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Problem Corner

Solutions are invited to the following problems. They should be
addressedo Nick Lord at Tonbridge School, Tonbridge, Kent TN9 1JP
(e-mail: njl@tonbridge-school.org and should arrive not later than 10
August 2015.

Proposaldor problemsare equallywelcome. They shouldalsobe sent
to Nick Lord at the aboveaddressand shouldbe accompaniedby solutions
and any relevant background information.

99.A (Tom Moore)

The sequencéR,) of pentagonahumbersbeginsl, 5, 12, 22, 35, 51,
... andis generatedy theformulaP, = 3n(3n — 1)forn > 1. Provethat
infinitely many squarenumberscan be written in the form P, + RP. for
suitable positive integeis b, c.

99.B (Michael Fox)

Find the smallesttriangle whose sides are consecutiveintegersand
whose area is an integer greater théh

99.C (Abdilkadir Altintas)

In the triangle ABC, the mediansfrom A B, C meetthe sidesBC, AC,
AB at A;, B;, C;. Also, the internal anglebisectorsof anglesA, B, C meet
thesidesBC, AC, AB at A, B,, C,. Showthatthe areaof triangle AB,C; is
never greater than the area of trianglB,C;.

99.D (John D. Mahony)

The triangle ABC (labelled anti-clockwise)hasa right-angleat A and
side-lengtha(= BC), b(= CA) andc(= AB)whereb < ¢ < a. Initially,
threeinsectsareat rest,oneat eachvertexof ABC. At thesameinstantthey
startto chaseeachotherin an anti-clockwisedirection aroundthe sidesof
the triangle, eachmoving the samerelative distancea (< 1) along their
respectivepursuitsidesbefore pausingto review their situations. Thusthe
insectat C stopsat point P on CAwhereCP = ab; pointsQ on AB andR
onBC are similarly defined.

(a) If triangle PQR is right-angledat Q showthatit is, in fact, similar to
triangle ABC.

The insectsthen startmoving again, this time in a clockwisedirection
along the sidesof the right-angledtriangle PQR, each moving the same
relative distancea alongtheir respectivepursuitsidesbefore pausing. The
chasecontinuesforeverin this manner,alternatingbetweenclockwise and
anti-clockwise directions of pursuit.

(b) At whatpoint of triangle ABC do theinsectseventuallymeetandhow far
has each insect travelled to reach that point?

(c) Whathappensf theright-anglesat A andQ arereplacedby ‘the largest
angleAin a scalene triangldBC withb < ¢ < a?
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Solutions and comments 88.E, 98.F, 98.G, 98.H (July 2014).

98.E (Stan Dolan and Nick Lord)

Let ¢ denotethe goldenratio, 3 (1 + v/5). If, for someintegersa, b, c,
»? + ¢° + ¢Cis anintegerotherthanl or 5, thenprovethat¢?® + ¢° + ¢°
is a perfect square plus or minus 2.

First my apologiesfor an oversightin the settingof this problem:we
inadvertentlyomitteda setof solutionswhich meanghatthe wording of the
guestioreitherneedsxpansiono includethemor restriction(say,to a, b, ¢
all non-zero)to excludethem. As ever,respondentook this in their stride,
supplying full and detailed analyses which are briefly summarised below.

It is convenientto work with the extendedFibonaccisequenceF,),
n e Z and we will use without proof the following standard results:

(1) Fon=CD)"'F,nez

(2) ¢" = Fgp + Fi-y,ne Z

(3) Fop_1+Fons1=Lon=L12-2(=1)" for n > 1 whereL, = ¢"+ (-1)"¢p™"
is thenth Lucas number.

By (2), ¢a+¢b+¢c = (Fa+ R + Fc)¢+ (Fa—l+ Fo_1 + Fc—l)-

Since ¢ is irrational, this will be an integer if, and only if,

F. + i + . = 0. We solve this by considering cases.

(A) If (say)R, = O, theneitherF, = F, = 0 or F, = —F, with solutions

{Fa R} = {~1, 1} or, by (1),{F-2n, Fan}.

Otherwise none df,, R, F. are zero.

(B) If |R, |R|, IR > 1 then,using(1) to makeall subscriptspositivewe

need k + K = K to hold with r, st positive. For fixed r,

s = r + 1give solutionsbuttherearenoothersforif t > r + 2 then

R-FR>.,3-F,,=F.,.>F. Thus {F,F, R} are

consecutiveFibonaccinumbers. For our signedFibonaccinumbers,

this forced_,, + Fop—o + Fon-1 = 00rFo + Fop-2 + F—(Zn—l) = 0.
(C) If (say)|Ry| = 1, we pick up the additionalcase F,, R, F.} = {1, 2,3}

or{-1, -1, 2}.

