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A LOWER ESTIMATE FOR CENTRAL PROBABILITIES
ON POLYCYCLIC GROUPS

G. ALEXOPOULOS

ABSTRACT.  We give a lower estimate for the central value 1*"(e) of the nth convo-
lution power pu*- - -y of a symmetric probability measure i on a polycyclic group G of
exponential growth whose support s finite and generates G. We also give a similar large
time diagonal estimate for the fundamendal solution of the equation (9/9f + L)u = 0,
where L is a left invariant sub-Laplacian on a unimodular amenable Lie group G of
exponential growth.

0. Introduction.
0.1 The discrete case. Let G be a discrete finitely generated group, e its identity element
and p a probability measure on G.

We assume that y is symmetric i.e. that u(g) = p(g'),g € G and that its support
supppu = {g € G : u(g) # 0} generates G.

We denote by p" the nth convolution power p * --- *x p of pu (u *x v(g) =
Cheg whyv(h™'g), g € G).

We fix a set of generators {xi,...,x,} of G and we denote by ¥(n) the volume growth
function of G defined by

T ={g€G:g=x'xre=+1,1<i<p1<j<n}, neN.

We say that G has polynomial volume growth, if there are constants ¢, d > 0 such that
Y(n) < cn?,n € N and exponential volume growth if Y(n) > ce® neN.
We say that G is polycyclic (cf. [13]) if it admits a finite sequence of subgroups

G=Gy>G, > - >Gy={e}

such that G; is normal in G;_; and G;_; / G; is cyclic.

The polycyclic groups are “essentially” those discrete groups that can be realised as
lattices of connected solvable Lie groups (cf. [13]). They have either polynomial or ex-
ponential volume growth (c¢f. [11]), a result that it is not true for general finitely generated
discrete groups (cf. [7]).

We say that G is virtually polycyclic (or polycyclic by finite) if it admits a normal
polycyclic subgroup I' such that G/T is finite.

In this article we shall prove the following:
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THEOREM 1. Let G be a virtually polycyclic group of exponential volume growth
and . a symmetric probability measure on G whose support is finite and generates G.
Then there are constants A, a > 0 such that

u'(e) > Ae ™, ne?2N.

The same ideas also give the following result, which has also been proved by
V. A. Kaimanovich [10] (cf. also A. Raugi [12])

COROLLARY 2. Let G and u be as in Theorem 1. Then every bounded harmonic
function u (i.e. such that u(g) = Y ycc u(gx)i(x), g € G), is constant.

Theorem 1 should be compared with the following:

THEOREM 3 (c¢f- N. TH. VAROPOULOS [21]). Let G be a discrete group of exponential
volume growth and |1 a symmetric probability measure on G, whose support is finite and
generates G. Then there are constants B,b > 0 such that

1
p'e) <Be ™ neN

So Theorem 1 shows that the exponent % is indeed optimal.

0.2 The continuous case. The above results have continuous analogues. More precisely,
let G be a connected Lie group and dg a left invariant Haar measure on G. Let g be the
Lie algebra of G which we identify with the left invariant vector fields on G.

Having fixed a compact neighborhood V of the identity element e of G, we define the
volume growth function Y(n), n € N and the distance function p(x, y), x,y € G as follows

Y(n) = dg-measure (V"), neN
p(x,y) = p(x'y), px) =inf{lne N:x € V"}, x,y €G.

We say that G has polynomial volume growth if there are constants ¢, d > 0 such that
Y(n) <cn®, neN
and exponential volume growth if
Y(n) > ce™, neN.

Connected Lie groups have either polynomial or exponential volume growth (cf. [8]),
a property not shared by the discrete finitely generated groups (cf. [7]).

