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Abstract

We determine the reflexivity index of some closed set lattices by constructing maps relative to
irrational rotations. For example, various nests of closed balls and some topological spaces, such as
even-dimensional spheres and a wedge of two circles, have reflexivity index 2. We also show that a
connected double of spheres has reflexivity index at most 2.
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1. Introduction

For any topological space X, let S(X) denote the set of all closed subsets of X and
let C(X) denote the set of all continuous endomorphisms on X, that is, the set of all
continuous functions that map X into itself. A subset A of X is invariant under an
endomorphism f on X if f(A) C A, that is, f(x) € A for all x € A. For any £ € S(X)
and any ¥ € C(X), define

Alg L={feCX): f(A) CAforallA € L},
Lat F = {A € S(X) : f(A) C A forall f € F},

that is, Alg £ is the set of all continuous endomorphisms on X that leave each subset
in £ invariant and Lat ¥ is the set of all closed subspaces of X that are invariant under
each endomorphism in F.

The set C(X) is a semigroup under the operation of function composition, with an
identity id, where id(x) = x for all x € X. The topology on X induces a topology on
C(X), whose sub-basic open neighbourhoods of ¢ € C(X) are subsets of C(X) of the
form

N, ¢,U) = {y € C(X) : ¢(x) € U},

where U is any open neighbourhood of ¢(x) in X. It is easy to verify that for any
L C 8(X), Alg L is a closed subsemigroup of C(X), with identity id.
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A subset L of S(X) is reflexive if Lat Alg £ = L. Since Lat ¥ = Lat Alg Lat ¥ for
any ¥ C C(X), L is reflexive if and only if £ = Lat¥ for some ¥ C C(X).
The meet and join of any collection {4,, : w € Q} of closed subsets are defined by

/\wEQ Aw = mweQ Aw and \/wEQ Aw = UweQ Aw’

where A denotes the closure of the set A. With these operations S(X) is a complete
lattice. We call any complete sublattice of S(X) that contains the trivial subsets @ and
X a closed set lattice. In particular, Lat ¥ is a closed set lattice for any ¥ € C(X) and
so any reflexive family of closed subsets is necessarily a closed set lattice.

For any reflexive closed set lattice £, Alg £ is the largest of all subsets ¥ of C(X)
with the property that Lat 7 = L. It is of interest to determine the minimal size of such
subsets .

DEFINITION 1.1. The reflexivity index, (L), of a reflexive closed set lattice L is
k(L) = min{|F| : LatF = L}.

If £ = {@, X}, we denote the reflexivity index of £ by «(X) for convenience and call
it the reflexivity index of the topological space X. If x(X) = 1, we say that the space X
is transitive and a map f in ¥ is a transitive map.

The notion of the reflexivity index was introduced by Zhao in [10] in the context
of arbitrary subset lattices. These can be regarded as closed set lattices for the
discrete topology on X. The results in [10] were generalised in [3]. The notion of
reflexivity for lattices of closed subspaces of a Hilbert space was introduced by
Halmos in [2] and has received a lot of attention (see [1] for a general reference).
The reflexivity index of various types of closed subspace lattices has been calculated
(see, for example, [4, 5, 8]). Very little seems to be known about the reflexivity index
of an arbitrary reflexive lattice of closed subsets. In this paper we determine the
reflexivity index of some closed set lattices by constructing maps relative to irrational
rotations.

By an irrational rotation we mean a rotation operator acting on R?> whose rotation
angle is an irrational multiple of 2x. Since the set {1, z, 72,73, ...} is dense in the unit
circle in C if and only if z = €2 where @ is an irrational number, the set of powers
{I,R,R?, ..} is dense in the set of all rotation operators acting on R? if and only if R is
an irrational rotation.

In Section 2, we determine the reflexivity index of various nests of closed balls in
a separable Hilbert space. In Section 3, we determine the reflexivity index of some
topological spaces, such as even-dimensional spheres and a wedge of two circles.
We also give an upper bound for the reflexivity index of some spaces, such as
odd-dimensional spheres and a connected double of spheres.

The following lemma will be useful.

