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Making use of the Karamata regular variation theory and the Lépez-Gémez
localization method, we establish the uniqueness and asymptotic behaviour near the
boundary 02 for the large solutions of the singular boundary-value problem
Au=b(@)f(u), =€,

u(z) = +oo, x € 042,
where (2 is a smooth bounded domain in RY. The weight function b(z) is a
non-negative continuous function in the domain, which can vanish on the boundary
012 at different rates according to the point zg € 92. f(u) is locally Lipschitz
continuous such that f(u)/u is increasing on (0, 00) and f(u)/uP = H(u) for
sufficiently large u and p > 1, here H(u) is slowly varying at infinity. Our main result

provides a sharp extension of a recent result of Xie with f satisfying
limy— 00 f(u)/uP = H for some positive constants H > 0 and p > 1.

1. Introduction and main results

We are concerned with the uniqueness and exact asymptotic behaviour of large
solutions for the following elliptic problem:

Au=0bx)f(u), x€ 1,

1.1
u(z) = +oo, x € 012, (1.1)

where 2 C RY is a smooth bounded domain. By a solution to (1.1) we take to
mean a function u € CL_(£2) which verifies the equation in the weak sense and

lim wu(z) = oo,
d(z)—0
(© 2012 The Royal Society of Edinburgh
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where d(z) = dist(z, 012) for each x € (2. These solutions are often referred to as
positive large solutions, boundary blow-up solutions or explosive solutions.
The basic structural assumptions of f are the following:

(f1) f = 0 is locally Lipschitz continuous on [0,00) and f(u)/u is increasing on
(0, 00);

(f2) there exist a slowly varying function H (see definition 2.1) and p > 1 such

that f)
. (% -
ul;n;o H(u)up o

We assume that the following conditions on b(x) are satisfied. For each xy € 012,
define the boundary normal sections by, (1) as by, (r) = b(xg — 114,), 7 > 0, 7 ~ 0,
where n,, stands for the outward unit normal at o € 0f2. For any zo € 042,
assume that there exists 7 > 0, such that b(z) € C1(£2,(x0) N 2) and

bwo (7") € Cl (OaT)a b:/vo (T) >0 for each r € (O’T)’ (12)

and
ba(r)
11m
r€d N, x—x09,7—0 bwo (’I")

=1, (1.3)

where 2, (x¢) is a ball in R of radius 7 centred at .

The main purpose of this paper is, using the Karamata regular variation theory
approach introduced by Cirstea and Radulescu [8-12], to study the uniqueness and
asymptotic behaviour of large solutions of (1.1) in a general framework. Our main
results are summarized in the following theorems.

THEOREM 1.1. Suppose that (f1) and (f2) hold and that b(x) > 0 in §2 satisfies
(1.2)-(1.8). Then problem (1.1) possesses a unique positive solution u(x) in 2. Let

r)= [ o BIP S .
By, (1) / / (H 0 B2(1)by, (1) d ds, (1.4)

where H appears in (f2) and (H o B;P)(t) = H(B;2(t)). Then, for each x € 912,
any positive solution u(x) of (1.1) satisfies

u(zg — rMg,)

" Kao)Bal(r) (1)

where

B B, ()
C(.’Eo) - AI—I}%) Baco (T)bxo (T)H o Bz_oﬁ (T) -

(1.7)

It is easy to see that B, (r) is an increasing C%-function on some interval (0, §)
with sufficiently small 6 > 0, and that lim,_,o B,,(r) = 0. Thus, according to [7,
lemma 3.2], we know that C'(x) > 1. Moreover, C(xg) > 1 if and only if B}, (r) is
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normalized regularly varying at zero with index 1/(C(zg) — 1), and C(zo) = 1 if
and only if
: rBy, (r)
r—0 B;O (r)

=0,

with B, (r) being of the form

i —con{- [ 22

for some positive constants ¢, n and a positive function ¢ € C1(0,n) such that
lim, o ¢'(r) = 0.

A point worth emphasizing is that the behaviour at infinity for a slowly varying
function cannot be predicted. For example, L(u) = exp{ (logu)'/? cos((logu)'/?)} is
slowly varying with lim,,, o inf L(u) = 0 and lim,,—,~ sup L(u) = oco. So if f satisfies
(f2), the behaviour at infinity for f(u)/uP cannot be completely described. Thus,
theorem 1.1 extends the results of [4,5,14,22-26,29], since the main results of these
works were obtained for f satisfying (f1) and that

(fs) there exist p > 1 and some positive constants H such that

-1 P
Hfuhﬁnolof(u)/u > 0,

which implies that f behaves like a pure power uP near infinity.

