(Wi,m) € U(Bx), then

lugUim — Ukmutglla = 0, for every m € {1,2} and g € T. (5.2)

Let pr : N — My be the unique trace preserving x-homomorphism given by o (U;) =
Ui,1 and pg(Uz) = Uy 2. Then (5.2) rewrites as

lug ok (Un) — px(Un)uglla — 0, for every m € {1,2} and g € T. (5.3)

In the rest of the proof, we treat the two assertions of Theorem E separately.
Part 1. We first prove that I' x I' is not W*-tracially stable. This readily implies that
F; x F,, is not W*-tracially stable, for every 2 <[, m < 400. Assume, by contradiction,
that I x T" is W*-tracially stable. Using (5.3), we can define a homomorphism ¢ : I' x I' —
U], Mx) by letting

©(am, e) = (pr(Un))i and @(e, g) =u,, for allm e {1,2} and g € T. (5.4)

Since I' x I is assumed W*-tracially stable, there must be homomorphisms ¢ : I' x
' — U(My) such that ¢ = (gp)k. Let Cr = g (T x {e})” and Dy = ¢r({e} x I')”. Then Cy
and Dj are commuting von Neumann subalgebras of M and we have that

kll_l)Tl) ok (Um) — Ec, (pk(Um))ll2 =0,  for every m € {1, 2}, and (5.5)
klirn lug — Ep,(ug)l2 =0, forevery g €T. (5.6)
—>w

Then (5.5) implies that klim lox (x) — Ec, (px (x))|l2 — 0, for every x € N. Since N is a
—w

non-amenable II; factor, Corollary 2.5 implies that if py € Z(Cy) is the largest projection
such that Cgpy is amenable, then limg_,, t(pr) = 0. Since L(T") is also a non-amenable
IT; factor, by repeating this argument using (5.6), it follows that limg_,, 7(gx) = 0, where
qx € Z(Dy) denotes the largest projection such that Dygy is amenable. Thus, for every
keN,ry:= 1= pr)(1 —qr) € {Ck, D}’ is a projection such that Cgry and Dyri have no
amenable direct summands, and limg_,, 7(rx) = 1. In particular, we can find k such that
ry 7 0. This implies that ryMry, and thus M, is not solid, which is a contradiction by
Lemma 5.1. This finishes the proof of the first assertion of Theorem E.
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Part 2. For the moreover assertion, put B = ®keNBk and M = B x I". Using the natural
embeddings My C M, for every k € N, we can view [, My as a subalgebra of M®. Thus,
we may view ¢ as a homomorphism ¢ : I' x I' — U(M®). Since by the definition (5.4) of
¢ we have ¢(a, e) € B®, t(p(a, e)) =84, and ¢(e, g) = ug, it follows that t(p(a, g)) =
T(p(a, e)ug) = 8(a,g),(e,e), for all a, g € I'. Thus, ¢ extends to a *-homomorphism ¢ :
L(]Fz X Fg) — M®.

We claim that there are no homomorphisms ¢i : I' x I' — U (M) such that ¢ = (@i)x-
Assume, by contradiction, that such homomorphisms (¢;) exist. Then C; = ¢ (T x {e})”
and Dy = ¢r({e} x I')” are commuting von Neumann subalgebras of M such that (5.5)
and (5.6) hold.

Since I' is non-amenable, [31, Proposition 2.4] implies that L(I") is not amenable relative
to B inside M. Thus, since L(I")’ N M = CI1, there is no non-zero projection g € L(I') N M
such that L(I')g is amenable relative to B inside M. Let gx € DN M be the largest
projection such that Dggy is amenable relative to B inside M. Then by [11, Lemma 2.6],
we have that g € Z(D; N M). Since by (5.6) we have that lim, [[x — Ep, (x)[2 = 0, for
every x € L(I'), we can apply Lemma 2.4 to conclude that lim, t(gx) = 0.

Next, fix k € N. Then Dip’ is not amenable relative to B inside M, for any
non-zero projection p’ € (D N M)(1 —qi). Fori € N, let R; = @), ; B;. Then by applying
Corollary 3.2 to the decomposition M = (B;®R;) x T, it follows that Cr(1—qx) <j,
R; x T, for every i € N. If ng € N, then the subalgebras {R; % F}?il of M are regular and
any two form a commuting square. Since ﬂ;’il(Ri xTI) = (®l>n0B1) x T, [11, Lemma
2.8(2)] implies that

Ce(l—qr) <)y (®l>nOBl> x T, for every k,ng € N. (5.7)

Since I' = {ay, ap) is not inner amenable, we can find a constant ¢ > 0 such that
lx — Eg()ll2 < clllx, ug 12 + Illx, ug,1ll2), for every x € M. (5.8)

For k € N, denote &k = |ug, — Ep, (g, )2 + lttay — Ep, (a,)]l2. Then (5.6) implies that
lim,, &x = 0. Since C and Dy commute, we have that ||[x, ug, 1ll2 + [|[x, tg,]ll2 < 2, for all
x € (Cr)1. In combination with (5.8), we get that ||x — Ep(x)|l2 < 2csx, for all x € (Cy).
By applying [21, Lemma 2.2], we derive the existence of a projection r; € Z(C; N M) such
that t(ry) > 1 —2ce; and

Ciry <3 B, for every k € N. (5.9)

Since B and (®l>n0 B;) x T are regular subalgebras of M which form a commuting square,
if px = (1 —qi)rx € C;, N M, by combining (5.7), (5.9) and [11, Lemma 2.8(2)], we get that

Cipr <M ®l>n0Bl’ for every k, ng € N. (5.10)

Using (5.10) and reasoning as at the end of the proof of Lemma 4.1, it follows that
Cy px is amenable, for every k € N. Since lim,, t(gx) = 0 and lim,, 7(r;) = 1, we get that
lim, t(px) = 1. On the other hand, (5.5) implies that lim,, ||px(x) — Ec, (px(x))[2 = 0,
for every x € N. By applying Corollary 2.5, we derive that N is amenable, which is a
contradiction. O
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