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Relative Equivariant Motives and Modules

Baptiste Calmes, Alexander Neshitov, and Kirill Zainoulline

Abstract. 'We introduce and study various categories of (equivariant) motives of (versal) flag varieties.
We relate these categories with certain categories of parabolic (Demazure) modules. We show that the
motivic decomposition type of a versal flag variety depends on the direct sum decomposition type of
the parabolic module. To do this we use localization techniques of Kostant and Kumar in the context
of generalized oriented cohomology as well as the Rost nilpotence principle for algebraic cobordism
and its generic version. As an application, we obtain new proofs and examples of indecomposable
Chow motives of versal flag varieties.

1 Introduction

The theory of Chow motives of twisted flag varieties has been a topic of intensive
investigation for decades. Inspired by results on motives of quadrics by Rost [25]
and Vishik [27] and on motives of Severi-Brauer varieties by Karpenko [11], it has
developed into a powerful tool to study quadratic forms, linear algebraic groups, and
the associated homogeneous spaces over arbitrary fields (see [6] for applications to
the theory of quadratic forms). Several important invariants of algebraic groups, e.g.,
canonical dimension, can be interpreted using the language of motives (see [24]).
We fix a split reductive linear algebraic group G over a field k of characteristic 0,
its split maximal torus T, and a Borel subgroup B o T. In this paper, we focus on
the study of motivic decompositions of versal flag varieties E/P, where E is a versal
G-torsor and P o B is a standard parabolic subgroup of G. We refer the reader to [10]
for a recent discussion concerning Chow groups and K-theory of versal flags and
to [21,23] for recent results about motivic decompositions. It was shown in [21] that
direct sum decompositions of the motive of complete versal flag E/B correspond to
direct sum decompositions of the D-module D*, where D is the associated affine
Hecke-type algebra for G and D* is the T-equivariant cohomology of G/B. In the
second author’s PhD thesis [20], this result was extended to all versal E/P’s, where P
is special (all P-torsors are locally trivial in Zariski topology). Our goal is to push these
results further by investigating motives of E/P’s for arbitrary parabolic subgroups P.
We work in a bit more of a general situation than the theory of Chow motives.
Namely, we consider an oriented cohomology theory h in the sense of Levine-Morel
[19] and the theory of the associated h-motives (see [8] for definitions and basic
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properties of this category). As the first step, we establish several connections between
the following pseudoabelian categories: h-motives 2%y of versal flags, G-equivariant
motives Mg, and relative equivariant motives Mg of split flags. More precisely, we
show that there is a chain of 1-1 correspondences between the direct sum decompo-
sitions of the respective objects

(L1) [versal E/P] € 9 Thm [G/P] € Mg sl [G/P] € Mg)r.

To do this we use the generalization (Lemma A.13) from Chow groups to algebraic

cobordism of [28, Lemma 6.2] and the Rost nilpotence for free theories proven in [8].
As the second step, we introduce the category of W-equivariant motives mw,

where W is the Weyl group of G with respect to T and show (Corollary 3.5) that

there is the natural inclusion of endomorphism rings

(1.2) Endon,,, ([G/P]) < Endp(D3),

where Dy is the so-called parabolic D-module with respect to the ®-action of
(18, §3]. (In the context of the usual cohomology, D} coincides with Hy(G/P) and
the ®-action is simply the induced W-action studied by Brion, Knutson, Peterson,
Tymoczko, and others.) Informally speaking, (1.1) and (1.2) say that the motivic de-
composition type of [E/P] is bounded by the direct sum decomposition type of Dj.
In particular, if D} is indecomposable (as a D-module), then so is [ E/P] (as a motive).

Next, we investigate the endomorphism ring Ep = Endp (D} ) using the localiza-
tion techniques of [3, 4] (these are generalizations of the respective techniques for
Chow groups and K-theory of Kostant and Kumar [13,14]). We describe endomor-
phisms of Ep with respect to the localization basis (Lemma 5.4) and the Schubert
basis for the Chow theory (Corollary 6.2). We relate Ep with the induced (inte-
gral/modular) representations of the Weyl group W and its parabolic subgroup Wp.
In particular, we show that if D} is indecomposable, then so is Indm 1(Corollary 6.3).

Finally, we apply all these results to obtain new proofs and examples of indecom-
posable motives of versal flag varieties. Propositions 7.1, 7.4, 7.7, and 710 provide new
proofs (by showing the indecomposability of the D-module D}) of the classical results
about versal Severi-Brauer varieties and quadrics. In Proposition 7.12, we provide a
new example of indecomposable motive of the 6-dimensional involution variety, the
form of a split projective quadric twisted by a versal HSping-torsor. Observe that re-
sults on quadrics and involution varieties (7.4, 7.7, 7.10, and 7.12) cannot be obtained
from [20, 21].

The paper is organized as follows. First, we recall basic properties of equivariant
oriented cohomology and of the associated category of equivariant motives; we in-
troduce and study the categories of relative equivariant motives and W-equivariant
motives. Then we investigate relations between relative equivariant motives and par-
abolic modules. In Section 5, we study the endomorphisms of parabolic modules
using the localization techniques of [3,4]. In the next section, we study the same
endomorphisms for the Chow theory with respect to the Schubert basis using the re-
sults of [18]. In the last section, we discuss applications to Chow motives of versal
flags (Sever—Brauer varieties, 4 and 6-dimensional quadrics and involution varieties).
In the appendix, we prove the generic nilpotence for algebraic cobordism.
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2 Categories of Equivariant Motives

In this section we recall basic properties of equivariant oriented cohomology and of
the associated category of equivariant motives. This is essentially the compilation of
results of [9,16,17] summarized in [4, §2]. We also introduce and study the categories
of relative equivariant motives and W-equivariant motives.

Equivariant cohomology

Given a split reductive algebraic group G over a field k of characteristic 0 and
given a graded oriented cohomology theory h of Levine-Morel [19, §1], let hg be a
G-equivariant oriented cohomology theory defined on the category of smooth quasi-
projective G-varieties over k that satisfies properties listed in [4, §2]. More precisely,
for restrictions (natural transformations resg of [4, §2]) and for the property [4, (A2)],
we only require that, given a split maximal torus T of G, there is the respective
T-equivariant oriented cohomology hr that satisfies the same properties except for
restrictions, and there are natural transformations of functors

resy:hy —> h o Resy and resy:hg —> hy o Resy

that commute with push-forwards and smooth pull-backs, where Resy and Resgr are
the forgetful functors of [4, §2] for the inclusions ¢: {1} - T and ¢": T < G.

A key property of h (and of h¢) is the Quillen formula [19, Lemma 1.1.3] (see also
(16, §2.5])

C?(L] ® Lz) = F(C?(Ll), C?(Lz)),

where ¢! is the first (equivariant) characteristic class in the theory h (resp. hg), £;
is a (equivariant) line bundle over X and F(x, y) € R[[x, y]] is the associated formal
group law over the coefficient ring R = h(pt) (here pt = Speck).

Conversely, given a formal group law F over R, one defines the algebraic oriented
cohomology theory as

h(-) = Q(-) 8@y R,

where () is the algebraic cobordism of Levine-Morel (universal cohomology theory)
over the Lazard ring . = Q(pt) and the map Q(pt) — R is determined by F. Such
theories h are called free theories [8, §2.12]. We refer to [8] for the basic facts and
properties of free theories.

By the following process (the Borel construction) one can produce many examples
of equivariant oriented theories of [4, §2], such as equivariant Chow theory of [26, §1]
and [5], the BG-style equivariant K-theory of [26, §3] (see [12] and [15] for the relation
with Thomason’s equivariant K-theory), equivariant algebraic cobordism of [9,17].

Consider a system of G-representations V; and its open subsets U; € V; such that

* G acts freely on U; and the quotient U; /G exists as a variety over k;
e Vis = V; @ W, for some representation W;;

e U;cU;®W,; cUp,and U; @ W; — U,y is an open inclusion;

« codim(V;\U;) strictly increases as i does and lim; dim V; = oo.

Such a system is called a good system of representations of G.
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Now let X be a smooth G-variety (e.g., a projective homogeneous variety). Follow-
ing [9, §3 and §5] the inverse limit induced by pull-backs

l(iglh(U,‘XGX), U,'XGX:(UiXX)/G,
does not depend on the choice of the system (V;, U;) and, hence, defines the equi-
variant oriented cohomology hg (X). For the definition and properties of restriction
maps we refer to [5, p. 608] and [16, §2.2].
In this paper we only deal with equivariant theories obtained by the Borel
construction.