LEMMA 1.2. For each ¥ € C(X), Lat ¥ = Lat 7":, where ? is the closure in the
induced topology of the semigroup of all finite products of elements of F U {id).
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PROOF. Since F C F , it follows that Lat F C Lat¥ and so it is sufficient to show
that Lat ¥ C Lat 7. Suppose that M € Lat#,x € M and ¢ € F. Suppose also that U
is an open neighbourhood of ¢(x) in X. Since ¢ € 7,‘:, there exist ¥, ¥2,..., ¥, € F
such that Y, -+ -yt (x) € U. Since M € LatF, ¥, - - - yop1(x) e M. So, UNM +#
@ and, since M is closed, it follows that ¢(x) € M. So, M € Lat % ]

REMARK 1.3. It is easy to see that the closed set F is itself a subsemigroup of C(X)
with identity id.

2. Reflexivity index of nests of balls

Let $ denote a separable real Hilbert space. We consider a simple example first.
Foreachr > 0, let W = (J,59 B, U 9, where B, = {x € $ : ||x]| < r}. Then 9 is a totally
ordered, closed subset lattice. Note that we choose not to include @ in 9t. The subset
By = {0} is the minimal element of 9. We say that 9t is a nest. We shall show that 9t is
reflexive and determine its reflexivity index.

PROPOSITION 2.1. 9 is reflexive.

PROOF. Let Cy ={f : |If()|l < ||x|| for all x € H} denote the set of all contractive
endomorphisms. It is easy to see that Alg9%t = Cy, so 9t C Lat AlgN = LatC;.
Suppose that M € LatC; and x € M\{0}. Suppose also that ||[y|| < ||x||, and f(z) =
(Izll/IIx[l)y for each z€ . Then feC; and f(x) =y, so ye M. It follows that
By € M. So, M = ey Bjx) € 9t and hence LatC; € 9%t. Thus, 9t = LatC; and N is
reflexive. ]

PROPOSITION 2.2. k(M) > 1.

PROOF. Suppose that 9t = Lat{f}, that is, () = 1. Then, for each x € §, the orbit
O(f,x) = {x, f(x), f>(x),...} of x is dense in By Here f" denotes the nth iterate
of f, that is, f' = f and f™'(x) = f(f*(x)). Suppose that x # 0. Then ||f*(x)|| <
Ix]| for some n € N. Since f € Cy,IIf"@I < |If"(x)|l for m > n. But then O(f,x)
is not dense in Byy. This is a contradiction and so no such function f exists.
So, k() > 1. O

PROPOSITION 2.3. Ifdim $ = 1, then k(1) = Ny.

PROOF. Let dim$ =1, so = R. Let f.(x) = rx for x € R. Then f, € AlgM if and
only if |r] < 1. It is easy to see that = LatF if ¥ = {f, : |r] <1 and r is rational}.
So, k(9N) < Ny. Suppose that Lat F = N, where F is finite. Consider the finite set of
functions S = {f(x) : x € {—1,1} and f € F}. Since ¥ C Algd = C;, we have S C B;.
If S C {-1,1}, then {1, 1} € Lat ¥. But {1, 1} ¢ 9%, which is a contradiction. Let r =
max{|y| : y € Sand |y| < 1}. Then B, U {—1, 1} € Lat ¥. But B,U {—1, 1} ¢ 9. It follows
that no such finite set ¥ exists. So, k(M) = N. O

We shall show that dim £ = 1 is the exceptional case.
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Assume that $ is a separable infinite-dimensional Hilbert space with orthonormal
basis {&, : i € N}. Foreachn € N and each 8 € R, let R,,(6) denote the isometric rotation
operator on $ which satisfies

coSs 2m0&, + sin 2m0&,., ifi=n,
R, (0)&; = { —sin2n6¢, + cos2nb&,, ifi=n+1,
& ifi¢{nn+1}

Let R = {R,(0) : n € N, 8 € R}. The following properties of R will be useful for our
determination of x(N).

