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We study the Cauchy problem for the nonlinear Schr�odinger equation with dissipation

ut + L u + ijuj2 u = 0; x 2 R; t > 0;

u(0; x) = u0 (x); x 2 R;

)

(A)

where L is a linear pseudodi® erential operator with dissipative symbol
Re L( ¹ ) > C1j¹ j2=(1 + ¹ 2) and jL 0 ( ¹ )j 6 C2(j¹ j + j¹ jn ) for all ¹ 2 R. Here,
C1 ; C2 > 0, n > 1. Moreover, we assume that L( ¹ ) = ¬ ¹ 2 + O(j¹ j2+ ® ) for all j¹ j < 1,
where ® > 0, Re ¬ > 0, Im ¬ > 0. When L( ¹ ) = ¬ ¹ 2 , equation (A) is the nonlinear
Schr�odinger equation with dissipation ut ¬ uxx + ijuj2 u = 0. Our purpose is to
prove that solutions of (A) satisfy the time decay estimate

ku(t)k1 6 C (1 + t) 1=2(1 + log(1 + t)) 1=2 ¼

under the conditions that u0 2 Hn;0 \ H0;1 have the mean value

û0(0) =
1p
2 º

Z
u0 (x) dx 6= 0

and the norm ku0kHn;0 + ku0kH0;1 = " is su± ciently small, where ¼ = 1 if Im ¬ > 0
and ¼ = 2 if Im ¬ = 0, and

Hm;s = f¿ 2 S0 ; k¿ km ;s = k(1 + x2)s=2(1 @2
x)m=2 ¿ k < 1 g; m; s 2 R:

Therefore, equation (A) is considered as a critical case for the large-time asymptotic
behaviour because the solutions of the Cauchy problem for the equation
ut ¬ uxx + ijujp 1u = 0, with p > 3 have the same time decay estimate
kukL1 = O(t 1=2 ) as that of solutions to the linear equation. On the other hand,
note that solutions of the Cauchy problem (A) have an additional logarithmic time
decay. Our strategy of the proof of the large-time asymptotics of solutions is to
translate (A) to another nonlinear equation in which the mean value of the
nonlinearity is zero for all time.
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1. Introduction

We consider the Cauchy problem for the following nonlinear Schr�odinger equation
with dissipation

ut + L u + ijuj2u = 0; x 2 R; t > 0;

u(0; x) = u0(x); x 2 R;

)

(1.1)

where the linear pseudodi¬erential operator L is de ned as L ¿ = F 1L( ¹ ) ^¿ ( ¹ ), here
and below F ¿ (or ^¿ ) is the Fourier transform of ¿ de ned by the formula

^¿ ( ¹ ) =
1p
2 º

Z
e ix¹ ¿ (x) dx

and F 1 ¿ (x) (or µ¿ (x)) is the inverse Fourier transform of ¿ , i.e.

µ¿ (x) =
1p
2 º

Z
eix¹ ¿ ( ¹ ) d ¹ :

We assume that the linear operator L is dissipative, that is, its symbol satis es

Re L( ¹ ) > C1j ¹ j2

1 + j¹ j2 and jL0( ¹ )j 6 C2(j¹ j + j¹ jn) (1.2)

for all ¹ 2 R, where C1; C2 > 0, n > 1. Moreover, we assume that the symbol has
the following asymptotic representation for small values of ¹

L( ¹ ) = ¬ ¹ 2 + O(j¹ j2+ ® ) for all j¹ j < 1; (1.3)

where ® > 0, Re ¬ > 0, Im ¬ > 0. In particular, if we choose L( ¹ ) = ¬ ¹ 2, then (1.1)
is the nonlinear Schr�odinger equation with dissipation (it is also known as the
generalized Ginzburg{Landau equation) ut ¬ uxx+ijuj2u = 0. Our main purpose is
to study the large-time asymptotics of solutions to the Cauchy problem (1.1). Large-
time asymptotics of solutions to the Cauchy problems for dissipative equations
has been extensively studied previously (see [1{4, 6{8, 12, 17, 19, 21{25] and the
literature cited there in). Critical cases for the Cauchy problems with nonlinearities
involving derivatives of unknown functions were considered in [5,9,16, 18,20]. The
fact that the nonlinearity has the form of the full derivative (and so the mean
value of the nonlinearity is zero for all time) enables us to  nd the large-time
asymptotics of solutions easily. In [11, 14], the Cauchy problem to the nonlinear
heat equation ut uxx + jujp 1u = 0 was considered and it was shown that the
solution u satis es the time decay estimate ku(t)kL1 = O(t 1=2(log(1 + t)) 1=2)
when p = 3 and ku(t)kL1 = O(t 1=2) when p > 3. This fact means that the case
p = 3 is the critical one. These results on the large-time asymptotics of solutions
were extended to the case of the porous media equation with critical exponents
(see [10]). The aim of the present paper is to obtain the large-time asymptotics
of solutions to the critical Cauchy problem (1.1). The methods of papers [11, 14]
do not work for the complex Ginzburg{Landau equation. On the other hand, our
method stated below in xx 2 and 3 is also applicable to the Cauchy problem for the
nonlinear heat equation ut uxx + juj2u = 0.
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The main idea of the present paper is to make a change of the dependent variable
u = ve ’(t)+ iã(t) in order to rewrite (1.1) in the form