Equivariant motives

Fix a Borel subgroup B of G. Consider the full additive subcategory of the category
of G-equivariant h-motives generated by the motives (and their direct summands) of
flag varieties G/P for all standard parabolic subgroups P of G containing B. We refer
to [8, §2], [23], and [22] for definitions and basic properties of this category. Recall
only that morphisms in this pseudo-abelian category are given by cohomology classes
inhg(XxY), where G acts diagonally on the product of smooth projective G-varieties
X and Y and the composition is given by the usual correspondence product:

@1 Boa:=pxze(pxy(@)pyz(B)), @ chg(XxY), Behg(Y x2)

(here pxy is the projection XxYxZ — XxY and p%y, pxy« is the induced equivariant
pull-back and push-forward respectively).

Taking the respective graded components (e.g., dim X component of hg (X x X)
for irreducible X) we obtain the category of graded equivariant motives which we call
simply G-equivariant motives and denote by 9. We refer the reader to [6, §63-64]
for the comparison between graded and non-graded motives in case h = CH.

To simplify the notation, we will omit the grading degree for the cohomology, i.e.,
we will write hg (X x X) instead of h&im X (X x X). Observe that the actual grading
can be easily traced down using the fact that the pull-backs preserve the codimension
(degree) m and the push-forwards preserve the dimension dim X — m (codegree) of
cohomology classes.

Relative equivariant motives

Fix a split maximal torus T c B. Similarly, let 91 denote the category generated
by T-equivariant motives of G/P’s, i.e., morphisms in 9% are given by classes in
hy(X x Y). Since the forgetful map

res$ihg(X xY) — hp(X x Y)
commutes with smooth pull-backs and push-forwards, it induces the forgetful functor
fRes?: Me — Mr.
Definition 2.1 The categorical image of Res$, i.e., the wide subcategory (subcate-

gory containing all the objects) of 901 with morphisms given by classes in im(res%),
is called the category of relative equivariant motives and denoted by M) 7.
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We denote the endomorphism ring of [X] in Mg (resp. in M) by Egr(X)
(resp. £g(X)). By definition,

Egr(X) =im (res?:hG(X x X) — hr(X x X))

is an algebra (with multiplication given by the correspondence product) over the com-
mutative ring

Egr(pt) = im (resf:hg(pt) — hr(pt)).

To simplify the notation, we denote €7 (pt) by Egjr and Ec(pt) = he(pt) by Ec.

Example 2.2 Consider the variety of complete flags G/B. Since the forgetful map
is injective by [21, Lemma 4.5], we can identify €5 (G/B) with the convolution ring
(hg(G/B x G/B),0) ~ (hr(G/B), o) of [21, $4].

The W-action and motives

Let W be the Weyl group of G with respect to T and let X be a G-variety. There is a
natural (left) action of W on hr(X). It can be either realized by pull-backs induced
by the right action of W on each step of the Borel construction U x X via

(u,x)T-0T = (uo,0'x)T, o eNg(T),

where U is taken to have a right G-action; or through the natural isomorphism
h7(X) ~ hg(G/TxX) and the G-equivariant right action of W on the variety G/ Tx X
given on points by (gT,x)-oT = (gTo, x).

The forgetful map res$:hg(X) — hy(X) factors through the W-invariants
hr(X)" by definition.

Lemma 2.3  Consider the diagonal action of G on the products X x Y of G/P’s and,
hence, the induced action of W on hy(X x Y). Forany a € hy(X x Y)W and B €
hr(Y x Z)W, we have o a e hy(X x Z)W in M.

Proof It follows from the fact that the projections pxy, pyz, and pxz in the defi-
nition of the correspondence product (2.1) are G-equivariant. So the induced pull-
backs p%y, py, and the push-forward px;. are W-equivariant by definition of the
W -action. [ ]

Definition 2.4 The subcategory of M with morphisms given by correspondences
fromhy(X x Y)W of the lemma is called the category of W-equivariant motives and
it is denoted by M.

Observe that the forgetful functor factors as

Resg|r Resy Rest
ResF: Mg — Mgr — My — My,

where Resg)y is full and Resy, Resr are faithful by definition.
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3 Equivariant Motives and Parabolic Modules

In this section, we investigate relations between relative equivariant motives and par-
abolic modules. Our main result here is Corollary 3.5.

Realization functor

Consider the contravariant motivic realization functor
Rp: My — S-mod
to the category of S-modules, where S = hr(pt) is the equivariant coeflicient ring. It
is given on objects by [ X] ~ hr(X) and on morphisms as
@ ehr(X % ¥) — awhr(Y) Do hp(X x ¥) -5 he(X x ¥) 25 hp(X),
Restricting to W-equivariant correspondences, we obtain the realization functor
RY:mY — Sy-mod,

from M} to the category of Sy -modules, where Sy is the twisted group algebra of
W. The latter is the free left S-module with basis J,,, w € W and multiplication given
by the twisted product

(84) - (s'8,) = sw(s") Sy
(here the W-action is given by §,,(a) = w(a), w e W, a e hr(X)).

Lemma 3.1 There is a commutative diagram of faithful functors

Rest
my =2 5 oy

s | |2

Sw-mod e S-mod,
where rest is induced by the ring inclusion S — Sy, s = s6.
Proof The functors Resr and resrt are faithful by definition.
Since all G/P’s are T-equivariant cellular spaces, the realization maps on mor-

phisms a — «, are Kiinneth isomorphisms of [21, Lemma 3.7]. Hence, Ry is faithful
(for a correspondence « in M, . = 0 == & = 0) and so that iR;". [ |

Remark 3.2  Observe that [21, Lemma 3.7] is stated in [21] only for the product
of the equivariant cellular space X with itself, however, the same proof works for
products of different spaces leading to the Kiinneth isomorphism of h (S)-modules
h (X xg Y) » Homye(5)(h¢(X),h¢(Y)) in the notation of [21].
Corollary 3.3  'The composite of functors

RY o Resy: Mgy —> Sw-mod, [X]—hr(X), a— a.
is faithful. In particular, there is the inclusion of rings

€gr(X) — Ends,, (hr(X)).
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Parabolic Demazure modules

We recall the algebraic construction of the cohomology hr(G/P) from [4] and the
W -action on it.

First, following [4, §3], we identify the equivariant coeflicient ring S = hr(pt) with
the so called formal group algebra

R[[x)t]]/leT*/(x0>x)L+/4 - F(x), xﬂ))

corresponding to the formal group law F of the theory h.

At the next step, assuming that S satisfies [4, Assumption 5.1] (which basically says
that all x,’s are regular in S) we localize S at all x,’s (characteristic classes) corre-
sponding to positive roots & of the root system ¥ of G. The resulting localized ring is
denoted by Q.

Now consider the respective localized twisted group algebra Qw of W. The subal-
gebra of Qi generated by the so-called Demazure elements X, = x, ' (1-8,), « € £
and elements of S is called the formal affine Demazure algebra and is denoted by D.

Example 3.4 By [21] the algebra D can be identified with the convolution algebra
(hg(G/B x G/B), ). For the Chow theory, D coincides with the nil (affine) Hecke
algebra, and for the K-theory it gives the 0-affine Hecke algebra.

Let W? denote the set of unique minimal left coset representatives of W/Wp. Con-
sider a free Q-module Qyy,w, on the basis {8, } indexed by w € W”. We denote by
Dp the image of D under the canonical projection p: Qw — Qw/w,, and call it the
parabolic Demazure algebra.

We will extensively use two key results concerning Dp: The first (see [4, Theo-
rem 8.11]) says that the cohomology ring hy(G/P) can be identified with the S-dual
D} = Homg(Dp, S). The second (see [3, Thm. 11.9]) identifies D} with its image in
the cohomology Sj, ,,, of the T-fixed pointlocus of G /P under the algebraic moment
map.

To see how the algebraic moment map behaves with respect to the W-action, we
identify the T-fixed point locus of G/P with a finite constant scheme W/Wp with
trivial T-action. Then we have

hr(W/Wp) =h(U x" W/Wp) = ®,w,ew/w, S
=Hom(W/Ws,S) = Siy/w,»

where the class of (1, xWp) T maps to xWp — [uT]. Consider the left W-action on
Hom(W/Wp, S) given by

(w-f)(x)=w-f(w'x), xeW/Wp, fecHom(W/Wp,S).
We claim that the induced pullback map (the algebraic moment map)
Dp =hr(G/P) — hr(W/Wp) = S}y, is W-equivariant.
Indeed, the action of W on U xT G/P is given by
(u,gP)T-0T = (uo,0 'gP)T
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for any U in the Borel construction. Restricted to U x” W/Wp, the action of w = o T
gives a map

Ux"W/Wp — Ux" W/Wp, (u4,xWp)T = (uc, 0 'xWp)T.

