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SUMMARY

In this paper, a simple and convenient method — Recursive
Matrix method — is proposed for kinematic and dynamic
analysis of all types of complex manipulators. After
addressing the principle of the method, an example — a
3-DOF parallel manipulator with prismatic actuators — is
demonstrated for the efficiency of the method in solving
kinematic and dynamic problems of complex manipulators.
With the inverse kinematic solutions, the inverse dynamic
problem is solved with the virtual powers method. Matrix
relations and graphs of the acting forces and powers for all
actuators are analysis and determined. It is shown that the
proposed method is an effective mean for kinematic and
dynamic modelling of paralle] mechanisms.
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I. INTRODUCTION

Parallel mechanisms generally comprise two platforms
which are connected by joints or legs acting in parallel.!
Over the past decades, parallel mechanisms have received
more and more attention from researchers and industries.
They can be found in several practical applications, such
as aircraft simulators,? positional tracker,® telescopes* and
micro-motion device.’

More recently, they have been used in the development
of high precision machine tools®~® by many companies
such as Giddings & Lewis, Ingersoll, Hexel, Geodetic and
Toyoda, and others. The Hexapod machine tools are one of
the successful applications.

Parallel mechanisms have significant advantages over
serial mechanisms and in particular possess reduced moving
mass and higher stiffness. Thus, parallel mechanisms can
work at higher velocities, and yet maintain sufficient rigidity
to deliver high levels of accuracy.

The analysis of parallel manipulators is usually imple-
mented through analytical method in classical mech-
anics,”"!' in which projection and resolution of vector
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equations on the reference axes are written in a considerable
number of cumbersome, scalar equations and the solution
are rendered by large scale computations together with time
consuming computer codes.!'! In this paper, a new method —
recursive matrix method — is introduced. It has been proved to
reduce the number of equations and computation operations
significantly by using a set of matrices for kinematics and
dynamic modelling.'*!3

A spatial 3-DOF parallel mechanism [8], which can be
used in several applications, including machine tools is
proposed in this paper. Existing 3-DOF parallel mechanisms
can be classified in terms of the types of actuated joints, and
the structures of the supporting frames. In regard to the
types of actuated joints, they can be either revolute or
prismatic. Since the prismatic joints can easily achieve
high accuracy and heavy loads, the majority of the 3DOF
parallel mechanisms in reality use actuated prismatic joints.
A prismatic joint can have an extensible length or a fixed
length. The 3DOF parallel mechanism discussed in this
paper belongs to the type with extensible length and a
passive leg located in the centre to improve the stiffness.
In comparison with an approach for kinematic modelling
of robot manipulator, a dynamic modelling approach
could be systematized easily. Some systematic approaches
have been developed for general-purpose parallel mech-
anisms analysis.!*~!7 Meanwhile, quite a few of special
approaches have been conducted for dynamic modelling
of specific parallel mechanism configurations;'®~2> Kane
and Levinson®® obtained some vector recursive relations
concerning the equilibrium of generalized forces that are app-
lied to a serial manipulator. Sorli et al** conducted the
dynamic modelling for Turin parallel manipulator, though the
mechanism has three identical legs, it has 6-DOF. However,
to the best of our knowledge, there is no efficient dynamic
modelling approach available for parallel manipulator.

II. INVERSE KINEMATIC MODELLING

Let Oxyyozo(Tp) be a fixed Cartesian frame. A spatial
manipulator with three degrees of freedom is moving with
respect to this frame; the mechanism consists of four
kinematical chains, including three variable length legs with
identical topology and one passive constraining leg, all
connecting the fixed base to a moving platform (Fig. 1).
In this 3-DOF parallel mechanism, a kinematical chain,
associated with one of the three identical active legs, was
introduced between the base and the moving platform. It
consists of a fixed Hook joint, characterized by the angular


https://doi.org/10.1017/S0263574705001670

126

Fig. 1. Parallel manipulator with prismatic actuators.

velocity wf,, = ¢ih and the angular acceleration e, = @b, and
a moving link of length /,, mass m, and tensor of inertia b,
which has a relative rotation with the angle @3}, so that
i = @, &5 = @3, An actuated prismatic joint is as well as
amoving link to the A3x4 yfz{(T{") frame, having a relative
displacement 1%, velocity v, =A%, and acceleration y35 =
X4,. It has the length /3, mass m3 and tensor of inertia J3.
Finally, a ball-joint is attached to the platform.

The fourth constraining chain has a different architecture.
It consists of a prismatic joint attached to the base and a
moving link of length /; and mass m, having a purely vertical
displacement 2}, velocity vfy = A} and acceleration y,( =
)‘{)o- A Hook joint is attached to the moving platform. The
moving platform is an equilateral triangle with edge /, mass
my and tensor of inertia J.