vt + L v + ie 2’jvj2v (’0 iã 0)v = 0;

in which the new nonlinearity ie 2’jvj2v (’0 iã 0)v has the zero mean value for
all time. Then we apply the method similar to that of [15,18,20].

To state our result precisely we introduce the following notation and function
spaces.

Let

@ = @x =
@

@x
and @t =

@

@t
:

As usual, we denote the Lebesgue space by Lp = f ¿ 2 S0; k ¿ kp < 1g, where

k ¿ kp =

³Z

R

j¿ (x)jp dx
1́=p

if 1 6 p < 1 and k ¿ k 1 = ess supfj ¿ (x)j; x 2 Rg if p = 1. For simplicity, we let
k ¿ k = k ¿ k2. The weighted Sobolev space

Hm;s = f ¿ 2 S0; k ¿ km;s = k(1 + x2)s=2(1 @2
x)m=2 ¿ k < 1g; m; s 2 R:

By C(I; B), we denote the space of continuous functions from a time-interval I
to the Banach space B. Denote W = Hn;0 \ H0;1 and k¿ kW = k ¿ kn;0 + k ¿ k0;1,
where n is the same as in (1.2). Di¬erent positive constants might be denoted by
the same letter C. Denote also

· 1 = Im
³ 2

4º
p

2j¬ j2 + ¬ 2
> 0;

· 2 =
³ 4

3(4 º ¬ )2
log

9(3
p

5)

3 +
p

5
;

! = Re
³ 2 ·

1=¼
¼

4 º
p

2j ¬ j2 + ¬ 2
;

³ =


Z

u0(x) dx

=
p

2 º jû0(0)j > 0:

In the present paper we prove the following result.

Theorem 1.1. Let the symbol L( ¹ ) satisfy conditions (1.2), (1.3) with Re ¬ > 0
and Im ¬ > 0. We assume that the initial data u0 2 W have the mean value

û0(0) =
1p
2 º

Z
u0(x) dx 6= 0

and the norm ku0kW = " is su± ciently small. Then there exists a unique solution
of the Cauchy problem (1.1) such that u(t; x) 2 C 1 ((0; 1) £ R) \ C((0; 1); W )
with the following time decay estimate

ku(t)k1 6 3"p
1 + t(1 + · ¼ log(1 + t))1=2¼

;
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where ¼ = 1 if Im ¬ > 0 and ¼ = 2 if Im ¬ = 0. Moreover, the solution has the
following asymptotics for large time t ! 1 uniformly with respect to x 2 R

u(t; x) =
³

2 º
p

2 ¬
p

· 1

p
t log t

e x2=4 ¬ t + i! log log t + O

³
"p

t log t log log t

´
(1.4)

in the case ¼ = 1 and

u(t; x) =
³

2º
p

2 ¬ t1=4(log t)
1=4

e x2=4 ¬ t + i!
p

log t + O

³
"p

t log t

´
(1.5)

in the case ¼ = 2.

Remark 1.2. Note that the asymptotic behaviour of solutions described in theo-
rem 1.1 in the case Im ¬ > 0 have an additional logarithmic decay in comparison
with the linear evolution (as it happens in the case of the semilinear heat equation
with the critical exponent ut uxx + u3 = 0 (see [11,14])). This logarithmic decay
is de ned by the  rst approximation of the perturbation theory (see the proof of
theorem 1.1 below). However, in the case Im ¬ = 0, the coe¯ cient · 1 vanishes and
the logarithmic decay of the solutions become slower (it is de ned by the second
approximation of the perturbation theory).

We organize our paper as follows. In x 2 we prepare some preliminary estimates
in lemmas 2.1 and 2.2. Section 3 is devoted to the proof of theorem 1.1.