So its pullback defines an endomorphism of Hom(W/Wp,S) given by f ~ w - f,
where w - fix » wf(wx).

By the very definition, the W-action on Sy, = Hom(W/Wp, S) and, hence, its
restriction on D} coincides with the ®-action of [18, §3]. Together with Corollary 3.3
it gives the following corollary.

Corollary 3.5  For any parabolic subgroup P of G there is the inclusion of rings
SG‘T(G/P) — El’ldsw(D;)

Moreover, in [18] it was shown that the ®-action of Qy on the Q-dual Qj, Jw, T€-
stricts to the action of D on D},. Since Qy is the localization of Sy and Qj, W is
the localization of D}, any Sy -equivariant endomorphism of D} extends uniquely
to the Qyw-equivariant endomorphism of Q7 W which then restricts to the unique

D-equivariant endomorphism of D}. So we can replace the endomorphism ring
Endg,, (D} ) of the corollary by Endp (Dj).

Definition 3.6 The D-module D}, with respect to the ®-action is called the parabolic
module.

Direct sum decompositions

Observe that (see [1, Corollary 6.20]) if € is the endomorphism ring of an object M
in some pseudoabelian category A (e.g., M = [X], € = Egr(X) in A = M), then
there is a 1-1 correspondence between direct sum decompositions of M and complete
finite systems of pairwise orthogonal idempotents {p; } ;e in &:

(3.0) M =@coker(p;) <«— Y. pi=id, piop;=0, i#]j.

iel iel

Moreover, two direct summands coker(p;) and coker(p;) of M are isomorphic in A
(hence, so are the idempotents p; and p; of €) if and only if there exist 0;; € p;oEop;
and ej,' €pjo & o pi such that 0,-j o 0]',' = pi and 6]'1' o Bij =pj-

We say that two direct sum decompositions of M (resp. two systems of idempo-
tents in €) are isomorphic if they coincide up to isomorphisms and permutations of
summands. Finally, we say that M is indecomposable if there are no non-trivial direct
summands of M (resp. if there are no non-trivial idempotents in &).

Translating the inclusion of Corollary 3.5 into the language of idempotents and
direct sum decompositions we obtain

Corollary 3.7  If D} is indecomposable (as the parabolic D-module), then so is [G [ P]
in M7 (as the motive).
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4 G-equivariant vs. Relative Equivariant Motives

In this section we relate the categories of G-equivariant motives and relative equivari-
ant motives of split flags. Our main results are Theorem 4.1 and Corollary 4.2.

Motives of versal flag varieties

Let E be a G-torsor over a field k. Consider the (non-equivariant) category of
h-motives I given by the motives (and their direct summands) of the twisted flag
varieties E/P’s for all parabolic subgroups P’s (the full subcategory of the category
of motives considered in [8, §3]). Observe that the morphisms in 2% are given by
graded correspondences in h(X x Y).

Following [21, §4], consider the composite of P x P-equivariant maps

E><E—2>E><G—>G,

where first map is the isomorphism by the definition of a torsor, the second map is
the projection on the second factor, the action of P x P on the E x E is given by

(er,e2) - (p1,p2) = (e1p1,e2p2) and on G is given by g - (p1,p2) = py gp2. The
induced pullback (see [21, Lemma 4.6] for H = P)

y:he(G/P x G/P) = hp2(G) —> hp2(E*) = h(E/P x E/P)

is the ring homomorphism y:E¢(G/P) — E(E/P) from endomorphisms of the
G-equivariant motive [G/P] to endomorphisms of the (non-equivariant) motive
[E/P] (here we identify hg ((G/P)?) with hp2(G) as in [21, (7)]).

Consider the following important case of a torsor E and variety E/P. Suppose G isa
split reductive group defined over a field k” of characteristic 0. Recall that a G-torsor E
is called versal (or generic) if it is the generic fiber of the quotient map GLy — GLy/G
for an embedding of G into GLy for some N > 1, i.e., E is a G-torsor over the function
field k = k'(GLN/G) (see e.g., [10]). Given such E, the respective twisted flag variety
E/P over k is called the versal flag variety. Informally speaking, the versal torsor E
(resp. E/P) can be viewed as the ‘most twisted’ form of G (resp. G/P).

Lifting of idempotents

We recall several facts concerning the lifting of idempotents following [24, §2].

Suppose y: &’ — & is a ring homomorphism. We say that y lifts idempotents and
isomorphisms between them if for any complete finite system of pairwise orthogo-
nal idempotents {p; }cr in € there exists a complete system of pairwise idempotents
{qi}ier in € such that y(g;) = p; and for any 6;;, 8;; defining an isomorphism be-
tween p; and p; there exist 6, 67; which define an isomorphism between g; and g;
with y(67;) = 0ij, y(67;) = 6. Such y then induces a 1-1 correspondence between
isomorphisms classes of systems of idempotents in £ and &’.

We can additionally assume that both rings £ and &’ are graded, e.g., for motives.
In this case y has to be a homomorphism of graded rings, all idempotents have degree
0 and all isomorphisms are homogeneous (see [24, Definition 2.3]). In view of (3.1),
such y will induce a 1-1 correspondence between isomorphism classes of direct sum
decompositions of the respective motives.
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We are now ready to state our main result.

Theorem 4.1 Suppose G is a split reductive algebraic group over a field k of charac-
teristic 0. Suppose h is a free theory. Consider the associated G-equivariant theory hg
and let Mg be the respective category of G-equivariant motives. Suppose E is a versal
G-torsor over k.

The pull-back y induces a 1-1 correspondence between isomorphism classes of direct
sum decompositions of the motive [G/P] in Mg and direct sum decompositions of the
motive [E/P] in M.

Proof Consider the flagvariety G/P. Let { U; }; be the sequence of G-representations
from the Borel construction for hg. Then hg(G/P x G/P) = lim_ h((U? x G)/P?),

where the latter quotient is defined on points (uy, u,) € U%, g € G, (p1, p2) € P* as

(U? x G)[P* = (U2 x G)[(u1, 4z, g) ~ (wrpr, uzpa, pr'gp2)-

Let V 5 E be the ambient G-representation, i.e., E is G-invariant open in V. The
map y is the limit of surjective maps (cf. the proof of [21, Lemma 7.9])

yen((UF  G)[P?) >n((U x V % G)/P?)
h((U} x E x G)/P*) — n((U} x E x E)[P?),

where the first map is an isomorphism, because of the homotopy invariance prop-
erty [4, (A4)] for the projection V x G — G, the second map is surjective by the local-
ization property [4, (A3)], and the last map is induced by the isomorphism E x G ~
E x E from the definition of a G-torsor.

We now slightly modify the proof of [28, Lemma 3.2]. By the localization sequence
for h each element ¢ in the kernel of y; lies in the image of

n((U? x Z x G)/P*) = u((U? x V x G)[P?),

where Z = V\E % V is the closed complement of E in V. Consider the quotient
(U4 x G4)/P?*! defined as U¢*! x G modulo

(uh e Udyls gb oo ’gd) ~ (ulpls e ,ud+1Pd+1:P1_1g1P2> e >P1_lgdpd+1)

for (ug,...,uUg41) € Uf”, (g1>-.-,84) € G and (py, ..., pas1) € PP*L. Consider the
maps

(U < G [P — (U2 x G)[P?, 1<j<j <d+1,

which descend from the standard projection U%*! — U? on the j and j' compo-

nents and the map G¢ — G defined on points by (g1, ..., g4) ~ gjlllgjf_l for j > 1

and (g1,...,84) = gj—1 for j = 1. Then the d-fold correspondence product on
h((U? x G)/P?) is given by

d

Bo-op= (m,dﬂ)*( I1

j=1

75 a(9)).
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Since for each j there is the Cartesian square

(U?+1><ZXGd)/Pd+1*I>(U?+1XVXGd)/PdH

l l

(U2 x Z % G)[P? ——— (U2 x V x G) /P2,

forevery ¢ € h((U7 xVxG)/P?) supported on (U7 xZxG)/P?, the element 77 ;. (¢)
is supported on (U%*! x Z x G?)/P4*!. By Lemma A.13 applied to

pijY = (U x vV x G [P — X = (U} x V x G)[P?,

we obtain that for d > dim(V')/codim(Z), we have Hj‘l=1 im(1,) = 0, and, hence,
¢°¢ = 0. Therefore, y is a limit of surjective maps with nilpotent kernels.

