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1. Introduction

Suppose that we are given a pair of forms C, Q € Q[xy, ..., x,], with C cubic and Q
quadratic, whose common zero locus defines a complete intersection X C P"~! defined
over Q. The primary goal of this paper is to establish the existence of Q-rational points
on X under the mildest possible hypotheses.

One of the few results in the literature that specifically treats pairs of cubic and
quadratic forms appears in work of Wooley [24, 25]. This deals with the special case
in which C and Q are both diagonal, so that

C :ale—i-n-—i-anxs, Q =b1x12+~-~+b,,x3,

for integers a;, b;, with the b; not all sharing the same sign. Assuming that n > 13, it
follows from the main result in [25] that X (Q) is non-empty provided only that X (R) # @,
with at least seven a; non-zero.

In our work we wish to handle general forms C, Q in so far as is possible. All of the
results that we obtain pertain to complete intersections X € P"~! cut out by a cubic
hypersurface C = 0 and a quadric hypersurface Q = 0, both defined over Q.

One way to produce rational points on X is first to find a large-dimensional linear space
on the quadric Q = 0, which is defined over Q. One is then led to the simpler problem of
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finding rational points on the intersection of the cubic hypersurface C = 0 with the linear
space. Let us call a d-dimensional linear space A C P"~! a d-plane. Let Q € Q[x1, ..., x,]
be a quadratic form. For each prime p the quadric O = 0 contains a Q,-rational d-plane,
provided that

n>542d.

The case d = 0 corresponds to the well-known fact that every quadratic form in at least
five variables is isotropic over QQ,. The general case follows from inserting this fact into
work of Leep [18, Corollary 2.4 (ii)]. Moreover, the quadric Q = 0 contains a real d-plane,
provided that d < n — 1 —max(r, s), where (r, s) is the signature of Q. The existence of a
d-plane in the quadric everywhere locally is enough to ensure the existence of a Q-rational
d-plane A contained in the quadric, by the Hasse principle for linear spaces on quadratic
forms (see the proof of [5, Theorem 2], for example). As soon as d > 13 we may apply the
main result in work of Heath-Brown [17], which shows that C = 0 has a rational point
on A, giving a rational point on X. Finally, it is clear that we may take d = 13 whenever
n > 31 and n —max(r, s) > 14. We record this observation as follows.

Theorem 1.1. Suppose that n > 31 and Q has signature (r,s), with max(r,s) < n — 14.
Then X (Q) # 0.

It is worthwhile noting that, when working over totally imaginary number fields k, the
assumption on the signature of the quadratic form can be removed. Appealing to work
of Pleasants [21], which is valid for cubic forms in at least 16 variables over any number
field, one concludes that X (k) # @ provided only that n > 54+2(16 — 1) = 35.

Our next results are established using the Hardy-Littlewood circle method directly. We
write Xgy for the smooth locus of points on X. Recall that the smooth Hasse principle
is said to hold for a family of such varieties when the existence of a point in Xgyn(A) =
Xsm(®R) x ] » X sm(Qp), where A denotes the adeles, is enough to ensure the existence of a
smooth Q-rational point in X. Given a form F € Q[xq, ..., x,], we define the h-invariant
h(F) to be the least positive integer i such that F can be written identically as

A|Bi+---+ ApBy,

for forms A;, B; € Q[x1, ..., x,] of positive degree. Taking R=5,r3 =r,=1,and k =3
in work of Schmidt [22, Theorem II|, we obtain the smooth Hasse principle for X provided
that h(C) > 480 and hA(Q) > 30. We note here that one clearly has rank(Q) < 2h(Q) for
any quadratic form, so that it suffices to have h(C) > 480 and rank(Q) > 59. With this
in mind we state the following result.

Theorem 1.2. Write rank(Q) = p. Then the smooth Hasse principle holds for X provided
that
(h(C)=32)(p—4) > 128.

In particular, it suffices to have min(h(C), p) > 37.
If C is non-singular then the smooth Hasse principle holds for X provided that

(n—32)(p—4) > 128.
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There is an old result of Birch [3] which establishes the smooth Hasse principle for
complete intersections V C P! cut out by forms Fi, ..., Fg of equal degree d, provided
that the inequality

n—dimV* > R(R+ 1)(d — 1)2¢7!

holds, where V* is the affine variety cut out by the condition
rank(VF;)i1<i<r < R.

It is not entirely clear how this method could be adapted to handle a system of forms of
differing degree, since the process of Weyl differencing involved in the proof eradicates
the presence of the lower degree forms. A satisfactory treatment of this issue is a key
ingredient in Theorem 1.2. Schmidt encounters the same problem in the work [22] cited
above, and deals with it in a simpler but less effective manner. When the exponential
sums involved have only one variable, the “final coefficient lemma” (see Baker [2, §4.2])
gives very good results. However, this relies ultimately on the use of strong bounds for
complete exponential sums, which are not available when one has several variables.

When X is assumed to be non-singular we will show in Corollary 3.2 that the cubic
form C can be taken to be non-singular with the quadratic form Q having rank p > n —1.
Theorem 1.2 therefore implies that the Hasse principle holds for non-singular X provided
that n > 37. The following result improves on this further.

Theorem 1.3. Suppose that X is non-singular, with n > 29. Then X(Q) # @ if and only
if X(R) £ 0.

Theorem 1.3 establishes the Hasse principle for non-singular X, with n > 29. The issue
of determining when X has p-adic points for every prime p is of considerable interest in its
own right. Artin’s conjecture would imply that it is sufficient to have n > 32 +22 = 13.
Indeed it has been shown by Zahid [26] that an arbitrary intersection X : C = Q =0
with n > 13 has X(Q,) # 9 for every prime p > 293. However, if n > 29 we can in fact
recycle the proof of Theorem 1.1 to deduce that the quadric hypersurface Q = 0 contains
a Q,-rational projective space of dimension at least [(n —5)/2]. The existence of a point
in X(Qp) is then assured by an old result of Lewis [19], which shows that the cubic
C =0 has a Q-rational point on any Q,-rational projective linear space of dimension 9
or more.

Our proofs of Theorems 1.2 and 1.3 are based on the Hardy—Littlewood circle method.
We will give an overview of the proof in §2. As is usual with the circle method, our
arguments show not only that X (Q) is non-empty, but may even be developed to establish
weak approximation. Moreover, we can prove a variant of Theorem 1.3 which applies to
singular X. Suppose that o > —1 is the dimension of the singular locus of X, with the
convention that o = —1 if and only if X is non-singular. Then an argument based on
Bertini’s theorem can be used to show that the smooth Hasse principle holds for X,
provided that n > 30+ 0. We leave the details of both of these remarks to the reader.

To state our remaining result, we need to introduce some more terminology. If
F € K[x1,...,x,] for some field K, then we define the order of F to be the minimal
non-negative integer m such that there exists a matrix T € GL,(K) with the property that
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in F(T(xy,...,x,)) only m of the variables xi, ..., x, occur with a non-zero coefficient.
It is a familiar fact that the order of F does not change if K is replaced by an extension
of K. If Q € Q[xy,...,x,] is a quadratic form, then we call a pair of cubic forms
C1,Cr € Q[x1, ..., x,] Q-equivalent if there exists a linear form L € Q[xq, ..., x,] such
that

Ci—Cry=LQ.

It is easily checked that this indeed defines an equivalence relation on the set of rational
cubic forms, and that the set of zeros of the intersection C = Q =0 does not change
if one replaces C by another cubic form that is Q-equivalent to C. Finally, for a
fixed quadratic form Q € Q[xi, ..., x,] and cubic form Cy € Q[xy, ..., x,], we define the
Q-order ordg(C1) of Cy to be the minimal order amongst all cubic forms C, that are
Q-equivalent to C;. We are now ready to reveal the following result.

Theorem 1.4. Suppose that n > 49 and ordg(C) > 17, and that Xim(R) # 0. Then
XQ #9.

The hypothesis ordg(C) > 17 in the previous theorem can be weakened to ordg(C) >
14, provided that we impose the additional assumption that, for any cubic form that is
Q-equivalent to C, the rational points on the corresponding cubic surface are dense in
the locus of real points.

Simple considerations show that Theorem 1.4 could not be true without some sort of
assumption on the Q-order of C. We assume that n > 49, in order to fall within the range
of the theorem. Let m < n, and suppose that C € Q[xy, ..., x;] is a cubic form for which
C = 0 has no Q-rational point. In particular, C must be non-degenerate, so that m is the
order of C. Let X be the variety cut out by C and the quadratic form

Q(xla "-7xn) = _xy2n+x31+l+"'+xrzl-

It is clear that Xsm(R) # ¥ and ordg(C) = m. Any rational point on X would lie on C = 0,
so that x; =--- = x,, = 0. Then Q = 0 implies that x,,+1 = --- = x,, = 0, whence in fact
X(Q) = @. This example shows that if one had a version of Theorem 1.4 in which the
condition on the Q-order of C were relaxed to ordg(C) > 13 then we would be able to
deduce that any cubic over Q in 13 variables has a non-trivial rational zero. In particular,
any such improvement of Theorem 1.4 would lead to a corresponding sharpening of the
result of [17].

Mordell [20] has constructed a non-degenerate cubic form C in 9 variables for which
C =0 has no Q,-point for some prime p, and hence has no point over Q. This shows
that, aside from extending the range for n, the best one can hope for in Theorem 1.4
is a reduction of the lower bound on the Q-order of C to ordg(C) > 10. Moreover, our
example shows that it is really the Q-order of C that matters rather than the order, since
we could replace C by C 4+ LQ for a linear form L, and in this way increase the order of
the cubic form.

Notation. Throughout our work, N will denote the set of positive integers. For any o € R,
we will follow common convention and write e(a) := ¢*™® and eq(a) == e2mi/q  The
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parameter ¢ will always denote a small positive real number. We shall use |x| to denote
the norm max |x;| of a vector x = (x1, ..., x,). All of the implied constants that appear
in this work will be allowed to depend upon the coefficients of the forms C and Q under
consideration, the number n of variables involved, and the parameter ¢ > 0. Any further
dependence will be explicitly indicated by appropriate subscripts.

2. Overview of the paper

We have already established Theorem 1.1. In § 3, we will collect together some geometric
facts that will be used in the proof of Theorems 1.2-1.4. Theorems 1.2 and 1.3 will be
established using the Hardy—Littlewood circle method. This will occupy the bulk of our
paper (§§4-8). Finally, in §§9 and 10, we will turn to the proof of Theorem 1.4.

The aim of the present section is to survey the key ideas in the proof of Theorems 1.2
and 1.3. On multiplying through by a common denominator we can ensure that C and Q
have coefficients in Z. In both results the goal will be to establish an asymptotic formula
for the quantity

No(X:P):= > o®X/P), (2.1)
xeZ"
Cx)=0((x)=0
as P — oo, for a suitably chosen function o : R"” — R3¢ with support in (=1/2,1/2)".

All of our weight functions will be compactly supported and infinitely differentiable. The
starting point in the circle method is the identity

1l
No(X; P) = / / S(a3, az)dazdas,
o Jo

where

S(a3, @) = ) wx/Ple (@3CX) +020(X), (2:2)

xeZ

for any a3, @y € R. The idea is then to divide the region [0, 172 into a set of major arcs
M and minor arcs m. In the usual way, we seek to prove an asymptotic formula

// S(az, az)dazdas ~ cx P, (2.3)
m

as P — 00, together with a satisfactory bound on the minor arcs

/ / S(a3, az)dazdas = o(P"7). (2.4)

Here, the constant cx will be a product of local densities, which is positive when X, (A)
is non-empty.

For any pair a3, ap, we will produce a simultaneous rational approximation a3/q, az/q
using a two-dimensional version of Dirichlet’s approximation theorem. To describe this,
we take positive integers Q3, Q» satisfying

Q3 :=[P*’] and Q,:=[P']. (2.5)
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Then, by the pigeon hole principle, there will be a = (a3, a2) € Z? and ¢ € N such that
g < 0307 and ged(g, a) = 1, for which

1
< —— and

= q03

1
< —. 2.6
q0»2 (2:6)

as
a3 — —
q

It will be convenient to write

a
o) — —
q

(13=a—3+93 and (Xz:a—2+¢92.
q q
Let 8 € (0,1/3) be a parameter to be decided upon later (see (8.3)). We will take as

major arcs
E)ﬁ = U U mq,a,
g<P% a(modg)

gcd(g,a)=1
where
ai —i+s .
My.a = {(a3,a2)(modl): o ——| <P , f0r1=3,2}.
q

It is easy to see that M, a NIy o =@ whenever a/g # a'/q’, provided that P is taken
to be sufficiently large. Moreover, each major arc is contained in the corresponding range
given by (2.6).

Our treatment of (2.3) is relatively standard, and is the focus of §8.