2. Preliminaries

The solution of the linear Cauchy problem

ut + L u = f (t; x); x 2 R; t > 0;

u(0; x) = u0(x); x 2 R;

)

can be written in the following form

u(t) = K (t)u0 +

Z t

0

K (t ½ )f ( ½ ) d ½ ;

where the Green operator K is given by K (t) ¿ = F 1e L( ¹ )t ^¿ ( ¹ ). We denote also

G (t) ¿ = F 1e ¬ ¹ 2t ^¿ ( ¹ ) =

Z
G(t; x y) ¿ (y) dy;

where the heat kernel

G(t; x) =
1p

4 º ¬ t
e x2=4 ¬ t:

Lemma 2.1. Let dissipation condition (1.2) and asymptotic representation (1.3)
for the symbol L( ¹ ) of the operator L be ful¯lled. Assume that a function f (t; x)
has the zero mean value f̂(t; 0) = 0 and satis¯es the estimates

kf(t)kW 6 "(1 + t) 3=4  g k=¼ (t) for all t > 0;
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where  2 [0; 1
4
), k = 0; 1; 2. We also assume that the function g(t) is such that

1
2 (1 + · ¼ log(1 + t)) 6 g(t) 6 2(1 + · ¼ log(1 + t)) for all t > 0. Then the following
inequalities are valid

4
p

1 + t

®®®®
Z t

0

d ½ g 1=¼ ( ½ )K (t ½ )f ( ½ )

®®®®
n;0

+
1
4
p

t

®®®®
Z t

0

d ½ g 1=¼ ( ½ )K (t ½ )f ( ½ )

®®®®
0;1

6 C";

®®®®
Z t

0

d ½ g 1=¼ ( ½ )K (t ½ )f ( ½ )

®®®®
1

6 C"g (k + 1)=¼ (t)(1 + t) 1=2 

and
®®®®

Z t

0

d ½ g 1=¼ ( ½ )(K (t ½ ) G (t ½ ))f ( ½ )

®®®®
1

6 C"g (k + 1)=¼ (t)(1 + t) 1=2 ® =2 

for all t > 0.

Proof. Since the function f(t; x) has the zero mean value f̂ (t; 0) = 0, applying dis-
sipation condition (1.2), the Plancherel theorem and the inequality

jf̂ ( ½ ; ¹ )j = jf̂( ½ ; ¹ ) f̂ ( ½ ; 0)j 6 C
p

j ¹ jkf ( ½ )k0;1;

we get

k@ l
x K (t ½ )f ( ½ )k2 6 Ckf ( ½ )k2

0;1

Z

j ¹ j61

e C¹ 2(t ½ )j ¹ j1+ 2l d ¹

+

Z

j ¹ j>1

e C(t ½ )j ¹ j2ljf̂ ( ½ ; ¹ )j2 d ¹

6 C(kf ( ½ )kl;0 + kf ( ½ )k0;1)2

(1 + t ½ )1+ l
(2.1)

for all t > ½ > 0, where 0 6 l 6 n. In the same manner, we obtain

kK (t ½ )f ( ½ )k2
0;1 6 CkK (t ½ )f ( ½ )k2 + C

Z
j@ ¹ (e L( ¹ )(t ½ )f̂ ( ½ ; ¹ ))j2 d ¹

6 C
p

t ½ kf ( ½ )k2
0;1

Z

j¹ j61

e C¹ 2(t ½ ) d ¹

+ C

Z

j ¹ j>1

e C(t ½ )j ¹ j2njf̂ ( ½ ; ¹ )j2 d ¹

6 Ckf ( ½ )k2
W

6 C"(1 + ½ ) 3=2 2 :
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Whence, since g 1=¼ (t) 6 2, we get

4
p

1 + t

®®®®
Z t

0

g 1=¼ ( ½ )K (t ½ )f ( ½ ) d ½

®®®®
n;0

+
1
4
p

t

®®®®
Z t

0

g 1=¼ ( ½ )K (t ½ )f ( ½ ) d ½

®®®®
0;1

6 C"

Z t

0

³
4
p

1 + t

½ 3=4
p

t ½
+

1

½ 3=4 4
p

t

´
d ½ 6 C":

We now prove the rest two estimates of the lemma. Note that, for 0 6 t 6 4, these
estimates follow from the  rst one. So consider now t > 4. Inequality (2.1) yields

kK (t ½ )f ( ½ )k2
1 6 CkK (t ½ )f ( ½ )kk@x K (t ½ )f ( ½ )k

6 C(1 + t ½ ) 3=2kf ( ½ )k2
W

6 C(1 + t ½ ) 3=2(1 + ½ ) 3=2 2 g( ½ ) 2k=¼

for all t > ½ > 0. From the condition of the lemma for the function g(t), we have
the estimates (1 + t) 1=8+  =2 6 Cg (k + 1)=¼ (t) for 0 6  < 1