Now by [20, Prop. 6.2.1], each inclusion U; - Uj4; induces a surjective homo-
morphism ker(y;+1) — ker(y;). So by [20, Lemma 4.3.4], which is the limit-
generalization of [24, Prop. 2.6], the map y lifts idempotents and isomorphisms be-
tween idempotents in the sense of [24, Def. 2.3]. Hence, it induces the 1-1 correspon-

dence between isomorphism classes of direct sum decompositions of [G/P] in Mg
and [E/P] in My ]

Corollary 4.2  Under the hypothesis of the theorem, there is a 1-1 correspondence
between direct sum decompositions of the motive [G[P] in Mg and in M.

Proof Inthe commutative diagram

h(G/P xi G/P) ——=n(E/P i E/P)
resgl res! i(b
hr(G/P x; G/P) —=nh(G/P x; G/P),

the map ¢ has nilpotent kernel by the Rost Nilpotence Principle for free theories (see
[8, Corollary 4.4]). By the theorem, y is a limit of surjective maps with nilpotent
kernels, hence, so is the restriction res$. The result then follows again by the lifting of
idempotents (see e.g., [20, Lemma 4.3.4]). [ |

Summarizing the above arguments, we obtain the following chain of 1-1 corre-
spondences between direct sum decompositions of the respective motives:

[versal E/P] € My «— [G/P] € Mg «<— [G/P] € Mgr.
Combining this with Corollary 3.7 we obtain the following corollary.

Corollary 4.3  If the parabolic D-module D}, is indecomposable, then so is the motive
(in M) of the versal flag variety E | P.
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5 Localized Endomorphisms

In this section, we study the endomorphism ring Endp(D}) using the localization
techniques of [3,4] and the results from [18, §3]. Our main results are Corollary 5.2
and Lemma 5.4.

Endomorphisms of localized modules

Consider the Q-dual Qj,y,, with the basis {f, }, w € WP dual to {8, }. Following
[18, §3], the ®-action of Q on Q;v/wp is defined by

48, © pfy = qw(p) fawr peQ, veW’,
where wv denotes the minimal coset representative of wv Wp. Consider the endomor-
phism ring Eq = Endg,, (Q]*/V/ w,) of Qw-modules with respect to the ®-action.
Since the Qw-module Qj,y,, is generated by f;, any ¢ € Eq is uniquely deter-
mined by its value at f;, that is,
(5.1) (,b(fl) = Z waw: cw € Q.
weWP

Moreover, we have the following lemma.
Lemma 5.1 ¢eEq<=v(cy,)=cy Vve Wp, Ywe WP

Proof =-:Since d, ® ¢(f1) = ¢(8, @ fi) = ¢(f1) for all v € Wp, we obtain
Y vlew)frm= D, cwfw forallve Wp.

weWw? wew?
«: For each w' € WP, we set ¢(f,) := 8w © ¢(f). It is enough to show that
8y ® ¢(fur) = ¢(8, @ fr) forall w, w’ € WP or, equivalently,
Sww @ 9(fy) = ¢(fi) = 05 @ $(f1)-
But ww' = ww'v, v € Wp,and 8, ® ¢(f1) = ¢(f1) by the assumption. n
Let PW? denote the set of minimal double Wp-coset representatives. Since each

w € WP can be written uniquely as w = vu, where v € Wp and u € PW?, we can
rewrite (5.1) as ¢(fi) = Xyew?, wvu V(cu) fw» and we obtain the following corollary.

1

Corollary 5.2 ¢ € Eq is uniquely determined by the coefficients ¢, € Q"Vr™*Wru™,
PP
ue W

Example 5.3 Let G be of Dynkin type A, and let P be of type A,,_, i.e., G/P = P".
We have W = (si,...,s,), Wp = (s2,...,5,), and WP = {L,v,v,,...,v,}, where s;
denotes the i-th simple reflection and v; = s;s;-1 ... 51.

For any ¢ € Endg,, (Qjy,y, )> presentation (5.1) can be written as

O(fi) =cofi + cify, + -+ cnfy,, wherec; € Q.

Since there are only two double cosets Wp and Wps; Wp, ¢ is determined by two co-
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Localized endomorphisms
The localization D c Qy induces the inclusion

Ep = Endp(Dp) — Eq = Ende(Q;//wp)-

We investigate its image.
According to [18, §3] D} is a D-module generated by the class of a point

[pt] = xr/pf1 € Siyyw,»

where xpy/p = x1/xp, Xp = Haez;, Xq and xy1 = [Tgex- Xa»> 25 is the set of all negative
roots of the root subsystem for P.

Therefore, any ¢ € Ep is uniquely determined by its value on [pt]. On the other
hand, ¢([pt]) belongs to D} as an element of S}, © Qj, /yy, if and only if it satisfies
the criteria of [3, Thm. 11.9]. Combining these, we obtain the following lemma.

Lemma 5.4 An endomorphism ¢ € Eq comes from Ep if and only if its coefficients
cw € Q satisfy

x11/pCw € S and X,y (4) | xm1yp(cw — cm)for all a ¢ Zp.
The localization Sy, ¢ Qyw also induces the inclusion
Es = Ends,, (Siy/w,) = Eq = Endq, (Qjy/w, )

where ¢ € E comes from Ej if and only if all the coefficients c,, of ¢ are in S. From
now on we identify Ep and Eg with their images in E. We have the following lemma.

Lemma 5.5 Egc EpinEq.

Proof Consider an endomorphism ¢ € Es with ¢(fi) = X cwfw> cw € S. By
Lemma 5.4, it is enough to show that

Xw(a) | Xryp(Cw = CW) forall o ¢ Xp.

If w(a) ¢ Zp, then x,,(a) | Xr1/p, hence we may assume w(a) € Zp. By Lemma 5.1,
iy = Sw(a) (¢w)- Then x,(a) | (¢w = Sw(a)(cw)) by [2, Corollary 3.4]. ]

Finally, observe that the endomorphism ¢, which maps [pt] to ¥,,cwe fw € Dj,
clearly belongs to Ep but not to Eg in general.

6 Endomorphisms in Terms of the Schubert Basis

In this section we concentrate on the study of the Chow theory h(-) = CH(-) ® R
(here, R = Z or R = 7/ pZ, where p is a prime). In this case, S is the polynomial ring
in the basis of characters T*, X; = X,, = (1 - 6;,)/a; corresponds to the classical
divided difference operator A; for the simple root «; and D is the nil (affine) Hecke
algebra.
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Endomorphisms of D-modules

Recall that there is the free S-basis of ht(G/P) given by the so called Schubert classes
&y, w € WP, The latter are the classes of the Schubert varieties of dimensions /(w)
(the length of w), the closures of the orbits BwP/P in G/P. We have the following
well-known formula for the ®-action by divided difference operators on the Schubert
classes (see e.g., [18, Example 4.8]):

X QE _ fs,-v 1fl(5]V)Zl(V) andsjveWP,
77 o otherwise.

We now describe endomorphisms of D} with respect to the Schubert basis &,,.
Let ¢ € Ep = Endp(D}). As an endomorphism of free S-modules ¢ is uniquely
determined by its values on the classes £, w € WF, that is,

¢(£W) = Z av,wfv:

where (a,,,) is the corresponding generalized matrix of coefficients in S (here the
coeflicients are indexed by the product of left Bruhat posets in v and w).
Since D is generated by X;’s and elements of S, ¢ € Ep if and only if

X;0¢(&y) =¢(X;0&,) forall jand w e WP,

Using the properties of the ®-action of [18, §3], we compute the left-hand side as
follows (for v, w € WF)

Xf © Z aV’Wg" = Z(Sj(“V)W)Xj + Aj("lv,W)) e,
Sj(av,w)'fsjv + Z Aj(av,w)fv

siveWP, I(s;v)=I(v)

Sj(asjv’,w)fv’ + ZAj(av,W)gv'

vieWP, I(sjv")<I(v")

As for the right-hand side, we obtain

$(X;08,) = {()Z vy 11(sw) > Iw) and sjw € WY,

otherwise.
Combining, we obtain the following recursive formulas for the coefficients a, ,,.
Lemma 6.1 If1(sjw) > 1(w) and sjw € W”, then

. z{sxasjm)wj(av,w) if1(s9) <1(v),

Aj(ayw) otherwise.