LEMMA 2.4. Suppose that x € $. Then T(||x||£1) = x for some T € R

PROOF. The result is trivially true if x = 0. So, suppose that x = ZJ“’] x;i& #0. We
define sequences of real numbers (4,,);”, and (6,),” | recursively as follows. Let 49 =
llx]|, @1 = arccos(x;/Ap) and A; = Ay sin ;. Forn > 2 1f/l,,_1 =0,letd, =0and 4, =0,
and, if 4,-; # 0, let 6, = arccos(x,/A,-1) and 4,41 = 4, sin6,. We shall also require
that x,,. sin 8, > 0. (This requirement is not necessary here but will be needed later.)
Let 7o =1 and T, = R,(6,)T,— for n > 1. Let P, denote the orthogonal projection
with range span{¢; : 1 <j < n}. It is easy to show that T,,(1o&1) = P,x + A,&,41 and
|[4,] = ||(1 = P,)x||. Since P,x — x in norm as n — oo, T,,(1pé1) = T,(||Ix[|€1) — x as
n — oo. Clearly, T,, € R for each n € N. Choose y € $ and consider the sequence
(T,y),,- Choose € >0 and N € N such that [|(/ — Py)y|l < &. Since T,Py = TyPy
for all 7 > N, ||T,y = Tl < IT,Pxy = TuPyll+ 1Ty = To)( = Py)yll < 26 if n > N
and m > N. So, (T,y);, is a Cauchy sequence in $ and hence has a limit. Define
Ty = lim,_,, T,y. Itis easy to verify that 7,, — T as n — oo, in both the strong operator
topology and the induced topology on C($). Since R is closed, it follows that T € R
and T(Ixl€) = lim, e To(llIE)) = x, o

LEMMA 2.5. Suppose that x,y € $ and ||x|| = ||y|l. Then Tx =y for some T € R

PROOF. We may suppose that x and y are nonzero. By Lemma 2.4, T\(||x[|£)) = x
for some T € R and T>(|[yll¢1) = y for some T, € R. Since RL,\(H)‘1 = R,(—0) and the
rotations R, (6) are isometric, R is indeed a group. So, T;' € R. Let T = T>T;"'. Then

Teﬁande:y. O

Let us introduce a theorem of Kronecker [7]. Let U denote the set of
‘multi-rotations’ acting on $, which are direct sums of rotation operators acting
on the two-dimensional subspaces span{&s,,—1,&2,}. That is, R € U if and only if there
are real numbers 6,,, n € N, such that, for each n € N,

Ré‘:Zn—l = COS 2716?,152,,_1 + sin 271'9,,62",
R&y, = —sin2n6,&5,-1 + cos 216,62,

Note that U contains each of the rotation operators R;,_1(#) for n € N.
From [7], U is singly generated. That is, there exists R € U such that the set
of powers {I,R,R?,...} is strongly dense in U. To see this, let G denote the group
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(R/Z)* ~ [0, 1), where the group action is pointwise addition modulo 1. For each
6 = (0,)nen € G, let R(0) denote the multi-rotation R which is defined above. Then
U = {R() : 0 € G}. Note that U is a commutative group of unitary operators whose
identity is the identity operator /. Furthermore, we have R(6 + ¢) = R(6)R(¢) and
IR©) ~ R@)I| = Sup,,eul2 sin(x(8,, — @,)| < 275up,cyql6 — @l

Suppose that 8 = (8,),en € G. The orbit O(0) is the set {m6 : m € N}, that is, the
set of all positive integral multiples of 8. The set of numbers 6,,n € N, is rationally
independent if a finite sum of the form q,0; + g6, + - - - + gn6y, Where g, € Q for
each n, is 0 if and only if g, = 0 for each n. According to Kronecker’s theorem, O(6)
is dense in G, with the product topology, if and only if the numbers 6,,n € N, are
rationally independent.

Suppose now that 6% = (6%),cnr, where the numbers 67, n € N, are rationally indepen-
dent, and suppose that R(¢) € U, {x1,x2,...,xx} C 9 and € > 0. Choose N € N such
that ||(I = Poy)xil| < efor 1 < k < K. Since O(6%) is dense in G, there exists m € N such
that [(m6"), — ¢,] < & (mod 1) for 1 <n < 2N. Let D = R(m#*) — R(¢). Then ||D|| < 2
and ||[DPyy|| < 2me. So, for 1 < k < K,

IDxill < IDPonxill + [IDU = Pon)xill < 2mellxl| + 2¢ < Ce,

where C = 2rsup; o kllxill + 2. So, the set {(R(n6") : n e N} is strongly dense in U. We
say that R(6%) is a generator of U.