The minor arcs are defined to be m = [0, 1]2\sm. Thus they are defined by having
either ¢ > P® or max(|63] P3, |6,|P?) > P?. Our estimation of S(as, az) for (a3, as) € m
will differ according to the hypotheses placed on X. A common ingredient will be a more
efficient version of Weyl differencing, which draws inspiration from the work of Birch [3],
but which is specially adapted to systems of equations of differing degree. Suppose that

n
Cxy,....,xy) = Z CijkXiXjXk,
i,j.k=1

for integer coefficients c¢;jx that are symmetric in the indices i, j, k. Define the bilinear
forms

n
Bi(x;y):=3! Y cijexjy, (1<i<n).
k=1

Using two successive applications of Weyl differencing, as in Birch’s work, we can relate
the size of the exponential sum S(a3, @) to the locus of integral points on the affine
variety given by the simultaneous equations B;(x;y) = 0, for 1 <i < n. When C defines
a smooth cubic hypersurface, or when h(C) is sufficiently large, we shall be able to get
good estimates for S(w3, ap) unless a3 happens to be close to a rational number with small
denominator. If this occurs, then we shall use a single Weyl squaring, modified in a way
motivated by van der Corput’s method so as to remove the effect of the cubic terms. This
step marks a departure from the approach of Birch, which is completely insensitive to
the quadratic form Q that appears in the sum. Our modified version of Weyl differencing
is the subject of §4, and is one of the more novel parts of the paper. The work in this
section will ultimately suffice to establish Theorem 1.2 in § 5.
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When it comes to establishing Theorem 1.3, for which X is assumed to be non-singular,
the work in § 5 only allows us to establish an asymptotic formula for N, (X; P) when n >
37. Instead, in § 6, we shall produce a companion estimate for S(a3, o), which is based on
Poisson summation. Once combined with the work in §4, this will lead to an asymptotic
formula for N, (X; P) when n > 29, as required for Theorem 1.3. One inconvenient feature
of this combined attack is that, while both methods involve rational approximations to
a3 and o, there is no a priori guarantee that the rational approximations occurring in
the two methods are the same.

3. Geometric preliminaries

Let k be a field of characteristic zero. Suppose that V c P*~! is a non-singular
complete intersection of codimension r, whose homogeneous ideal in k[Xx] = k[x, ..., x;]
is generated by r forms Fi, ..., F, € k[x]. Suppose that the maximum degree attained by
any form is attained by Fj. One has a great deal of freedom in the choice of Fy, since one
may equally take F| + Zl<igr H; F; for any forms H; € k[x] such that deg H; F; = deg Fj.
In this way it is reasonable to expect that one can always arrange for the leading form
F1 to be non-singular, provided that V itself is non-singular. This is made precise in the
following result due to Aznar [1, §2].

Lemma 3.1. Let V C P"~! be a non-singular complete intersection of codimension r,
which is defined over a field k of characteristic zero. Then there is a system of generators
Fi,..., F, € k[X] of the ideal of V, with

deg F1 > --- > deg F},

such that the varieties
Wi:Fi=---=F=0, (@<r),

are all non-singular.

Proof. To be precise, Aznar works with k = C, but the adaptation to arbitrary fields of
characteristic zero is straightforward. We give the proof here for the sake of completeness.
We argue by induction on i, the case i = 0 being trivial.

Now let i be such that 1 <i < r. Fix a system of generators

F11~--7E—17Gi7"'1Gr Ek[x]
for the ideal of V, with
degFy > --->degli | >degG; > --- > degG,,

such that the varieties Wy, ..., Wi_; c P"~! are all non-singular. Suppose that dy =
deg Gy, for i < k < r. Let us write

d; —d,
fo=Gi,  fix=xj "G
for 1 < j<nandi <k < r. This gives a system

f=(fo, frixt, -5 fur)
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of N = 1+n(r —i) forms in k[x] of degree d;. The set of points in W;_; for which f(x) = 0
precisely coincides with the non-singular variety V. We let U = W;_; \ V. Consider the
morphism

7:U— PVl

given by [x] > [f(x)]. Then Bertini’s theorem (see Harris [12, Theorem 17.6], for example)
reveals that for a general hyperplane H c PN~! the fibre 7 ~!(H) is non-singular. This
means that, for a general choice of Ao, A; x € k, the degree d; form

F; = G + Z )»j,kx;.ii_dek
1<j<n
i<k<r
is defined over k, and U N {F; = 0} is non-singular. This implies that
Wi:Fl=-.=F=0

is non-singular, since V is non-singular. The induction hypothesis therefore follows, which
completes the proof of the lemma. O

We apply this result to the complete intersection in Theorem 1.3 to deduce the following
consequence.

Corollary 3.2. Let X C P"~! be a non-singular complete intersection, cut out by a cubic
hypersurface and a quadric hypersurface, both defined over Q. Then there ezists a
non-singular cubic form C € Z[x] and a diagonal quadratic form Q € Z[X] of rank at
least n — 1, such that X is given by C = Q = 0.

Proof. Taking k = Q in Lemma 3.1 ensures the existence of a non-singular cubic form
C € Q[x] and a quadratic form Q € Q[x] such that X is given by C = Q = 0. After a
non-singular rational change of variables, we may further assume that Q is diagonal. By
multiplying through by a common denominator we can ensure that C and Q are both
defined over Z.

Showing that rank(Q) > n — 1 is equivalent to showing that the quadric hypersurface
Q =0 in P"! must have a singular locus of dimension less than 1. But if the singular
locus had positive dimension, its intersection with the cubic hypersurface C = 0 would
be non-empty, and every point in it would be a singular point of X. This contradicts the
non-singularity of X, which thereby completes the proof. O

One of the hallmarks of Theorem 1.4 is that it applies to very general complete
intersections X C P*~! cut out by a cubic hypersurface C = 0 and a quadric hypersurface
0 =0. Let us define ho(C) to be the minimal value of #/(C 4+ LQ) as L varies over all
linear forms defined over Q. We remark at once that ordg(C) > ho(C) and

ho(C) < h(C) < hg(C)+1. (3.1)

We will require easily checked criteria on the defining forms which are sufficient to ensure
that X is absolutely irreducible. This is the purpose of the following result.
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Lemma 3.3. Let X C P*~! be a wvariety cut out by a cubic hypersurface C =0 and
a quadric hypersurface Q =0, both defined over Q. Assume that rank(Q) > 5, that
ordp(C) > 4, and that ho(C) > 2. Then X 1is an absolutely irreducible variety of
codimension 2 and degree 6.

We begin by showing that the lemma applies under the hypotheses of Theorem 1.2.
The condition rank(Q) > 5 is automatically met. For the first part of the theorem,
which requires h(C) > 33, the remaining conditions of Lemma 3.3 are clearly met, since
ordgp(C) > hg(C) = 32, by (3.1). For the second part of the theorem, which requires C
to be non-singular and n > 33, we claim that ordp(C) >4 and hg(C) > 2. Indeed, if
ho(C) =1, then C takes the shape L1 Q4+ L2Q> for suitable linear forms L, Ly and a
quadratic form Qj, all defined over Q. Since n > 33, the intersection L1 =L, = Q =
0> = 0 is non-empty and produces a singular point of C = 0. Alternatively, if we had
ordp(C) < 3, then we could take C to have the shape Ci(x1, x2, x3) + L Q, for a suitable
linear form L and a suitable cubic form Cj, both defined over Q. Again, since n > 33,
we could find a singular point of C =0 by considering the intersection x; = x; = x3 =
L = Q = 0. This shows that the X considered in Theorem 1.2 are absolutely irreducible
under the hypotheses presented there.

For Theorem 1.3, we see from Corollary 3.2 that we will have

rank(Q) >n—12> 28 > 5.

Moreover, a variety Q = L’ Q' = 0 will have singular points wherever Q = L' = Q' = 0.
Thus if X is non-singular we must have ho(C) > 2. Similarly, a variety Q(xy, ..., x,) =
C’(x1, x3,x3) =0 will have singular points wherever Q(0,0,0, x4, ..., x;) =0, so that
if X is non-singular we will have ordp(C) > 4. It follows that the lemma applies for
Theorem 1.3. Finally, for Theorem 1.4, the lemma will apply unless hg(C) <1 or
rank(Q) < 4

Proof of Lemma 3.3. Under the hypotheses of the lemma, the forms C and Q share
no common factor of positive degree. Hence X is pure dimensional. Suppose that X
decomposes into irreducible components Z; U---U Z;. It follows from Bézout’s theorem
(in the form given by Fulton [11, Example 8.4.6]) that

deg(Z1)+---+deg(Z;) <6

Each Z; is an irreducible codimension 1 divisor on the quadric hypersurface Q = 0. Let
Z be one of these components. Since rank(Q) > 5, by hypothesis, it follows from Klein’s
theorem (see Hartshorne [13, Part II, Ex. 6.5(d)]) that there is an irreducible hypersurface
W c P"~! such that Z is the intersection of W with the quadric Q = 0, with multiplicity
1. But then a further application of Bézout’s theorem (see [11, §8.4]) implies that deg(Z)
must be even.

In order to conclude the proof of the lemma it clearly suffices to show that Z cannot
have degree 2. Suppose, for a contradiction, that Z is quadratic. Then Klein’s theorem
shows that Z is given by L = Q = 0, say, where L is a linear form defined over Q. It
follows that C must take the shape LR + LQ, where L and R are linear and quadratic
forms, respectively, defined over Q. Indeed, if k is the minimal field of definition for L = 0
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then we may choose R and L in such a way that they too are defined over k. Thus if k = Q
we will have hg(C) < 1, contrary to assumption. If k is a quadratic extension of Q then
Z and its quadratic conjugate will be distinct components of X, and there will therefore
be a third component of degree 2, which must be defined over Q. We may then deduce
as above that ho(C) < 1. We cannot have [k : Q] > 3 since the number of components
Z; is at most 3, so that we are left with the case in which k is cubic.

Let L =Ly, Ly, and L3 be the three conjugates of L, and write C = L;R; +ZiQ
accordingly. Thus LR+ LO=LyRy+L,0Q, so that LR =0 whenever L, = Q = 0.
However, the variety Ly = Q =0 is absolutely irreducible, since rank(Q) > 5, and it
follows that one or other of L and R must vanish whenever L, = Q = 0. The only
hyperplane containing L, = Q = 0 is the obvious one Ly = 0, so in the first case L and
L, must be proportional. This however is impossible, since we have eliminated the case
in which the hyperplane L = 0 is defined over Q. Thus R must vanish on L, = Q =0, so
that R = LzL’2 + ¢ QO for some linear form L/2 and constant ¢z, both defined over Q.

In the same way we will have R = L3L +¢3Q, say. Then

(c2—c3)Q = (R—LyL)) — (R—L3L) = LsL — L, L.

Since rank(Q) > 5, this can happen only when ¢y = ¢3. We will write ¢ = ¢ = ¢3 for this
common value. We then have L3 L), = Ly L, and since Ly and L3 are not proportional, by
the argument above, we see that L} = y L for some constant y. Thus R = yLyL3 +cQ,
so that C = yL{LyL3+ (cL; ~|—l~,1)Q.

We may now write C = yN + M Q, where N = L1LyL3 is a cubic norm form, defined
over Q, and y and M are a constant and a linear form, respectively, both over Q. Since
N and Q have no common factor, this representation must be unique, so that in fact y
and M are defined over Q. We then deduce that ordg(C) < ordg(y N) < 3, contrary to
our hypotheses. The lemma therefore follows. O

To deal with the local solubility conditions in Theorem 1.4, we will also need some
information about varieties over local fields. The authors are grateful to Professor
Salberger for drawing their attention to a reference for the following fact.

Lemma 3.4. Let k be R or a finite extension of a p-adic field Q,. Let V be an absolutely
irreducible projective variety defined over k with a smooth k-point. Then V (k) is dense
in V under the Zariski topology.

Proof. This follows on applying work of Colliot-Théléne, Coray, and Sansuc [6, Lemme
3.1.2] to the open Zariski-dense subset of V which is non-singular. O

4. Weyl differencing

In this section, we will use the Weyl differencing approach to give bounds for S(a3, o),
defined in (2.2). Our overall strategy will be to assume that S(as, ap) is large, and to
deduce that a3 has a good approximation by a rational number with small denominator.
Using this information, we then go on to show that oy must also have a good
approximation by a rational number with small denominator. The first phase of the
argument will apply Weyl’s method to |S (a3, a2)|*. In contrast, the second phase will use
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|S (3, @2)|?, and will incorporate an idea related to van der Corput’s method. The reader
will see that in the first stage it is only the cubic form C(x) which is relevant, while in
the second stage it is primarily the quadratic form Q(x) which features.

For the first phase of the argument we write & = n if the form C is non-singular, and
otherwise take h = h(C). Notice that for Theorems 1.2 and 1.3 we must have h > 29, as
we henceforth assume. We now define T3 = T3(a3, a2) € R U {oo} by setting

|S(a3, 02)| = P"T5 7" (4.1)

We then call on Lemma 1 of Davenport and Lewis [8]. We will require a version with
some trivial modifications, as we will explain. Let R > 1, and define

L(R) :=#{(x,y) € 77 x| < R, |y] < R, Bi(x;y) =0Vi <n}.
Then, if ¢ > 0 is given, the lemma, suitably modified, shows that either
L(R) > R P14, (4.2)

or there exists a positive integer s < R? such that ||sa3|| < P73 R?2. In order to obtain the
result in this form we must remove the weight w(x/P) by partial summation. We must
also verify that the proof of the lemma still applies when the exponents 6 and « for which
R = PY and T3 = P*/" are not necessarily constant. Davenport and Lewis require that
0 < 6 < 1. However, if R > P then it is always true that ||sa3|| < P> R? for some positive
integer s < R?, by Dirichlet’s approximation theorem. Finally, the reader will need to
verify that the proof still goes through for sums of e(a3C (x) + a3 Q(X)), as opposed to the
terms e(a@(x)) (involving a cubic polynomial ¢(x)) considered by Davenport and Lewis.