If1(sjv) < I(v), then (observe that s;Aj = A in the Chow theory)

4 _ si(aysw) = Aj(ayw) ifl(sjw) 2 1(w) and sjw e W",
T A (ay) otherwise.

We then obtain the following analogues of Lemma 5.1 and Corollary 5.2.
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Corollary 6.2  Anendomorphism ¢ € Ep is uniquely determined by the Wp-invariant
coefficients a, = a,,; € S"?, v € WP such that [(s;v) > I(v) for all s; € Wp.

Proof It follows immediately by the recurrent formulas that ¢ is uniquely deter-
mined by its value at [pt] = &, i.e., by the coefficients a,. Comparing X; ® ¢(¢;) and
¢(X; © &), we obtain that for all s; € Wp,

Aj(av) _ {_asjv lfl(sjy) < Z(V),

0 otherwise.

Homogeneous endomorphisms

Recall that the endomorphism ring of the relative equivariant motive consists of
graded correspondences « € CH}.(G/P x G/P), where n = dim G/P. The respec-
tive realization map ¢ = a. then preserves the dimensions of cycles and, hence, the
dimensions /(w) of the respective Schubert classes &,,. In other words, the inclusion
of Corollary 3.5

gGlT([G/P]);)ED:EHdD(D;), o —> Oy,

factors through the subring E}()o) of endomorphisms ¢ where each coefficient a, ,, is
a homogeneous polynomial of degree dim &, —dim &,, = I(v) — I(w). We call such ¢
a homogeneous endomorphism.

If ¢ € Eg)), then ¢([pt]) = X, ewr av&y, where a, = a,; € S is homogeneous of
degree I(v). Since &, = ¥, cwr Cw,v fw where all ¢, ,s are homogeneous of degree
n—1(v),weget¢(fi) = X ,cwe cwfw where each coeflicient ¢,, = ﬁ Yy AyCy,y is the
quotient of homogeneous polynomials of degree n.

Now ¢ comes from Eg of Lemma 5.5 if and only if each ¢,, € S is a polynomial of
degree 0, i.e., each c,, € R. Since Ry = R{W], R, /y,,, = R{W/Wp], and the ®-action
restricted to S = R coincides with the left action of W on W/Wp, we obtain the fol-
lowing corollary.

Corollary 6.3 We have Es n E(Do) = Endg{w)(R[W/Wp]). In particular, if D} is
indecomposable (as a D-module with R = Z), then so is the induced integral represen-
tation Indwpl of the Weyl group W.

Idempotent matrices

Observe that a,,, = 0if I(v) — I[(w) < 0. So the generalized matrix of coefficients
(ay,w) of a homogeneous endomorphism ¢ is always a lower triangular matrix.

Lemma 6.4 'The generalized matrix of coefficients (a,,,,) of an idempotent ¢ is a
lower triangular idempotent matrix. In particular, its coefficients satisfy

ayQy,y = ay, V,UE WP,
u, [(u)<I(v)
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and its diagonal is the direct sum of idempotent matrices

n
D (@) (@amlie)-1n=ay> 1 =dimG/P.

Proof Any idempotent ¢ is homogeneous, so (a,,,, ) is triangular and idempotent.
By definition, ¢(¢([pt])) = ¢([pt]), which leads to

Yavk = (Y aud) = Y aup(&) = Y auanub,

and, hence, to the formula for the coefficients. The latter statement follows from the
properties of triangular idempotent matrices. ]

7 Applications to Chow Motives

The purpose of this section is to demonstrate how the recursive formulas of Lemma 6.1
can be applied to show indecomposability of certain D-modules D} and, hence, of
Chow motives of versal flag varieties E/P. Depending on the case, we work either
over R = Z or over R = Z/pZ, where p is the respective modular (torsion) prime.
Note that the indecomposability over Z/pZ obviously implies the indecomposability
over Z.

7.1 Projective Spaces

We fix a simple split group G of type A, and its standard parabolic subgroup P of
type A,_1. The respective G/P is isomorphic to the projective space P". We consider
the adjoint form G = PGL,4; so that T* is the root lattice with the basis given by
simple roots {a;,...,a,}. Set R = Z. The algebra D is then the usual nil-Hecke
algebra over the polynomial ring S = Z[T*] = Z[ay,...,a,]. The Weyl group is
givenby W = (sy,...,s,), wheres; is the simple reflection corresponding to a;, Wp =
(52,535...,sp,)and WP = {L,v,vs,...,v,}, wherev; = s;s5;_1...5].

Consider an idempotent ¢ € El()o) and the associated generalized matrix of coeffi-
cients (a,,, ). For simplicity of notation, set

Ciyj = Ay €i0 = Ay1s  Co,j = a1y, fori, j 21, and cgo = a1

So (ci,j) = (ay,) is a lower-triangular idempotent (7 +1) x (n +1)-matrix in homo-
geneous polynomials ¢; j € Z[ay, . .., «,] of degrees degc; j = i — j.
The recursive formulas of Lemma 6.1 turn into:

cii = si(cizniz) + Ai(ciion) ifi>1,
cij=Aj(cij-1) ifi+j,j>1,
cio = (-1)""Asr,ncno) forn>i>1.
which can be expressed by the diagram of operators in Figure 1. These formulas imply
(over Z)
cij =205 1(cio)=(-1)""Aj _1is1,...n(cno) fori>j>1 (under the diagonal),
cii = si(cimnion) + (=) A visn,.n(€no) (on the diagonal).
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€0,0
T S1
A A
Cio—>C1,1
T T 82
—Ay
Aq Ay A
C2,0 C21 C2,2
Aq
Cp—2,0 """ Cpn—2,n—2
T T Sn—t
—Ap—1
Aq An—l &
Cp—1,0 """ = Cp—1,n-1
T ; -._571
—An .
Aq Ap—1 Apn A
Cn,0 > e Cnn—1 Cn,n

’

Figure I: The case of a projective space.

In particular, the matrix (¢; ;) and, hence, the idempotent ¢ is uniquely determined
by the homogeneous polynomial ¢, of degree .

Using relations in the nil Hecke algebra D for the divided difference operators A;
and the fact that A;(c,,0) = 0 for all j # 1, n (Corollary 6.2) we get

Ak o Ai—l ,,,, Li+l,..., n(Cn,O) = O, fOI' all k + 1.

So c;i1 € SYi, where W is generated by all simple reflections except the i-th one.
Since ¢;;_; has degree 1, we can express it as ¢; ;1 = bjoy + -+ + b, b; € Z. Then
cii-1 € SWi is equivalent to

b2:2b1, b3:3b1,...,b,’:ib]:(l’l+1—i)bn,...,bn_2:3bn, bn_1:2bn.
Assume n +1 = p” for some prime p and r > 1. Then
Pl Ai(ciis1) =2b; —bi_y = biy1 = by + by,.

Since ¢ is an idempotent, all diagonal elements ¢;; are idempotent as well by
Lemma 6.4, i.e., each ¢;; is either 0 or 1. The recursive formulas and the fact that
p | Ai(ci,i1) then imply that ¢; ; = ¢;_y,;-; for all 4, i.e., that there are no nontrivial
idempotents in Ep. In other words, we obtain the following proposition.

Proposition 71 Let G = PGLy4,, where n = p" — 1 for some r > 1 and a prime p. Let
P be the standard parabolic subgroup of type A,_;.
Then the D-module D}, is indecomposable over 7.

Remark 7.2 In view of Corollary 4.3, this fact implies the celebrated result by

Karpenko [11] on indecomposability of the integral motive of the Severi-Brauer
variety of a generic algebra. On the other side, according to Corollary 6.3, it also
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implies that the induced integral representation Indé:“l of the symmetric group is
indecomposable.

7.2 Klein Quadrics

Let G be a simple split group of type A3 with the character lattice T* = (o, a3, a3, w3)
(here w, is the respective fundamental weight), i.e., G = SLy4/p,. Let P be the stan-
dard parabolic subgroup of type A; x Ay, i.e., G/P = Gr(2,4) is a split 4-dimensional
smooth projective quadric. Again, we set R = Z. By definition, the Weyl group
W = (s1,52,53), Wp = (s1,53), and the set of minimal coset representatives W¥ is
given by the Hasse diagram

sy st
l——= 5 —— 5152

53'l lSS'
51

s
$382 $18382 $2518382.

Consider an idempotent ¢ € El()o) and the associated generalized matrix (a,,,, ).

. Py Imn... _ —
For simplicity, set Aijk.. = OsisiskesSismsn-.. and ag = a;.