We turn now to the problem of determining x(9). Let V = SUS*, where S is the
unilateral shift operator on $ which satisfies S¢&, = &, for each n € N. Note that if
6 = (6,)nen € G, then SR(60)S*¢; = 0 and, foreachn > 1,

SR(6)S* &5, = €08 2m0,énpy + SIN 270,011,
SR(0)S™&rp1 = —sin 270,E,, + €08 20,8041 .

Thus,
SR.(¢)S* = Ryp1(¢) — P;) forneNand g e R.

Now let F = {R(6"), SR(6%)S*}, where R(6") is a generator of U. Note that SR(*)S*
is a generator of V. We shall show that Lat# = 9, which will imply that x(9) = 2.
The proof relies on several lemmas. For each k € N, let $; denote P;$.

LEMMA 2.6. Suppose that x,y € Sf)lL and ||x|| = ||Iyll. Then Tx = y for some T € 7?

PROOF. As remarked previously, 7? contains all operators of the form Ry,_(6).
Similarly, ? contains all operators of the form R,,(0)({ — P;). The restrictions of
these operators to Sﬁll are all isometric. Furthermore, 55ll is invariant for each of these
operators, except those of the form R;(6). So, simple modifications of the proofs of
Lemmas 2.4 and 2.5 prove this lemma. O

LEMMA 2.7. Suppose that x,y € $ and ||x|| = ||y||. Then Tx = y for some T € 7":

https://doi.org/10.1017/5S0004972721000162 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972721000162

498 B. Ma and K. J. Harrison [6]

PROOF. We may assume that x # 0. First suppose that ||y|| = ||x|| and choose 6 and
¢ such that R;(f)x € H; and R(¢')y € H;. By Lemma 2.6, T(R;(6)x) = R1(6)y. So,
Ri(=0")TR,(0) € F and R, (=@)TR,(6)x = y.

Suppose that [lxll > [lyll. Let ¢ = arcsin(lyll/Ixl) and z = [Ixll(cos @& + sin ¢é2).
Then || = [l2ll and || |xll sin @&l = [Iyll. So, Tix = z and Ta(llxl|sin gé2) = y for some
T,,To€F. Now S§* =I—P €F and SSz=||x||singé,. So, T,88*T, € F and
T,85* T\ x = y. O

THEOREM 2.8. k(M) =

PROOF. First we show that Lat & = %. Since ¥ C C 1, Bt =LatCy C Lat F. Clearly,
{0} = By € Lat F AR Suppose that x is a nonzero vector in M € Lat . By
Lemma 2.7, |Ix|| > |[yll = y € M and so By € M. Clearly, M C | J,cp By and so
M = UxeM B”X” € M. Thus, Lat 'i‘: =9N.

Since Lat ¥ = Lat F by Lemma 1.2, k(M) <|F|=2 and we know from
Proposition 2.2 that «(9t) > 1. ]

Now we show that the reflexivity index of a nest of closed balls in a
finite-dimensional Hilbert space is also 2, which can be seen as a corollary to the
previous theorem. For k € N and r > 0, let By, = {x € 9 : ||[x]| < r} and let

Ny = U Bir U i
r>0
Then ;. is a nest of closed subsets of the k-dimensional Hilbert space $;. We shall
identify operators of the form R, (6), as defined above, with their restrictions to ;. Let
R = RY U R}, where

RO = (Ry,1(6) : 1 <2n < k,6 €R),
R} = (Ron(@)I —P)): 1 <2n<k-1LO€eR)
COROLLARY 2.9. k() =2if2 < k < oo.

PROOF. The proof of Lemma 2.7 can easily be amended to show that if x,y € $; and
[lx]| = |Iyll, then Tx =y for some T € iﬁ; As in the proof of Theorem 2.8, this implies
that Lat R, = 9N,.

We have to make some small changes to the definitions of U and V so that the new
definitions are suitable for the finite-dimensional case. Let U} denote the set of direct
sums of rotation operators acting on the two-dimensional subspaces span{&,,,—, &2,,} for
2 <2n < k. We also let R&; = & if k is odd. Similarly, let V; denote the set of direct
sums of rotation operators acting on the subspaces span{&y,,, £2,41} for2 < 2n < 2k + 1.
We also let R¢é) = 0 and Ré;, = & if k is even.