The possible values of {a, b, ¢} correspondingto the solution of
F. + i + . = 0 for eachof the casesabovearegivenin the tablewhich
also shows the corresponding valugdf ¢° + ¢° = Fa_1 + Fy_1 + Fo_1.

case a b c P2+ PP+ ¢°

A 0 0 0 3

A -2 0 +1 2,3

A —2n 0 2n L2 - 2(-1" + 1
B -2n 2n - 2 2n -1 L2 — 2(-1)"

B -2n 2n - 2 -(2n -1 L2_, - 2(-"?
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C -4 +1 +3 1, 2, 5 6
C -4 2 +3 3 7
C -2 -2 +3 1, 5

It wastheinfinite family in (A) thatwasomittedfrom the statemenbf
98.E. The expressionsnvolving Lucas numbersare easily verified; for
example, Fon1+tR+Fn1=Fn1+Pns1+1= L% - 2(—1)n +1, by (3),
and F—Zn—l + I:2n—3 + I:2n—2 = I:2n—3 + I:2n—2 + I:2r1+1 = I:2r1—1 + F2n+l
= L& - 2(-1)" by (3).

Correct solutionswere receivedfrom: N. Curwen, M. G. Elliott, M. Fox, GCHQ Problem
Solving Group, A. P. Harrison, M. A. Hennings, G. Howlett, F. Hunt, P. F. Johnson,
P. Kitchenside,J. A. Mundie, D. A. Quadling, B. N. Roth, C. Starr, G. Strickland,
K. B. Subramaniam, G. B. Trustrum, L. Wimmer and the proposers S. Dolan and N. Lord.

98.F (Michael de Villiers)

Let ABCD bea cyclic quadrilateralith E the point of intersectiorof its
diagonalsF andG therespectivecircumcentreandincentreof triangle ABE
and H and | the respectivecircumcentreand incentre of triangle DEC.
Prove thafDF? - CF?) — (DG? - CG?) = (AH? — BH?) - (AI? - BI?).

This striking geometrical problem clearly intrigued many readers.
Direct computationaberivationsof the specificresultin 98.F areaptto be
rather heavy but Stan Dolan, Michael Fox, Mark Henningsand Graham
Howlett all noted that it was easier to prove a much more general result.

Stan Dolan's use of complex numbers below was notably succinct.

Foranypoint P in the plane,representethy the complexnumberp with
respecto someorigin O, let P* denoteits imageatfter reflectionin the real
axis followed by enlargemententreO, scalefactor A, sothatp* = Ap. For
anytwo pointsP andR, |P'R? = (ip—r)(Ap—T) = A%pp + 1T — A(pr + pr) and
IRPP? = 227 + pp — A(pr + pr) from which
PR - IRPI* = (4% - 1)(pp - rT).

In 98.F, takethe origin at E andthe real axis asthe bisectorof ZBEC.
Then,with 1 the scalefactorbetweerthe similar trianglesA ABE and ADCE,
we haveD = A, C = B, H = F*, | = G*. Noticethatthereis nothing
specialaboutthe circumcentreandincentrehere:any pair of corresponding
points under the map — P* will suffice.

Then

AH? — DF?

(4% - 1)(ff - aa)
and
CF? - BH?

(4% - 1)(bb — ff)

https://doi.org/10.1017/mag.2015.17 Published online by Cambridge University Press


https://doi.org/10.1017/mag.2015.17

168 THE MATHEMATICAL GAZETTE

so that

(AH? - BH?) - (DF? - CF?) = (2* - 1)(bb - aa) (*)
wherethe RHS is independenbf F. ReplacingF with G thus establishes
that

(AH? - BH?) - (DF* - CF?) = (A% - BI?) - (DG® - CG?)
and henc®8.F.
SinceE = E*, the RHS of (*) is just (AE> — BE?) — (DE? - CE?);
JamesMundie evaluatedthis constantin termsof the side-lengthsof the
quadrilateral. Witte = AB,3 = BC,y = CD,6 = DA

2 = )% - B (ay + Bo)
(AE? - BE?) - (DE? - CE) = (o —y .
(aB + y0)(ad + By)
Along with manyothergeometricatreasuresthis problemis on Michaelde
Villiers' website(http://dynamicmathematicslearning.com/homepage4yhtml

where he will post three other solutionsthat he has receivedfrom Dirk
Basson, Michael Fox and Waldemar Pompe.

