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The maximal finite abelian subgroups, up to conjugation, of the simple algebraic
group of type Eg over an algebraically closed field of characteristic 0 are computed.
This is equivalent to the determination of the fine gradings on the simple Lie algebra
of type Eg with trivial neutral homogeneous component. The Brauer invariant of the
irreducible modules for graded semisimple Lie algebras plays a key role.

Keywords: maximal finite abelian subgroups; fine gradings; Eg

2010 Mathematics subject classification: Primary 17B25
Secondary 17B40; 20G15

1. Introduction

A systematic study of the gradings by abelian groups on the simple Lie algebras
was initiated by Patera and Zassenhaus in [19]. For the classical simple Lie algebras
over an algebraically closed field of characteristic 0, the fine gradings were classified
in [7]; for the exceptional simple algebras they were classified in [3] and [1] for
Go, in [4] for Fy (see also [9] and [2]), and in [5] for Egs. The recent monograph [10]
collects, among other things, all these results and extensions to prime characteristic.

The problem of the classification, up to equivalence, of fine gradings on a simple
Lie algebra g over an algebraically closed field of characteristic 0 is equivalent to
the problem of the classification, up to conjugation, of the maximal quasi-tori (or
maximal abelian diagonalizable subgroups) of the group of automorphisms Aut(g).
In particular, the maximal finite abelian subgroups of Aut(g) are maximal quasi-
tori.

In the case in which g = eg, the simple Lie algebra of type Eg, whose group
of automorphisms is the exceptional simple algebraic group of type Eg, some fine
gradings have been described in [10, § 6.6]. Our goal is to prove that the list of the
corresponding maximal quasi-tori of Eg contains the whole list of maximal finite
abelian subgroups of Aut(eg). To be precise, the main result of this paper may be
summarized in the following theorem.
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THEOREM 1.1. Let F be an algebraically closed field of characteristic 0. Then, up
to conjugation, the list of mazimal finite abelian subgroups of the exceptional simple
Lie group of type Eg consists of

i) four elementary abelian groups, isomorphic to Z3, 78, 73 and Z3;
2, g, 43 5
(ii) three more subgroups, isomorphic to Z3, Z3 x 73 and Z4 x 7.5.

The maximal elementary abelian p-subgroups of the algebraic groups have been
obtained in [13], so our aim is to show the existence and uniqueness of the subgroups
in item (ii) of the theorem.

Very concrete descriptions of the fine gradings induced by the maximal finite
abelian subgroups of Aut(eg), in terms of some non-associative algebras and con-
structions of eg related to them, can be found in [10, § 6.6]. The maximal quasi-torus
corresponding to the fine grading by Zg appears also in [14], and a specific model,
not relying on non-associative algebras, for the Z3-grading appears in [6].

A related problem is considered in [21], which studies the abelian subgroups F of
the compact (real) simple Lie groups of type E satisfying the condition dim g} =
dim F, where g is the Lie algebra of the Lie group and g is the subalgebra of
fixed elements by the action of F. This class of abelian subgroups presents nice
functorial properties exploited in [20], and it comprises the class of the maximal
finite abelian subgroups (dim F' = 0). The close relationship between compact Lie
groups and complex reductive linear algebraic groups allows one, in principle, to
extract from [21] the list of the maximal finite abelian subgroups of any simple
linear algebraic group of type E over C, but there are many details to take care of.

Our approach works over arbitrary algebraically closed fields of characteristic
0 and uses recent results on gradings on simple Lie algebras. We believe both
approaches have independent interest.

The next section will be devoted to a survey of some results on matrix algebras.
This section is necessary because there will appear gradings on subalgebras of type
A and D of eg that will have to be extended to the whole of eg, the main obstruction
being the so-called Brauer invariant of an irreducible module for a graded semisim-
ple Lie algebra. Section 3 will present some preliminary results on maximal finite
quasi-tori on simply connected algebraic groups, showing that any maximal finite
quasi-torus @ of Fs = Aut(eg) is either p-elementary abelian for p = 2, 3 or 5, or its
exponent is 6 or 4 and it contains a specific automorphism of eg of order 6 or 4 (two
possibilities here). The following sections will deal with the different possibilities,
assuming that @ is not p-elementary abelian.

From now on, the ground field F will be assumed to be algebraically closed of
characteristic zero. Unadorned tensor products will indicate products over F.

2. Background on gradings

If A is an abelian group, an A-grading on a non-associative (i.e. not necessarily asso-
ciative) algebra A over I is a vector space decomposition I": A = @, 4 Aa such
that A, Ap C Ay for all a,b € A. The subspaces A, are said to be the homogeneous
components of I' and the non-zero elements = € A, are called homogeneous of degree
a; we will write degx = a. The support of I" is the set Supp " := {a € A: A, # 0}.
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Given gradings I': A = @, 4 Aq and I": A = @, 5 A;,, we say that I' is a
refinement of I'" if for any a € A there exists b € B such that A, C Aj. A grading
I' is said to be fine if it does not admit a proper refinement.

Given a quasi-torus @ of Aut(.A), we can identify @ with the group of characters A
for A the group of homomorphisms (as algebraic groups) @ — F*. Then @ induces
an A-grading of A, where A, = {z € A: x(z) = a(x)z Vx € Q} for any a € A. Tt
turns out [19] that, in this way, the fine gradings on A, up to equivalence, correspond
to the conjugacy classes in Aut(A) of the maximal quasi-tori (or maximal abelian
diagonalizable subgroups) of Aut(.A).

Let g be a finite-dimensional simple Lie algebra over F and let Q be a maximal
quasi-torus of Aut(g). If @ is finite, the neutral homogeneous component of the
associated fine grading I" (i.e. the subalgebra of the elements fixed by the automor-
phisms in Q) is trivial (see, for instance, [8, proposition 4.1] or [4, corollary 5]).