Then ‘.Rg C U, and *R,l C V} and it is easy to see that both of U, and V. are singly
generated. Let ¥ = {R, R}, where R and R’ are generators of 9{2 and ‘.R,i It follows
from Lemma 1.2 that 9t = Lat ¥ and so k() < 2. But «(9t;) > 1 by Proposition 2.2
and so k(9;) = 2. O
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We extend these results by determining the reflexivity index of a larger class of nests
of balls. Suppose that A is a closed subset of R* and set

NA ={B,:re AJUD.

Then 9, is a nest of closed balls in $. In the special case A = R*, we have 9ty = 0,
where 9t is as defined before. We shall assume that 0 € A and that A is unbounded.
Suppose that ¢ is a strictly increasing function in C(R*) such that

)=t ifteA and o) >t ift¢A.

For example, we could define ¢(f) = a + V(b —a)(t —a) for all t € (a,b) for each
component (a, b) of R*\A. Now define ® € C(H) by ®(0) = 0 and

D) = @l ifx#0.
Il

Let A = R(#") and B = SR(6*)S*®, where R(6") is a generator of U. Observe that
Bx = (¢(x)/|IxI[)SR(6*)S*x for each x # 0, and that Bx = SR(#")S*x if ||x|| € A. Let
F ={A, B}. It is easy to see that ¥ c Alg 9. We shall show that Lat ¥ = 9. The
proof proceeds with several lemmas.

LEMMA 2.10. B"'S = SA"®" = SR(n6")®" for n € N.

PROOF. The proof follows from the repeated application of the identities @S = SO,
DA = AD, §*S = [ and A" = R(n6"). O

Fort > 0, let
e @) =influe A :u>t}
Since A is bounded, ¢* is well defined. Now define @ by ®*(0) = 0 and

(o] o0 x :
O°(0) = e ()= ifx £ 0,
[l
Note that ¢"(¢) T ¢*(¢) as n — oo for each t € R* and ®"(x) —» ®*(x) as n — oo for
eachx € 9.
LEMMA 2.11. Suppose that M € Lat ¥ and that x € M N $y. Then ®*(x) € M N 7.
PROOF. Note that x = SS*x since x € Sjll and B"x = B"SS*x = SR(n6*)®"(S*x) € M for
all n € N since M € Lat¥. Now

S*x S*x
= ¢™(Ixl)
s~ 7

Q*($7x) = DT(S"x) = @™ (IS xID)

asn — oo,
[l

Since R(#") generates U, it follows that [ is the strong limit of a subsequence of the
operators R(n6"),n € N. Since M is closed,

SS*x o X o
= (KD = 7 (x) e M. O
[ [l

SID=(S™x) = ™ (IIxl)
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LEMMA 2.12. Suppose that M € LatF,x e M N 551l and ||x|| € A. Suppose also that
yveDand|y|| < |lxll. Theny € M.

PROOF. LetS, = {u € $ : |lull = r} and observe that S, N $7 is an invariant set for both
Aand B. Let z = 226 + (I — P2)y, where |2* = |Ix]|* — [|(I — P)yll>. Then z € Sy N 7
and the proofs of Lemmas 2.4 and 2.5 can be easily modified to show that Tx = z for

someTe?.So,zeM. .
Now choose 6; € R such that |z;| cos 6; = ||P,Y||. Since {R(6;),S5*} C F,

SS*R1(61)z = (I = P1)R1(61)z = [|Poylléx + (I — Pr)y € M.
Finally, choose 6, such that R (6,)||P»y||é> = P»y. Then
Ri(62([|Poyllg2 + (I = P2)y) = Pay+ (I = Py)y=y €M. o
THEOREM 2.13. Suppose that A is a closed, unbounded subset of Rt and 0 € A. Then
k(Mp) = 2.

PROOF. Suppose that M € LatF and that x € M\{0}. By Lemma 2.11, ®*(x) € M and
[[O= ()] = ¢ (lxll) € A. So, by Lemma 2.12, y € M for all y satisfying ||y|| < ||®*(x)||.
Then M = J{Bjjo~q) : x € M}. Since A is closed, it follows that M = B, for some

reN,orM=9%.
Therefore, Lat ¥ = 9, and hence «(9i5) < 2. A modification of Proposition 2.2
shows that «(9t5) > 1. So, k(Np) = 2. O

REMARK 2.14. It would be interesting to determine «(Jtx) when O ¢ A.

3. Reflexivity index of some topological spaces
In this section we determine the reflexivity index of some topological spaces.
PROPOSITION 3.1. The reflexivity index is a topological invariant.