4 and

sup
½ 2 [

p
t;t]

g (k + 1)=¼ ( ½ ) 6 C(1 + · ¼ log(1 +
p

t)) (k + 1)=¼

6 C(1 + 1
2 · ¼ log(1 + t)) (k + 1)=¼

6 Cg (k + 1)=¼ (t);

whence

®®®®
Z t

0

g 1=¼ ( ½ )K (t ½ )f ( ½ ) d ½

®®®®
1

6 C"

Z t

0

g (k + 1)=¼ ( ½ ) d ½

(t ½ )3=4 ½ 3=4+ 

6 Ct 3=4

³Z p
t

0

d ½

½ 3=4+ 
+ g (k + 1)=¼ (t)

Z t=2

p
t

d ½

½ 3=4+ 

+ g (k + 1)=¼ (t)

Z t

t=2

d ½

(t ½ )3=4+ 

´

6 Ct 1=2  (t 1=8+  =2 + g (k + 1)=¼ (t))

6 Cg (k + 1)=¼ (t)(1 + t) 1=2 

for all t > 4. If Re L( ¹ ) > Re ¬ ¹ 2, using condition (1.3), we write the estimate

je L( ¹ )t e ¬ ¹ 2tj 6 e Re ¬ ¹ 2tje L( ¹ )t+ ¬ ¹ 2t 1j

6 Cj ¹ j2+ ® te Re ¬ ¹ 2t

6 Cj ¹ j ® e C¹ 2t:
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The case Re L( ¹ ) 6 Re ¬ ¹ 2 is considered in the same manner. Hence

k@l(K (t ½ ) G (t ½ ))f ( ½ )k2

6 Ckfk2
0;1

Z

j ¹ j61

j¹ j2® + 2l+ 1e C¹ 2(t ½ ) d ¹ + Ce C(t ½ )

Z

j ¹ j>1

j ¹ lf̂( ½ ; ¹ )j2 d ¹

6 Ckf ( ½ )k2
W(1 + t ½ ) 1 l ®

6 C"2(1 + t ½ ) 1 l ® (1 + ½ ) 3=2 2 g( ½ ) 2k=¼ :

Therefore, we get
®®®®

Z t

0

g 1=¼ ( ½ )(K (t ½ ) G (t ½ ))f ( ½ ) d ½

®®®®
1

6 C

Z t

0

g 1=¼ ( ½ )k(K (t ½ ) G (t ½ ))f ( ½ )k1=2

£ k@x(K (t ½ ) G (t ½ ))f ( ½ )k1=2 d ½

6 C"

Z t

0

g (k + 1)=¼ ( ½ ) d ½

(t ½ )3=4+ ® =2 ½ 3=4+ 

6 C"t 3=4 ® =2

³Z p
t

0

d ½

½ 3=4+ 
+ g (k + 1)=¼ (t)

Z t=2

p
t

d ½

½ 3=4+ 

+ g (k + 1)=¼ (t)t  + ® =2

Z t

t=2

d ½

(t ½ )3=4+ ® =2

´

6 C"t 1=2  ® =2(t 1=8+  =2 + g (k + 1)=¼ (t))

6 C"g (k + 1)=¼ (t)(1 + t) 1=2  ® =2

for all t > 4. Lemma 2.1 is proved.

Denote © (t) = K (t)v0 and

ª (t) = i

Z t

0

g 1=¼ ( ½ )K (t ½ )

³
j © j2 © ( ½ )

© ( ½ )

³

Z
j © j2 © ( ½ ; x) dx

´
d ½ :

Lemma 2.2. Let dissipation condition (1.2) and asymptotic representation (1.3)
be ful¯lled. Also we assume that v0 2 W and the norm kv0kW = " is su± ciently
small. Suppose that a function v(t; x) satis¯es the estimates kv(t)k 1 6 "(1 + t) 1=2,
kv(t)k 6 "(1 + t) 1=4 for all t > 0, and have the asymptotic representation

kv(t) © (t) ( ¼ 1)ª (t)k 1 6 C"1+ 2¼

g(t)
p

t + 1

for all t > 0. We also assume that the function g(t) is such that

1
2
(1 + · ¼ log(1 + t)) 6 g(t) 6 2(1 + · ¼ log(1 + t))

for all t > 0 and jg0(t)j 6 C³ 2 ¼ =(t + 1), with ³ = v̂0(0) when ¼ = 2. Then the
following inequalities are valid


1

³
Im

Z
g ( ¼ 1)=¼ (t)jvj2v(t; x) dx

6 C"2 ¼

t + 1
(2.2)
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and

1
2 (1 + 2 ¼ · ¼ log(t + 1)) 6 1

2 ¼

³
Im

Z t

0

g( ¼ 1)=¼ ( ½ )

Z
jvj2v( ½ ; x) dx d ½

6 2(1 + 2 ¼ · ¼ log(1 + t)) (2.3)

for all t > 0.