In this article we shall assume that G is unimodular, amenable and has exponential vol-
ume growth. In our context, amenability means that if Q is the radical of G (i.e. the max-
imal solvable subgroup of G), then G/Q is a compact semisimple Lie group (cf. [15]).
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Let Xj,..., X, be left invariant vector fields on G that satisfy Hormander’s condi-
tion, i.e. together with their successive Lie brackets [X,»,, [X,-z, [ [Xi . X1 - ]] they
generate q. Then according to a classical theorem of L.Hormander [9] the operators
L=—(X?+---+X? and d/dt + L are hypoelliptic.

We denote by p;(x, ), x,y € G,t > 0 the fundamental solution of the equation (9 /9t +
L)u = 0. Observe that the fact that L is a left invariant and symmetric operator implies
that p,(x,y) = p«(x""y) and p/(x,y) = p(, %), x,y € G,y >0.

THEOREM 4. Let G be a connected, unimodular, amenable Lie group of exponential
volume growth and L, p{(x,y) as above. Then there are constants a,A > 0 such that

1
0.1) pi,x) > A, xeG,t>1.

A consequence of the proof of the above theorem is the following:

COROLLARY 5. Let G and L be as in Theorem 4. Then every bounded harmonic
function (i.e. every u € C*®(G) satisfying ||u|| < +00 and Lu = 0 in G) is constant.

As in the discrete case, we also have the following:

THEOREM 6 (cf. N. TH. VAROPOULOS [20]). Let G, L and p,(x,y) be as in Theorem 4.
Then for all € > O there are constants B,b > 0 such that

Py

0.2) piny) <Be e xyeG > 1.

So, putting together (0.1) and (0.2) we have a description of the asymptotic behavior
of the central value p,(x, x), x € G of the kernel p,(x,y), x,y € G, as t — 00.

Of course, one could ask the question, if a similar lower Gaussian estimate for p,(x, y),
i.e. an estimate of the type

Padtn)
©.3) AP <pi(xy), xy€G, 1>1.
for some a € (0, 1), could be true.

It is easy to see that (0.3) is not true. Indeed, if we fixa g € ("T“, 1), then (0.3) would
imply that there are constants A’, B’ > 0 such that

Ae B <pxy), xyE€G, ply) < t>1.

This estimate, together with the assumption that G has exponential volume growth, would
imply that there is a constant C' > 0 such that

Yy > Ae PP >
” /{yeG:pu,y)s:u} pix,y)dy > A'e € >

which is absurd.

Finally, we point out that results similar to Theorem 1 and Corollary 2 can be stated
for the heat kernel and the bounded harmonic functions on the covering M of a com-
pact Riemannian manifold M when the group of the covering is polycyclic. They can be
proved in a similar way.
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1. Some technical lemmas for random walks in R”. This section is directly in-
spired from [18].
Let X;, k € N be independent, identically distributed random variables, with values
in R? such that
E[X] =0, E[X}] <+00, keN.

Also let
Zy=X1+ -+X;, keN,Zy=0as.

and
M, = sup |Z], keN.
1<i<k
LEMMA 1.1. There are constants e > 0, agp > 0 and ko € N such that for all k > ko,
m > 1and \, \; € R? satisfying |\| < Yk A2 < Yk avk < manda > ay we have

— 10’ 10°
k
(.1 P| sup |A; +Zi| < 2m, |A2+zk|g£ >e.
1<i<k 100

PROOE. It follows from Kolmogorov’s inequality that there is a constant b > 0 such

that '
PIMy <ml2>21—-b—
m

and from this that

bk b
Pl=fk<a|l>1-=F=1-=
[k‘a}‘ a’k a?
Hence
M,
(1.2) P[—Sa}——»l (a — +00).
Vk

On the other hand it follows from the central limit theorem that there is £; > 0 and
ko € N such that for all k € N and X € R? satisfying k > ko and |A| < % we have

Vk  Vk 1000
Putting (1.2) and (1.3) together we have (1.1).

(1.3) p[

j|>f:‘1.

LEMMA 1.2. There are constants ci,cy; > 0, mg > 1 and ky € N such that for all
k > ng, k € N and m > mg we have

(1.4) P[M, <m] > cre .