For g the simple special Lie algebra s[(V'), if the quasi-torus @ (satisfying this
last condition on the neutral component) is contained in the connected component
Aut(sl(V))° ~ PSL(V), then the grading on sl(V') is the restriction of a grading
on the associative algebra R = Endy(V) with dim R, = 1. These kinds of gradings
on R are called division gradings (and R is called a graded division algebra), since
every non-zero homogeneous element is invertible. These gradings are described
in [10, ch. 2], and as a consequence we have the following result.

THEOREM 2.1. Let Q be a quasi-torus of PSL(V) ~ Aut(sl((V))® such that the
neutral component of the induced grading I on sl(V') is trivial. Then there are
a decomposition V. = Vi1 ® --- @ V,. (dimV; = I; > 2 for any i) and elements
x;,y; € SL(V;) with z;y; = &yixi, where & is a fized primitive l;th root of 1,
ali =yl = (1)l 1y, such that

Q = <[I1],[y1],...,[13,«], [yTD = Zl21 Xoeee X ZZ2T7

where any endomorphism z; € GL(V;) is identified with the endomorphism ly, ®
e ®z; @ ® 1y, (Kronecker product) in GL(V'), and where [z] denotes the class
of z € SL(V) in PSL(V). If r = 1, or if the l;s are powers of prime numbers, the
elements x; and y; are unique up to simultaneous conjugation.

FEvery non-zero homogeneous component of I' has dimension 1, so that I' is fine.

Any graded matrix algebra R = M,,(F) is isomorphic to Endp (W), where D is a
graded division algebra and W is a finite-dimensional graded right free module over
D. The graded division algebra D is determined by the isomorphism class of the
graded algebra R and it is denoted by [R] (so [R] = [D]). Moreover, given two A-
graded matrix algebras Ry = Endp, (W7) and Re = Endp, (W3), the tensor product
R1® Rq is again an A-graded matrix algebra and [R1 ® R2| depends only on [Dy]
and [Ds]. Thus, we obtain an abelian group: the A-graded Brauer group [11, §2]
(or [12, appendix A]). The behaviour of this group mimics the behaviour of the
classical Brauer group (but this latter one is trivial over algebraically closed fields!).
In particular, we have [D]~! = [D°P], as D ® D°? = Endr(D) as graded algebras,
and the grading on Endg(D) is induced by the grading on D.

Now let V' be a finite-dimensional irreducible module for a finite-dimensional
semisimple A-graded Lie algebra g such that the image of the group of characters A
in Aut(g) lies in the connected component Aut(g)°. Then [11, § 3] the matrix algebra

https://doi.org/10.1017/50308210516000445 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000445

996 C. Draper and A. Elduque

Endp(V) is A-graded in a unique way satisfying that the associated epimorphism
of associative algebras p: U(g) — Endg(V) (U(g) denotes the universal enveloping
algebra) is a homomorphism of A-graded algebras. Hence, Endp(V) = Endp(W)
for some D and W as above, and we write Br(V') = [D]. This is called the Brauer
invariant of the irreducible g-module V.

If V admits an A-grading compatible with the action of g, then the Brauer
invariant of V' is trivial (and vice versa). Such A-grading on V' is unique up to a
shift. In particular, its homogeneous components are uniquely determined. Hence,
we have the following lemma.

LEMMA 2.2. Let g = @FGZn g7 be a Zy-graded finite-dimensional semisimple Lie
algebra such that gg is semisimple and each gz, ¥ # 0, is an irreducible module for
g5- Then any refinement I is determined, up to equivalence, by its restriction Ig

to g;p.

Proof. Since each gz, 7 # 0, is irreducible, the restriction I of I to g7 is the unique
A-grading, up to a shift, on g compatible with the A-grading I'5 on gg. Hence, the
homogeneous components of I" are all uniquely determined by [§. O

3. Finite-order automorphisms

Let g be a finite-dimensional simple Lie algebra and let G = Aut(g) be its group of
automorphisms. Given a subgroup H of G, C¢(H) will denote its centralizer in G.

LEMMA 3.1. If Q is a mazimal quasi-torus in G, then Q is self-centralizing, that

iS, CG(Q) = Q

Proof. By maximality, @ is a closed subgroup of the algebraic group G. For any
z € Ca(Q), let x = xx, be its Jordan decomposition [15, §15]. Then the clo-
sure of the subgroup generated by ) and z is diagonalizable, so by maximality
of Q, zs € @, and thus the quotient Ce(Q)/Q is unipotent, and hence nilpo-
tent [15, §17.5]. We conclude that C(@Q) is nilpotent, because @ is central in
Ce(Q). Then [18, II1.3.4, proposition 3.6] implies that since @ is reductive, so is
Ce(Q) and, therefore, C(Q) is reductive and nilpotent, and hence its connected
component satisfies C(Q)° = Z(Cy(Q)°), and it consists of semisimple elements.
By maximality, Cq(Q)° = Q°, 50 [Ca(Q) : @] < [Ca(Q) : Ca(Q)°] < oo. Therefore,
C(Q)/Q is unipotent and finite, so it is trivial (we are assuming charF = 0). O

In the case in which g = eg, the group G is connected and simply connected, so
the next result applies.

LEMMA 3.2. Assume that G is semisimple, connected and simply connected, and let
Q@ be a maximal quasi-torus of G with Q finite. Then for any 6 € Q, the subalgebra
of fized elements g° := {x € g: 0(x) = x} is a semisimple subalgebra.

Proof. Since 0 is semisimple (finite order) and G is connected and simply connected,
Cc(0) is reductive [16, theorem 2.2], and since G is simply connected, C(6) is
connected [16, theorem 2.11]. Then [16, lemma 19.5] Z(Cg(6#))° is a torus.