PROOF. Suppose that ¥ ¢ C(X) and that ¢ is a homeomorphism acting on X. Suppose
also that £ = Lat . Then ¢.£ = ¢LatF = Lat(¢F ¢~ ') and so ¢.L is reflexive. Sup-
pose also that |F| = k(£). Since |F| = |¢F ¢~"|, we have x(¢.L) < x(L). To complete
the proof, observe that ¢! is also a homeomorphism and that ¢~ (¢.£) = L. O

Let S" denote the n-sphere {x € R™! : ||x|| = 1}. It is not difficult to see that S" is
reflexive. From the property of irrational rotations, we clearly have «(S') = 1. We show
that x(§") = 2 when n > 2 is even.

LEMMA 3.2. k(S") <2 foralln>?2.

PROOF. Let us make some small changes to the definitions of U and V once again.
Let U’ be the set of direct sums of rotation operators acting on span{&,,—_i, &,}, With
the additional requirement that R, = &,+1 if nis even. Let V’ denote the set of direct
sums of rotation operators acting on span{&,,, £2,,+1}, with the additional requirement
that R€) = &) and Ré,.1 = &4 if nis odd. It is clear that ¢’ and V’ are both singly
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generated. Let 7 = {21, B}, where 1l is a generator of ¢’ and B is a generator of V’. It
suffices to show that Lat ¥ = §”. From Lemma 2.5, we see that for any x, y € ", there
exists T € ¥ such that Tx = y. So, a proof similar to that in Proposition 2.1 yields S" =

Lat 7 = Lat ¥ and (5") < 2. o

We introduce some new notation before coming to the next theorem. We rec-
ommend [6] as a general reference. Given any continuous map between topological
spaces f : X — Y, we have an induced map f,. : H,(X) — H,(Y) in the nth homology
group. For simplicity we just write f, instead of f.. Since H,(S") is isomorphic to
Z and any homomorphism from Z to itself is of the form r — mr, where m is an
integer, we may call m the degree of the map f:S" — S”, denoted by d(f) = m.
Ifx = (x1,x2,...,%,41) € 8", its antipode is —x = (—xy, —X2, ..., —X,+1). The antipodal
map is defined as a : x — —x.

Proofs of the following propositions can be found in [9].

PROPOSITION 3.3. If f,g : 8" — S" are continuous maps, then:

@ d(feg) =d(HHdg):;
(11) d(1gn) = 1, where 1 is the identity map;
(ii1) f is homotopic to g if and only if d(f) = d(g).

PROPOSITION 3.4. Ifn > 1, then the antipodal map a" : S" — S" has degree (—1)"*".

PROPOSITION 3.5. If f:8" — S" has no fixed points, then f is homotopic to the
antipodal map a".

THEOREM 3.6. «(8") = 2 when n > 0 is even.

PROOF. We show that x(S") # 1. If instead x(S") = 1, then we can take a transitive
continuous map f € C(S"). Denote by f? the composition f o f. Since f is transitive,
f and f? both have no fixed points. Then we see from Proposition 3.5 that f and f?
are both homotopic to the antipodal map «@”". Thus, f is homotopic to f? and, from
Proposition 3.3, d(f) = d(f*). However, from Proposition 3.4, d(f) = (-1)"*! = -1
while d(f?) = d(f)d(f) = (=1)> = 1 £ —1, which is a contradiction.

From Lemma 3.2, x(S") < 2 and it follows that x(S") = 2. m]

REMARK 3.7. It would be interesting to determine «(S") when n > 3 is odd.
We next introduce wedges of two circles.

DEFINITION 3.8. We say that a topological space X is a connected double of a space
Y if X can be written as a union of two connected subspaces X = A U B, where:

(i) A and B are both homeomorphic to Y;

(i) AN Bis aproper subspace of A and B;

(iii) there exists a homeomorphism f : A — B such that f|snp = 1, where 1 denotes
the identity map.
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FIGURE 1. Wedge of two circles.

EXAMPLE 3.9. It is not difficult to see that the wedge of two circles (see [6]), also
called ‘figure 8, is a connected double of a circle. See Figure 1.

It is clear that if we let A, B denote the two circles in the example above, then A N B
is a unique point Z. If P € A and Q € B, then any connected topological subspace of
A U B containing P and Q contains Z.