PROOF. Let ag, € and ko be as in Lemma 1.1 and put my = 2[agv/ko) + 1.
We shall consider two cases:
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CasE 1. agvk <m, k> ko, m > mo, k,m € N.
In this case, it follows from (1.1) that
PIMy <m]>e>cen, Ve>0.

CASE2. agvk > m, k> ko, m > mg, kym € N.
Let k) = [%2;] — 1. Then we have
0

k
k = [k—]h +ha by < ki, ki > ko, V2aVki < m, agVka ¥ k1 <m
1

and applying (1.1) we find that

PIM, < m] > e

and the lemma follows.

2. The entropy of random walks. In this section we shall recall the definition and
some properties of the entropy of random walks on groups (cf. [2], [4], [17], [22]), which
we shall need to prove the Corollaries 2 and 5.

More precisely, let G be a locally compact, compactly generated group and dg a left
invariant Haar measure on G.

Let f be a density on G, i.e. such that f(g) > 0, g € G and [f(g)dg = 1, whose
support suppf = {g € G : f(g) > 0} generates G.

Let Z;, k= 0,1,2,... be the random walk on G defined by

2o=0, as.and P[Zy €A| Z=gl = [ flg"0dx, k=012....

(A is a Borel subset of G).
We say that a function u is f-harmonic if and only if
u(g) = [u(gf(x)dx, g€G.

We denote by f* the kth convolution power ff x- - -xf of f (fxh(g) = [f(x)h(x"'g) dx,
g € G) and we make the additional assumption that
[ 1@ logf*(@)ldg < 400, n=1.2,...

(we puttlogt = 0 fort = 0).
We call the entropy of the random walk Z; or of the pair H(G, f) the limit

. 1
H(G,f) = lim — [ f*(g)logf*(g)ds.
k—+oo  k
It can be proved that the limit exists and is finite.

THEOREM 2.1 (cf. [2], [4]). Let G and f be as above. Then H(G,f) = O if and only
if every bounded f-harmonic function u (i.e. such that u(g) = fu(gx)f(x)dx, g € G) is
constant.

THEOREM 2.2 (cf. [2], [4]). Let G andf be as above. Then

—% logf*(Yy) — H(G.,f), (k — +00), in L'(G).

Furthermore, when G is discrete or f is continuous with compact support we also have
convergence a.s.
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3. The proof of Theorem 1 and Corollary 2. Since G is polycyclic by finite it has
a normal subgroup I' <G, such that G/T is finite. Now, according to the structure theory
of the polycyclic groups (cf. [13]), I admits finitely generated subgroups I'* and N such
that
1) Nisnilpotent, N aI™, N 4G and I'* /N is abelian
2) T* 4T, T™* 4G and T'/T™* is finite.

Let 7’ be the natural map n’: G — G/B.

The group I'™* /N being a finitely generated abelian group can be written as I'™* /N =
DC, where D is a subgroup of I'* /N isomorphic with Z? for some p € N and C a finite
subgroup of I'* /N. So, if B = (n')~1(C), then T'* / B is isomorphic with Z”. Using this
isomorphism we shall identify I'™* /B with Z”. B, being a finite extension of a nilpotent
group, has polynomial volume growth.

We shall first prove Theorem 1 and Corollary 2 in the case G = I'*, since the proof in
that case is simpler and the ideas are better illustrated. The extension G / I, being finite,
presents only an additional technical difficulty. In Section 3.2, we shall explain how we
can deal with it.

31 Casel: G =T* Let {el,...,ep} be the standard basis of 77 and x1,...,x, € G
such that m(x;) = e€;, 1 < i < p where 7 denotes the natural map m: G — G / B. Then
every g € G can be written in the form

g=yx;"---x’1", withy € B and n = (np,...,n;) € 2.
Fixing {g1,...,8s} and {hy, ..., h,} sets of generators of G and B respectively we put
g = inf{n:x=g'---g71<ij<s,¢==11<j<n}
lylp =inf{n:y=h{'---h" 1 <ij<re=+1,1<j<n}
0 = sup{|x;'h2x; g, 61 = £l,eo = £1,1 <i<p, 1 <j<r}
6= sup{|xf‘x;2xi_"xj'52|3,el =+l,eo = +1,1 <i,j <p}.