But Z(Cg(0))° is contained in any maximal quasi-torus of Cg(0), so it is con-
tained in Q. Since @ is finite, we get Z(Cg(0))° = 1, so dim Z(C¢(0)) = 0, and
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hence the Lie algebra £(Z(Cg(6))) is trivial. It follows that the reductive Lie alge-
bra g’ = L(Cg(0)) has trivial centre, so it is semisimple. O

The finite-order automorphisms of g are classified, up to conjugation, in [17, § 8.6)
in terms of affine Dynkin diagrams and sequences of relatively prime non-negative
integers (s, - . ., s;) (here [4+1 is the number of nodes in the affine Dynkin diagram).
For g = eg, if @ is a non-trivial finite order automorphisms and g? is semisimple, [17,
proposition 8.6] shows that the sequence is of the form (0,...,1,...,0) with only
one s; = 1 and ¢ > 0. That is, only one node is involved in the affine Dynkin

: (1),
diagram Fg ’: 1 9 3 4 5 6 4 9
O A A O O O

ks

This unique node will be highlighted in black. In particular any such automorphism
has order at most 6, and up to conjugation there are only two order 4 automorphisms
and one order 6 automorphism with semisimple g?.

PROPOSITION 3.3. Let QQ be a mazimal finite abelian subgroup of Aut(eg). Then
either Q) is p-elementary abelian with p = 2, 3 or 5, or the exponent of Q is either
4 or 6. Moreover, for any 0 € Q, the fized subalgebra ¢f is semisimple.

Proof. By lemma 3.2, ¢} is semisimple for any 6 € @, so the order of 6 is at most
6. The result follows at once. O

The maximal elementary abelian subgroups of algebraic groups have been classi-
fied in [13]. For Aut(es) there are only four such subgroups that coincide with their
centralizers (and hence they are maximal abelian subgroups). They are isomorphic
to 29, 75, Z3 and Z2,

Hence we must consider the situation in which the maximal finite abelian sub-
group @ of Aut(es) contains an automorphism of order 6 or 4. (It cannot contain
both as there are no elements of order 12 in Q.)

4. Order 6 automorphism

Let 0 be the order 6 automorphism of g = eg related to the following diagram:

1
O O O 4 O
13
The automorphism 6 induces the Zg-grading g = @%Z?’ g7, with g = {z €

g: 0(z) = "z}, where £ is a primitive 6th root of 1. Then, up to isomorphism,
we have

g =slU)@si(V)osl(W), g3=Ux12AW,
g=UVeW, g1 =12V AW,
g2 = 1@ V* @AW, g5 = U@ V* @ AW,
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where U, V and W are vector spaces of dimension 2, 3 and 6, respectively. The
expression above for gz, ¥ # 0, gives the structure of g as a module for gg. For gg,
g1 and gz this follows from [17, proposition 8.6], as well as the fact that, for 7 # 0,
g7 is an irreducible module for gg. The other components are computed easily.

In this case, the connected component Aut(gg)® is isomorphic to PSL(U) x
PSL(V) x PSL(W). Moreover, for any (a,b,c) € SL(U) x SL(V) x SL(W), there is
an automorphism ¢, 5 . of g with

¢a,b,c|g() = (Adaa Ady, Adc)7 ¢a,b,c|gi =a®b®c.

Note that g7 generates g as an algebra, so the automorphism ¢g p . is determined
by its action on gij. We have the following homomorphisms (of algebraic groups):

&: SL(U) x SL(V) x SL(W) — Cg(0),
(a,b,¢) = dabc,
¥: Cg(0) — Aut(gg),
@ = Plgg-
LEMMA 4.1.

(i) im¥ = Aut(gg)° ~ PSL(U) x PSL(V) x PSL(W) and ker¥@ = (0) (the sub-
group generated by 6 = d1, 14 1w )-

(ii) @ is surjective and ker ® = ((—1y, &1y, Elw)), which is a cyclic group of
order 6.

Proof. If ¢ is in ker ¥, then ¢|g, = id, so by Schur’s lemma, ¢|g; = Aid for a non-
zero scalar \. But g7 generates g and this forces A6 = 1, and hence ¢ is a power
of .

Since Cg(0) is connected (proof of lemma 3.2), im¥ is contained in Aut(gg)®,
so for any ¢ € Cg(0) there are elements a € SL(U), b € SL(V) and ¢ € SL(W)
such that ¢|g; = (Adg, Ady, Ad.). But ¢, € Cq(0), and ¥(p) = ¥ (Pap,c). Hence
<p¢;})76 € ker¥ = () Cim®. Thus, ¢ € im P and P is onto.

But ¥(im @) fills Aut(gg)°® ~ PSL(U) x PSL(V) x PSL(W), so we obtain that
im¥ = Aut(gg)°.

Finally, for any a € SL(U), b € SL(V) and ¢ € SL(W), the automorphism
®a,b,c is the identity if and only if a ® b® ¢ = id in Endp(U ® V ® W), and this
happens if and only if there are scalars A\, p,v € F* with Aur = 1 such that
a= Ay, b= uly and ¢ = vl (which implies that A= ,u3 = 1% = 1 because the
determinant of these endomorphisms is 1). This shows that ker @ is generated by
(_1U7§21V7£1W) = (531U7£21V7£1W)' O

THEOREM 4.2. Let QQ be a mazimal finite abelian subgroup of Aut(es) containing
an order 6 automorphism. Then there are aj,as € SL(U) with a3 = a3 = —1y,
ai1a2 = —asas, bl,bg S SL(V) with b% = b% = lv, b1b2 = fgbgbl, and C1,Co € SL(W)
with ¢§ = ¢§ = —1yw, cica = Ecaer (€ is a primitive 6th root of 1) such that Q is
conjugated to

(Bar by 1 Paz o Doty c1w) = Zi.