We now present two alternative estimates for L(R). First, for any form C, we can use
Lemma 3 of Davenport and Lewis [8], which states that L(R) < R*"~©) . On the other
hand, if C is non-singular, we use Lemma 3 of Heath-Brown [14], which shows that there
are O(R") integer vectors in the region [x| < R such that the solution set

{yeR": Bi(x;y) =0Vi <n}

is (n — r)-dimensional. The set will therefore contain O (R"~") integer vectors in the region
ly| < R, and we deduce that L(R) < R", on summing for 0 < r < n. Thus L(R) « R
in this case too, since we have defined & = n when C is non-singular.

It now follows that, if we choose R = P*T}, then (4.2) must fail, if P is large enough.
We must therefore have an integer s <« R? for which |lsa3|| < P~>R?. We may therefore
write

b
o3 = ?3 + @3, (4.3)

with b3 € Z and s|@3| < P73R2. Thus s(1+ P3|g3]) < R?, and on replacing ¢ by /2 we
conclude as follows.

Lemma 4.1. Let ¢ > 0 be given, and define T3 by (4.1). Then there is a positive integer
s such that (4.3) holds with gcd(s, b3) = 1 and

s(1+ P?lg3)) < PETY.
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We should emphasise at this point that, as remarked in § 2, we cannot assume that we
have b3/s = az/q, for the approximation (2.6).

We turn now to our second application of Weyl’s method. We shall suppose that (4.3)
holds, where we think of both s and ¢3 as being small in suitable senses, and we write

X)) =a3C(x) +a20(x)
for brevity. Then
S(a3,02) = Y @ (x/P)e(f(x))

xeZ"

= Y, ) o&/Pefx).

u(mods) xeZ"
x=u (mod s)

Cauchy’s inequality yields
2

Sz, a)P <s" >0 | Y o&/Pe(f(x)

xeZ

u (mod s)

x=u (mod s)
=s" Y oy/P)ox/Pe(fy) - f(X)
X,yeZ"
x=y (mod s)
<" D0 1D @/ Ple(f (x+52) — f(R)]
|z|<P/s |xeZ"

where wo(x) = wo(X,z) = w(x+ 5P 'Z)w(x). Although this remains true even when
s > P, it is sensible to impose the condition s < P for the time being.
Since C(x+ sz) — C(x) is automatically divisible by s, we see that

e(f(x+s2) — f(x) = e (p3{C(x+52) —CX)} + 2 Q(x+52) — Q(X)}) .

‘We now set
g(x) = g(x,2) = p3{C(x+52) — C(X)},

and conclude that

Z a)o(x/P)e(g(x) +sa2VQ(z).x) .

xeZt

N

|z|<P/s

By the Poisson summation formula, the inner sum is

Py /Rn wo(t)e(g(Pt) + PsaaVQ(z).t — Pm.t)dt.

meZ"

The integrals may be estimated by the multidimensional “first derivative bound”; see
Heath-Brown [16, Lemma 10], for example. One has

|V (g(Pt) + PsaaVQ(z).t — Pm.t)| > A
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on supp(wg), with
)= PlsaaV Q(z) —m| + O(P?|g3)).

The second-order and third-order derivatives are O(P3|g3]), and all higher-order
derivatives vanish. It therefore follows from [16, Lemma 10] that

/ wo(Ve(g(Pt) + PsaxV Q(z).t — Pm.t)dt <4 (PlsazVQ(z) —m|)~*
RYI

for any fixed A > 0, whenever P|sasVQ(z) —m| > P3|@3|. In particular, if ¢ € (0, 1) is
given, and
sV Q@I > P~ (1+ Plgs)), (4.4)

then
> wo(x/Ple(g(®) +502VQ(2).xX) < P" Y (PlseaVQ(z) —ml|) ™"

xeZ" meZ”"

<1

provided that we choose P sufficiently large and take A > (n+1)/e. Of course if (4.4)
fails then we may estimate the sum trivially as O(P™). We therefore deduce that

1S (@3, ) > < s"#S1 + 5" P"#S,
with
Si=1{z€Z": [z] < P/s)

and
So={ze€Z": |z] < P/s, lIsacaVQ@)| < P~ (1 + P3lg3)).

We may omit the term s"#S; from the above estimate since it is at most O(P"), while
S, contains at least the element z = 0. If |z|] < P/s, one has |[VQ(z)| < cP/s, for some
constant ¢ = ¢(Q). We now recall the notation

p = rank(Q)

introduced earlier. Thus the values VQ(z) are restricted to a vector space of dimension p.
Given w, the equation w = VQ(z) has O((P/s)"~P) integral solutions z with |z| < P/s,
and we conclude that

#S) K (P/s)"PN?,

where
N =#weZ: |wl <cP/s, lscawl < P71+ P3gs3)).

‘We therefore have
1S(@3, a2)|* & P PsPNP.

We now define 7> = T»>(a3, an) by setting
IS(a3, 00)| = P" T, *, (4.5)

whence
T3 > P/(sN). (4.6)
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Naturally, our next task is to estimate A/. Generally, if
W={weZ: |lw <W, pw|<E}
then #)V is at most the number of points of the lattice
A={Wu & (uu—v) 1 (u,v) € 2%

lying in the unit square. The determinant of the lattice is (W&)™!, and so the number
of points is O(1 + WE +0~1), where o is the first successive minimum of the lattice.
From the definition of o we see that there will be a non-zero point (u, v) € Z? such that
lul| < oW and |uu —v| < o€.

Thus in our situation we find that

N <1+ Ps ' 1+ Posh)+o7t,

so that either N« 1+ Pes~ (1 + P3|g3]) or 0 < N1 In the former case, (4.6) yields

1—¢ 1—¢
(Y (AU S, S
s 14 P3g3| s+ P3|gs]

In the latter case, (4.6) shows that there is a non-zero point (u, v) with
lu| < cP/(sN) L T3

and
Isonu —v| < P+ P los) /N < P72Tes(14 P3los|) T3

If there is any such point (u,v) for which u =0, then v # 0, whence we must have
P 2*e5(1 4 P3g3 |)T22 >> 1. But in that case we may take u = 1, and we will automatically
have |[saou|| < P~2ts(1 4+ P3|p3 |)T22. Thus we can assume with no loss of generality that
there is a solution in which u # 0. We now summarise our findings as follows.

Lemma 4.2. Define

|S(a3, a2)| = P"T, 7,
and suppose that (4.3) holds with ged(s, b3) = 1. Then for any fized ¢ > 0 one of the
following must happen:

(i) there is a positive integer u < T such that
Isuaa|| < P7255(1+ P2lg3) T3

or

(i) we have
) 1—¢
Ty >» ——-.
27 s+ Pllgs|

Note that we assumed that s < P during the proof. However, the result is trivial when
s > P, since we then have T22 > 1> P/s.
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5. Minor arc contribution: the Weyl bound

In this section, we will see what can be said about the size of the minor arc integral (2.4)
on the basis of Lemmas 4.1 and 4.2. For convenience, we write

I(m) := // S(a3, ap)dazdas.

We begin by considering values a3 for which case (i) of Lemma 4.2 holds.
Our first move is to show that on the minor arcs T3 (and hence also T»>) cannot be too
small. Lemma 4.1 and case (i) of Lemma 4.2 produce positive integers s and u such that

82
su K PETST; .
Moreover, there will be integers b3, by for which
|suas —ubsz| = sulps| K 14P_3+8T38 < P_3+*’"T38T22

and
lsuas — by| = |lsuaa|| < P72 es(1+ P2 |lgs) T3 <« P22 1877

It follows that we would have su < P? and

b3u _
a3 — —| < |suaz —ubs| < P30,
Su

by
@y — — | < |suay —by| < P,
Su

if T38 T22 < P33 say, with P sufficiently large. Thus, if (a3, @2) € m, we must have T38 T22 >
P%=3 Tt is clear from (4.1) and (4.5) that

T, =T)". (5.1)

We therefore deduce that
T3 > pdo/(16p+4h) (5.2)

provided that & < §/6, as we henceforth assume.
In estimating the minor arc integral I(m), it will be convenient to consider the
contribution I, (m), say, from all pairs a3, ap for which 73 lies in a dyadic range

t3 < T3 < 2t3.
In view of (5.2), we may assume that 3 > P%/U60+41) Noreover, (5.1) implies that
P < Ty < )P,

We put tzzté'/’o.

We proceed to consider the contribution to I;(m) from all pairs a3, ap for which the
first alternative of Lemma 4.2 holds. We begin by considering the measure of the available
as € (0, 1]. For each positive integer u < t22, there will be an integer v < su such that

Isuor, —v| < P73Es(1+ P3|g3))i3.
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Thus the total measure for the values of oy will be

<Y Y TIPS (L4 Plpsh < PTEs(14 PPlgs)i;.
u<<122 vsu

According to Lemma 4.1, we will have s(1+ P3|p3]) < P"ftég7 so that the above is
O(P_2+28t§t§). We may calculate the available measure for o3 in much the same way,
given that s < P6t38 and |p3] K P‘S"’ss_ltg7 by Lemma 4.1. This yields

meas{os : s(14 P3lgs]) < P°d) « Z Z p3tEsTI8
s perd VS

8 p—3+e.8
L P13 P71
—34+2¢ .16
=p3t °13°. (5.3)
Returning to our estimation of the contribution to I;(m) from the first case of
Lemma 4.2, we obtain the overall contribution

< Pnt;h'P—2+26t38t§'P—3+25t316 < Pn—5+48t3—h+4h/0+24'

If(h—24)(p—4) > 96 then h —4h/p —24 > 1/p. Thus, if we sum over all relevant dyadic
ranges for 13 > por/ (16p+4h), we will obtain an overall contribution

& Pn75+4878/(16p+4h)
which is satisfactory if we choose € sufficiently small. We record our conclusions as follows.

Lemma 5.1. The contribution to I(m) arising from pairs a3, ar for which the first
alternative of Lemma 4.2 holds is o(P"™), provided that

(h—24)(p —4) > 96.

Turning to the contribution to I;;(m) from those pairs a3, ap for which the second
alternative of Lemma 4.2 holds, we first consider the situation when 13 > P3/1°. According
to (5.3), the available set of values for a3 has measure 0(P’3+2€t316)7 but there is no
restriction on the values of ay. It follows that the contribution to the minor arc integral
is

< Pyt pTITES, (5.4)
We proceed to sum over dyadic values 3 > P31 to obtain a total

« pr3t2e=3(i=16)/19 ~ pn—5+2e-1/19
~ E)
provided that & > 29. This gives us the following result.

Lemma 5.2. Suppose that h > 29. Then the contribution to I(m) arising from pairs a3, o
for which the second case of Lemma 4.2 holds, and T3 > P3/19 is o(P"73).
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The simplest way to handle the remaining case is to combine the inequalities
s(14+ P3g3)) <« P8T38 and T/ > P'7¢/(s+ P3|g3]) from Lemma 4.1 and part (i) of
Lemma 4.2, respectively, to deduce that

3
s+ 5P |3 S pl-2

e s+ Plps| ~

Then (5.1) implies that T38+2h/p > P!'72¢. We therefore see from the bound (5.4) that
the total contribution to the minor arc integral is O(P"~¥), with

1—-2¢

=3-2 h—16)———.
14 e+ ( )8+2h/,0

By taking ¢ sufficiently small, we can make ¥ > 5 provided that
h—16 > 2(8+2h/p).

This gives us the following lemma, which is exactly what we need for Theorem 1.2.

Lemma 5.3. Suppose that (h —32)(p —4) > 128. Then
I(m) = o(P"7).

An alternative way to deal with the case Tz < P3/19 is to use an analysis based on the
Poisson summation formula. We will carry this out in § 6. It is an essential feature of the
method that one uses simultaneous rational approximations a3/q and a>/q to a3 and an,
as given by (2.6).

We will want to know whether the approximation asz/q corresponds to the
approximation b3 /s given by (4.3). However, if b3z /s # az/q, then

1

X
sq

1
< —— +lgsl.
q 03

b3

az b3
< a3 — —
S

q N

< +

a3 — —
q
It would then follow from Lemma 4.1 and (2.5) that

1 <s5/03+sqles3l
< PTHO7 + P 030))
« p¥/19+e p—4/3

g P—4/57+8
provided that T3 < P3/!°. This will produce a contradiction if ¢ is small enough and P
is large enough, thereby proving that az/q = b3/s.

We record this conclusion as follows.

Lemma 5.4. Suppose that h > 29 and T3 < P3'°. Then we will have a3/q = bz /s if P is
large enough.
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6. Poisson summation

In this section, we suppose that X c P*~! is non-singular. By Corollary 3.2 we may
assume that the cubic form C is non-singular and that Q takes the shape

n
0(x) = dix;, (6.1)
i=1
with dy,...,d, € Z such that dj ---d,—1 # 0. Thus Q has rank at least n — 1. We are now

ready to begin our analysis of the exponential sums

S(az,00) = Y o(x/Ple (@3C(X) +020(X),

xeZt

for a3, @y € R, based on an application of Poisson summation.
We will assume throughout this section that oz = az/q + 63 and ax = ax/q + 63, as in
§2. Thus a = (a3, a») € Z? and ¢ € 7 satisfy

l<az, a2 < g <0302, ged(g,a)=1, (6.2)
and 0 = (63, 6») € R? satisfies
il <q 'O, (i=32. (6.3)

We recall that Qs3, Q> are positive integers given by (2.5). Our first step involves
introducing complete exponential sums modulo g. The following result is standard.