It is also interesting to note that (f2) implies that f is regularly varying at
infinity with index p, written f(u) € RV, (see definition 2.1). For more details,
see [19, remark 1.1].

Continuing the studies of [4,5,22,23], Huang et al. [19] also considered the bound-
ary behaviour of large solutions to problem (1.1) under the same conditions, but the
formula of the asymptotic behaviour is different, because the function By, (r) used
for setting the exact boundary blow-up rate of the solution to (1.1) is apparently
different.

Some slight generalizations of problem (1.1) are possible, and still we can get the
results in theorem 1.1 for a porous media logistic equation

Au™ =b(z)f(u), x € 12,
u(z) = +oo, x € 042,
where m > 1 (for more results for the porous media equation, see [13,14] and the

references therein).
Another possible generalization is to consider g-Laplacian equations, that is,

Aqu=>b(z)f(u), =€,
u(z) = +oo, x € 912,
where Aju = div(|Vu|972Vu) denotes the g-Laplacian operator with ¢ > 1.

With a little more effort, the results in this paper can be extended easily to
equations with nonlinear gradient terms

Au = |Vul? =b(z)f(u), x€ 12,
u(z) = 400, z € 0N.

https://doi.org/10.1017/50308210511000060 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210511000060

828 S. Huang, W.-T. Li, Q. Tian and Y. Mi

For more results concerning elliptic boundary blow-up problems with nonlinear
gradient terms, see [2,16,17,30,31].

For more results concerning elliptic boundary blow-up problems (apart from the
above-mentioned references), the reader is referred to [1,6,15,18,20,21,32] and the
references therein.

The rest of the paper is organized as follows. In §2 we collect some prelimi-
nary results that are needed throughout this paper. In §3 we give the asymptotic
behaviour of the solutions of an auxiliary problems. Theorem 1.1 will be proved in
§4 by the localization method introduced in [22].

2. Preliminaries

The main purpose of this section is to provide some concepts from the theory
of regular variation. For detailed accounts of the theory of regular variation, its
extensions and many of its applications, we refer the interested reader to [3,27,28].
Unless otherwise stated, and where there is no possibility of confusion, regular
variation is assumed to occur at infinity.

DEFINITION 2.1. A positive measurable function f defined on [D,o00) for some
D > 0, is called regularly varying (at infinity) with index p € R (written f € RV))
if, for all £ > 0,

L flew

im
u—oo f(u)
When the index of regular variation p is zero, we say that the function is slowly

varying. The transformation f(u) = u?L(u) reduces regular variation to slow vari-
ation.

— P,

PROPOSITION 2.2. Assume that L is slowly varying. Then the convergence
L(¢u)/L(u) > 1 asu— oo
holds uniformly on each compact e-set in (0, 00).
ProprosITION 2.3. If L is slowly varying, then
(i) nL(u)/Inu — 0 as u — oo,
(ii) for any o> 0, u*L(u) — oo and u=*L(u) — 0 as u — oo,
(iil) (L(u))® varies slowly for every a € R,
(iv) #f L1 varies slowly, so do L(u)Lq(u) and L(u) + L1 (u).

Now we collect some important results which will be used in the proof of theo-
rem 1.1.

DEFINITION 2.4. A function u € C?(£2) is a (classical) subsolution to problem (1.1),
if u = +o00 on 912 and
Auzb(x)f(u), =€

Similarly, @ is a (classical) supersolution to problem (1.1), if & = 400 on 92 and

Au < b(x)f(a), =€
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The following comparison principle plays an important role in the proof of theo-
rem 1.1, and will be used in later sections.

PROPOSITION 2.5. Let f be continuous on (0,00) such that f(u)/u is increasing for
u > 0, and let b(x) € C(£2) be a non-negative function. Assume that uy,us € C?(£2)
are positive such that

Auy —b(z) f(u1) <0< Aug — b(z) f(uz), =€,

limsup (uz —u1)(z) <0.
d(z,092)—0

Then we have uy = us in 2.

3. Some auxiliary problems

To prove theorem 1.1, first consider the boundary blow-up rate of problem (1.1) if
(2 is a ball in R and the weight function b(x) is a radially symmetric function on
the ball.

THEOREM 3.1. Suppose that 2 = 2r(x0) is a ball in RN of radius R centred at xo
and f(u) satisfies (f1) and (f2), and

b(z) = b(R — |}z — zoll) = b(d(x)) = b{dist(z, 02r(z0)))
is a radially symmetric function on the ball. b € C([0, R] : [0,00)). Define

r)= e oB~# s .
B(r) /O/O(H B0(4))b(t) dt ds, (3.1)
[B'(r)]?