By the recursive formulas of Lemma 6.1 and of Corollary 6.2, we obtain over Z:

(7.1) a; = ag + Ay 13(ain),
a}% = a% - A1z3(a132) and a§§ = a% = A3 21(a132),
aéﬁ =-Ap1(a132) and 01322 =033 (a132),
a}ii = a}% +A3(Arn — Ay (ais2) = aiﬁ +A1(As2 — Ayz)(ain),
a%}?ﬁ = ag% +721,32(a2132) + A21,352(a132)s

which can be also expressed as the diagram of operators in Figure 2.

Lemma 7.3  For any homogeneous polynomial g of degree 3, we have the following
chain of congruences modulo 2, i.e., over Z.[27:

D32,1(8) = B1,2,5(8) = D3,0,5(8) = Ar21(8)s

A2,1,5(8) = A31,0(g) = A130(g) =0.
Proof As for the first chain of congruences, observe that A;(g) = A;(g) = 0 for
any polynomial g that does not contain «,, and the computations are symmetric with

respect to a; and a3. So it is enough to check it only on monomials a3a; and &, w, ;.
Direct computations mod 2 then give

A3)2)1(0¢§0{1) = A3,2(0{12) = A3(0€2) =1, and
A1,2,3((X§(X1) = Al,z(oclog) = Al((Xl + ) + 0(3) = 1;
Asp1(aawaan) = Asa(wan) = As(ay +ay —wy) =1, and

Az 3(@wra1) = App(waan) = A+ a; —wy) = 1.

Similarly, we get As»3(g) = A121(g) and Az 25(g) = A12,3(g)-
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ag .
. P
Ay ey 2
as Sa2
B s .. 83
.. 81 -
— A -
A 3
Ao—0 /—Al\ ;
2 12 12
a2 as2 a32 arg - : a32
=
\\x
—As A, ASM CL
.5-3‘ ‘S1
Ag 132
a132 132 : a132 a132
N \ . Ay "VS2
.. ai32 '
R
As 132 Bz 5139
42132 a2132 \ a2132 / a2132 a2132
Cl21;2

Figure 2: The case of Klein’s quadric.

As for the second chain of congruences, it is enough to verify that A; 5(h) = 0 for
any quadratic 4 and A, 3(a3) = 0. Indeed, for quadratic , it reduces to A; 3(a3) =
Ai(as) =0and

A2’1,3((X§) = Az,l(a§+062063+0(§) = Az((X1+0¢3) =0. |

Now by Lemma 6.4, since ¢ is an idempotent, all diagonal entries of the generalized
matrix (a,,, ) are idempotents as well. So the coefficients ag, a3, aj33, a3 can only

take values 0 or 1, and the matrix

2 12
ap a32
M={ 3
a? a
12 32

is a 2 x 2-idempotent matrix over Z.

By the recursive formulas (71) and Lemma 7.3, we obtain a7 = a3} and a}3 = a33,
which implies that M = 0 (the zero matrix) or M = I (the identity matrix) over Z/2Z.
Therefore, a;? = a3 = 0, and we get the following chain of congruences modulo 2
(here we use (71) and Lemma 7.3 again)

2_ 12 _ 32 _ 132 _ 2132
Ag =4, =4y; =43z = 413, = d)3;-

This shows that ¢ is trivial over Z/27Z.

We claim that ¢ is trivial over Z. As the coefficients ag, a3, al32, a3l33 are either 0’s
or I's over Z, it remains to show that M = 0 or M = I over Z.

Indeed, suppose M # 0 over Z. Since M is idempotent, the g.c.d. of all non-zero
coefficients of M has to be 1, so M = I. Suppose M # I over Z. Let m be the g.c.d. of
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all non-zero coefficients of the difference M — I. Since M — I = 0, we have 2 | m. On
the other side, since (M — I)? = I — M, we obtain m = 1, a contradiction.

Proposition 74  Let G be a split simple group of type Az with the character lattice
T* = (a1, az, a3, wy), i.e, G = SLy/u,. Let P be a parabolic subgroup of type A; x A;.
Then the D-module D}, is indecomposable over 7.

Remark 75 Again in view of Corollary 4.3 this fact implies indecomposability of
the integral motive of a generic 4-dimensional quadric.

Involution Varieties

Let G be a split simple group of type D4 and let P be of type Aj, ie., G/P is a
split 6-dimensional smooth projective quadric. The Weyl group W = (s, 52,83, 54),
Wp = (s, 53, 4) and the set of minimal coset representatives W7 is given by the Hasse
diagram

s1° R s4-

1 S1 $281 548281

sS40 sy 510
8§38281 — > 54838281 — > 8254838281 — > 5152545382951.

By the recursive formulas of Lemma 6.1 and of Corollary 6.2, we obtain (as before

klm... _ — .
we set a; = Qs;spsp.sisisme. A0d dg = ar):

ijk...

1
ay = dg + A1 p3.4.2(024321)5

aj) = a; — Ax13,4,0(a24321)s
a?ﬁ} = a%} + A3,2,1,4,2(6124321) and aﬁ% = a%% + A4,2,1,3,2(6124321),
asy = Dapa2(az2a32) and ajs; = Az 5152 (a24301),
At = g + D3 2142(a24321) — B3,42,1,2(A24321)
= ayl + Da2i32(a243m) — Aa3212(a2a32)s
A3 = g + (A2a320 — Daa352012) (24321)s

124321 24321
124321 = 24321 A1,2,4,3,2(51(0124321) + Al(ﬂlzml)),

which can be also expressed as the diagram of operators in Figure 3.
From this point on, we set R = Z/27Z. Let A‘fl i,,... denote the image A
(Sym“ (T*)) modulo 2.

i1,025...

seee

PGOg-case

Assume T* corresponds to the root lattice, i.e., G = PGOg. We have the following
analogue of Lemma 7.3 for the type Dy.

Lemma 7.6 ~ We have (over Z|27) A} , = 0, A3 , = (a3 + ag),

A;%A = <(0(3 + 064)0(1, (“3 + 064)“3, ((X3 + 064)“4), A§,3,4 = (0(3 + “4)'

Moreover, it holds for any permutation of the set of subscripts {1,3,4}.
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ag
S1
A1 A1
a ————>a;
s
ol =
A1 1 Az ™ g
az1 azy a1 .
AV ~Aa 53
sS4
1 A Az— R
S T S 21 391 321
as21 421 a3a1 421 Az Ay21 aza1-.. A421
—a— T, A3
A : A‘l\* 54
4 421 421
—Aa —As TS asyy 421
E &N N
4
a A1 ol Az a2l B3 4321 Ay 44321
4321 4321 4321 4321 4321
. ANA As .
w82 421 “. 82
—As2 (4321 :
N Ry
A1 1 Az 21 As 321 Ag 4321 B2 24391
(24321 > 424321 (24321 (24321 > 24321 — (24321
. Ay Az
L8 421 s1
24321
A s A A Ay A A
1 1 2 21 3 321 4321 22 24321 21 124321
124321 > (124321 124321 124321 > (124321 > A124321 > 124321 -

\ /

21
0124221

Figure 3: The PGO-case.

Proof The proof follows from the fact that A; and A4 are trivial mod 2 on all simple
roots except a; and that Az 4(a3) = As 4(a3) =0, Az 4(a3) = a3 + ay. ]

From the lemma, we immediately obtain

124321 1, _ 4 _
1243210 4 AI 23,4~ A1(A2,3,4) =0,

24321 21, 4y _
4343215921 * Az 34=0, AZ,I(A3,4) =0,

321 421, _ 4 _
a321,a421.A3214—0, A4213—0a

ai;ﬁ:A“w =0, A34 =
If ¢ € Ep is an idempotent over Z/27Z, it gives

21 _ 321 _ 421 _ 4321 _ 24321 _ 124321
ag = al =4y = A3 = Qg1 = Q4371 = 924321 = 9124321

So there are no non-trivial idempotents over Z/2Z, and we obtain the following
proposition.

Proposition 7.7 Let G = PGOg and let P be the maximal parabolic subgroup gener-
ated by all simple reflections except the first one.
Then the D-module D}, is indecomposable over Z[27Z.
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Remark 7.8 In view of Corollary 4.3, this fact implies indecomposability of the
Z/2Z-motive of a generic twisted form (e.g., of involution variety) of a 6-dimensional
split quadric.

SOg-case

Assume that w; € T, that is G = SOg. Then Lemma 7.6 turns into the following
lemma.