Lemma 6.1. We have

p" _
Sz ) = — Y S(a,q:m)I(63P°.6,P* g Pm),

meZ"
where
S@,g;m) = Y eaCy)+aQ(y) +my), (6.4)
y (mod q)
I(y;2) = fR 0Xe(3C(X®) +720(x) —2X)dx. (6.5)

Proof. Write x =y + gz, for y (modq). Then we obtain

S(az.an) = Y eg(@C(y) +@Q(y))

y (modg)
X Z o((y+q2)/P)e(03C(y +q2z) + 6, O(y + q2)).

ze"

The statement of the lemma follows from an application of Poisson summation, followed
by an obvious change of variables. O
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We begin by analysing the complete exponential sums S(a, g; m) given by (6.4), for
gcd(g,a) = 1 and m € Z". They satisfy the multiplicativity property

S(a,rs; m) = S(ay, r; m)S(a,, s;m), for ged(r,s) =1, (6.6)
where
a; = (tzag, tay).

The proof of this fact is standard (see [4, Lemma 10], for example). In view of this, it
will suffice to analyse S(a, ¢; m) for prime power values of gq.

It will be convenient to give a separate treatment of the moduli g that are built from
prime divisors of az. Recall the shape (6.1) that Q takes, with d - - -d,—1 # 0. For a given
prime p, we let p¥ be the largest power of p dividing any of 2dy, ..., 2d,—1. Since Q is
fixed, we will have p¥ <« 1. We can now state our result.

Lemma 6.2. Suppose that p'*V | a3, and let r > 1. Then, for any m € Z", we have
S(a, pr’ m) << pr(n+1)/2.
Proof. Since p | a3, we may assume that p {az. Let S = S(x) be the sum

Z epr (azQ(xl, vy Xn—1, %) +a3C(xy, ..., X1, x)).

X150 Xp—1 (mod p7)

We will show that § < p"®~D/2 for every x, which will suffice. Our approach is based
on applying Weyl’s method to |S|2. This gives

ISI? < > DY ()] (6.7)
V1s-esYu—1 (mod p) |x1,...,x,—1 (mod p")
where f = f(x{,...,Xn—1; Y1, --., yn—1) has the shape
n—1 n—1
2a5 ) " dixiyi+p'T Y Vigi (K1 Xa 13 V1 Ya1),
i=1 i=1
since p'*? | az. Here, the g; are suitable polynomials defined over Z.

Suppose now that we have an exponent 4 < r —v — 1 such that p”|yi, ..., y,—1, but
some y; is not divisible by p*!. Let us suppose without loss of generality that p/+! 1.
Writing x; = s + p" "7~ 1¢, with s running modulo p"~"=*~! and r modulo p"*v+!
finds that

, one

r—h—v—1

f =2adiy1p t+ fo(s; X2, ..., Xp—15 Y1, .., Ya—1) (mod p"),

for some integral polynomial fy. It follows that the sum over ¢ vanishes unless p/*v+!
divides 2ard;y;. However, this latter condition would contradict the facts that ptap,
pUtl12dy, and p"*l iy,

We therefore deduce that the inner sum of (6.7) vanishes unless p"~ divides each

of y1,..., ¥n—1. There are therefore p” <« 1 choices for each of these, and for each such
choice the inner sum has modulus at most p"”~1. We then deduce that |S|> < p"*~D,
and the lemma follows. O
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We are now ready to begin in earnest our treatment of the exponential sum S(a, g; m)
for g € N. Let us write g = gogq192, where

o= ] ». «= ] r (6.8)

relq rillg, ez3
pl+v|a3 pl+v1,a3

Thus g; is cube-free, and gcd(q1g2, az) divides [] » p?, which in turn divides 2]_[?;11 d;,
where d; are the coefficients of Q. It follows that ged(g1¢2,a3) < 1.

Lemma 6.2 and (6.6) will suffice to deal with the sum associated to the modulus go.
The cube-free modulus ¢; will be handled via the following result.

Lemma 6.3. Let e > 0. Suppose that q is cube-free, and is a product of primes p for which
p'TV Y as. Then, for any m € Z", we have

S(a, g;m) < g"/**e.

Proof. By (6.6) it will suffice to show that S(a, p"; m) <« p™/2, for r € {1,2} and each
prime with p'*¥ { az. The result is trivial for the finitely many primes with v # 0. Indeed
we may assume that p > 1, where the implied constant is taken large enough to ensure
that C is non-singular modulo p. When r = 2, the result therefore follows from work of
Heath-Brown [15]. Suppose next that r = 1. We wish to apply the estimate

> ep(f(X) Kan P

n
xeFP

of Deligne [9], which applies to any polynomial f over F, of degree d, in n variables, whose
leading homogeneous part is smooth modulo p. Taking f(x) = a3C(x) + a2 Q(x) + m.x,
we get S(a, p; m) < p"/?, as required. O

It is now time to turn our attention to the cube-full modulus g;, with ged(gq2, az) < 1.
Our next goal is the following variant of [14, Lemma 14].

Lemma 6.4. Let ¢ > 0, and let mg € R". Suppose that q is cube-full, with ged(q, az) < 1.
Then we have
Y IS@ gim)| < g" PV 4",
[m—mg| <V

forany V > 1.

For the proof we will modify parts of the argument from Browning and Heath-Brown [4,
§5]. We will be fairly brief, since the changes necessary are minor, if somewhat tedious.
We will write our cube-full modulus ¢ as ¢ = ¢*d, with d square-free.

First, in analogy to [4, Lemma 11}, one may show that

IS@ ¢:m)| < )" Y Maw'’?, (6.9)

u (mod )
cl(Vg(u)+m)

where
g() = azC(u) +axQ(u)
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and
Mg (u) = #{x (modd) : V2g(u).x = 0 (modd)}.

Corresponding to the sum S(V, a; mg, ¢, d) in [4, Eq. (5.9)], we define
S(V)=8(V,a3,ar; mg, c,d) := Z Z Md(a)l/z.

Im—mgy|<V a(modc)
cl(Vg(a)+m)

We would like to adapt [4, Lemma 16] to our present situation. Note that [4, §5] is
concerned with exponential sums associated to general cubic polynomials g for which the
cubic part is non-singular and ||g||p = ||P 73 f(Px1, ..., Px,)|| < H for some parameter
H. In our setting, one may verify that it is possible to replace H by 1 in the various
estimates of [4]. A number of trivial adjustments need to be made, since we have
gcd(czd, a3) < 1, rather than gcd(czd, a)=1.

Note that [4, Lemma 13] can be applied directly with H < 1, since it pertains only
to the cubic part C of g, where [|gollp = llgoll < 1. Moreover, [4, Lemma 14] can also
be applied, with D <« 1. Turning to the analogue of [4, Lemma 16], which relies on [4,
Lemmas 13 and 14], the proof goes through unchanged, with D « 1 and H « 1. For any
& > 0, this leads to the estimate

2
s<qvr 1469 5
<Lq +W .

But then, taking
Vi=V+ @),

we have
2

n/2
S(V) <S(Vi) € ¢° V' (1 + CV—3> LG (V" +(Ed)"P).
1

Lemma 6.4 now follows from (6.9).
We next turn to the analysis of the exponential integral

[ =103P% 6,P% g Pm)

=f w(x)e(03P3C(x)+92P2Q(x) —q_le.x)dx.
Rn

For this, it will be convenient to write
f®) =6:P3C(x) +6:P?0(x).

We will proceed by adapting the proof of [4, Lemma 6], noting that our weight function
o belongs to the class of weight functions considered therein. Let v € R be a parameter
in the range 0 < v < 1, to be chosen in due course. We decompose [ into an average of
integrals over subregions of size at most v. It follows from [16, Lemma 2] that there exists
an infinitely differentiable weight function w,(x,y) : R?* — R0, such that

w(x) = v_"/ wy (?, y) dy.
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Moreover, supp(w,) € [—1, 1]* x supp(w). Then, on making this substitution into I, and
writing X = y + vu, we obtain

| =v"

</
_ / K )ldy,
supp(w)
say.

Let us write F(u) = f(y+ vu) — vg~ ! Pm.u, for fixed y. It is clear that f(y+vu) < ©
for any (y, u) € supp(w) x [—1, 11", where we put

© = 1+ (63| P> +|6>| P. (6.11)

For such (y, u), it follows that the kth-order derivatives of F(u) are all Oy (v¥©®), for k > 2.
Likewise, one finds that

/ / wu(vl(x—y),y)e(f(X)—qle-X)dde‘

dy (6.10)

/ wy(u, y)e(f(y+vu) —vg~' Pm.u)du
Rﬂ

VF@u) = vV f(y)—vg ' Pm+ 0(?0O).

Let R > 1, and suppose that |V f(y) —g~!Pm| > v~ 'R. Then it follows that there exists
a constant ¢(n) > 0 such that |VF(u)| > R, provided that

R > c(n)v2®.

We will take v = ®~1/2 50 that 0 < v < 1. An application of [16, Lemma 10] now reveals
that K(y) <y RN for any N > 1, when R > c(n). Inserting this into (6.10) gives

I <y RV 4+ meas S(R)

for any N > 1 and any R > c(n), where we have written
S(R) = [y € supp(@) : [Vf(¥)—q~' Pm| < RVE].

If we choose R = P? with some fixed ¢ > 0, then R~V can be made smaller than any
given negative power of P, via a suitable choice of N. This leads to the following result.

Lemma 6.5. Let ¢ > 0, and let N € N be given. Then
1(03P3,6,P% g~ Pm) <y P~V 4 meas S(P?).
Alternatively, if |m| > c®q/P with a suitably large constant c¢, then |V f(y)| <
%q_1P|m| for y € supp(w). Thus, if we take
R=13q"'Plm/®~"",

say, then S(R) will be empty. Moreover, if [m| > P¢~1¢® for some positive ¢ < 1, then
we will have
R (P|m|)'—¢/3  pe(-e/)@l/2—¢/3  pe(l—e/3)
= > 2
(P|m|)*/3 3g/0® 3g¢/3 3 p2¢/3

since ® > 1 and ¢ < P2. Tt follows that R > (P|m|)¢/?> whenever |m| > P¢~'¢®. This
leads to the following conclusion.

3

1
> -
3

https://doi.org/10.1017/51474748014000127 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000127

Intersections of cubic and quadric hypersurfaces 725

Lemma 6.6. Let ¢ > 0, and let N € N be given. Then
163P% 6,P% ¢~ Pm) <y P~ |m| N
whenever jm| > P~ 14¢0.

We are now ready to deduce a final estimate for the exponential sum S(a3, a2) in (2.2),
for any (a3, a2) € R2. We suppose as before that «; = a;/q +6;, with a = (a3, a2) € 7?2
and ¢ € Z satisfying (6.2) and 8 = (63, 6) € R? satisfying (6.3). Here, Q3, Q2 € N are
given by (2.5).

Our starting point is Lemma 6.1. We use Lemma 6.6 to handle the tail of the summation
over m, so that

P" _
Sz, ) < 1+— Y |S@,g;m)|.[16:P°,6,P% ¢~ Pm)|
Im|<Pe1g@
for any fixed & > 0. Next, we employ the multiplicativity property (6.6) in conjunction

with Lemmas 6.2 and 6.3 to show that the second term is

P i1)2 a2 3, p2. -
< 40" "G Y 1S@geq g2 m) I 03P, 6, P75 g Pm)).
q Im|<Pe—1g®

We then use Lemma 6.5, which shows that this is

n+e
<<1+Pq—,,qé"+l)/2qf/2/ D IS(geqyr g2 m)| | dy,
SUPP(@) \ m—my (y)| <V
where
my(y) = q(63P>VC(y) +6,PVQ(y))
and

vV =P lgVe.
Finally, Lemma 6.4 produces the bound

Pn+8
S(az, az) < 1+ q—nqé"+1’/2qi’/2q§/2“{v" + q;/3}.

We have therefore established the following result, on redefining ¢.