=1 . 2
Co= I By H o BP0r) (3:2)
Then the problem (1.1) has a unique solution u satisfying
: u(x)
1 ——— =1 .
a0 KB=B(d(z)) (3:3)
where 1
K=[BB+1)Co-p", B= 1

Proof. For clarity, we divide the lengthy proof into several steps.

STEP 1 (existence). (f2) implies that f(u) € RV,, taking into account [9, theo-
rem 1.1], we derive that problem (1.1) possesses a large solutions.

STEP 2 (local supersolution and subsolution to (1.1)). Let u denote an arbitrary
large solution of (1.1).
Define u (z) = ¢ B~P(d(z)), 0 < d(x) < §, where

L [BB+C -8 1
g |: 1:F€ :|a ﬂ*]ﬁ»

where € > 0 is small, and where § is to be determined later.
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A simple calculation yields (|Vd(z)| = 1),
Vus () = =€FBB~7 1 (d(x)) B' (d(2)) Vd(),
Aug(z) = E°B(B+ 1)B~7*(d(2))[B'(d(x))]* — BB~ (d(2))B" (d(x))
— 5B (d(x)) B' (d(z))Ad(x)
Consequently,
Aux(z) = b(z) f(ux(z)) = b(d(x)) f(ux(2))[B1(d(x)) — Ba(d(x)) — Bs(d(z)) — 1],

where

BB+ B ()[B (1)
B = &)
AR )B (1)
Bl = =i B 0)
+ —B—1 / T
put) = EBB OB M)

b(t) f(§=B7(t))
From (f2), definition 2.1 and (3.2), we find that

| . . BF2(1)[B'(1)]?
fimy By (1) = €5A(5 + 1) i 3o B3 )

o J(BA®) HBP)B()  [B(H)?
SOOI s aw) FBAw)  BOWOH(B W)
B ﬂ(@;:—)?o' (3:4)
By virtue of (3.1), we know that
/ HoB~ B"(t) = H(B™A(t))b(t).
Then
| B~A-1(1)B(t)
e N T O )
ety JBW) HB )BT
=0 f(EEB=B(t))  F(BA())
- o
and
. ey BONOB ()A@)
iy Bat) = & o = e B2 (n)
Lo J(BPW) HBPW)BW) B i
B (=3 3 TV 3 O 0 R
—0. (3.6)
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Thus, taking into account (3.4)—(3.6), we obtain

d(ggo[B1 (d(z)) — Ba(d(w)) — B3(d(z)) — 1] = Fe,

which implies that there exists 4 > 0 sufficiently small that, for z € 2 with 0 <
d(z) <4,

(3.7)
Au(z) = b(x) f(u—()) >0,

which implies that u (z) are a local supersolution and subsolution to (1.1).

Auy (z) = b(z) f(uy () <O,
b 0

STEP 3 (supersolution to (1.1)). Define 2,3 ={z € 2: a <d(z) < B}. Fix ¢ €
(0,16), and set
Ut o(2) = uy(d —o0,5) + My,

where (d, 5) are the local coordinates of x € £2, 52, and My > 0 is sufficiently large
that, for o € (0, i&) and s € 912,

Uy o(50,8) = uyp (50 — 0,8) + My > u(30,s). (3.8)
Note that
lim uy () = oo. (3.9)
d—o

On the other hand, in view of (3.7) and (f;), we obtain, for z € £2, 5,2,

Auy ()

Auy(d—o,s)
b(@)f(uy(d —o,5))
b(x)f(uy(d —0,5) + M)
b(x) f (Ut o (2)).

This fact, combined with (3.8), (3.9) and proposition 2.5, shows that, for every
o €(0,196),

NN

T

u(2) S uto(z) =uy(d—o0,8)+ My, € 2,5

Letting o — 0, we conclude that u(z) < uy(z) + My for all z € 2 with 0 < d(z) <
1

20.