Rotations of the moving platform are defined by the angles
@2 and ¢2) in the local coordinates (Fig. 2). The orientation
of the joints A, B, C on the fixed platform (Fig. 1) is given
by

0 2w 2w 0
as =0, ap=— ac =——.
A B 3 “c 3

For convenience, the independent coordinates of the
platform have been chosen as zg , 01, 0ip, wWhere zg is the
height of the platform and «, o, are the angles of the Hook
joint.

Assuming the passive leg D on the OD| D, D3 path, the
passing matrices are derived:

di =@, dyy =d\a1, dy = das. )

Now, considering the OA| Ay A3 A4 track of the limb A, the
transfer matrices are given by

ap = a(foala{;‘, ar = aglaﬁaz, as =ay, 3
Where:?
0 0 -1 0 0 -1
1 0 0 0 1 0
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Fig. 2. Kinematical scheme of the manipulator.

cosay sinay O
at = | —sinay cosay 0
0 0 1
cosB sing 0
ag = —sinB cosB O
0 0 1
cosgd,_;  singd_; 0
Ay = —sin(p,ék_1 cosgo,f,k_1 0 4
0 0 1

k
awo = [ Jar-jrr ey, (k=1,2,3).
j=1

The same equations can be written for the other two loops
O-B and O-C of the mechanism (Fig. 2).
Suppose the absolute motion of the platform is given by

2
S =h+1 +zg*<1 — cos ?nt),
21 .
o = af(l — cos Tt) (i=1,2). 5)

To solve the inverse kinematic problem, the passive leg can
be taken as a serial 3-DOF mechanism with the coordinates
determined by the conditions

T =T (=D D= T=D G
dyydso =a, u; {rlo + Ajous + d10r21} =zy, (6)
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where a = apa; is a rotation matrix from the frame Oxyyozo
to Gxgyczg, and rlDO = lgu3, l"ﬁ = liu;

-1 0 0 0 0 -1 0
d30 =0 0 1|, us=|0]|, a3=|1 0 O
0O 1 0 1 0O 0 O

(7

1 0 0 cosap 0 —sinay

a=|0 cosa; sina; |, ay= 0 1 0
0 —sino; cosay sinap, 0 cosay

It results

)\. O_ZO _ll_l()’ 903D2:a2' (8)

Once the solution of the inverse kinematic of this 3-DOF
serial chain is found, the complete position and orientation
of the limbs A, B, C can be determined by the following
geometric conditions

T 2A4
o+ E :akork—b—lk dsors
_ T =B
= 10+§ :bork+1k

_.34
d30

- T =C T =Cy
=T+ E ChoTiax — digls

G—>
= zg U3, 9
where
A _ AT =~ A _ =
rio=loa, u;, ry =0,
-A - A T= -A -
ry, =lsuy + A 5asus,  ryy = lus.
1 0 —lycosay
- - —»A
up= |0, wuw=|1|, ry'= 0 (10)
0 0 lysinoy

III. Velocities and accelerations
The motion of all links is characterized by the following skew
symmetric matrices [23]

~A ~A T A =
Wiy = Ak k—1D)_1 0y j—1 T Df 1 U3. (11)

These matrices are associated with the absolute angular
velocities, given by the recurrence relations

A > A A -
Wi = Ak k—1Wj_1,0 T O g1 U3 (12)

The velocity ¥}, of the joint A; can be obtained as

A -4 A=A A =
Vip = Gk k—1 {kal,O + wkfl,Ork,kfl} + Uk g—113,
A =
B, =0 (0=1,24), (13)
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The following matrix conditions of connectivity constitute
the inverse kinematical model

] aits {”32 + a%z’”fz}

(14)

A=T T
il ajoiizay, {"32 + a%z’”4%} + w3

A=T T = _ D=T= | =T T ~D=As
+v3plU; azgUus = vigU; Uz + U; dyg@30r;

These relations generate Jacobian matrix of the mecha-
nism, defining the robot workspace. From equation (14),
relative velocities w1, w5y, v4, rtesult as functions of
platform’s characteristic velocities

D -G D . D .
Vg = % » Wy = Uy, w3 =07 (15)

Assume that the robot has a virtual motion determined
by the apg.ular'velocities 1.)?21; =1,v8 =0, v}, = 0 The
characteristic virtual velocities, expressed as function of
manipulator’s position, are given by new connectivity
conditions of relative velocities

=T T [2Av ~ Av =T ~Dv 2 A
u; aSO{U?aOa +w30a”43} = u; d30{v30a+w30ar34}' (16)

Other two compatibility relations of the loops O- B and
O-C can be obtained, if one considers v5) =1 and v§;). = 1.