Proof. For t 2 [0; 1], the estimates (2.2), (2.3) are trivial. Consider the case t > 1.
We have © (t) = K (t)v0 = ³ G(t) + R, where

G(t; x) =
1p

4 º ¬ t
e x2=4 ¬ t

is the heat kernel and the remainder term R = ( G (t)v0 ³ G(t)) + (K (t) G (t))v0

has the zero mean value R̂(t; 0) = 0. By virtue of estimate (1.3) and Plancherel’s
theorem (as in lemma 2.1), we get

k@lRk2 6 C"2

Z
j¹ j2l(j ¹ j + j ¹ j® )e C¹ 2t d ¹ 6 C"2(1 + t) 1=2 l 2 ;

where  = min(1
4 ; 1

2 ® ). In the same manner, we have kRk0;1 6 C"(1 + t)1=4  and
kRk 1 6 C"(1 + t) 1=2  . First consider the case Im ¬ > 0, that is, ¼ = 1. We have

kjvj2v ³ 3jGj2Gk1 = k³ R ·G(G + © ) + ·R© 2 + r ·© ( © + v) + ·rv2k1

6 C(kRk 1 + krk 1 )( ³ 2kGk2 + k © k2 + kvk2)

6 C"5

g(t)(1 + t)
+

C"3

(1 + t)1+ 
;

where r = v © . By an easy computation, we obtain

Im ³ 3

Z
jGj2G(t; x) dx = Im

³ 3

(4 º t)3=2j ¬ j
p

¬

Z
e x2=4t(2=¬ + 1=·¬ ) dx

= Im
³ 3

4 º t
p

2j ¬ j2 + ¬ 2

=
· 1 ³

t
> 0:

Then, since g 1(t) 6 C(1 + · ¼ log(1 + t)) 1, we get
Im

1

³

Z
jvj2v(t; x) dx +

· 1

t + 1

6 C"5

³ (t + 1)(1 + · 1 log(t + 1))
+

C"3

³ (t + 1)1+ 

for all t > 0, whence estimate (2.2) follows and

1

³
Im

Z t

0

d ½

Z
jvj2v( ½ ; x) dx + · 1 log(1 + t)



6 C"5

³

Z t

0

d ½

(1 + ½ )(1 + · 1 log(1 + ½ ))
+

C"3

³

Z t

0

d ½

(1 + ½ )1+ 

6 " + " log(1 + · 1 log(1 + t))

6 1
4(1 + · 1 log(1 + t)):
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Thus we obtain (2.3) in the case Im ¬ > 0. Now we turn to the case Im ¬ = 0,
i.e. ¼ = 2. Now,

Im ³ 3

Z
jGj2G(t; x) dx = 0;

so we have to analyse in more details the second approximation ª of the pertur-
bation theory. We have j © j2 © (t) = ³ 3G3(t) + P (t), where the remainder term is
estimated as

kP (t)kW = k ³ RG( ³ G + © ) + ·R© 2kW 6 C"3

(1 + t)3=4+ 

for all t > 0. Hence

j © j2 © (t)
© (t)

³

Z
j © j2 © (t; x) dx = ³ 3

³
G3(t) G(t)

Z
G3(t; x) dx

´
+ Q(t);

where the remainder

Q(t) =

³
P (t) G(t)

Z
P (t; x) dx

´
+

R(t)

³

Z
j© j2 © (t; x) dx

is estimated as kQ(t)kW 6 C"3(1 + t) 3=4  and satis es the condition
Z

Q(t; x) dx = 0:

Whence, by lemma 2.1, we obtain
®®®®

Z t

0

g 1=¼ ( ½ )K (t ½ )

³
j © j2 © ( ½ )

© ( ½ )

³

Z
j © j2 © ( ½ ; x)

´
dx

g 1=¼ ( ½ ) ³ 3 G (t ½ )

³
G3( ½ ) G( ½ )

Z
G3( ½ ; x)