2

STEP 4 (subsolution to (1.1)). Define
Ug(z) =Ou_(d+0,5), x€Qs55:={xeR:0<d(z)< 30},
where 6 € (0,1) is chosen sufficiently small that
Ug(%0,8) =0u_(16+0,s) <u(id,s) forall o€ (0,10), for all s € 902. (3.10)
Note that

lim sup(u, — u)(x) = —o0. (3.11)
d(z)—0
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Using (3.7), we obtain, for 2 € 254,

Auy = 0Au_(d+ o, s)
> 0b(x)f(u_(d+ a,s))
> b(a)f (Bu_(d+ 0, 5))
=b(x) f(us). (3.12)
Thus, taking into account (3.10)—(3.12) and proposition 2.5 again, we obtain
Ug(x) = O0u_(d+o0,8) <u(x), €25/,

Letting o — 0, we find Ou_(2) < u(x), v € 25/4.
Set

Ugo(z) =u_(d+0,5) — (1 —Q)u_(6",s), x€ 2+, 0 €(0,6/4—5").
Then, for x € 25, we have
Augg(z) = Au_(d+0,5) = b(x)f(u_(d+ 0,8)) = b(x)f(use).
By virtue of

lim sup(uep — u)(x) = —o0
d(z)—0

and
Ugp(6",8) =u_(0" +0,s) — (1 — O)u_(d",s) < Ou_(6",s) < u(z),

we derive that

Usp(z) =u_(d+0,8) — (1 —0)u_(0",s) <u(x), =€ -
Letting o — 0, we get u_(d,s) — (1 — @)u_(6*,s) < u(x), © € s~
STEP 5 (boundary behaviour). By steps 3 and 4, we arrive at

u_(z) — (1 —0u_(6%,s) <u(z) <up(z)+ My, € s,
since u_ (6%, s), M. are bounded and limg(,)_,o B~?(d(z)) = co. Then

u(z) u(z)

~ <liminf ————— < limsup —————— < &1,
¢S B S e BRa@) <°
Equation (3.3) follows by € — 0. O

Given a point z¢ € RY, and positive real numbers 7o > r1 > 0, we denote
Qs (20) = {2 € RN 1 1y < |z — 20| < 12}
As an immediate consequence of theorem 3.1, we obtain the following.

COROLLARY 3.2. Suppose that 2 = (2, »,(x0). Then any positive solution u of
(1.1) satisfies
u(z)

m ——— =1
(o) s0 KB-B(d(z))
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where K, B and 8 are defined in theorem 3.1,
ro — | — x| if %(rl +73) < |z — 20| < 72,

d(x) = d(x, 002y, r, (20)) = {

|z — a0l =71 if r1 < |z —wo| < 3(r1 +r2).

4. Proof of main theorem

The main goal of this section is to prove theorem 1.1 by the localization method
introduced in [22], where the solutions of (1.1) are estimated by the large solutions
in sufficiently small interior balls and sufficiently large exterior annuli.

Proof.

STEP 1. Fix ¢ > 0, according to (1.3), we obtain that there exist p = p(¢) € (0,n)
and p1 = p(e) such that, for all x € 02N 2,(xo), r € (0, ),
by (1) b(x —rn,)

1-— * = 1 . 4.1
€< bao (1) b(xo — M40 ) <lte (4.1)

Set
B={x—rn,:z€dNNNR,(x0), r €[0,u]}.

Since 92 is smooth, p, p1 can be shortened, if necessary, so that for each y € B,
there exists a unique yo € 02N 2,(z0), and 7(y) € [0, u], such that

y=yo —r(¥)ny,,  7(y) = |y —yo| = dist(y, 092).

Furthermore, there exists ro € (0, min{3p, $x}), such that £2,,(zo — rong,) C

2, and §2,, (w0 — 1on4,) N 02 = {x0}. Thus there exists op > 0 such that, for

o € (0,00], 2ry(z0 — (10 + 0)Nsy) C 2N 1Int B.
By (1.2) and (4.1), for o € [0,00] and y € £2,,(z¢ — (10 + o)1y, ), we infer that

b(y) = byo — r(y)ny,)
2 (1 —¢e)b(zo — r(y)nay)
= (1 = €)bay (r(y))
= (1 — )by, (dist(y, 012))
> (1 — e)by, (dist(y, 092y, (xg — (1o + 0)1gy)))-
Subsequently, b(y) = (1 — &)by, (1), where r, = dist(y, 02, (xo — (10 + 0)Nyy))-
Consider
Au = (1 —¢e)by,(15)f(u), =€ 2y (x0— (ro+0)ny,), (4.2)
u(z) = 400, x € 02y (z0 — (ro + )Ny, ). '

Due to theorem 3.1, problem (4.2) has a unique solution U for each o € [0, o).
Furthermore,

U(zx)

lim Y (1-¢)f,
=002, (xo—(ro+0o)ns,) Ky (1‘0)31 (T’o) ( )
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where
/ / H o BT (t))ba, () dt ds,
Kilao) = 33+ 1)Cuy = A, B= =,
Co = Tim [Bi(t)}Q .
150 By (t)by, (£) H o By (1)
Define