Therefore, up to conjugation, Aut(eg) contains a unique mazimal finite abelian
subgroup with elements of order 6.
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Proof. Let 6 € @ be an automorphism of order 6 as above. The quasi-torus @ C
C¢(0) induces a fine grading I' on g (a refinement of the Zg-grading) with trivial
neutral homogeneous component, which restricts to a grading I'5 on gg, and hence
on sl(U), sl(V) and s[(W) with trivial neutral homogeneous components. Denote
by 7y, my and my the projections of Aut(gg)® onto PSL(U), PSL(V') and PSL(WW),
respectively. In particular, 7y oW (Q) is a diagonalizable subgroup in PSL(U) whose
induced grading on s[(U) satisfies that its neutral component is trivial. By theo-
rem 2.1, the only possibility is that 7y o W(Q) is isomorphic to Z3. Analogously,
7y o W(Q) = Z3 and my o ¥(Q) = Z2.

This shows, in particular, that there are elements c1, co € SL(W) with ¢§ = ¢§ =
—1 and ¢1c2 = Ecacy such that my o U(Q) = ([c1], [ea]). Hence there are elements
ai,as € SL(U) and b1,by € SL(V) such that ¢q, p,.c, and ¢a,.p,,c, are in Q. Now
we get the following.

e Since 7y o ¥(Q) = Z3, we have Adii =id, i = 1,2, so a? = g;1y, with
g, ==x1,1=1,2 (as det(a;) = 1).

o Also, my o W(Q) = 73, so Adj, =1 and b} = y;1y with pf = 1,7 =1,2.

© $8 4o =id,s0id = af @b @ ¢ = —af ® b @ 1w = (—epu)id. Hence
gin? = —1, and this ensures that &; = —1 and p; = 1, i = 1,2.

e Since @ is abelian, @q, b, .c1Pasbo,co = Paz,bs,coPar,bi,cr, and hence ajar ®
b1bs ® c1co = aga1 ® baby ® cocy, that is, ajas ® b1bs = asay ® baby. It
then follows that there are scalars p,v € F* such that ajas = pasa; and
biby = vbyb;. Besides, pu? = 1 (because det(ajas) = 1), v = 1, and &uv = 1.
We conclude that ajas = —asa; and biby = £2byby, and hence we obtain
70 0 ¥(Q) = {[ar), [az]) and 7y 0 W(Q) = ([ba], [ba))-

If ¢ € @, let us check that ¢ € (g, by.crs Pas,ba,cas 0)- As T 0 W (@) € ([e1], [e2]),

there are integers 0 < nq,ns < 5 such that
CPas br,c1 Paam s, € KeT(mw 0 ).

Hence we may assume that ¢ is in ker(my o ¥). Since @ is onto, there are ele-
ments a € SL(U) and b € SL(V) with ¢ = ¢gp.1,,. (Note that 6 = ¢1,, 1, ¢1, =
Ge31y 641y 1 ) Since Ty oW () lies in ([a1], [az]), there is a scalar A € F* and inte-
gers 0 < r1,72 < 1 with a = Aa]'as?. Similarly, there is a scalar p € F* and integers
0 < 81,82 < 2 with b = ubj*b52. Also A2 = 1 = p® because the determinants are
always 1. Since ¢ commutes with ¢q, p, ¢,, we have

(a@b@1y)(a1 @b ®c1) = (a1 @b ®c1)(a®@ bR ly),

and, since aa; = (—1)"2aya and bb; = £*°2b1b, we obtain (—1)"2£2%2 = 1, which
gives ro = $3 = 0. In the same vein, we get 71 = s = 0. Therefore, p € ker ¥ = (0),
and we obtain @ = (@a; b1.c1» Pas,bs.car 0). Moreover, the three generators have order
6, 0 € ker(my o) and im(mwo¥|q) = ([c1], [ca]) = ZE, so Q is isomorphic to Z3. O
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5. Order 4 automorphism. Type I

Now let 6 be the order 4 automorphism of g = eg related to the following diagram:

2 3 4 5 6 4 2

L

The order 4 automorphisms conjugated to it will be said to be of type I. The
automorphism ¢ induces a grading by Zs: g = @ ¢y, 97, With g- = {z € g: 0(z) =
i"x}, where i is a primitive 4th root of 1. Then, up to isomorphism, we have

90 = 5[(U) @5[(‘/)5

1
O

g1 = U ® A%V,
gz =10 A",
g3 = U@ A%,

where U and V are vector spaces of dimension 2 and 8, respectively.
As in the previous section, we have group homomorphisms

&: SL(U) x SL(V) — Cg(6),
(a,b) = Paps
¥: Cq(0) — Aut(gp),
© > ¢lggs

where ¢gp]g; =0 ® A2b and ®ablg; = (Ada, Ady). The next result is proved along
the same lines as lemma 4.1.

LEMMA 5.1.
(i) im¥ = Aut(gg)°® ~ PSL(U) x PSL(V) and ker & = (0).
(ii) @ is surjective and ker @ = ((—1y,ily)) = Zy.

THEOREM 5.2. Let @ be a maximal finite abelian subgroup of Aut(eg) containing an
order 4 automorphism of type I. Then there are ay,as € SL(U) and by, ba,c1,c0 €

SL(V) with a? = —1y and b} = —1y = ¢2 for any i = 1,2; also, ajas = —azay,
biby = ibab1, cica = —cacq1 and bicj = c;b;, such that Q) is conjugated to
<¢a1,b1 ) ¢(127b2’ ¢1U761 ) ¢1U702’ ¢11U71V>' (5'1)

In particular, up to conjugation, Aut(es) contains a unique mazimal finite abelian
subgroup with automorphisms of order 4 and type I, which is isomorphic to Z3 x Z3.