Lemma 6.7. Let ¢ > 0, and let qo, g2, and © be defined as in (6.8) and (6.11). Then we
have
S(Ot3, a2) <« qé/zps{qn/2®n/2+ an*n/quz”/:;}

We should comment at this point that the first term on the right is more or less what
one would hope for. The second term on the right could probably be improved, but it
suffices for our purposes. When g and ® are both of order 1, so that (a3, ap) lies in
the major arcs, we expect that S(a3, an) is approximately P*g~"S(a, g, 0)1(0, 0; 0). This
corresponds to the second term on the right in Lemma 6.7. However, when © is a little
larger than 1, we would expect to have a non-trivial bound for 1(83P3, 6, P%; 0), and the
lemma does not take any account of this.
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7. Minor arc contribution: Theorem 1.3

In this section, we will combine the work of §§5 and 6 so as to handle the minor arcs
for Theorem 1.3. Thus we will assume that 7 =n > 29 and that p > n—1. Lemma 5.1
then gives a satisfactory result under the first alternative of Lemma 4.2, provided that
n > 29. Indeed we see that one cannot hope to handle the case n =28, even when
p = n. Moreover, Lemma 5.2 gives a satisfactory result under the second alternative
of Lemma 4.2 when T3 > P3/1°. We therefore investigate the second alternative of
Lemma 4.2, under the assumption that 73 < P! and n > 29. Furthermore, it follows
from Lemma 5.4 that we may proceed under the assumption that b3/s = a3/q.
We will assume that T3 lies in a dyadic range 13 < T3 < 2¢3, with

por/Q0n) < pip/(6p+dh) < 4 p3/19, (7.1)
where the lower bound comes from (5.2). It follows from (5.1) that &, < Ty < 2"/*t,, with
h/p
=1

We can rapidly dispose of the case in which s < P3|g3|. If this happens, then the second
part of Lemma 4.2, together with Lemma 4.1, yields

1« P2+8t22|(p3| < P2+8t32"/("_1).P673t§s7]’

whence

|  pr2Hie 6+ (=D 2

We now write P; for the set of a3 for Wthh s < P3|g3| and the value of T3 lies in our
dyadic range t3 < T3 < 2t3. Then, if a3 € P;, we have

- —2+4¢ 164+4n/(n—1)—n —2

Sz, a2) K P"t3 TP 577

838

Moreover, since g3 < P*7’t;s™", we have

/ oz« Y s Y P < P
s Pl b3 (mod s)
The contribution to the minor arc integral is therefore

—2+44¢ 16+4n/(n—1)—n —-3.8
L PTG P

In view of (7.1), this provides a satisfactory bound if n > 24 +4n/(n — 1), so that n > 29
will be sufficient. Thus in applying Lemma 4.2 we may henceforth take

s> P72 (7.2)

We proceed to examine the case in which the first term on the right in Lemma 6.7
dominates the second. Thus we will assume that

S(O[?,, Olz) < Qé/ngqn/2®n/2.
It follows from (2.5), (2.6), and (6.11) that ¢® <« P>/, whence

S(a3, a0) < gy > P/0FE, (7.3)
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We now consider the contribution from the set P, of pairs (a3, ap) for which (7.3) holds
and 13 < T3 < 2£3. It will be convenient to write I, (m) for the corresponding part of the
minor arc integral. From (4.1), we will have

S(az, ap) K P'tg". (7.4)
As in (5.3), the measure of the available set of points a3 is O(P2€_3t316), whence
meas(Py) <« P*7311°. (7.5)

Thus we certainly have
I,(m) < P340 . pre™. (7.6)

For an alternative bound we consider two cases. We give ourselves a parameter Qg > 1, to
be chosen shortly, and consider separately the ranges go < Qo and g9 > Qo. If g0 < Qo,
the bounds (7.3) and (7.5) show that the contribution to I, (m) is

<< P28—3t?}6.Q(1)/2P5n/6+8. (77)

To investigate the second alternative, we consider the subset, P3 say, of P, for which the
corresponding value of g is at least Qg. Using the facts that oz and a, satisfy (2.6), and
that go is given by (6.8), we have

meas(P3) < Y D Y (g0 g0 < P Y N gl

q<Q030, a3 a2 q<030> a3
q0= Qo q0= Qo

o =TT»

Plgo

If we define

then g3 | a3, so that there are O(g/q3) available values for a3, and we deduce that

meas(Py) < P73 Y g5l <« Y gilgy
q<0302 q0=Qo

q0=Qo
However, a standard estimation via Rankin’s method shows that
-1 _—1 -1 -1 -
dooai'ag' <oy Y a3l
902 Qo 902 Qo
o
<05 Y gy’
q0=1
— ngl 1_[{1 +p—1—s +p—1—28 +p—1—3s 4. }
p

—1
L0y -

We therefore deduce that
meas(P3) < P%¥ Qal,
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so that the estimate (7.4) shows that the contribution to I, (m) is
<< P2€ QSI.Pnl‘S_n.
Comparing this bound with (7.7), we see that we have an estimate
It3 (m) < P28_3t316.Q(1)/2P5n/6+8 + PZS Q61~Pnt3_n,
for any Qg > 1, covering both cases gg < Q¢ and gg > Q. We choose
00 =1+ P"/9+2t3_2"/3_32/3
so as to balance the two terms approximately, and then deduce that
I.(m) < P3(p5n/6=3 16+P8n/9 2 (32 n)/3}
3
We now combine this with (7.6) to produce
I;(m) < P3s{min(Pn—3tl6fn’ PSn/6—3tl6)+min(Pn—3t167n, PSn/9—2t(32—n)/3)}‘
If n > 16, then we use the inequality min(A, B) < A'%/" B=10)/n 4 conclude that
min(Pn73t3l6—n’ PSn/673t316) < Pn757(n728)/6.
If 16 < n <32, we use min(A, B) < AB2=n)/(n—=16) p(3n—48)/(2n—10) {1 Jeduce that
min(Pn_3t3l6_n, P8n/9—2t3(32—")/3) < Pn—5—17
with
_ (n—=29(n—8)+8
B 6(n —8)

These bounds make it clear that I,,(m) < P"7>~¢ for a small & > 0, when 29 < n < 32;
and if n > 33, then

. 3 16— —2.(32—n)/3 —2,(32-n)/3
min(P" 3t316 n’PSn/9 2t3( n)/ ) < psn/9 2t3( n)/
< pn/9-2
~
< Pn—5—2/3.

We may therefore conclude as follows.

Lemma 7.1. If h =n and p > n — 1, then the contribution to the minor arc integral when
the first term on the right in Lemma 6.7 dominates the second will be o(P">), provided
that n > 29.

We turn now to the pairs (a3, ap) for which the second term on the right in Lemma 6.7
dominates the first, so that

S(a:’,, 012) << qé/zpn-i-sq—n/zq;/?"

We now recall that we may assume that asz/q = b3/s with gcd(s, b3) = 1. Thus in
particular we will have s | g. In view of the definitions in (6.8), we therefore deduce
that
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_ 3 1-n)/2 —n/2 —n/6
n/Zq;/ =q(§ n)/ a; n/ ‘12”/

_ 2/3
< (qoqiqa) "/ 6«72/
—(n+4)/6 ,2/3

P

1/2
CIO/CI

=dq
< S—(n+4)/6q22/3

as soon as n > 4. Moreover, if p¢||g2, then we have p® | gb3 = azs and p'*? | a3, whence
p¢ | sp?. It follows that ¢, | Ds, with

for the coefficients d; in (6.1). Now let P4 be the set of pairs (a3, @z) for which the
relevant values of s, gy, and T3 lie in given dyadic ranges S < s <28, 02 < g2 < 20>,
and 13 < T3 < 213, so that

S(oz3,ot2) < Pn+£S_(n+4)/6Q§/3

on Ps. Since g2 | Ds and D « 1, there are O(S/q2) choices for s, given g». We have
sle3| K P8_3t38 by Lemma 4.1, and so we may calculate that

meas(Py) K Z Z Z P873s71t38

02<q2<207 S<s<28 b3 (mod s)

< Z Pe385q5 !
02<q2<20>
< Pe38505%,

since ¢ runs over cube-full numbers. This yields the bound
/7> 4 S (a3, @2)|dazday « PP3TE 5= (=D/6, (7.8)
Alternatively, (7.4) produces
/77 IS (a3, @2)|dazdas < P"t;" meas(Py) < P"*3+8t38_"S.
4
We may combine these to give

[S (o3, ap) |dazdas
Pa

< P" 3 min (@85*("*2)/6, z38—"s)

6/(n-+4) (n=2)/(n+4)
“3+e (8 ¢—(1—-2)/6 8—
< P" €<t3S (n >/) <z3 "S)

__ ph—3+4e,—K1
=P I3

3

with
_ n?—10n—32

K1 =
n+4
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We may also couple (7.8) with (7.2) to produce a bound
& Pn737(n72)/6+n8tgtén—z)/3 < Pn737(n72)/6+n£t§2’
with
(n—2)n
3n—3 "
Comparing this with the previous bound, we deduce that

Ky = 8+

/ [S(a3, an)|dazday
P2
< P min (Pn—3t3—f(1, Pn—3—(n—2)/6té<2>

< P" min (Pn_3t;Kl)(n714)/(n72) (Pn—3—(n—2)/6té<2)

— Pn_5+n8t;K

12/(n—2)

with
n—14 12

K = K1 —
n—2 n—2

_ (n—14\ (n?—10n—32 12 8+(n—2)n

S \n-2 n+4 n—2 3n-3 )"
A slightly unpleasant calculation confirms that ¥ > 0 whenever n > 28. This completes
our treatment of the minor arcs, which we summarise as follows.

K2

Lemma 7.2. If h=n >29 and p > n—1, then (2.4) holds.

This will suffice for our application to Theorem 1.3.

8. Major arc contribution

The purpose of this section is to complete the proof of Theorems 1.2 and 1.3, by
establishing (2.3) under suitable hypotheses on 9t and the forms C and Q. In what
follows, we will put A = n if C is non-singular and A = h(C) otherwise. Moreover, we
continue to adopt the notation

p = rank(Q),

for the rank of the quadratic form Q. By Corollary 3.2, we have p > n —1 when the
intersection C = Q = 0 is non-singular.

It is now time to reveal the weight functions @ that we shall use in the definition (2.1)
of our counting function

No(X; P)= > oK/P).
xeZ"
Cx)=0(x)=0

There is nothing to prove unless the variety X contains a non-singular real point.
Consequently, we let xg € R" be a non-zero vector such that C(xg) = Q(x9) =0 and
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VC(xp) is not proportional to VQ(xg). We will find it convenient to work with a weight
function that forces us to count points lying very close to xg. For any & € (0, 1], we define
the function @ : R" — R>¢ by

w(x) == v(E " Ix—x0l),

where |ly|l = /y} +---+y2 and

e 1/A=xD) i 1y < 1,
v(x) =

0, if |x] > 1.
We will require & to be sufficiently small, with 1 < & < 1. It is clear that w is infinitely

differentiable, and that it is supported on the region ||x — Xo|| < &. Moreover, there exist
constants ¢; > 0 depending only on j and & such that

91t Fin gy (x)

0T T w(X) | nooa il e
dixy---dhnx, P XERL it A ]}\C]’

max |

for each integer j > 0.
We are now ready to begin our analysis of the exponential sums S(w3, @) on the set
of major arcs 9 defined in § 2, for § € (0, %). Let us define

S@,q) =Y ega3C(y)+aQy),

y (mod g)

for a = (a3, ap) with ged(g,a) = 1. Our work in this section will lead us to study the
truncated singular series

s®m=Y~ ¥ saq. (8.1)

q<R a(modq)
ged(q,a)=1

for any R > 1. We put & = limg_, oo &(R), whenever this limit exists. Next, let

R R
J(R) = /R/R/R"w(X)e(V3C(X)+V2Q(X))dxd)f3dyz, (8.2)

for any R > 0. We put J = limg_, o J(R), whenever the limit exists. The main aim of this
section is to establish the following result.

Lemma 8.1. Assume that (h—24)(p —4) > 96. Then the singular series & and the
singular integral J are absolutely convergent. Moreover, if we choose

§=1/8, (8.3)

then there is a positive constant A such that

// S(a3, ar)dazday = GjP"*S + O(PFZfoA)'
e
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Accepting Lemma 8.1 for the time being, let us indicate how it can be used to complete
the proof of Theorems 1.2 and 1.3. In the context of Theorem 1.3, for which h =n > 29
and p > n — 1, we combine Lemma 7.2 and Lemma 8.1 to deduce that

Ny(X; P) = GIP" S +0(P" ),

as P — oo, with both & and J absolutely convergent. The same asymptotic formula
holds when (A(C) —32)(p —4) > 128, as in Theorem 1.2. This can be seen by combining
Lemma 5.3 with Lemma 8.1.

In order to complete the proof of Theorems 1.2 and 1.3, we are required to show
that 67 > 0 whenever X¢n(A) # @. Indeed, if &J > 0 for any [X9] € Xsm(R), then it will
follow from our asymptotic formula for N, (X; P) that X (Q) is Zariski dense in X, whence
the existence of a point in Xy, (Q) is assured. The proof that & > 0 follows a standard
line of reasoning, as in [3, Lemma 7.1], and makes use of the fact that & is absolutely
convergent. To show that J > 0, it will suffice to show that J(R) > 1 for sufficiently
large values of R. This again is standard, and will follow from an easy adaptation of
work of Heath-Brown [14, §10] on the corresponding problem for a single cubic form.
The only difference lies in the choice of weights used and the fact that we now have a
complete intersection of codimension 2, but neither of these alters the nature of the proof.
Performing the integrations over y3 and y,, and writing x = xg 4y, it follows from (8.2)
that

in2r RC in2r R
IR) = /‘ 0(x) sin(2w 2(x)) sin(2w Q(X))dX
n 7-C(x)Q(x)
1 sin(2r RC (xg +y)) sin(2r RQ (X0 +Y))
= v(E llylD 3 dy.
R mC(xo+y)Q(x0+Yy)

Let a; = 3C/0x;(X9) and b; = 0Q/0dx;(Xg) for 1 <i < n. We may assume without loss
of generality that a;by —azb; # 0. The need for & > 0 to be sufficiently small emerges
through an application of the inverse function theorem. Since |y| < &, if we write

z3 = C(x0+Yy) =aiyi+ - +anyn + P2(y) + P3(y),

22 = 0Xo+Yy) =biyi+- - +bpyn+ Qa2(y),
for forms P; of degree i and Q» of degree 2, then z3,7z2 < &, and we can invert this
expression to represent y; and y, as a power series in z3, 22, ¥3, - - ., ¥n, if & is sufficiently
small. We refer the reader to [14] for the remainder of the argument.