U, = U|Q,,,0 (xo—(ro+0)Ngg)"

Then u, is a bounded subsolution of (4.2). Hence, the maximum principle implies
that, for each o € [0,0¢] and x € 2, (xo — (ro + )Ny, ),

Uy, = U|Qro(x0—(r0+a)nwo) <U,

which implies that
u
lim sup 2 < (1-¢)~.
2300,y (z0—(ro+0)nay) K1(20)B1(rs)

Passing to the limit as 0 — 0 gives

lim ul@o = 1)

A9 %o/ _\B
r—0 Kl(afo)Bl( ) S (1 6) '

This is valid for any sufficiently small € > 0. Then
. u(xg — rng,)
lim ———2~ < 1. 4.3
r—0 Kl(l‘o)Bl(T‘) ( )
STEP 2. For any x¢ € 0f2, there exist 0 < r; < r9 and o¢ such that

ncC ﬂ Q) vy (X0 + (r1 + 0)Ngy), AN N 2y vy (T0 +11108,) = {20},

0<o<oo

and ry is sufficiently small and ry is sufficiently large that 2 C 20y vy 3(T0F+T1M02,).
According to (4.1), we find that, for each y € £29,(x¢) N {2, where n € min{p, u}
is small,

b(y) = b(yo — 7(y)my,) <
= (1 4 )by, (dist(y,
(14 )by, (dist(y,

(14 €)by, (dist(y

(1 +€)bay (r(y))
09))

002y (zo +11ms,)))

L 00,y (0 4 T1M,))).-

N

Define a radially symmetric function b: £2,, ., (zo + r17,,) = [0,00) as

b(y) = (14 )by, (1),
where 7 = dist(y, 092, ,,(z0 + T11y,)) and y € 29, (x0) N £2. Moreover,
b(dist(y, D2y, ry(x0 + (11 + 0)Nsy))) = b(y) for all y € 2 and all & € [0, 0¢).
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In view of corollary 3.2,

Au = B(r)f(u)v YIS ‘QT1,T‘2 (‘TO + (7’1 + U)nzo)a

u(z) = 400, x € 02y py (0 + (11 + 0)Ngy),
has a unique large positive solution 4, where r = dist(y, 92, r, (xo + (r1 + 0)ns,)),
and (2)
U(z
lim T (14¢)P,
=002 ry (To+(r1+0)102() K5 (Io)BQ (r) ( )
where

/,1 _ T S . 75 s
Ba(r) / / (H o By (1))by, (1) di ds,

Ka(z9) = [B(B+1)Cyy — B, B=—-—

p—1’
/! 2
Cy, = lim [Ba(0)] .
=0 By (t)by, (r)H o By P (t)

Moreover, since |, is a subsolution of (1.1), this implies that
U(x) <wu(zr) forall o €[0,00] and all x € £2,, r,(xo + (11 + 0)1y,) N L2

This yields
lim u(zo — rMy,)

r—0 K3 (x0)B2(r)

Letting 0 —, we derive that

> (1+¢)°.

lim inf u(@)

— > 1. 4.4
T—=20,LER2 1y (To+T1M0,) KQ(JS())BQ(T’) ( )

It can easily be seen that Bi(r) = Bz(r) and K;(xg) = Ka2(x0). Using (4.3) and
(4.4), we obtain (1.5).

STEP 3 (uniqueness of problem (1.1)). The uniqueness follows from theorem 1.1
by a standard argument. For completeness we include the short proof. Suppose
that uy; and us are solutions of (1.1) on {2. Then, by theorem 1.1, it follows that

u(z)
d(z)—0 UQ(.TZ)

Thus, given € > 0, there exists § > 0 such that
(1 —-2)ug(x) <ur(z) < 1+ e)us(z), =€ s,

where 25 = {x € 2: d(x,082) < 6}. Then (f;) implies that u™(z) = (1 & )ua(z)
satisfy

<b(z)f(u™), e,
Au~ 2 b(x)f(u™), z€f
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Let w be the unique solution of

Aw =b(x)f(w), z € 2,
w = ui, .C(:E(?Qo,

where 2y = {z € 2: d(z,012) > ¢}. By the comparison principle, it follows that
u (z) < w(z) < ut(z), * € . The uniqueness of w implies that w = uy, z €
2. Consequently, (1 — e)uz(x) < ui(x) < (1+¢&)ua(x), z € 2 = 25 U 2. Letting
€ — 0 we obtain that u;(x) = ua(x). This completes the proof. O
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