Lemma 7.9 Wehave A3, =0, A}, = (a3 + ay),
A§’4 = (((X3 + (X4)(X1, ((X3 + (X4)(X3, ((X3 + (X4)(X4, (0(3 + oc4)w1), A§’3)4 = ((X3 + 0(4).

So we obtain
124321 1 .54 _ 4 _
1243215 1 Dy p 34 = AI(A2,3,4) =0
24321 21 A3 _ 4y _
A34351> 01 D334 =0, A2,1(A3,4) =0,
which gives only that

_ 1_ 2 4321 _ 24321 _ 124321
ag=ay=ay; and  ag3y) = dysy = g3

Since A;(f) = A4(f) for any linear f, we have
Ag2132 = D323,
Moreover, direct computations show that
Asas(a5as) = Az s(agas) =1,
so that Az 5 3(g) = Ay2,4(g). Combining, we obtain
D13 =D84231= 83231 = Baa1= D3040 =832

S0 a3 = aj3; = aj3) = ajas;. Hence, there are no non-trivial idempotents as well, and

we get the following proposition.

Proposition 710 Let G = SOg and let P be the maximal parabolic subgroup generated
by all simple reflections except the first one.
Then the D-module D} is indecomposable over 7 /27.

Remark 7.11 'This fact implies indecomposability of the Z/27Z-motive of a generic
6-dimensional quadric.

HSping-case

Assume w4 € T*, that is, G = HSping. Then T* = (s, a3, &4, w4).
We claim that A1)2’3)4)2(024321) = 0. Indeed, let f = A2)3,4)2(024321) € Syml(T*)
Then

As3(f) = A323,42(a24301) = D232,4,2(924321) = Ap3,42(As(a24321)) = 0.

Now for f = ayay + asaz + asos + bwy, we get Aj(f) = az, but A;(f) = ap as well.
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Similarly, Az 1,4,2(a24321) = 0. In this case, denote f = Ay14,(a24321). Then
Al(f) = A1,2,1,4,2(6124321) = A2,1,2,4,2(6124321) = A2,1,4,2(A4(6124321)) =0,and A3 (f) =
A(f) =0.

By the same arguments, A3 513.2(d24321) = A3,4,21,2 = 0.

Now consider A2,1,3,4,2(a24321). Letg = A3)4)2(tl24321). We have A3,2(g) = 0. Let
8= Yocicj Cij@idj + Yogi biwsa; + dw3. Then

Az(g) = 622(062 + a3 + (X4) + 0(2(C23 + 624) + w4(b3 + b4)
The fact that A3 ;(g) = 0 implies that c3p + ¢23 + ¢24 = 0. But
A1(g) = caat + 2303 + C2a0ty + brwy,

so that A, ;(g) = (ca2 + €23 + €24) = 0. Combining, we obtain that
_ 1 21 _ 321 _ 32
g =01 = 4y = a3y = 44>
421 _ 421 _ 4321 _ 24321 _ 124321
Qg1 = A3y = Ay31 = A24321 = 3124321
So the D-module Dj is either indecomposable over Z /27 or it splits into two in-
decomposable direct summands with a generating function 1 + ¢ + 2 + £> (over S)
each.

Remark 712  'This fact implies that the motive of a HSping-versal involution variety
E/P is either indecomposable or splits as a direct sum [E/P] = N @ N(3), where N
is indecomposable with a generating function 1 + ¢ + t* + t>. Using known results on
motives of quadratic forms (e.g., that after splitting the algebra, the motive of a Sping-
versal quadric splits into 2-fold Rost motives [6, XVII]), it follows that the second
decomposition is impossible, i.e., [ E/P] is indecomposable.

A Appendix: Generic Nilpotence for Cobordism

This appendix is included to prove Lemma A.13, the obvious generalization from
Chow groups to algebraic cobordism of [28, Lemma 6.2]. We therefore closely follow
arguments of [28], while making the following adjustments to cobordism: Lemma A.9
is the analogue of [28, Lemma 6.4], and Lemma A.12 is the analogue of [7, Proposi-
tion 3.3] that was used in the proof of [28, Lemma 6.2].

Let Schy, denote the category of reduced schemes of finite type over k and let Smy
denote its subcategory of smooth schemes over k. Let O, (-) denote the algebraic
cobordism functor of Levine-Morel [19].

Definition A.1 Let X € Schy andlet i: Z < X be a closed subset. We will denote the
image of the map i,: Q.(Z) - Q.(X) by Qz(X) and say that elements of Q(X)
are supported on Z.

Definition A.2 We will call a projective map f: Z' — Z in Schy a good cover if there
are filtrations by closed subsets @ ¢ Zy c Zjc---c Z) =Z' and @S Zy S Z; € - C
Z, = Z such that

https://doi.org/10.4153/5S0008414X19000543 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000543

154 B. Calmeés, A. Neshitov, and K. Zainoulline

o dim Z! = dim Z;;
o fYZi-Zi_)) > Z; - Z;_, is an isomorphism;
e f(Z)cZz,.

forany 0 <i < n.

Example A.3 Here is a typical good cover. If f: X’ — X is a projective map that
induces an isomorphism of non-empty open subsets f (X - Z) ~ X - Z for some
closed subset Z of X with dim Z < dim X, then the map X’ U Z — X is a good cover;
the respective filtrations can be chosenas@c Zc X' uZand@c Z c X.

Remark A.4 We could have defined good covers inductively by declaring that iso-
morphisms are good covers and that the map f: X’ — X in Schy is a good cover
provided there are closed subsets Z € X and Z’ ¢ X’ such that

e dim X’ = dim X;

o fY(X-2Z)— X~ Zisan isomorphism;

« f(Z')cZand fz:Z' - Zis agood cover.

Lemma A.5 If f:Z' — Z is a good cover, then f.: Q.(Z") — Q. (Z) is surjective.

Proof Let (Z;)!, and (Z])!_, be filtrations as in Definition A.2. We prove that
Q. (Z)) = Q.(Z;) is surjective by induction on i. The case i = 0 is obvious, since
Zy 2 Zy. For the induction step consider the map of localization sequences induced
by fu:

Q. (f(Zin)) —= Qu(Z]) —= Q. (f(Zi - Zi)) —0

| l |

O(Zisy) —— 0 (Z)) ——= Q. (Zi— Ziy) ——= 0

The right vertical map is an isomorphism by Definition A.2. The left vertical map is
surjective, because it fits into the composition

Q.(Z]) — Q(f(Zim)) — Qu(Zin),

where the composite map is surjective by the induction hypothesis. Hence the central
arrow is surjective as well. ]

Lemma A.6  Good covers are preserved by flat base-change: if f:Z' — Z is a good
cover and g:Y — Z is flat, then f':Y xz Z' - Y, the base-change of f to Y, is a good
cover.

Proof Let (Z])}_, and (Z;)!, be filtrations on Z" and Z as in Definition A.2, and
let Y; = ¢7'(Z;) and Y/ = (g’)7'(Z}). These are filtrations on Y and Y’ that satisfy
Definition A.2. Indeed, we have dim Y/ = dim Y; by flatness of g (and g’); the map
(f")"M(Yi=Yi_;) > Y; = Y;_, is the base change of the isomorphism f™(Z; - Z;_;) —»
Z; — Zi_y, s0 it is an isomorphism, and the inclusion f'(Y;) C Y; is obvious. [
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Lemma A.7 Let X € Schy and let E be a vector bundle over X. Suppose that Z is a
closed subset of X. Then there exists a projective map p: X' — X with dim X’ = dim X
and a closed subset Z' of X' such that

(i) p*E has a filtration by subbundles whose successive quotients are line bundles;
(i) p(Z") < Z, and the map p:Z' — Z is a good cover.

Proof Consider the projection p: FI(E) — X where FI(E) is the variety of complete
flags of the vector bundle E over X. Then p*E has a filtration by tautological sub-
bundles. Any point x € X is contained in an open neighbourhood U over which the
bundle E is trivial, so FI(E)|y ~ Fl x U, and there is a section s: U — p~'(U). Let
X be the closure of s(U) in FI(E). Note that the projection (pjx; ) (U) » Uisan
isomorphism.

We will construct X' as a disjoint union of schemes of the form X7; by induction on
d =dim Z. When d = 0, the set Z is a finite union of closed points z;, . .., z,. Each z;
is contained in some neighbourhood U; as above, and we can take X’ = X bl - -uX{JH .
Each X7, contains a copy of the point z;, and we can take Z’ to be the disjoint union
of those copies. Then Z’ = Z is a good cover.