To prove Lemma 8.1, we begin by recalling that ¢ < P%, that we have a = (a3, ap) with

ged(g, a) = 1, and that (a3, o) € My, with a; = a;/q +6;, for i =3,2. We will use the
argument of [3, Lemma 5.1] to show that

S(a3, a2) = ¢ "P"S(a, ¢)[ (03P, 6, P%; 0) + O (P" 1120, (8.4)

where S(a, ¢) is given above and I is given by (6.5).
To see this, we write x = y+ ¢z in (2.2), where y runs over a complete set of residues
modulo ¢, giving

Sz, )= Y eg(@3Cy+aQy) Y f@), (8:5)

y (modq) zeZ"
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with
y+qz

f(Z)=a)(

We now want to replace the summation over z by an integration. If t € [0, 1]7, then

) e(03C(y+4q2) +6:0(y +q2)).

f@z+t = fz)+0 ( max |Vf(Z+ll)|> .
uef0, 11"

Hence

<« meas(B) max |V f(z)|
zeBB

i /R f@dz— 3 f@)

ze"

P n
< (;) (q/P +q1631P* +q162| P)

:ql—nPn—l+|93|q1—nPn+2+|92|q1—nPn+l’

where B is an n-dimensional cube with sides of order 1+ P/g < 2P /q. Substituting this

into (8.5), and making the change of variables Pu =y + gz, we therefore deduce that
S(as.a2) = ¢ "P"S(a, )1 (63P°, 6:P%; 0) 56)
+0(qP" +1631g P"* + |alg P"H). '

This completes the proof of (8.4), since |6;] < P~ and ¢ < P% on the major arcs.
Using (8.4), and noting that the major arcs have measure O(P~+%%) it is now easy
to deduce that

/ / S(az, an)dazdas = PP S(PI(PY) + O(P"6+7%), (8.7)
m

where &(P?) is given by (8.1), and J(P?) is given by (8.2).
We proceed to use (8.4) in conjunction with our Weyl estimates, namely Lemmas 4.1
and 4.2, to bound S(a, g), with the aim of proving the following result.

Lemma 8.2. Let ¢ > 0 be given. If h and p are both positive, then

—h/8
q
S(a, q) <€ "+€<—> 8.8
@) <4\ edlq. an ®.8)
and
S(a, q) < q""* ged(q, az) 2. (8.9)

Proof. To prove this, we reverse our normal point of view, and think of ¢ as given and
of P as being large in terms of g. Specifically, it will suffice to take
P =q%. (8.10)
When 63 = 6, = 0, we have 1(0,0; 0) > 1, whence (8.4) yields
S(a,q) < 14+4"P7"S(a3/q, a2/q)| (8.11)
=1+¢"T;" = 144"T, ",

since (8.10) shows that P1=% > ¢".
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We proceed to apply Lemma 4.1, bearing in mind that the integer s is not necessarily
equal to g. Thus we have a3/q = b3/s + 3 and

s(1+ Plps)) < PTS. (8.12)
If a3/q # b3/s, then |g3| > (sq)~", whence
9> P slps| = PP
Then, taking ¢ < 1, we see that (8.11) leads to the estimate

in view of (8.10). This is more than sufficient for the lemma, and so we henceforth
assume that a3 /g = b3/s and that ¢3 = 0. Thus saz = gb3 with gcd(s, b3) = 1, whence s =
q/ ged(q, az). Moreover, (8.12) reduces to s < PETS, sothat T3 > P~¢/3(q/ ged(q, a3))'/8.
Inserting this into (8.11) leads to the estimate

—h/8
S@, q) < 1+q". P8 <L> .
ged(q, az)

This is suitable for (8.8), given our choice (8.10), on redefining «.
To obtain (8.9), we apply Lemma 4.2, which either shows that

T22 >> Pl—é‘s—l 2 Pl_gq_l,
or produces a positive integer u < T22 for which
llsuaz/q| < P72+8sT22. (8.13)
If the first alternative holds then, taking ¢ < 1/2, we find that (8.11) produces a bound

in view of (8.10). Again, this is more than sufficient for the lemma, and so we examine
the second alternative.
If g f suay, the bound (8.13) would imply that ¢~! « P=2*¢5T}, so that

T; > P> (sq)™' > P*°q 72
Just as above, this would produce an acceptable estimate:
S@,q) < 1+¢"T,7 <« 14+¢". P22 « 144" P71« 1.

On the other hand, if g | suay then ged(q, a3) | uay, since we have s = g/ ged(q, a3), as
noted above. Recalling that gcd(q, a3, az) = 1, we deduce that gcd(q, az) | u, so that
ged(g, a3) <u <K T22. Thus (8.11) yields

S(a, q) < 1+4¢" ged(q, az) "%,

as required for (8.9). This completes the proof of the lemma. O
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We can now handle the singular series. Let

A= Y IS@aql
a(modgq)
ged(g,a)=1

Then we have

—h/8
NORTED q"+8min<<L) ,gcd(q,a3)_p/2>.

as (modq) gcd(q, az)

There are at most ¢g/d values of a3 for which gcd(gq, az) = d, and each one contributes a

total
< g"" e min((q/d)TME 7
<< qn+1+s ((q/d)—h/S)(4p+8)/(4p+h) (d—p/2)(h—8)/(4,0+/1)
— qn+1+87§d
with
_ h(p+2)
© 8p+42h’

It follows that
Alg) K qu_l.q"““_sd & g'tAte=s,
dlq

so that the singular series is absolutely convergent when & > 3, and
S(R) =&+ O(R* 7).

Since & > 3 when (h —24)(p —4) > 96, the claim in Lemma 8.1 follows.
We now estimate the exponential integral I(y; 0), for general values of y = (y3, 12).

Lemma 8.3. We have I(y;0) < 1 for any y. Moreover, if h and p are positive, and if
g€ (0,1/8), then
Iy 0) < |yl "Byl (8.14)
and P
Iy:0) < <ﬂ> " (8.15)
1+ |yl
Proof. The estimate I(y; 0) < 1 is trivial. Moreover, it implies both (8.14) and (8.15)
when |y| < 1. We assume henceforth that |y| > 1, and follow an argument analogous to
that used for Lemma 8.2.
Taking a3 =a, =0 and ¢ = 1 in (8.6), and setting a3 = P73y3 and an = P2y, we
deduce that
1(y;0) = P7"S(az, @2) + O(P~'y])
=7;"+ 0Py
=T, +0(P 'y,

for any P > 1. We will choose P to be large, given by
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P = [yretd, (8.16)

so that
[y;0 =T, "+ o(y™ =1, "+ o(yI™. (8.17)

We now need estimates for the quantities 73 and T». We begin by applying Lemma 4.1,
which shows that

with
s(1+ P3|p3)) < PETY. (8.18)
If b3 # 0, then
sTh < bsls T < P sl + sl < PRyl + PPlgs)).
It follows that s(1+ P3|g3])|y| > P3, whence
TS Py >y

for ¢ < 1, in view of our choice (8.16) of P. The estimates (8.14) and (8.15) then follow
from (8.17), for the case b3 # 0.
We therefore assume that b3 =0, and hence that ¢3 = P~3y3. To prove (8.14), we
observe that (8.18) yields
T > P~ slysl > P~°lysl.

Inserting this into (8.17) leads to the bound
T(y: 0) < PPlys| "8 [y,

The relation (8.16) allows us to replace P"¢ by |y|® on redefining &, and (8.14) follows.
We turn now to the estimate (8.15), for which we use Lemma 4.2. This tells us that

either
) 1—¢
Ty >» ———
27 5+ P3|

or that there is a positive integer u < T22 for which
Isuen|| < P~2+Es(1 + P3|g3|) T2. (8.19)
In the first case, we have
P « T (s + PPlos)) < T3 . PETS,
by (8.18). Thus, if ¢ < 1/4, we will have
P12 « T2T8 = T2MPHS 7248,

Our choice (8.16) then shows that T3 > |y|", so that (8.15) follows from (8.17).
If the second alternative (8.19) holds, we can write

by
0 =—+¢
sSu
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with
o2 <u”'PTRE(L4 PPlpsDT3. (8.20)

If by # 0, then
(su)~! < |bal(su) ™t < P2yl + lgal,

so that (8.18) yields
P2 & sulys| +suP?ga| € PETS. Tyl + P*TETS.

This produces P? < PT38T22 on taking & < 1/2 and using the crude bound |y| < P'/?
from (8.16). We can then deduce (8.15) just as in the previous paragraph.
We are left with the case in which by = 0, so that P72y, = ap = ¢,. Since g3 = P 33,
it follows from (8.20) that
2 < PP+ 1D T3

Thus (8.17) produces

—p/2
1y 0) < peel2 (2L Ty
T+ 3]

The first term on the right dominates the second, and we may replace P#/? by |y|¢ after
redefining ¢, in view of our choice (8.16) of P. This establishes (8.15), thereby completing
our treatment of Lemma 8.3. O

We are now ready to show that the singular integral converges. We have

J—J(R) = // 1(y; 0)dy, (8.21)
YI=R

and we split the region of integration into two parts, to use the two estimates of
Lemma 8.3. When |y»| < |y3]|' 7"/ @) and |y| > R, we have

1(y; 0) < |ys|~"/8+¢

and |y3] > R*/(+40)  The corresponding contribution to (8.21) is then

[o)0]
<</ xR/ @0)  —h/B4e g o e
R4p/(h+4p)

with
__hp—16p—2h

2h+8p
Similarly, when |y»] > |y3|' /@) and |y| > R, we have

1(y; 0) < (1+ 13?2y =P/

and |y2] > R. In this case, the contribution to (8.21) is

x4p/(h+4p)

o0
<</ x"’/““/ (14 y)°*dy dx
R 0
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00

&« f x—p/2+8x(l+p/2)4p/(h+4p)dx
R

L R7MHe,

with the same u as before. Thus we have absolute convergence when u > 0, or
equivalently when (h — 16)(p — 2) > 32. This suffices for Lemma 8.1.

To complete the proof of the lemma, it remains to show that we can replace the
truncated singular series and integral in (8.7) by their limits, with an acceptable error.
This is clear, however, since we have shown that G and J are finite, and differ from G(R)
and J(R) respectively by negative powers of R.

9. Proof of Theorem 1.4

In this section, we will establish Theorem 1.4, subject to various lemmas, all of which we
will delay proving until the next section. These will involve the parameters n, p = rank(Q),
ordp(C), and the h-invariants h(C) and hg(C). The latter, in particular, satisfy the
inequalities ho(C) < h(C) < hg(C)+1, as recorded in (3.1). The reader should note
that in Theorem 1.2 one can replace C by C + LQ for a generic L, and hence, somewhat
surprisingly, it is the mazimal value of h(C + L Q) which is of relevance there.
We begin by recording some basic deductions about the above parameters. We may
assume that
p>=n—13 > 36, (9.1)

because otherwise Q vanishes on a Q-rational 13-plane, and we can conclude as in the
proof of Theorem 1.1. We will always have ho(C) < ordg(C), and indeed

ho(C) <ordp(C)—1, if ordp(C) > 14. (9.2)

To see this, suppose that C = C(x1, ..., x,) with m = ordg(C) > 14, after a suitable
change of variable. Then, by the result of Heath-Brown [17], the form C has a non-trivial
rational zero, which we may take to be (0,...,0, 1). We can then write

C=x101(x1, ..., %)+ +Xm_10m-1(x1, ..., Xm),

which shows that hg(C) <m —1.

We may also eliminate the case in which ho(C) =1, which would mean that one
could take C to factor as LQ’, say, over Q. If this were to happen, then a smooth real
point on C = Q = 0 would lie either on Q = L =0 or Q = Q' = 0. In the first case, the
Hasse—Minkowski theorem suffices to complete the proof, since n > 49 > 6. In the second
case, we apply Lemma 9.2 below, using the fact that n > 49 > 9. If some combination
aQ+bQ" were to have rank at most 4, then b # 0 by (9.1). However, bC+aLQ =
L(@Q+bQ") would have order at most 5, giving ordg(C) < 5, in contradiction to our
hypotheses. Thus the conditions needed for Lemma 9.2 do indeed hold. In what follows,
we will therefore be able to assume that 2o (C) > 2, and hence, via Lemma 3.3, that X
is absolutely irreducible.

Our strategy for the proof of Theorem 1.4 is now to combine two basic arguments, one of
which covers the case in which /o (C) < n — 13 whereas the other deals with larger values
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of hg(C). We begin by discussing the second of these, which is more straightforward. The
idea is to apply Theorem 1.2, which will require us to have smooth solutions for every
completion of Q. A smooth real solution is provided by our hypothesis, and we will then
require the following lemma to give us suitable p-adic solutions.

Lemma 9.1. Ifordg(C) >4, ho(C) =2, and p > 23, then we have Xsm(Qp) # @ for every
prime p.

We will prove this in the next section. The conditions given are sufficient for our
purposes but are probably not optimal.