We also put
[n| = |np| + -+ |ny| forn = (np,...,ny) € 2.

Observe that if x = x,” - -x]' and y € B then
3.1 boyx !5 < [y[50".

LEMMA 3.1. Letx = x7---X{', n = (np,...,m), € € {—1,1} andi € {1,...,p}.
Then there is ¢ > 0 such that

cin\.

(3.2) xx$x~! = yx§, withy € B,

ylp < ce

PROOF.  The lemma will be proved by induction on |n|. It is trivially true when |n| =
0. So, assume that it is true for |n| < . We shall prove that it also true for |n| = ¢ + 1.
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n

Letj = min{i : n; # 0} and put n = T:f[(|nj| — 1), =n—n, X =xx/,

j
1 !
n' = (np,...,n;,O,...,O) and z = x{ x{x;“ x; . Then

xix! = x’x‘ x‘x‘E W =X )T = X ) T W)

Now, it follows from (3.1) that

Iz(x) |5 < 561
and by the inductive hypothesis that there is w € B such that
']

@)™ =wxl,  |w]p <ce

So, if the constant ¢, chosen in the begining, is such that ¢ > max(é, log #), we have

_ _ ’ ’ ’
xix =y, y = x2) 7 'w, |yle <80+ cel < el D = ceclrl

which proves the inductive step and the lemma follows.

LEMMA 32. Letn = (np,...,n), € € {—1,1} and i € {1,...,p}. Then there is
¢ > 0 such that

(3.3) X - X = yx - X withy € B, |ylg < ce .

PROOF. The lemma follows from (3.1), (3.2) and the observation that, if
G T andy = X A

then
n n , _ n i
xpp..._x,llle:xpp.. l;]'a"*’s x’lll_yxpp....{il*'(..‘x,‘“.
COROLLARY 3.3. Let x = x;',”-ux’]“, w = x;,""---x’l'", n = (np,...,n),m =
(mp,...,m) andy,z € B. Then there is ¢ > 0 such that

(3.4  yxxw=vxy"" XM withy € B, |v|p < C“)’IB +|z|ge + ec("”l‘“l"')].

PROOF. The corollary follows from (3.1) and (3.3) and the observation that yxzw =
y(xvc‘1 )xw.

COROLLARY 3.4. There is a constant ¢ > 0 such that every g € G can be written in
the form

g =yxy X, withy € B, |y|p < ce®le, |n| < |glg, n= (np,...,n1)
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PROOF. Since all the generators g; can be written in the form g; = zw, withz € B
andw = x,” - -x" and g = g, - - - g, withq = |g|c, the corollary follows after applying
(3.4) |g|c times.

Let X;, k = 1,2,... be independent identically distributed random variables with
values in G and P[X; = g] = u(g), g € G and denote by Z;, k = 0, 1,2,... the right
random walk in G defined by

Zozea.s.andezXle---Xk, k:1,2,....
Also let Sy = (Skp,---»Sk1),k = 0,1,2,... be the random walk in 7?7 defined by
So=0as.and Sy = (X)) + 1(X2) +---+1(Xy), k=1,2,....

Observe that S; = m(Z).
We put

Sk Skp . Sk
X =" XM

Then it follows from (3.4) that there is ¢ > 0 such that

(3.5) Z = VX%, with Y, € B, |Yi|p < c[e 4+ -+ eSl].
Let us also recall that it follows from Kolmogorov’s inequality that there is b > 0
such that
k
(3.6) P[max lSiISm] >1-b—s, keN, m>0.
1<i<k m

Also let ¢ be as in (3.5) and put
D ={geG:g=yx X,
|npl +- -+ |m| <m,y €B,|ylg < cke™}, k€N, m>0.