Some new connectivity relations of the angular
accelerations &1}, &5\, y43 of the links can be obtained

A=T T~ T[=A =A
E1ol; AjpU3dy {”32 + a32r43} + 521” a20”3{r%2 + a32r43}

D ~ —=Ay

+y 32”T‘130”3 = V10” s + u; d30{“) a)30 + 830}’3
wﬁowleu a10”3”3a21 {’"32 + asz’_;fa}

— wflwg\lﬁirazroﬁg%{?ﬁ + a3727f3}

— 2wjow\id; alyiizay @ {73 + aziis )

— 25 vihii] ayyiizais.

a7

A A=T T~ T T-=
— 2wigvil; ayil3aya3U3

When the other two kinematical chains are pursued, the
similar relations can be easily obtained.

The following relations are for the angular accelerations
£{, and the linear accelerations 7 of the joints

g1?0 = ak,kflgl?—l,o + 5?,k—1ﬁ3
+ O Ak Dy 0@ H3 D@40 + Efo
= ak,k—l{‘7)1?—1,0‘7)/?—1,0+§1?—1,0}‘11<T,k—1 +wl?,k—1wlék_1ﬂ3ﬁ3
+ 51?,1(71’73 + 20)1?,k71ak,k71@1?71,oa1:k71’13)7kf(‘)
= a1 P10 + acn i {@F 0@y 0 FEL o}
Pl =0 (0=124). (18)

The equations (14), (17) are the inverse kinematical model
of the manipulator.
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IV. Motion simulation

For the inverse dynamic problem, the virtual power method is
applied. Graphs and recursive matrix relations for the forces
and powers of the three actuators are obtained.

The three actuators forces are

fs/;:fﬁﬁ& f£=f£173, f3C2=f32’73' (19)

The force of inertia and the resultant moment of the forces
of inertia of the rigid body 7} are determined in respect to
the centre of the joint A;. On the other hand the characteristic
vectors f;* and m} evaluate the influence of the weight action
my g and all other external and internal forces applied to the
same 7} manipulator link.

Given the absolute motion of the platform by equation (5),
the position, velocity and acceleration of each joint can be
determined, and the wrench about A; can also be determined.
Assuming that friction forces at the joints are negligible, we
can then calculate the actuating forces.

In the virtual-velocities method, the dynamic equilibrium
condition of the mechanism requires that the virtual power
of all external, internal and inertia forces, which is developed
during a general virtual displacement, to be set null. Applying
the fundamental equations of the parallel robots dynamics,'
the following matrix equation is obtained

f3é = E‘ST{I?SA + wZAll;M? + “)512]‘7[23

+ o5 MY + v FP + oMY}, (20)
where
ﬁk/?) = m v + mi { @@ + o7 4 9.81m ails
1\7[{}) = mpFE Ay + JLEL + Bl + 9-81mE A agoii
F-:kA = ﬁk/?) + akTJrl,kﬁkAﬂ’

M/? = Ml?o + akT—o—l,kA_/}l?+1 + 71?+1,kakT+1,kﬁk/:1’

k=1,2,3). 21

The equations (20) and (21) represent the inverse dynamic
model of the-3-DOF parallel manipulator with prismatic
actuators.

An example is given with the following parameters

af = /12, o =m/18, z§*=0.Im
[ =0.75 m, D1D2 = ll = O65m,
12: 1211’1, A3A4:l3:125m

GA, = l/\/g, ArA3=15=025m, OD;=Il¢=0.1m
sin = +1g)/(Uzs+15), lo=U3+1Is)cosf+14

mp = lkg, nyp = 2.5 kg, ms = 15kg, ny = 5kg

Finally, one obtains the graphs of the forces f;% (Fig. 3),
f& (Fig. 4), £S (Fig. 5) and powers p%, (Fig. 6), p%, (Fig. 7),
p3c2 (Fig. 8) of the three prismatic actuators.
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Fig. 3. Force f3} of the first actuator.
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Fig. 4. Force f} of the second actuator.
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Fig. 5. Force £ of the third actuator.
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p32a(w)

N ; ; ; 1 ;

0 0.5 1 1.5 2 25 3

t(s)

Fig. 6. Power p4, of the first actuator.
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Fig. 7. Power p% of the second actuator.
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0 0.5 1 15 2 25 3
t(s)

Fig. 8. Power pS, of the third actuator.
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V. CONCLUSIONS

In the paper, the matrix relations for the real time computation
of position, velocity and acceleration of each link of a 3-DOF
parallel manipulator have been established. The analytical
calculus involved in the Lagrange equation is very tedious,
thus presenting an elevated risk for errors. Furthermore, the
duration of numerical computations is getting longer when
the number of components of the mechanism is increased. In
this case, the new method showed its advantage over others.
With the example of the 3-DOF parallel mechanism, the new
method illustrated an efficient way to determine the real time
variation of the forces and powers of all the actuators of
a parallel manipulator. In a context of automatic control,
the iterative matrix relations (20) and (21) given in this
dynamic model can be easily transformed into a robust model
for the computerised control of the most general parallel
manipulators.
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