Proof. Let § € @ be an automorphism of order 4 and type I. We can assume that
0 = di1,1y = P1y,wly, fOr w a primitive eighth root of 1 with i = w?.

Denote by 7y and 7y the projections of Aut(gg)® onto PSL(U) and PSL(V),
respectively. By theorem 2.1, mry o W(Q) is necessarily isomorphic to Z3, while 7y o
¥(Q), which is a 2-group of exponent less than or equal to 4, is isomorphic either to

https://doi.org/10.1017/50308210516000445 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000445

Mazimal finite abelian subgroups of Eg 1001

73 x Z3, or to Z§. In particular, there are elements a1, as € SL(U) such that a? =
—1y = a3, ajay = —aza; and 7y o¥(Q) = ([a1], [a2]), and hence there are elements
b1, by € SL(V) such that @q, b, s Pas b, are in Q. Since both automorphisms commute,
Baras,bibs = P—aras,baby» S0 that AZ(b1bg) = — A2 (baby) and this ensures that b1by =
wE2byby. Also, ¢2 , = id, so Ady, = id, i = 1,2. Since Adp, (b)) = w*2by, we
obtain that the order of Ady, is exactly 4, ¢ = 1,2, and hence both (¢4, b,, Pas.bs)
and 7wy 0 W((Pay by, Pagb,)) are isomorphic to Z3. Therefore, Q = my o ¥(Q) is
necessarily isomorphic to Z2 x Z32. Interchanging the indices if necessary, we may
always assume that biby = w2bob;.

Let us now prove that ker(my o¥|g) = (6). If ¢ is an element of Q Nker(my o ¥),
then there are elements a € SL(U) and p € F* with u® = 1 (i.e. uly € SL(V)),
such that ¢ = ¢ u1,. But ©@a, b, = Ga, b, for i = 1,2, because @ is abelian,
so aa; = a;a for i = 1,2 and, since a; and ay generate Endp(U), it follows that
a € F*1y. Hence a = £1y and ¢ € ker ¥ = (0).

Therefore, @Q is a 2-group of exponent 4, with my o ¥(Q) = Z2 x Z3 and ker(my o
¥|g) = Z4, implying that @ is isomorphic to Z3 x Z3.

Moreover, the quasi-torus Q = 73 x 73 induces a division grading on Endp(V).
The elements b; and bo are homogeneous, alg(by, by) is isomorphic to My(F), and
Endp(V) = alg(b1,b2) ® C, where C is the centralizer in Endg(V') of alg(by, ba).
Thus C is a graded subalgebra of Endg(V') isomorphic to M3 (F). Hence we obtain
V=V ®V,, dimV; =4, dim V2 = 2, and alg(by, bs) = Endr(V1), C = Endg(V2).

Since C' is a graded subalgebra,

Q = ([b1], [b2], [e1], [e2])
for elements ¢; € SL(V,) C C, ¢? = —1y,, i = 1,2, and cjca = —cacq. Then there
are elements a; € SL(U) such that ¢s, ., € Q, i =1,2.

The commutativity of Q gives ¢a, ¢, Pa; b, = Pa;b;Pa;,e; for any 4,7 = 1,2, and
since a1 and as generate Endy(U) and ¢;b; = bjc;, it follows that 4, € F*1y, so
a; = £1y (det(a;) = 1). Composing ¢y, ¢, With ¢_1,, 1, = 1, w21, = 62 if needed,
we may assume @1, ., € @, 7 = 1,2, and hence the result follows. O

6. Order 4 automorphism. Type II

Finally, let 8 be the order 4 automorphism of g = eg related to the following
diagram:

which will be said to be of type II. Thus 6 induces a Z4-grading g = 69er4 97,
where g7 = {z € g: 0(z) = i"z}, that satisfies

g0 = sl(U) ®s0(V, q),

g =UxV",
gz =NU®RY,
=AUV,
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for a four-dimensional vector space U and a ten-dimensional vector space V endowed
with a non-degenerate quadratic form ¢q. Here V+ and V'~ denote the two half-spin
representations of the orthogonal Lie algebra so(V, q).

Denote by C(V, q) the Clifford algebra of (V,q), and by « -y the multiplication of
any two elements x,y € C(V, q). Recall that C(V,¢q) is a unital associative algebra
generated by V and that v2 = ¢(v)1. The Clifford algebra C(V,q) is Zo-graded
with degv = 1 for any v € V. The spin group is defined as

Spin(V,q) :={z € C(V,q)§ : z-V -2~ CV,z-q(x) =1},

where ¢ is the involution (i.e. the antiautomorphism of order 2) of C(V, ¢) such that
¢(v) =wv for any v € V.

Let {e1,...,e10} be an orthogonal basis of V' with g(e;) = 1 for any i. Then the
centre of C(V Q) is Fl® Fz, with 2 = e - e2 - --- - e1g9 € Spin(V, q). Moreover,
22 = —1, so the order of z is 4. There is a surjective homomorphism onto the

special orthogonal group

Spin(V, q) — SO(V, q),

55 Lg,
where 15(v) = s-v-51 = s-v-¢(s), for any v € V, whose kernel is {£1}.
Besides, t, = —1y, so the quotient Spin(V;q)/(z) is isomorphic to the projective

special orthogonal group PSO(V, ), which in turn is naturally isomorphic to the
connected component Aut(so(V,q))°.
The Lie algebra so(V, q) is isomorphic to the Lie subalgebra

[V,V] :=span{[u,v] =u-v—v-u:u,v €V}

of C(V,q)5 - This Lie subalgebra generates C(V, q)p (as an associative algebra). The
half-spin modules V* are the two irreducible modules for the semisimple associative
algebra C(V,q)g (which are then irreducible modules for so(V,q) ~ [V, V] ). The
central element z acts on V* (respectively, V=) by multiplication by the scalar i
(respectively, —i).