Then, it follows from (3.5) and (3.6) that

3.7 P(Yy € D] > P sup [Sf < m]

1<i<k

We have the following estimate of the number of elements |D}'| of the set D}, which
follows from the fact that B has polynomial volume growth

(3 8) lD:ﬂ S aleaz(m+log k)

(a1, ay are constants, a,a; > 0)

PROOF OF THEOREM 1. The first thing to observe is that

(3.9 p*(e) = sup p*(g), k€ N.
geG
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This follows from the hypothesis that p is symmetric using the Holder inequality:
1 1
_ 2|2 _ 2|2
pHe) =3 preptale) < LZ (1k ) ] LZ(#"(X '9)) }
xeG €G €G

= Li;c(uk<x))2] = 1)

Now it follows from Lemma 1.2 that there are constants cj,c; > 0,mg > 1 and
ko € N such that

(3.10) P[ sup |Si] Sm] > e, m>mg, k> ko, k€N
1<i<k
Putting (3.6), (3.7), (3.8), (3.9) and (3.10) together we have that for allm > mg, k > kg
and k € 2N .
uk(e) Z P[Yk c D;(n]ID;‘n|Al Z Clal—]e_cz—r;z—_azm~0210gk.

Theorem 1 follows by optimising with respect to m.

PROOF OF COROLLARY 2. We shall prove that the entropy H(G, i) = 0. Then Corol-
lary 2 will be a consequence of Theorem 2.1.
Let D, = D’,f " Then it follows from (3.6) and (3.7) that

1

vk

3. 11) PlZy €D >1—b k € K.

Hence
PIZ, ¢ D)1 — 0, (k— +00)

which, in view of Theorem 2.2, implies that

(3.12) > ui(g)logut(g) = 0, (k— +00).

1
k {3227

On the other hand it follows from Jensen’s inequality that

! !

1
> @) logut(e) = —=|Di| Y ——1k(g)log 1k (g)
k 8€D; k g€D; |Dk|

1 { 1, 1,

<——|D U (g)] log[ ——u(g)
2P| 25 1o 25,1
1 k Nk(Dk)

= ——p(Dplo
kli( k g ,Dkl

1 1
= — 7 # (D) log p(Dy) + 7 1 (Dx) log | Dy
which, combined with the fact that

IDk| <&, keN

https://doi.org/10.4153/CJM-1992-055-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-055-8

906 G. ALEXOPOULOS

implies that

1
(3.13) 7 2 1@ log(e) =0,  (k— +00).
8ED;

Putting (3.12) and (3.13) together we have that H(G, 1) = 0 and Corollary 2 follows.
3.2 The general case. Let  and 7’ be the natural maps
mG— G/B, and":G— G/T*.
Let Xy, k=0,1,2,...and Z;, k = 0,1,2,... be as in Section 3.1 and put
Sk =1m(Z), &= T(Z).

Let us also view £ as a Markov chain with state space G/T™ and denote by v(k) the
number of passages of £ from the state eI™ € G/T™ during the first k units of time.
Then it follows from the theory of Markov chains with a finite number of states (cf. [14])
that there is € (0, 1) such that Ve > 0

(.14) PH%I/(]() —a> e] 0, (k— +00).

Let 7, be the time of the kth passage of &, from the state eI™*. Then it follows from (3.14)
that V3 such that 0 < 8 < «
(3.15) PlTa—p < ks Tarp > k| — 1, (k— +00).
Furthermore identifying I'™* / B with Z”, we have that the random variables
S'S,., k=12,...

Tk—1
are independent identically distributed and take values in I™* /B = Z".

Hence it follows from Kolmogorov’s inequality that there is a constant » > 0 such
that

(3.16)

<m,(a— Bk <i<(a+Pk|> 1—2bﬂ%.