The conditions of the lemma are amply met, in view of (9.1), and Theorem 1.2
completes the argument if hg(C) > n — 12, since then

(ho(C)=32)(p—4) =2 (n—44)(n — 17) > 5 x 32 > 128,

via a further application of (9.1).

We will henceforth assume that ho(C) < n— 13, and we will replace C by C+LQ so
that ho(C) = h(C) = h, say. Then, after a suitable non-singular linear change of variables,
we can write

X=(X1,...,%Xn) = U1, ..., Up;V]y...,Vs)
where s = n — h, so that C and Q take the shapes

s h
Cx) =A@+ Y v;Dj)+ Y u;Bi(v) (9.3)

j=1 i=1

and
O(x) = R(u; v) + S(v).

Here, A(w) is a cubic form, while D;(u), B;(v), R(u; v), and S(v) are quadratic forms, such
that R(u; v) contains no quadratic terms in v. We remark at once that if rank(S) <n —h
then there is a vector vop € Q° — {0} such that S(vg) = 0. Thus C(0, vo) = Q(0, vp) = 0, so
that our system has a non-trivial rational zero. We may therefore assume that rank(S) =
n —h from now on. We can then apply a suitable linear transformation so as to reduce
0 (x) to the form

0(x) = R(u) + S(v),

while leaving C(x) in the shape (9.3), but with new forms A, D;, and B;.
In what follows, it will also be useful to adopt the notation

K h
Ca(t,v1, .. v5) =A@+ 1) Di@u; 1+ a;Bi(v),
j=1 i=1

Qa(t, V1, ..., v5) := O(ta, v) = R(@)t> + S(V).

Note that both Q, and C, are quadratic forms in ¢, vy, ..., vs. If we can show that there
is a non-zero vector a € Q" such that the forms Qa and C, have a common rational zero
(to, Vo), then C and Q will have the common zero (fya, vg), which will complete the the
proof.

(9.4)
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Here we will employ the following result, which will be an easy corollary of Theorem
A of Colliot-Thélene, Sansuc, and Swinnerton-Dyer [7].

Lemma 9.2. Let f, g be quadratic forms over the rationals in m > 9 variables, and suppose
that the equations f = g = 0 have a smooth solution over R, and that every form in the
rational pencil has rank at least 5. Then the forms have a common rational zero.

Note that in applying Lemma 9.2 we will have forms in s + 1 variables, where
s+l=n—h+12=>14.
We call a non-zero real vector a € R" good if the system of equations

Qa(ts Ul,...,U_y) :Cﬂ(tv Uls--~svs)=0

has a non-singular real zero. We shall then prove the following result.

Lemma 9.3. Ifn—h > 5 and ordp(C) > max(h + 1, 4), then the set of [a] € P"~1(Q) such
that a is good is Zariski dense.

In our case, we have n —h > 13 and
ordp(C) > max(h +1,17),

by (9.2) and the hypotheses of Theorem 1.4.

If there is any good rational a for which every form in the rational pencil generated
by Qa and C, has rank at least 5, then Theorem 1.4 will follow from Lemma 9.2. We
therefore proceed on the alternative assumption that for every good a € Q" there is a
form aCa+ BQa with (a, B) € Q% —{(0, 0)}, having rank at most 4. We will prove the
following lemma.

Lemma 9.4. Suppose that n —h > 13 and that there is a Zariski-dense set of [a] € Pi=1(Q)
for each of which there is a form aCa+ BQa with (a, B) € Q* —{(0, 0)}, having rank at
most 4. Then, after replacing C by C + LQ for a suitable linear form L defined over Q,
and after making a suitable linear change of variables, we may write C(X) in the shape

CX=Cuv)= > wuiLyju,v),
ISiSj<H
with linear forms L;; defined over Q, and with H = h+4.

The reader should notice that our vectors u and v now have different lengths from
before.
We now define Q,(#, v) as previously, and set

La(t,v) = Z a,-ajLij(ta, V).

ISI<j<H

Thus a rational solution (¢, v) of Qa(t, V) = La(f, v) = 0 produces a corresponding point
[ta, v] on X. We now have the following result, which plays a similar role to Lemma 9.3,
but is much easier to prove.
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Lemma 9.5. In the situation of Lemma 9.4, assume that at least one linear form L;;
depends explicitly on v. Then there is a non-empty Zariski-open set of [a] € PH~1(Q)
such that the equations Qa(t,v) = La(t,v) = 0 have a real solution.

Let us now show how to proceed under the assumption of Lemma 9.5. The equations
Qa(t» V) = La(tv V) = 0

describe the intersection of a quadric hypersurface with a hyperplane. In general, such
an intersection will have a rational point whenever there is a real point, as long as
rank(Qj,) = 6. However,
Qa(t,v) = R@)1* + S(¥)
with new quadratic forms R and §, where as before we may assume that rank(S) =n — H.
Thus
rank(Qa) > rank(S) =n—H =n—(h+4) > 9, (9.5)

which suffices to complete the proof of Theorem 1.4.

It remains to consider the possibility that the assumption is not met in Lemma 9.5.
Thus all of the linear forms L;; are independent of v, and so C(x) = C(u). It is enough
to find a non-trivial rational zero of the system C(u) = 0 and

Qu(l,v) = R(w) + S(v) =0,

where, as above, rank(S) > 9. Since X is absolutely irreducible, the same is true for C.
Likewise, on making a suitable linear change of variables, we may assume that C is a
non-degenerate cubic form in H' < H variables. We will also assume, temporarily, that
the locus of rational solutions to C = 0 is dense in the locus of real solutions. We call
this the “real density hypothesis”, for convenience.

If § is indefinite or is singular, then it suffices to take u = 0, and to solve S(v) =0
non-trivially over the rationals. This will certainly be possible, since S has rank at least
9. We therefore suppose that § is definite, and without loss of generality we take S to be
positive definite.

We now make use of our assumption that there is a non-singular real zero of the system
C = Q = 0 under consideration. The form R cannot vanish since Q has a non-trivial real
zero and S is positive definite. Thus X cannot be contained in R = 0 and it follows from
Lemma 3.4 that X has a real point (ug, vo) with R(ug) # 0. Our assumption that S is
positive definite then shows that we must have R(ug) < 0.

In view of the real density hypothesis, we can now find a rational zero u of C sufficiently
close to ug that R(u) < 0. Then, since rank(S) > 9, there will be a rational vector v such
that S(v) = —R(u). This produces a non-trivial rational point [x] = [(u, v)] on X, thereby
completing the proof in the second case, subject to the real density hypothesis.

Finally, we claim that the real density hypothesis holds if ordg(C) > 17. If h > 14, a
straightforward modification of the main result in [17] establishes the desired conclusion
(see [23, Lemma 1]). Alternatively, if A < 13, then it follows from our lower bound for
ordg(C) that

H' > ordg(C) > 17 > h+4.

But then the claim follows from work of Swarbrick Jones [23, Lemma 2].
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10. Proof of Lemmas 9.1-9.5

It remains to establish Lemmas 9.1-9.5, and we begin with the first of these. For the
proof we work over Q,. The quadratic form Q may be written as a non-singular form
in variables x1, ..., xp, and it vanishes on a linear space of projective dimension at least
[(p—6)/2] =9, in terms of these variables. Hence, as remarked upon in the introduction
in connection with Theorem 1.3, the form C will vanish at a p-adic point P, which we
see may be taken to be a non-singular point on Q = 0. If we choose coordinates so that
P =1[1,0,...,0], our forms take the shape

C(X) = xTL1(x2, .o, Xp) +X101(x2, .., Xn) + C1(x2, . . ., Xp)
and
QX)) =x1La(x2, ..., x5)+ O2(x2, ..., xp).

Then L; cannot vanish identically, since P is a non-singular point on Q = 0. Moreover,
if Ly and Ly are not proportional, then P is a smooth point on X. We may therefore
assume that L; =cLjy. Thus, if C'=C+LQ = C —cx;Q, we can write C'(x) in the
simpler shape

C,(X) =x101(x2, ..., x)+C1(x2,...,Xpn).

Since L, does not vanish identically, we can make a change of variables to replace Ly by
X3, say, so that Q(x) becomes
0(x) = xjx2+ Q2(x2, ..., Xpn)
= x1x2 +x2L3(x2, ..., xp) + O3(x3, ..., Xn),
say. Now replacing x| by x; + L3 we further simplify Q to the shape x1x3 + Q3(x3, ..., x,).

We then write
Q1(x2, ..., x5) = x2L4(x2, ..., xp) + Qa(x3, ..., Xp)

and replace C’ by C' — L4Q so that (renaming our forms)
C'(x) =x101(x3, ..., X0) + C1(x2, ..., Xp)
0(x) = x1x2+ Q2(x3, ..., Xn)-
Consider the projection X — P"2 from the point [1,0, ..., 0]. The Zariski closure of
the image of this rational map is the hypersurface
Y: xCi(x2,...,x0) — 01(x3, ..., %) 02(x3,...,%,) =0

in P"~2. In fact X and Y are birational to each other over Q, the reverse map being given
by
[_Q2/x27-x27"'9xn]5 lfx2 750’
[=C1/Q1,x2, ..., xn], if Q1 #0,

on the Zariski-open subset where (x2, Q1) # (0,0). Lemma 3.3 ensures that X is
absolutely irreducible, and we therefore deduce that Y is also absolutely irreducible.
Lemma 9.1 will follow if we are able to show that the p-adic points on X are Zariski

[x2, ..., x3] —
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dense. For this it will suffice to show that the p-adic points on Y are Zariski dense. This
will follow from Lemma 3.4 if we can show that ¥ has a non-singular p-adic point.

To verify the existence of a non-singular p-adic point on Y, we consider points with
x2 = Q2 = 0. Such a point will be non-singular on Y provided that VQ; # 0 and that
Q1 and C; are not both zero. However,

rank(Q») > rank(Q)—2=p—2 > 21 > 5,

so that the p-adic zeros [x3, ..., x,] of Oy are Zariski dense on Q; = 0. In particular, we
can choose a point where VQ, # 0, and where Q1 and C; are not both zero, unless both
Q1 and C; are multiples of Q,. However, if Q5 divides C’ we have C’ = L’'Q» for some
linear form L’, and hence

C=L"0+C =L"Q+L Q= (L"+LYQ~L'x1x, =LQ+LiL,L3,

say. Here, L1, Ly, L3 and L are linear forms defined over Qp. If L were defined over
Q, then we would have ordg(C) = ordg(L1L2L3) < 3, contrary to our hypotheses. Thus
there is a field automorphism o say, such that I’ # L. Since C° = C, this yields

(L7 -1)Q = LJLLS — LiLyLs.

Changing variables, we may write L° — L = x;, whence x;Q has order at most 6. We
claim in general that, for any form F(xy,...,x,), the order of F is at most one more
than the order of x1 F(xy, ..., x;). Given this claim, we would deduce that rank(Q) < 7,
contrary to the hypothesis. Thus to complete the proof of Lemma 9.1 it is enough to
establish the claim. However, this is easy, since if we can write

x1F(xy, ..., x) =G(Ly, ..., Ly)

with forms
Li(-xlv .. 9xn) = ai-xl +Li(x27 IR ] xn)

then G(Ly, ..., L,,) must vanish identically, and F will be a function of x; and L1, ..., Ly,.
This suffices for the claim.

The next result to prove is Lemma 9.2. Theorem A of Colliot-Thélene, Sansuc, and
Swinnerton-Dyer [7] tells us that an absolutely irreducible non-degenerate intersection
of quadrics in m > 9 variables satisfies the smooth Hasse principle. Of course, if the
intersection is degenerate there will trivially be a rational point (though not necessarily
a smooth rational point). Thus we may assume that our intersection is non-degenerate.
We claim that rank(k) > 5 for every form A in the pencil generated by f and g, either
over Q, or over some Qp. This follows from our hypotheses if & is proportional to a
rational form. Otherwise, there is some field automorphism o such that 2% and & are not
proportional. However, h? is also in the pencil generated by f and g. Now if rank(h) < 4
then rank(h?) < 4, so that the variety h° = h = 0 would be degenerate. This however is
impossible given our previous assumption, since h° and h generate the same pencil as f
and g. Our claim is therefore established. In particular, we now see that the intersection
f = g = 0 will be absolutely irreducible, by [7, Lemma 1.11], so that the Hasse principle
applies.
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The variety f = g = 0 has a smooth real point by hypothesis, and we claim that there
are smooth p-adic points for every prime p. This will suffice for the proof of the lemma.
To prove this, we note that for any prime p there is a p-adic point by the result of
Demyanov [10], since m > 9. Clearly, we may assume that this point is a singular point,
since otherwise the claim is immediate. Then, choosing coordinates so that the point

in question is at [1,0,...,0], the forms become x|{L(x2, ..., Xn)+ fi(x2,...,x;) and
x1Ly(xa, ..., xm) +g1(x2,...,xy). Here, the forms L and L, cannot both vanish, since
we are assuming that f = g = 0 is non-degenerate. Moreover, they must be proportional,
since [1, 0, ..., 0] was assumed to be singular. Thus, after replacing the forms f and g by

a suitable linear combination, and after making a further change of variables, we may take
L,, say, to vanish, and take L| = x». Now, since rank(g;) > 5 by what we proved above, we
see that g1 = 0 has a smooth p-adic zero. Its smooth p-adic zeros are therefore Zariski
dense. Choosing such a zero with xp # 0, we may then set x; = —xz_lfl (X2, ..., Xm),
obtaining a smooth point on f = g = 0. This establishes Lemma 9.2.