As for the previous cases, we have a homomorphism

&: SL(U) x Spin(V, q) = Cg(6),
(a,8) = Qa.s,

such that ¢q s|g; is given by

$a,s(U@ ) = a(u) ® s.x,

for any a € SL(U), s € Spin(V,q), u € U and z € V*, where s.z denotes the
action of the element s € C'(V,q)g on z € V. Note that g; generates g, so ¢q s is
determined by its action on g1, and 6 = ¢ .. The restriction of ¢4 s to gg is then
given by

Pa,s(b,0) = (Ada(b), Ads(0)),

where Ad,(b) = aba™! for a € SL(U) and b € sl(U), and Ads(o) = s -
s € Spin(V, ¢q) and o € so(V,q) ~ [V, V] (adjoint action inside C(V,q)g

o-s ! for
)-
that Ads(0) = 1500 01,1 for any s € Spin(V, q) and o € so(V,q) ~ [V, V]

Observe
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There is also a group homomorphism:
¥: Ca(0) — Aut(gp),
P @lgs-
LEMMA 6.1.
(i) im¥ = Aut(gg)° ~ PSL(U) x PSO(V, q) and ker & = (0).
(ii) @ is surjective and ker @ = {(—ily, z)), which is a cyclic group of order 4.

Proof. If ¢ is in ker ¥, then ¢|g; = id and, by Schur’s lemma, ¢ acts as a scalar on
g7. This scalar must be a fourth root of 1 and hence ¢ is a power of 6.

For any ¢ € Cg(0), the restriction ¢|g, lies in Aut(gg)° ~ PSL(U) x PSO(V, q)
because Cg(f) is connected (see the proof of lemma 3.2), so there are elements
a € SL(U) and s € Spin(V, q) such that ¢|g; = ¢a,slg,- Hence oo, L € (0). But
0 = ¢in, 1 € im®. It follows that @ is onto. Also, im¥ = ¥(im ) fills PSL(U) x
PSO(V, ) ~ Aut(gg)°.

Finally, if ¢, s = id for a € SL(U) and s € Spin(V, q), then Ad, = id and Ad, =
id, so a € F*1y and s € Z(C(V,q)5) N Spin(V, q) = (z). But ¢r1, .~ = id if and
only if Ai" =1, or A = (—i)". Then (a, s) = (—ily, 2)", so ker® = ((—ily, z)). O

LEMMA 6.2. If 0 belongs to a mazimal finite abelian subgroup @ of Aut(es), then
(a) Q does not contain any element of the form ¢1, e;.c; with 1 < # j < 10;
(b) if ¢ s € Q, with x conjugate to

diag{w, w?® W’ W} € SL(U)

and s € Spin(V, q), has order 4 and is of type II, then s® has order 4 and is
conjugate in Spin(V, q) to e1 - ez -e3-eq - €5 €.

Proof. Any order 4 automorphism of eg is of type I if its fixed subalgebra has
dimension 66, and of type II if its fixed subalgebra has dimension 60. In the first
case its square is an automorphism of order 2 fixing a subalgebra of type E7 + A,
and dimension 136, and, in the second one, its square is an automorphism of order 2
fixing a subalgebra of type Dg and dimension 120.

The automorphism ¢1,, ¢,.., has order 4 and fixes element-wise a subalgebra
isomorphic to sl(U) @ soy @ sog inside gg, and a subspace of the form A?U ®
W, dimW = 8 in g5. Hence dimgmU‘ei'QJ‘ > (15+1+428) + (3) x 8 = 92. We thus

obtain (a).
Note that for any order 2 element in SO(V, q) there exists an orthogonal basis as
above such that this order 2 element is the image of e;, - --- - e;,. € Spin(V, q), for

1<4; < -+ <igr < 10, and for two commuting order 2 elements in SO(V, q) there
is a common such orthogonal basis.

Since @ has exponent 4, we have (¢, s)* = idg so that (—1,s?) € ker® =
((—ily,2)) and s* = —1. Its square is ¢,2 2 = ¢_i,2 ... The order 2 element
zs2 is then conjugate to either e; - eg - eg - €19 Or to e3 - --- - e;p. Now it is easy
to compute the dimension of the subspace fixed in each g;. The fixed subalgebra
Of ¢_iz2 croeq-e9-e,, Nas dimension (7 + 21) + 32 4 28 + 32 = 120, while the fixed
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subalgebra of ¢_;;2 ¢,.....e,, has dimension (74 29) + 32+ 36 4+ 32 = 136. Hence 282
is conjugate to ey -eg - eg - e1p and s2 to ey - - - €6. O

Denote by my and my the projections of Aut(gg)® onto PSL(U) ~ Aut(sl(U))°
and PSO(V, q) ~ Aut(so(V, q))°, respectively.

PROPOSITION 6.3. If Q is a maximal finite abelian subgroup of Aut(es) with auto-
morphisms of order 4 but all of them of type II, then my oW (Q) is isomorphic to 73
and the grading induced in so(V,q) is elementary, i.e. induced by a grading on V.