´
dx d ½

®®®®
1

6
®®®®

Z t

0

g 1=¼ ( ½ )K (t ½ )Q( ½ ) d ½

®®®®
1

+ ³ 3

®®®®
Z t

0

g 1=¼ ( ½ )(K (t ½ )

G (t ½ ))

³
G3( ½ ) G( ½ )

Z
G3( ½ ; x) dx

´
d ½

®®®®
1

6 C"3(1 + t) 1=2  g( ½ ) 1=¼ (t);

where  = min(1
4 ; 1

2 ® ). By an easy computation, we get

1p
4 º ¬ ½ (t ½ )

Z
exp

³
(x y)2

4 ¬ (t ½ )

by2

4 ¬ ½

´
dy =

exp( x2=4¬ (t ((b 1)=b) ½ ))p
bt (b 1) ½

for any b 6= 0 and
Z

G3(t; y) dy =
1

(4º ¬ t)3=2

Z
e 3y2=4¬ t dy = (4 º ¬ t

p
3) 1:
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Therefore,

G (t ½ )

³
G3( ½ ) G( ½ )

Z
G3( ½ ; x) dx

´

=

Z
G(t ½ ; x y)

³
G3( ½ ; y)

G( ½ ; y)

4 º ¬ ½
p

3

´
dy

=
1

(4 º ¬ ½ )3=2
p

4 º ¬ (t ½ )

Z
e (x y)2=4 ¬ (t ½ )

³
e 3y2=4 ¬ t e y2=4 ¬ t

p
3

´
dy

=
1p

3(4 º ¬ )3=2 ½

³
exp( x2=4¬ (t 2

3 ½ ))p
t 2½ =3

e x2=4¬ t

p
t

´

uniformly in x 2 R. In particular, we see that

k ª (t)k 1 6 C"3

p
t + 1

g 1=¼ (t)

and

ª (t; x) =
i ³ 3

p
3(4 º ¬ )3=2

Z t

0

g 1=¼ ( ½ )

³
exp( x2=4 ¬ (t 2

3 ½ ))p
t 2½ =3

e x2=4¬ t

p
t

´
d ½

½

+ O("3(1 + t) 1=2  ):

Then, by the fact that j © j2 = ³ 2jGj2 + remainder terms, we obtain

Im

Z
j© (t; x)j2 ª (t; x) dx

=
³ 5

p
3(4 º ¬ )5=2t

Z
dx e x2=2 ¬ t

£
Z t

0

g 1=¼ ( ½ )

³
exp( x2=4¬ (t 2

3 ½ ))p
t 2½ =3

e x2=4¬ t

p
t

´
d ½

½

+ O("5(1 + t) 1  )

=
³ 5

p
3(4 º ¬ )5=2t

Z t

0

d ½

½
g 1=¼ ( ½ )

£
Z ³

e x2=2 ¬ t x2=4¬ (t 2 ½ =3)

p
t 2 ½ =3

e 3x2=4 ¬ t

p
t

´
dx + O("5(1 + t) 1  )

=
³ 5

3(4 º ¬ )2t

Z t

0

d ½

½
g 1=¼ ( ½ )

³
1p

1 4 ½ =9t
1

´
+ O

³
"5

(1 + t)1+ 

´
: (2.4)

Denote

¸ ( ½ ) =

Z ½

0

³
1p

1 z
1

´
dz

z
= log

³
4(1

p
1 ½ )

½ (1 +
p

1 ½ )

´
:

Since j̧ ( ½ )j 6 C
p

½ , and via the condition jg0(t)j 6 C³ 2 ¼ =(t + 1), we get

Z t

0

¸

³
4½

9t

´
(g 1=2( ½ ))0 d ½

6 C³ 4

p
t

Z t

0

g 3=2( ½ )
d ½p

½
6 C³ 4g 3=2(t);
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hence integration by parts with respect to ½ yields

Z t

0

d ½

½
g 1=2( ½ )

³
1p

1 4 ½ =9t
1

´
= ¸ ( 4

9 )g 1=2(t) + O("4g 3=2(t)): (2.5)

Substitution of (2.5) into (2.4) gives

Im

Z
j© (t; x)j2 ª (t; x) dx =

· 2 ³

t
g 1=2(t) + O

³
"4

t
g 3=2(t)

´
(2.6)

for all t > 1. By the condition of the lemma, we have

kjvj2v j © j2 © 2j© j2 ª © 2 ·ª k1 6 C"7

(t + 1)g(t)

and via (2.6) we obtain

Im

Z
jv(t; x)j2v(t; x) dx = Im

Z
j © (t; x)j2 ª (t; x) dx + O

³
"7

tg(t)