We turn now to the proof of Lemma 9.3. If it were the case that for every a € R” there is
a linear combination Ca(t, V) + A Q4(f, v) with rank at most 1, then it would be impossible
for the variety Ca(t, v) = Qa(t, v) = 0 to have a non-singular zero. We therefore begin by
showing that this case cannot arise.

Lemma 10.1. Suppose that n—h > 5, and that
ordp(C) > max(h +1, 3).

Then either X(Q) # @, or there is at least one non-zero a € Q" such that every linear
combination Ca(t, V) + A Qa(t, v) with A € Q has rank 2 or more.

Proof. For the proof, we write Q(u,v) = R(u)+ S(v) as before, with rank(S) =n —h.
We will assume for a contradiction that for every rational a there is some A for which
Ca(t,v) + 1 Qa(t, v) has rank at most 1. In particular, for any j between 1 and h, we
may define a by taking a; =0 for i # j and a; = 1. Then, setting t =0, we see that
Bj(v)+1;S(v) has rank at most 1, in the notation (9.4). In the same way, for distinct
positive integers j, k < h, we may take a; =0 for i # j, k and a; = ax = 1, finding that
Bj(v) + Bi(v) + Ak S(v) has rank at most 1. This produces equations

B;j(V)+x;S(¥V) = L;(V)%,  Br(vV) +MS(V) = Li(v)?
and
B; (V) + Be(V) + A1 S(V) = Lj ()%

Here, the coefficients A and the linear forms L are defined over Q. By subtraction, we
find that either A ; +Ax = X x, or that rank(S) < 3. Since we have assumed that rank(S) =
n—nh =5, we deduce that A; +Ar = A «, and then that L? +1? = L;,k' This can happen
only when L;, L, and L;; are proportional, allowing us to conclude that there is a
non-zero linear form L defined over Q, and constants u j € @, such that

B (V) + 1 S(V) = ju; Lo(v)>

for every j. In fact, if A; ¢ Q, we can apply some non-trivial Galois automorphism o to
show that B;(v) + A‘; S(v) = /L;f (Lo(v)®)%. Then, by subtraction, we see that (Aj— )»(;)S(V)
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has rank at most 2, again contradicting our assumptions. Thus all the A; are in Q, so
that we may suppose Lo and the ; to be defined over Q.
Taking

h
L) =) diui,
i=1

we now replace C(x) by C’ = C(x) + L(x)Q(x). This new cubic may be written in the
shape given by (9.3), with a different function A(u), and with B;(v) replaced by B/(v) =
Bi (V) 4+ 4 S(V) = i Lo(v)%. In particular, we will have h2(C’) < h, and since we chose our
original cubic C to have h(C) = hg(C) we see in fact that h(C’) = ho(C) = h. For ease
of notation we will just write C in place of C’ henceforth, and assume that

Bi(V) = wiLo(v)>. (10.1)
Now suppose that
Ca(t, V) +10Qa(t, V) = (at + J ())? (10.2)
for some o and J(v) defined over Q. Then, on comparing the terms not involving ¢, and
using (10.1), we see that

h
J? =Y "a;Bj(v)+15(Y)
j=l1
h
= Zujaj Lo(v)% + AS(v).
j=1
Using the fact that rank(S) > 5 once again, we conclude that A =0 and that J(v) is
proportional to Lo(v), and hence equal to SLo(x) say.
We now expand (10.2) further, using (9.4). We then see from the linear term in ¢ that

N

ZDj(a)vj = 2aBLo(V). (10.3)

j=1
Thus for every rational vector a the linear form ) j Dj(a)v; is proportional to Lo(v).
This can happen only when the quadratic forms D; are all proportional to each other,
of the shape v;D(a) say, with constants v; € Q. This allows us to write

C(u,v) = A(u) + D)L’ (v) + £(u) Lo(v)*

for suitable linear forms L’ and ¢ defined over Q, and indeed (10.3) shows that we may
take L'(v) = Lo(v).

It follows that Ca(r,v) = A(a)t? + D(a)tLo(v) + £(a)Lo(v)?, which must have rank at
most 1 for every choice of a € Q". If L( vanishes identically, or if £(u) and D (u) both vanish
identically, then C(x) = A(u), which has order at most %, contrary to the hypothesis of
Lemma 10.1. Thus D(a)> = 4A(a){(a) for any a € Q", and then D(u) = 2¢(u)¢’(u) and
A(u) = £(u)¢ (u)? for some linear form ¢'(u) defined over Q. However, in this case,

C(x) = A() + D) Lo(v) + L) Lo(v)* = L) {€' () + Lo(V)}?,
which has order at most 2, again contradicting our hypotheses. This therefore establishes
the lemma. O
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The next stage in the proof of Lemma 9.3 is the following result.

Lemma 10.2. Under the hypotheses of Lemma 10.1, either X (Q) # @, or there is at least
one non-zero a € Q" such that the variety

. —1 . . .
has a point (t,v) € Q S with ¢ # 0, at which VCy and V Q4 are not proportional.

Proof. By Lemma 10.1, we may choose a so that every form in the pencil generated by C,
and Q, has rank at least 2. As before, we may assume that rank(S) =n —h > 5, whence
rank(Q,) > 5. We will show in general that, if A(y) and B(y) are quadratic forms such
that rank(A) > 5, and such that every form in the pencil generated by A and B over Q
has rank at least 2, then A = B = 0 has a point with VA not proportional to VB, and
lying off any given hyperplane L(y) = 0. (In this general formulation the condition ¢ # 0
corresponds to a requirement of the type L(yi, ..., y,) # 0.) Without loss of generality
we can take B with as small rank, r say, as possible. If r > 3, then the variety A =B =0
is irreducible of degree 4 and codimension 2, and is not contained in the hyperplane
L = 0. Since the variety A = B = 0 has projective dimensionn —3 > n—h —3 > 2, there
will be a non-empty Zariski-open set of points satisfying the conditions of the lemma.
We therefore assume that B has rank exactly 2, and write B = x1x». Since L cannot
be proportional to both x; and x;, we may assume that xi, say, is not proportional
to L. We set x; =0 and L'(x2,...,x,;) = L(0,x3,...,x,), and look for points on A =
x1 =0 with xoL" # 0 and such that VA is not proportional to (1,0, ..., 0). However,
A" = A(0, x3, x3, ..., x,) has rank at least rank(A) —2 > 3, and hence is an absolutely
irreducible quadratic form. Moreover, at least one partial derivative P; = dA’/dx; for
i =2,...,n is not identically zero. Thus A’ cannot divide xpL’P;, whence A’ =0 has a
point at which xy L’ P; # 0. This produces a point (0, x2, ..., x;) on A = B = 0 for which
L # 0 and such that VA is not proportional to VB. This completes the proof of the
lemma. O

We are now ready to complete the proof of Lemma 9.3. The variety X C P*~! is defined
by C(u,v) = Q(u,v) =0, and it is absolutely irreducible, by Lemma 3.3. The points
[u,v] on X for which [z, v] =[1,v] is a singular point of Cy(f, V) = Qu(t,v) =0 form
a Zariski-closed subset of X, and by Lemma 10.2 it is a proper subset of X. We have
assumed that X has a smooth real point, and by Lemma 3.4 the real points must be
Zariski dense on X. Hence there is a Zariski-dense set of smooth real points [u, v] of X,
with u # 0 and such that [1, v] is a smooth point of Cy(z, v) = Qu(t, v) = 0. It follows in
particular that there is a non-zero real u such that Cy(¢, v) = Qu(t, v) = 0 has a smooth
real point [1, v]. Suppose now that a,, is a sequence of rational points tending to u in
the real metric. Write A(z, v) and B(¢, v) for the quadratic forms Cy(z, v) and Qu(t, V),
and write A,,, B, for the corresponding forms when u is replaced by a,,. Then A, and
By, tend to A and B, respectively. However, A and B have a smooth real zero at [1, v],
whence it follows that A,, and B, will also have a smooth real zero [1, v, ], say, if m is
large enough. This suffices for the proof of Lemma 9.3. In particular, the rational points
[a] € P"~! obtained in this way cannot be restricted to a proper subvariety of P*~! since
the points [u] were Zariski dense.
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Moving on to Lemma 9.4, we begin by observing that, if «C, + 8Q, has rank at most
4, then, on setting t = 0, we must have

h

rank (oz > aiBi(v)+ ,BS(V)> < 4.
i=1

Since rank(S) =n —h > 13, we will have o # 0, and we may therefore assume that « = 1.

We now consider the variety

h
7= {[ul, ..., up, Bl € P rank (ZuiB,-(v)—}—,BS(V)) < 4} .
i=1
The projection [uy, ..., un, Bl — [uy, ..., un] is well defined on Z, since [0,...,0,1] ¢ Z.
Its image is Zariski dense in P!, and must therefore be the whole of P*~!, so that for
every [a] € P*~! there is a corresponding 8 such that

h

rank (Z a; B;(v) +/35(v)> < 4. (10.4)
i=1

It is possible indeed that this might still be true with the bound 4 replaced by some

smaller number. We therefore define v < 4 as the smallest integer such that (10.4) is

solvable for g, for all a.

We now claim that, after replacing C by C + LQ for a suitable linear form L = L(u)
defined over Q, and after making a suitable linear change of variables among the u;, we
will have rank(B;) = t for 1 <i < h. Moreover, it will remain true that for every a there
is a corresponding 8 = f(a) with

h
rank (Z a;i B (V) + ,BS(V)> <1t
i=1
To establish the claim, we first note that there is a Zariski-dense set of values of [a]
such that the rank given above is actually equal to t. Thus we may choose a linearly
independent set of vectors ap,...,a, € Q" with this property. Then, after a suitable
change of variable among the u;, we can suppose that

rank (B;(v) + B;S(v)) =17, (1 <i<h).

If B; were irrational for some i, there would be a Galois automorphism o such that
B;7 # Bi. We would then have

rank (B; (V) + 7 S(v)) = T,

whence rank ((ﬁf’ — ﬁ,-)S(V)) < 21, by subtraction. This, however, is impossible, since we
have g7 — B; #0 and rank(S) =n —h > 13. Thus all the g; must be rational. We then
define

h
L) =Y Biui,
i=1

and consider C' = C + LQ. The corresponding quadratic forms B;/(v) are now equal to
B;(v) + B;S(v), and therefore have rank t. The claim then follows.
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To complete the argument, we take any index i =2,..., A4, and any u € Q. There is
then a y; € Q such that

rank (B (V) +uB;i(v) +yiS(v)) < 7.
However, B; and B; both have rank 7, so that
rank(y; S(v)) <3t < 12,

by subtraction. Since rank(S) = n —h > 13, this would give a contradiction unless y; = 0,
as we now assume. It therefore follows that rank(B; + uB;) < T for every i, and for every
choice of .

We proceed to make a change of variables among the v; so as to make Bi(v) =
Bl*(vl, ..., V7). We now claim that B;(0,...,0,v;41,...,vs) must vanish identically,
for every i. If this were not the case, we could introduce a change of variable among
Ur41, ..., Vs SO as to make UZ_H appear with coefficient 1, in B;. The (t +1) x (t + 1)
minor of By + uB; corresponding to the first v 4+ 1 rows and first 7 + 1 columns would
then be a polynomial P(u) say, with linear term u det(BY). Since rank(B}) = 7, we have
det(B}) # 0, so that P(u) does not vanish identically. Thus there can be at most finitely
many values of i for which P(u) = 0. Taking any other value of i produces a combination
Bi + uB; of rank strictly greater than 7, which is a contradiction. This establishes our

claim.

We therefore see that B;(0,...,0, v;4, ..., vy) vanishes identically, for every i, so that
the forms By, ..., By may be written in the shape B;(v) = vi£;1 (V) + - -+ v:£;iz (V). Thus,
if we relabel vy, ..., v as up41, ..., Up4+r, we will be able to put C(x) into the form

CO=Cv)= Y wujLij(u,v),
II<j<H

with H = h+ 7. Lemma 9.4 then follows.

The proof of Lemma 9.5 is rather easy. Since at least one linear form L;;(u, v) depends
explicitly on v, we can choose a € Qf such that L, (¢, v) also explicitly depends on v.
In particular, the equation L4(f, v) = 0 has solutions with 7 # 0, and they are Zariski
dense amongst the set of all solutions. Hence, taking such a suitable a € Q| we see that
rank(Q,) > rank(S) > 9, as in (9.5). It follows that the variety Qa(f, v) = La(f, v) = 0 will
have a point of the form [1, v] over @ which is non-singular in the sense that V Q4 is not
proportional to VL,.

We now argue as in the final stages of the proof of Lemma 9.3. We have shown that
there is a point [u, v] on X such that [1, v] is a smooth point on Qa(#, V) = La(t,v) = 0.
There is therefore a non-empty Zariski-open subset of such points [u, v]. However, the
variety C = Q = 0 is absolutely irreducible, and it has a smooth real point. The real
points are therefore Zariski dense, by Lemma 3.4. We choose any such point with u # 0,
and such that [1, v] is a smooth point on Q4(¢, v) = La(t, v) = 0. Then, taking rational
points a,, converging to u in the real topology, we may complete the argument as before.
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