Proof. Since 7y o ¥(Q) induces a grading on s[(U) such that its neutral component
is trivial, we have that theorem 2.1 implies that 7y o ¥(Q) is isomorphic to either
Z3 or Z3. Assume that we are in the first case. Then there are z1,z2 € SL(U) with
z} = 23 = —1 and z129 = izaxy such that 7y o ¥(Q) = ([x1],[z2]). Thus there
are s1, s2 € Spin(V, ¢) with ¢, 5, € Q. Again by theorem 2.1, 1 and x5 are, up to
simultaneous conjugation,

r1 = diag{w, w?®, W’ W'}, To =

o o & o
o &€ oo
£ oo o
o o O &

By lemma 6.2 we may assume that s2 = e; - e - e3 - eq - €5 - €g and, since s7 and s3
anticommute, that either 3% =ey-€5- €5 €7 €8 €9 OT s% =e€e9-€3:-€4-€5 €G- €E7.

Lemma 6.1(ii) gives s1 - s = —z - 55 - 81, and hence (s1 - s3)? = 2 - 57 - 53 must
have order 4 by lemma 6.2(b). But for s3 = e4 - e5 - eg - 7 - eg - eg we get that
(s1-89)2 = 28283 =—z-e1-ex-€3-€7-€3-€9 = €4 €5 €6 - €109, which has order 2,

while for s3 = e -e3-e4-e5-¢5-e7, (51-52)2 = 2-e; - e7 also has order 2. In both
cases we get a contradiction.

The only possibility, then, is 7y o ¥(Q) = Z3.

Besides, my o ¥(Q) C PSL(U) = Aut(Endg(U)) induces a division Z3-grading on
Endp(U) = D. Therefore, the Brauer invariant of the s{(U)-module U is Br(U) =
[D]. This allows us to obtain information about the Brauer invariants of the involved
s0(V, g)-modules.

The maximal quasi-torus @ induces a fine grading I" by the group of characters
A of @, which is a refinement of the Z4-grading. Thus I" induces a grading I on
g5 = sl(U) ®so(V, q) by A with support the group of characters of Q/(QNker¥) =
Q/{0). It also induces a grading I on each g (an irreducible gg-module), r = 1,2, 3,
compatible with I5. As in lemma 2.2, up to a shift, I'- is the only A-grading on
g7 compatible with the grading I. Besides, the representation of gg on g5 gives a
graded homomorphism of associative algebras

p: Ulgg) ~ U(sl(U)) @ U(so(V,q)) — Endg(gs) ~ Endp(A%U) @ Endg(V).

Then the Brauer invariant of gz, which is trivial since the grading on Endp(gs)
is elementary, satisfies 1 = Br(gs) = Br(A2U)Br(V) = [D]?Br(V) = Br(V), since
[D]? = 1. Hence Br(V) = 1 and the grading on so(V,q) is induced by a grading
on V. O
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REMARK 6.4. Recall some facts on elementary gradings on simple Lie algebras of
type Dj from [7] or [10, theorem 3.42]. Let @ be a quasi-torus of Aut(so(V,q)) such
that the A-grading I"” induced 0n~50(V7 q) is compatible with a grading on V', where

A is the group of characters of Q). A homogeneous F-basis {e1,...,e10} in V can
be selected such that b (the polar form of ¢) is represented by the block-diagonal
matrix

diag(1,...,1,(98),...,(9d)),

and the degrees dege; = g; satisfy

2 —1
91 = " =9q = 9q+19q+2 = "+ = Gq+2s—-19q+2s = Yo >

with ¢+ 2s = 10 and go € A is the degree of b (i.e. for any g,h € A, b(V,, Vj,) C
Fyhgo)- So if 04, € 50(V,q) denotes the map that sends w to b(u, w)v — b(v, w)u,
then

Ocqiaj—1,€q+25 € (50(‘/’ q))gq+2jflgq+2j = (50(‘/7 Q))e

for all ¢ < 7 < 10. If the grading I"" also satisfies that the neutral homogeneous
component is trivial, then ¢ = 10 and it is possible to shift the grading on V' to get
go = e. To summarize, there is an orthogonal homogeneous basis {e1,...,e10} of V
with g(e;) = 1 and deg(e;) = g; for any i, with g? = e for any i. Also, the condition
50(V,q). = 0 forces all the g;s to be different.

If, in addition, Q is contained in PSO(V,q) ~ Aut(so(V,q))°, then we have
9192~ g10 = e (see [11, lemma 33]). The elements of Q lift then to SO(V,¢) and
they act diagonally in this basis with eigenvalues 1 or —1. Therefore, we have

Q C (Ade,e, 1 # j),

because te,.¢; is the diagonal endomorphism with e; and e; eigenvectors with eigen-
value —1, and ey, is fixed by ¢, ., for h # 4, j. This means that @ can be embedded
in Z§, since the map

Z3 = (Ade,.c,: i # j),

Ei— Adei.ei+l,
where g; = (0,...,1,...,0) (1 in the ith position), is a surjective homomorphism
with kernel (g1 +¢e3 45 +e7+9), because eq -eg - - - e10 = z and Ad, = id. Note
also that e1 -eg -+ eg = —z-€9- €10, 50 Ade, .ey.es = Adeg.e,,- In the same vein,
€1 ey eg=2-€7-€g-ey-ei. Thus the group (Ade,..;: 7 # j) consists of the

elements id, Ade,..; for ¢ # j, and Ade,.c; e, ¢, for different i, j, k, 1.