´

=
· 2 ³

t
p

g(t)
+ O

³
"7

tg(t)

´
;

whence the representation (2.2) follows. Moreover, we have


1

³
Im

Z t

0

p
g( ½ ) d ½

Z
jvj2v( ½ ; x) dx + · 2 log(1 + t)



6 " +
C"7

³

Z t

0

d ½

(1 + ½ )
p

1 + · 1 log(1 + ½ )
+

C"5

³

Z t

0

d ½

(1 + ½ )1+ 

6 " + "
p

1 + · 2 log(1 + t)

6 1
8(1 + · 2 log(1 + t)):

Whence we get (2.3) for the case ¼ = 2. Lemma 2.2 is proved.

3. Proof of theorem 1.1

First we state the local existence of classical solutions for the Cauchy problem (1.1)
(for the proof, see [13,19]).

Theorem 3.1. Let the initial data u0 2 W . Then, for some T > 0, there exists
a unique solution u(t; x) 2 C 1 ((0; T ) £ R) \ C((0; T ); W ) of the Cauchy prob-
lem (1.1). Moreover, if the initial data are su± ciently small ku0kW 6 ", then there
exists a time T > 1 such that the solution u(t; x) of the Cauchy problem (1.1)
satis¯es the estimates kukW 6 2" for all t 2 [0; T ].

We make a change of the dependent variable u(t; x) = e ’(t)+ iã(t)v(t; x). Then
we get, from (1.1),

vt + L v + ie 2’jvj2v (’0 iã 0)v = 0: (3.1)
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Now let us demand that the real-valued functions ’(t) and ã (t) satisfy the following
condition Z

(ie 2’jvj2v (’0 iã 0)v) dx = 0;

whence, via (3.1), we get

d

dt

Z
v(t; x) dx = 0 for all t > 0:

Therefore, if we choose ’(0) = 0 and ã (0) = arg û0(0), we can write

v̂(t; 0) = v̂0(0) = e’(0) iã(0)û0(0) ² ³p
2 º

> 0

and equations

’0 =
1

³
e 2’ Im

Z
jvj2v dx and ã 0 =

1

³
e 2’ Re

Z
jvj2v dx: (3.2)

Thus we obtain a system

vt + L v + ie 2’

³
jvj2 1

³

Z
jvj2v dx

´
v = 0; x 2 R; t > 0;

’0 =
1

³
e 2’ Im

Z
jvj2v dx; x 2 R; t > 0;

v(0; x) = v0(x); ’(0) = 0; x 2 R;

9
>>>>>=

>>>>>;

(3.3)

where

v0(x) = u(0; x) exp

³
i arg

Z
u(0; x) dx

´
:

After system (3.3) has been solved, the function ã can be computed from (3.2).
Multiplying the second equation of system (3.3) by the factor e2¼ ’(t) and then
integrating with respect to time t > 0 and making a change of the dependent
variables v = © + ( ¼ 1)ª + r and e2¼ ’(t) = g(t), we get the system of integral
equations (r; g) = (A(r; g); B(r; g)), where © (t) = K (t)v0 is the  rst approximation
of the perturbation theory,

ª (t) = i

Z t

0

g 1=¼ ( ½ )K (t ½ )

³
j© j2 © ( ½ )

© ( ½ )

³

Z
j© j2 © ( ½ ; x) dx

´
d ½

is the second approximation of the perturbation theory and the operators

A(r; g)(t) = i

Z t

0

g 1=¼ ( ½ )K (t ½ )

£
³

jvj2v( ½ ) ( ¼ 1)j© j2 © ( ½ )
v( ½ )

³

Z
jvj2v( ½ ; x) dx

+ ( ¼ 1)
© ( ½ )

³

Z
j © j2 © ( ½ ; x) dx

´
d ½ ;

B(r; g)(t) = 1
2 ¼

³
Im

Z t

0

g( ¼ 1)=¼ ( ½ )

Z
jvj2v( ½ ; x) dx d ½ :

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(3.4)
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We prove that the transformation (A; B) gives us the contraction mapping in the
set

X =

»
r 2 C((0; 1); W ); g 2 C(0; 1) :

sup
t>0

((1 + t)1=2g(t)kr(t)k 1 +
4
p

1 + tkr(t)kn;0

+ (1 + t) 1=4kr(t)k0;1) 6 C"3+ 2¼ ;
1
2 (1 + 2 ¼ · ¼ log(t + 1)) 6 g(t) 6 2(1 + 2 ¼ · ¼ log(1 + t));

jg0(t)j 6 C"2¼

1 + t
for all t > 0

¼
:

First let us prove that the mapping (A; B) transforms the set X into itself. When
(r; g) 2 X, we get

®®®® jvj2v(t) ( ¼ 1)j© j2 © (t)
v(t)

³

Z
jvj2v(t; x) dx

( ¼ 1)
© (t)

³

Z
j © j2 © (t; x) dx

®®®®
W

6 C"3(1 + t) 3=4g ( ¼ 1)=¼ (t):

Therefore, applying lemma 2.1, we get the following estimates:

kA(r; g)(t)k 1 6 C"(1 + t) 1=2g 1(t);

kA(r; g)(t)kn;0 6 C"
4
p

1 + t
;

kA(r; g)(t)k0;1 6 C"
4
p

1 + t:

Furthermore, applying lemma 2.2, we get

1
2(1 + · ¼ log(t + 1)) 6 B(r; g)(t) 6 2(1 + · ¼ log(1 + t));


d

dt
B(r; g)(t)

6 C"2 ¼

t + 1

for all t > 0. Thus the set X is transformed into itself. We have, by lemma 2.1,

sup
t>0

(1 + t) ¯ kA(r1; g1)(t) A(r2; g2)(t)k 1

6 C sup
t>0

(1 + t) ¯

®®®®
Z t

0

K (t ½ )

³
g

1=¼
1 ( ½ )jv1j2v1 g

1=¼
2 ( ½ )jv2j2v2

g
1=¼

1 ( ½ )
v1

³

Z
jv1j2v1 dx

+ g
1=¼

2 ( ½ )
v2

³

Z
jv2j2v2 dx

´
d ½

®®®®
1

6 C sup
t>0

(1 + t) ¯ "2

Z t

0

d ½

½ 1 ¯
(sup

t>0
(1 + t) ¯ kr1(t) r2(t)k1

+ sup
t>0

(1 + t) ¯ jg1(t) g2(t)j)

6 1
2(sup

t>0
(1 + t) ¯ kr1(t) r2(t)k1 + sup

t>0
(1 + t) ¯ jg1(t) g2(t)j)
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with some small ¯ > 0 and, via lemma 2.2, we get

sup
t>0

(1 + t) ¯ jB(r1; g1)(t) B(r2; g2)(t)j

6 C sup
t>0

(1 + t) ¯


Z t

0

³
g

1=¼
1 ( ½ )

Z
jv1j2v1 dx g

1=¼
2 ( ½ )

Z
jv2j2v2 dx

´
d ½



6 sup
t>0

C"2(1 + t) ¯

Z t

0

d ½

½ 1 ¯
(sup

t>0
(1 + t) ¯ kr1(t) r2(t)k 1

+ sup
t>0

(1 + t) ¯ jg1(t) g2(t)j)

6 1
2 (sup

t>0
(1 + t) ¯ kr1(t) r2(t)k 1 + sup

t>0
(1 + t) ¯ jg1(t) g2(t)j):

Thus we see that the transformation A, B is the contraction mapping. Therefore,
there exists a unique solution r, g of the system of integral equations (3.4) from the
space X . From the proof of lemma 2.2, we see that

g(t) = · 1 log t + O(" log · 1 log t)

for t ! 1 in the case ¼ = 1 and

g(t) = · 2 log t + O("
p

· 1 log t)

for t ! 1 in the case ¼ = 2. Also, we get

1

³
Re

Z
jvj2v(t; x) dx = ³ 2 Re

Z
jGj2G(t; x) dx + O

³
"2

1 + t
g 1=¼ (t)

´

=
!·

1=¼
¼

1 + t
+ O

³
"2

1 + t
g 1=¼ (t)

´
;

whence we get the asymptotics

ã (t) = ã (0) +
1

³
Re

Z t

0

g 1=¼ ( ½ )

Z
jvj2v( ½ ; x) dx d ½

= ã (0) +

Z t

0

!·
1=¼
¼ d ½

(1 + ½ )(1 + · ¼ log(1 + ½ ))1=¼
+ O(")

= ! log log t + O(")

in the case ¼ = 1 and similarly ã (t) = !
p

log t + O(" log log t) in the case ¼ = 2.
Therefore, via formulae

u(t; x) = e ’(t)+ iã(t)v(t; x) = e ’(t)+ iã(t)( © + ( ¼ 1)ª + r);

we obtain the asymptotics (1.4) and (1.5). Theorem 1.1 is proved.
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