H Ta—Qk Sn
Let {v1,...,vq} be a set of generators of G/B and put for w € G/B
M =infln e N:v=1i v 1<i;<ge==%1,1<j<n}

Choosing 3 very small in (3.15) and then applying (1.1) together with (3.16) we have
that there are constants ¢ > 0, ¢ > 0, a, > 0, kyp € N such that for all k > ky, m > 1 and
wi,wz € G/B satisfying |w;| < 31%, [wa| < 31%, avk < mand a > ay we have

k
(3.17) [sup wiSi| < 2m, [waSy| < i] >c
1<i<k 100
k
P[ sup  |wiS;| < 2m, |waS | < %

Ta—pk | —
1<i<(a—B)k ¢ 2

sup \/Iz} >e

$.1<
(a—Bk<i<(a+B)k T“’ -ow T 200
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which is an analogue of (1.1) for the random walk S;, £k = 0,1,2,.... Once we have
(3.17) we can prove in exactly the same way an analogue of the inequality (1.4), i.e. that
there are constants ¢;,c; > 0,mg > 1 and ky € N such that for all k > ky,k € N and
m > mgy we have

(3.18) P[ sup |Si| < m] > cre
1<i<k
From now on the proof of Theorem 1 and Corollary 2 is exactly the same with their
proof in the case when G/T™ is trivial. The only modification, of course, is that now
we shall have to fix elements zi,...,z; € G such that G/T* = {zjT™*,...,z*} and
X1,...,% € I'* as in Section 3.1 and we write every g € G in the form

g =yxzi, withy € B, x =x]"---x]", 1<i<UL.

4. The proof of Theorem 4 and Corollary 5. The proof of Theorem 4 and Corol-
lary 5 is similar to the proof of Theorem 1 and Corollary 2. So we shall try to use similar
notations.

Let O, N and M be the radical the nil-radical and a Levi subgroup of G, respectively
(cf. [15]). Q and N are, respectively, closed solvable and nilpotent subgroups of G. M
is a semisimple subgroup of G. The assumption that G is amenable implies that M is
compact. Furthermore

“4.1) G = OM and [G,G] C NM

(IG,G] is the closed analytic subgroup of G generated by the elements [g,h] =
ghg 'h !, g, h € Gof G).
It follows from (4.1) that G/NM is a connected abelian Lie group. Hence it can be
written as
G/NM = DC

where D and C are closed subgroups of G/NM, C is compact and D is isomorphic with
R? for some p € N. Let 7’ be the natural map 7": G — G /NM and put

B=7""0).

Then B, being a compact extension of a nilpotent group, has polynomial volume growth.
Let m denote the natural map m: G — G/B. Since G/B is isomorphic with R? there
are left invariant vector fields X, ..., X, on G such that the map

¢:RP — G/B, ¢:t=(tp,...,11) — m(exp X, - - -exp 11 X})

is a Lie group isomorphism. Using ¢ we shall identify G /B with RP.
Observe that every g € G can be written in the form

g =yxwithx = expt,X,---expt;X; and y € B.
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We put
[t = |tp| +- -+ |t fort = (tp,...,11) € R".

We fix a symmetric compact neighborhood V C G of the identity element e of G and
U C B a symmetric compact neighborhood of e in B and we put
|x|g = inf{n e N:x € V"}
lylg =inf{n e N:y e U"}
0 = sup{|expsX;yexp —sXi|p,y € U,|s| < 1,1 <i<p}

& = sup{| exp sX; exp rX; exp —sX; exp —rXj|g, |s| < 1,|r| < 1,1 <i,j <p}.