THEOREM 3.10. Let X be a connected double of an n-sphere (n > 1). Then k(X) < 2.

PROOF. Let X = A U B, where A and B are both homeomorphic to §”. We study the
case when n > 2 first. We retain the notation U’, V’, U and B defined in Lemma 3.2.
Recall that Lat{lT,\‘B} = 5"

Let f:S" — A be a homeomorphism and g be the composition of f and the
homeomorphism from A to B. Then g :S" — B is also a homeomorphism. Since
f~Y(P) = g"!(P) for all P € A N B, we have a well-defined map 4 : X — S" by setting

(') ifxeA,
hx) = {g-l(x) ifx € B.

Now define maps F : X — X, G : X — X as follows:

_[fufip) ifPeA,
F(P)‘{fug—l(P) if P € B,

We see that ' and G are both continuous.

Next we will show that Lat {1’{,6} = X. It suffices to show that for any x, y € X, there
exists amap H € {P{,E} such that Hx = y.

Assume without loss of generality that y € B. Denote by M the group of elements
of finite order generated by U and B, and by N the group of elements of finite order
generated by F' and G. By mapping ! to F and B to G, we have a group isomorphism
j:M — N.

Given any € > 0, there exists an open ball B, of radius r at A(y) such that
llg(t) — y|l < € whenever ¢t € B, N S". Moreover, there exists an element H; € M such
that ||H;(h(x)) — h(y)|| < r/2. From the definition of ¥, we see that there exists a pos-
itive number Q such that || — B9|| < r/2. Now ||BCH,(h(x)) — h(y)|| < r/2 +r/2=r
and Im((BCH))) = Im(j(B)j(BL'H})) c Im(jB) c Im(g) € B. With H = j(BCH)),
we have ||Hx — y|| < €.

Since X c Lat{F, G} and Lat{F, G} C X, it follows that k(X) < 2.

gBfI(P) ifPeA,

and ~ G(P) = {g%g‘l(P) if P e B.
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FIGURE 2. Examples of connected doubles of S'.

When n = 1, let 2l be an irrational rotation on the circle S! and let F, G be

Fufip) ifPeA, QUfY(P) ifPeA,

F(P):{fug‘l(P) ifpep, nd G(P)z{gllg‘l(P) ifPeB.

Again F and G are continuous. A similar proof gives Lat (F,G} = X and the reflexivity
index is again at most 2. O

COROLLARY 3.11. The spaces shown in Figure 2, as connected doubles of S', all have
reflexivity index < 2.

Finally, we show that the reflexivity index of the wedge of two circles is 2.
From [9], we see that if f: (X,x9) — (S',1) is a continuous pointed map between
topological spaces and 7y € Z, then we have a unique lifting map f’ : (X, x9) — (R, 7o)
with exp(f”) = f. Here exp(¢) denotes e>™.

THEOREM 3.12. The reflexivity index of the wedge of two circles is 2.

PROOF. Let X denote the ‘figure 8 space and let A, B denote the two circles of X. Let
A N B = Z, the unique intersection point.

We argue by contradiction. If the reflexivity index is 1, let f be the transitive
map. Assume without loss of generality that f(Z) =S € A. Let H : R — R/Z be the
map defined by H(j) = j +Z and let H" be the map from R/Z to [0, 1) defined by
Jj+Zw— j—[j], where [j] denotes the largest integer not greater than j. Since there is a
homeomorphism 6 + Z + > from R/Z to the complex unit circle, we may construct
a homeomorphism & from R/Z to A satisfying h(0 + Z) = Z.

Case 1. f(B) CA. If f(A) C A, then A is an invariant subspace of X, which is a
contradiction. So, f(A) N (X\A) # @ and there is a point R € A with f(R) € B. Choose
r € (0, 1) such that A~'(R) = H(r). Since f is continuous and Z is the unique point that
belongs to both A and B, there exist po € (0,7) and go € (r, 1) such that fhH(pg) =
JfhH(qo) = Z.

Let p; be the minimum value of all such pg € (0, r) and let ¢| be the maximum value
of all such ¢y € (g, 1), respectively. Clearly, s is not equal to p; or g, for otherwise
f*(Z) = Z, which is a contradiction. It suffices to consider the case when ¢; > s, for
otherwise we may apply the homeomorphism j +Z — (1 —j) + Z to R/Z.