Correctsolutionswere receivedfrom: M. Bataille, S. Dolan, M. G. Elliott, M. Fox, GCHQ
ProblemSolving Group, A. P. Harrison,M. A. Hennings,G. Howlett, J. A. Mundie and the
proposer M. de Villiers.

98.G (M. N. Deshpande)

The triangle ABC hascentroid G. If ZBGC = 120°, betweenwhat
limits doesZBAC lie?

Answer 0° < ZBAC < 60°.

Solvers employed a range of geometricaltechniquesto tackle this
problemincluding coordinatestrigonometryand vectorsbut my eye was
caughtby severalsimilar solutionswhich arguedasfollows andcoveredthe
general case wheeBGC = 6.

For fixed BandC, if £BGC = 6, thenG lies on acirculararcthrough
B andC with centreO as shown in the Figure.

o

https://doi.org/10.1017/mag.2015.17 Published online by Cambridge University Press


https://doi.org/10.1017/mag.2015.17

PROBLEM CORNER 169

If M is the midpointof BC, thenA s givenby MA = 3MG sothatA lieson

a circular arc with centre©’ whereMO’ = 3MO. For a given value of
Z/BAC, A lies on a circular arc throughB and C; this circle is smallest(so
/BAC is biggestywhen A = A. From ABAM and ABG'M we have
tan/BAM = }tan/BG'M = 1 tanlf so that ZBA'C = 2tarr*(1tani6).
Also, asG approaches or C, ZBAC approache®. Sothe generalbounds
are0 < /BAC < 2 tar*(} tanf) which givesO < ZBAC < 60° when
0 = 120°.

Other solutionsproducedotherinsights. For example reconcilingtwo
apparentlydifferent expressiongor ZBA'C gavethe pretty trigonometrical
identity 2 tan(tania tan3g) = cos® _coSa + COSf And the

z 2 1 + cosa cosp)
proposer'solutionshowedthatwhend = 120° the extremevaluesof the

ratiob : ¢ occur whernv/BAC = cos’l(%) ~ 19.1°.

Correctsolutionswerereceivedfrom: M. Bataille,N. Curwen,S. Dolan,M. G. Elliott, M. Fox,
GCHQ ProblemSolving Group, A. P. Harrison,M. A. Hennings,G. Howlett, P. F. Johnson,
J. A.Mundie,D. A. Quadling,G. Strickland,K. B. SubramaniamG. B. Trustrum,L. Wimmer
and the proposer M. N. Deshpande.

98.H (S. N. Maitra)

A compositesolid body consistsof a right circular coneof fixed height
H sharinga basewith a sphericalcapof heighth cut from a sphereof fixed
radiusR Find the value df which maximises the surface area of the body.

Answerh = R + vR% — r2wherer satisfie2r® + H¥ — H?R = 0.

Let r be theradiusof the baseof thecone. ForO < h < R/ it is clear
that the surfaceareaof the body, S(r), increasesash (andr) increasesso
we may supposeahatR < h < 2Rwherefor 0 < r < Rthesurfacearea

is given by
S(r) = 272R(R + VR = 12) + arVH2 + r2
for which
H? + 2r? 2R
S = a| - |
0= VHZ + 12 YR - 12

Now S (0) > 0andS (R) < OwhileS (r) = Orearranges to give
4% 4 AHT* + HYP? - H'R = 0
or (2r* + Hr + H*R)(2r* + Hr —= H’R) = 0

so thatf (r) = 2r® + Hr - HR = 0.

For0 < r < R f(r)increasedromf (0) = -H?Rtof (R) = 2R®sothere
isauniquesolutionto f (r) = 0in thisintervalwhich maximisesS(r). This
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may be found using Cardan's formula which yields
2 2 2 2
r= H—(R+ R2+£)+ H—(R— R2+£)
4 27 4 27
withh = R+ VR — r2

Correctsolutionswere receivedfrom: M. Bataille, S. Dolan, M. G. Elliott, GCHQ Problem
Solving Group, A. P. Harrison,M. A. Hennings,G. Howlett, P. F. JohnsonJ. A. Mundie,
G. B. Trustrum, and the proposer S. N. Maitra.

Readerawill be saddenedy the newsof the recentdeathof John
Rigby. His encyclopaedi&knowledgeof all areasof geometryand his
readywillingnessto sharehis erudition patiently and enthusiastically
will be greatly missed. He contributed many beautiful articles,
problemsand solutionsto the Gazetteover many yearsand he was a
regular speaker at M. A. Conferences.

doi: 10.1017/mag.2015.17 N.J.L.
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