Observe that, if p(.,.) is as in Section 0.1, then p(e, g) = |g|c. g € G.
Arguing in the same way as in Section 4, we can prove successively that there is a con-

stant ¢ > 0 such that for all y,z € B, x = exptX, ---exptiX;, w =

expspXp - expsiXi, t = (tp, ..., 11), s = (Sp,...,s) ERLreR | <L, 1<i<p

we have

(4.1) xyx ! |5 < |y|50"

4.2) xexprXix ! = hexprX;, withh € B, |h|g < cecll

@.3) exp Xy - - -exp 1 X exprX; = vexp X, - - -exp(t; + n)X; - - -exp 11X,

' withv € B, |v|p < ce"

xzw = vexp(t, + sp)X, - - -exp(t; + 51)X1,

@.4) Y. Plp +8p)Ap Pl +51)4

withv € B,

V|B < C[l)’lB+ lleec"' +ec(|t|+|s|)]
and that all g € G can be written as
(4.5) g=yexpt,X,---expt;X;, with |y|g < ce‘l8le, l1 <lglg, t = (p, ..., 11).

Letf(g) = pi(e, g), g € G. Then it follows from (0.2) that there are constants ¢,d > 0
such that

(4.6) [f(g)l < ce ¥, geG
and from this that there are constants ¢, d > 0 such that

4.7) f(g)dg < ce ™, m>0.

/{gGG:IgIGZm}

Also, if f" denotes the nth convolution power fx- - -xf of f (fxh(g) = [f @h! g)dx,
g € G), then f"(g) = pnle, 8),8 € G.

Proceeding as in Section 3, we consider independent identically distributed random
variables X,k = 1,2,..., with values in G and P[X; € A] = [,f(g)dg (A a Borel subset
of G). Then it follows from (4.7) that there are constants ¢,d > 0 such that

(4.8) P| sup |Xil¢ >m| < cke ™ m>0.
1<i<k
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Let Z, k =0,1,2,... be the right random walk in G defined by
Zy=cas.andZ, =X1Xp--- X, k=12,....

Also let S = (Skp,...,Sk1),k = 0,1,2,... be the random walk in R” defined by
(recall that G /B has been identified with R”)

So=0as.and S, = 7(X))+7(Xp)+---+7(Xp), k=1,2,...

Observe that S, = m(Z).
We put
X5 = exp SkpXp - - - €xp S1X1.

Then it follows from (4.4) that there is ¢ > 0 such that

Z, = Y, X%, with Y, € B,
4.9) Y|z < C[eflxllc + USiHX:e) 4 oo 4 ef(lsk-ll"'lxk'(,?]'

It follows from Kolmogorov’s inequality that there is & > 0 such that

k
(4.10) P[max IS Sm] >1—b—, keN,m>0.
1<i<k m
Let ¢ be as in (4.9) and put

D' ={g€G:g=yexpt,X, --exptiXy,|tp| +--- + |t
<m,y €B,|ylp < cke*™}, k€N, m>0.

Then, it follows from (4.8), (4.9), ( 4.10) and Lemma 1.2 that there are constants
a,b,c,d > 0 such that that

PIY, € D) > P[ sup [Si| < m, sup |Xlo < m]

1<i<k 1<i<k

“.11)
> ae e — cke_d"’z, m>0, ke N.

We also have the following estimate of the volume |D| of the set D}, which follows
from the fact that B has polynomial volume growth

4.12) |D7| < aje®2mioek)

(a1, ay are constants, a;,a; > 0).

PROOF OF THEOREM 4. Arguing in the same way as in the proof of Theorem 1, we
can see that
FH(&) = pule.e) = pi(x.0) = suppy(x.y), x€ G
ye

and that
Pe(%,X) > prasi (5, %) = f*(e)
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([#] is the integral part of ¢ € R).
This observation, together with (4.11) and (4.12) implies that there are constants a, b,
¢, d, ay, ap > 0 such that

pilx,x) > [ae_bm_lf — cke— ]ale—“Z(’"“"g‘), m>0,t>1

and Theorem 4 follows by optimising with respect to m.

PROOF OF COROLLARY 5. We observe that if u is a bounded harmonic function then
u(x) = [p:(x,Yu(y)dy, x € G, hence u(x) = [u(xy)f(y)dy, x € G and therefore u is a
bounded f-harmonic function. Arguing in the same way as in the proof of Corollary 2, we
can prove that every bounded f-harmonic function is constant and the corollary follows.
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