Consider the case of a general d. Let Zy, ..., Z, be irreducible components of Z.
For any i, there is a neighbourhood U; of the generic point of Z; such that Z; n U;
is disjoint with Z; for j # i, and E is trivial over U;. Then let Z; be the closure of
Z; n U, in X7;,. Observe that the projection p|: Z; — Z; induces an isomorphism
(P|Z;)71(Zi N U,) - Z;nU,.

Let D; = Z; - (Z;n U;) and D = U, D;. Then dimD < d and by the induc-
tion hypothesis, there is a map pp: X, - X and a closed subset Z}, € X}, such that
pPp:Zp — D isagood cover, and p},(E) satisfies (i). Take

X' =XpuXy,--uXy,Z' =ZpuZiu---uZ,.

Consider the map p|: Z" - Z. Wehave Z-D = ||;(Z;nU;), hence (p)z/) "' (Z-D)
— Z — D is an isomorphism. By Remark A.4, the map p|7/ is a good cover, so X’ and
Z' satisfy conditions (i) and (ii). [

Lemma A.8 Let X € Schy and let E be a vector bundle over X that has a filtration by
subbundles with line bundle quotients E,, . .., E4. Assume that Dy, ..., Dy are divisors
such that E; is trivial over X — D; for each i. Let D = Dy n---n Dy. Then for any
o € Qz(X) the element ¢;(E) N a lies in Qznp(X).

Proof By the Whitney formula, we have ¢;(E) = ¢1(E;) o --- 0 ¢1(E4). For any
a € Qz(X), the element ¢;(E;) N « vanishes in Qz_p,(X — Dy), hence it lies in
Qznp, (X). The statement thus follows by induction on d. [

Lemma A.9 Let E be a vector bundle of rank d on a quasi-projective variety X and let
Z be a closed subset of X. Then there is a closed subset Z of Z such that dim Z < dim Z-d
and for any smooth morphism f:Y — X of schemes in Schy and any a € Q1) (Y),

the element ¢y(f*E) N a is supported on f~(Z).
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Remark A.10 1fdim Z —d <0, then dim Z < 0 so Z = &, and the lemma concludes
that ¢;(f*E) n a = 0 as already known; see [19, 2.3.13].

Proof By Lemma A.7, there is a projective map p: X’ — X and a closed subset
Z' ¢ X such that pz:Z' — Z is a good cover, while p*E has a filtration with line
bundle quotients Ej, ..., E;. Using quasi-projectivity of X, let Dy, ..., D; denote di-
visors such that each E; is trivial over X' — D;. Set D = D; n---n D;. One can
furthermore ensure that Z' N D and thus Z = p(Z’ n D) has dimension at most
dimZ'-d=dimZ-d.LetY' = X' xx Y and let g: Y' — X’ be the canonical projec-
tion. Then g7'(Z’) — f7(Z) isa good cover by Lemma A.6. By Lemma A.5, the pro-
jection q: Y’ — Y induces the surjective push-forward Q. (g71(Z")) - Q.(f(2)),
and thus Qg1 (Y') = Qpa(z)(Y) is also surjective. Given a € Qfi(2)(Y),
choose a preimage &’ € Qg1(7)(Y'). Then ¢;(f*E) na = q.(ca(q*f*E) na'),
and ¢;(q* f*E) n ' is supported on g”'(Z’' n D) by Lemma A.8; thus, ¢;(f*E) n «
is supported on (g~ (Z’ n D)), which is contained in f~'(Z). [

Lemma A.1l (cf [28,Lemma 6.3]) Let f:V < Band g: T < B be closed embeddings
with regular f and smooth quasi-projective B. Then there exists a closed embedding
h:Z < V such that codim h > codim g, and for any smooth morphism e W — B, we
have im (fyy; o (gw)+) € im ((hw). ) inside Q. (Viy), where fw, gw, and hy are the
base changes of f, g, and h to W along e.

Proof Consider the intersection T of T and Z in B and base-change it along ¢ to
obtain the Cartesian squares

T-%4B Tw LN 71
f f]\ and fw]\ fw]\
= & =~ gw

By [19, Proposition 6.6.3] fy; o (gw)« = (§w )« o fiy where the refined pullback f;, is
given by the composition [19, (6.17), §6.6.2]:

Q.(Tw) — Q.(Cw) — Qu(Nw) — Qua(Tw),

where d is the codimension of f, while Cyy is the normal cone of fw and Ny =
Zr (N, ) is the the normal bundle of fiy pulled back to Ty .

Let N = g"(Ny) be the pullback of the normal bundle of f and C be the normal
cone of the map f, both being bundles over T. Let g: P(N @ 1) — T be the structural
map. Note that by flatness of e: W — B, base changing C (resp. N) to W does yield
Cw (resp. Nw). Applying Lemma A.9 to the vector bundle E = g*N ® O(1) and to
the closed subset P(C @ 1) inside P(N @ 1), we get a closed subset Z of codimension
at least d in P(C @ 1) such that for every smooth morphism e: W — B and every
cobordism class x supported on P(Cy @ 1) the class ¢;(¢*E) n x is supported on
e 1(Z). Set Z = q(Z). By Lemma A.12, the right-hand side of the diagram
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0.(P(Cw @1)) — Q. (P(Ny @1)) “CE% 0 (P(Ny ©1))

! l |

Q.(Cy) ——————— Q(Ny) ——— Q. (Tw)

is commutative (and so is the left-hand side), while the left vertical map is surjective,
since Cy is open in P(Cy @ 1). Therefore, the image of the composition Q. (Cy)
- Q,(Nw) = Q,_q(Tw) is supported on g(e™(Z)) ¢ €(Z) = Zyw, ie., is in
Qz,, (Ty), which maps to Qz, (Vi) = im((hw).). Thus, h: Z < V satisfies the
requirements. [ |

Lemma A.12 Let X € Schy and let E — X be a rank d vector bundle with a zero
sectionz: X — E. Let q:P(E ®1) — X be the structural map and let a: E - P(E®1) be
the natural open affine chart sending e to [e : 1]. Then the following diagram commutes.

ca(g"E®O(1))n—

Q. (P(Ee1)) Q._4(P(E®1))

|

Q*(E) - Q*—d(X)

Proof The composition O(-1) - q*(E ®1) — g*E of the natural embedding and
projection defines a global section s of the sheaf g*E ® O(1) = Hom(O(-1),q*E).
The zero set of s is X ~ P(1) (regularly) embedded in P(E & 1), and this embedding
coincides with § = g o z. By [19 Lemma 6.6.7], the operator ¢;(q*E ® O(l)) N - on

Q. (IP’(E ® 1)) is given by §5,5*. The right-down composition is thus g.5,5* = §* =
zta” [

Let h be an oriented cohomology theory that is generically constant (i.e., the pull-
backh(k) — h(L) is an isomorphism for any field extensions L/k), and the canonical
map from algebraic cobordism Q(X)®ph(k) — h(X) is surjective for every X € Smy.
An example of such theory is given by the free theory of [8, §2.12].

Lemma A.13 Let X be a smooth quasi-projective variety. Let i;:Z, — X and
i:Zy = X be closed embeddings. Then there exists a closed embedding i3: Z3 — X
such that for any smooth morphism m: Y — X,

codim Z3 > codim Z; + codim Z, and im(i;), -im(i}). € im(i3). inh(Y),

where ii: Zj xx Y — Y, j = 1,2,3 are the base change along r of the respective closed
embeddings.

Proof We first consider the case h = Q. Applying Lemma Al to B=X x X,
f=Ax:X > XxX, g =1 xi:Z xZy > X x X, one obtains a closed embed-
ding h: Z — X such that codim Z > codim Z; + codim Z,. Choosing W = Y x Y and
e=nmxmYxY - XxX, it follows that fyy is the natural inclusion Y xx Y - Y x Y,
hw:Zyxy = Y xx Y is the obvious map and

im (fyy o (if x i5).) € im ((hw).).
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The diagonal embedding Y — Y x Y factors as Y Ly xxY Ty Y x Y. Using the
Cartesian square

Y s vxyY

hYT th
¢z
Zy —— Zyxy

and [19, Proposition 6.6.3], we obtain ¢* o (hy ). = (hy). o ¢},
im(if) - im(i}). =im (A} o (if x i}).) € im ((hy).).

Thus, i3 = h satisfies the requirements. Finally, the natural map Q.(-) ® h(k) —
h(-) is surjective and compatible with push-forwards and the intersection product,
so we can replace Q by h. ]
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