THEOREM 6.5. Up to conjugation, there is a unique maximal finite abelian subgroup
Q of Aut(es) containing an automorphism of order 4 and type II but no automor-
phism of order 4 and type 1. This mazimal quasi-torus is isomorphic to Zy x 75,
and a realization is provided by

<¢w1,€8-59 ¢y1,€9'€107 ¢$2,€3'64? ¢y2,61'63'€6'67? ¢1U,61'€2'€3'E4? ¢1U,63~e4»e5-55a ¢1U,z>7

for some orthonormal basis {ey, ..., e} relative to q.
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Proof. As 7y o W(Q) is isomorphic to Z3 by proposition 6.3, we have 7y o ¥(Q) =
([z1]; [1); [w2], [yo]) with af = v = —1u, ziyi = —yizi, viy; = y;@i, ford, j € {1,2},
i # j, and 122 = ToT1, Y1Y2 = Yoy1. Then there are elements pi,q1,p2,q2 €
Spin(V, q) with du, p,, Byy,q1s Pz pas Pysrge € Q- First, we are going to check that

kermy o ¥|g = (6). (6.1)

Take a € SL(U) and s € Spin(V, ¢) with ¢, s € Q Nker(my o ¥). Then Ad, = id,
so s € (z). But ¢_j1, , = id, so if s = 2", ¢q.s = Pirq,1 and we may assume that
s =1. Now, ¢g,1 is in @, so that ¢a,1¢z7~,,p,¢ = ¢zi,p7¢¢a,l and ¢a,1¢y7~,,qi = ¢qi,yi¢a,1~
Hence a commutes with {x1, z2, y1,y2}, which generates Endr(U) as an associative
algebra, so that a € Z(Endp(U)) NSL(U) = (ily). Therefore, ¢o1 € (0 = iy, 1)-

Equation (6.1) gives Q/(0) = 7y o ¥(Q), so that the grading on so(V, ¢) and the
Z4-grading determine the fine grading on es induced by Q. As Q = 7y o 7(Q) C
PSO(V,q) ~ Aut(so(V,q))° and the grading I induced on so(V,q) has neutral
component, we can apply to Q all the facts in remark 6.4. In particular, Q is
isomorphic to Z5* with m < 8, and hence @ is isomorphic to Z4 x Z5" (4 < m < 8).
We will see that m = 6.

The commutativity of Q gives ¢z, y1.p1-1 = Py1z1.91p1 = P—z1y1,q1-p2 DA We get
p1-q1 = —q1-p1- In this way, we check that the elements p1, g1, p2, g2 in Spin(V, q) C
C(V, q)g satisfy the same commutation relations as x1, y1, x2, y2. In particular, the
elements p;, g; are not in Z(Spin(V, q)) = (2). Besides, Ad,, € (Ade,.¢;: 1 # j), and
0021 pn = Plu,2Burpr = Dur,opys 02 bur py = bay,—p, - Hence we may replace p1 by
z - p1 or by —p1, and the same for ps, q1, g2. Therefore, we may assume that each
p; or g; is of the form e; - e; for @ # j, or e; - ¢; - ey, - ¢, for different ¢, j, &, [.

Then Q is generated by ¢z, p1s Pyi.q1s Prs,pas Pys.qe ad by the elements in @ of
the form ¢y, s with s € Spin(V, ¢). Moreover, these elements s belong to {*e;, -€;, -
et 1< <o <y <10, 7 oeven, v # 2, v # 8} by lemma 6.2(a). Besides
this, the commutativity of @ ensures that any element s € Spin(V,¢) such that
1,5 € Q commutes with p1, ¢1, p2, g2, and any two elements s,s’ € Spin(V,q)
with ¢1,, s, P1,,s € @ commute. We are going to reduce the task of determining @
to an easy combinatorial problem.

Given two sequences I = (i1,...,4,) and J = (j1,...,Js), with 1 < 43 < --+ <
i < 10,1 < j1 < --+ < js < 10, consider the elements ey := e;, - €;, - -+ - €,
eyi=ej ~ej, - -ej, in C(V,q) as above. Then ey - ey = (—1){le; . e;.

Identify I with the element z; € Z1° with 1s in the components iy, ..., 4, and Os

elsewhere, and similarly for J. Then ej - ey = (—1)*1**/¢; - e;, where, for elements
r,y €70 rey = Zgl x;y; denotes the natural symmetric (and at the same time
alternating) non-degenerate bilinear form on Z°. In other words, the elements ey
and e; commute in C(V,q) if and only if x; and x; are orthogonal in Z°.

Note that z = e1 - ez -+ €10 = €(1,2,3,....10)- Let K = Zo(1,1,...,1). Then K+
is the subspace of the elements x; with |I| even (i.e. ey € Spin(V, ¢)). The bilinear
form e induces a non-degenerate alternating bilinear form on K+/K.

Then the problem of finding a maximal finite abelian subgroup @ under the
conditions above is equivalent to the problem of finding maximal subspaces S of
K+ /K that are the orthogonal sum of two orthogonal hyperbolic planes U; and
Us (corresponding to {p1,q1} and {p2,¢2}), and a totally isotropic subspace Us
orthogonal to U; and Usy. That is, S = Uy L Us L Uz, U; e U; # 0,1 = 1,2,
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UszeUs =0,U;eU; =0 for i # j, and dimg, U; = dimgz, U = 2, and with the extra
condition that there is no Z € Us (Z denotes the class modulo K of an element
x € Z1°) with |Supp(z)| = 2 or 8, where Supp(z) is the set of indices with z; # 0.

Since dimz, K*+/K = 8, the maximal dimension for Uz is 2 and in this case
S = Us-. As above, let {c1,...,10} be the canonical basis of Z1°. Up to reordering
of indices, the only ‘maximal’ possibility is given by

Us; = Zg(z’;‘l +ée9+ €3 +€4) @22(53 +e4+ €5+ 56)-

(Note Za(e1 + 2+ €3 +€4) D Za(es + 6 + 7 +€5) is not valid, as e; + -+ +e5 =
€9 + €10, which is the class, modulo K, of an element with support of size 2.)
Then, up to a reordering of indices, there is a unique maximal possibility:

iR
S =U;s =span{e| + €2,63 + €4,65 + 6,61 + €3 + 66 + 7,68 + 9,89 + €10}

O
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