We claim that s < p;. Suppose on the contrary that s > p;. Since f is continuous,
for any € > 0, we may find 6 > 0 such that H'h~! fhH(j) belongs to (1 — €, 1) or (0, €)
whenever j € (p; — 6, p1). If H'h™' fhH(j) € (0, €), by the intermediate value theorem,
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H'h~' fhH(j) has a fixed point in (0, p;). Thus, H'h~' fhH(j) € (1 — €, 1) whenever
j € (p1—96,p1). Similarly, there exists ¢’ such that H'h~!' fhH(j) € (0, €) whenever
j€(q1,q1 + ). Now we can find u; € (0, p;) such that H'h~' fhH(u;) = q;. Let u
be the maximum of all such u;. Then H’h~! fhH(j) € (g1, 1) whenever j € (u, p;) and
H'h™' f2hH(j) € (0, p1). Again by the intermediate value theorem, H’h~' f>hH(j) has
a fixed point ug in (0, p;). But then hH(uy) is a fixed point of f2, contradicting the
assumption that f is transitive. Thus, s > p;.

Now let p be the maximum value of all such py € (0, r) and let ¢ be the minimum
value of all such ¢y € (g,1). For any j € [p,q]l, we have fhH(j) € B. Thus, by
assumption, f2hH(j) € A.

LetJ : R/Z — R/Z be a homeomorphism defined by J(j + Z) = j — s + Z. From [9],
we see that the map JA~' f2hH : [p,q] — R/Z can be lifted to a map F : [p,q] = R
such that F(p) = 0 and HF(j) = Jh™' f2hH(j) for all j € [p, q].

Clearly, F(q) €{0,1,-1}. If F(q) =1, let F1(j) = F(j) + s, so that Fi(p)=s<p
and Fi(q) =1+ s> g. By the intermediate value theorem, there exists jy € (p, q)
such that F|(jo) = jo. That is, f2hH(jo) = hH(jo) and hH(jy) is a fixed point of f2.
If F(g) =—1, let F2(j) = F(j)+ s+ 1. Since F>(p) =1+ s> p,Fa(q) = s < g, again
by the intermediate value theorem, we can find jy in (p,q) such that F»(jo) = jo.
Now HF(jo) = jo—s— 1 +Z = jo — s + Z = Jh™' f2hH(j). It follows that f2hH(jy) =
hH(jo) and that hH(jp) is a fixed point.

If F(qg) =0, we can find a point j* € [p, g] such that |F(j)| attains its maximum
value at j’. Since f2 is continuous, for any jy € (p,;j’), we can find j, € (j/,q) such
that H'h~' f2hH(jo) = H'h~' f>hH(j,). Moreover, there exists a positive number K such
that H'h~' fXhH(p) € (p,j’) since f is transitive. Since fX has no fixed point, we can
find j; € (p,q) such that H'h~' fKhH(j;) = g. Thus, by the intermediate value theorem,
we can find a point w € (p, ;) such that H’h~' fX*2hH(w) = H'h~! f2hH(w). That is,
f2hH(w) is a fixed point of fX, which is a contradiction.

Case 2. f(B)N(X —A) # @. The proof is similar to that in Case 1. Here we let
i be the homeomorphism from R/Z to B satisfying i(0 + Z) = Z. By assumption,
there exists k € (0,1) such that fiH(k) € B. There exist k| € (0,k) and kJ € (k, 1)
such that fiH(k}) = fiH(k}) = Z. Let k; be the largest of all such k| and k; the
minimum of all such k}. Then fiH (ko) € B for all ko € [ki, k2]. Since H'i ' fiH(k,) = 0,
the map i~ fiH : [ky, k2] — R/Z may be lifted to a map F’ : [k;, ko] — R satisfying
F'(k;)=0and HF (ko) = i~ fiH (ko) for all ko € [k, k»]. Now H'i~! fiH(k,) € {0, 1, —1}.
If H'i~! fiH(ky) € {1, 1}, using a similar proof to Case 1, f has a fixed point. If
H'i"' fiH (k) = 0, again we can find k3 € (k, k») such that |F’(k3)| attains its maximum
value. There exists a positive number K’ such that fX (k;) € (k;, k3) and we can find
ks € (ki,ky) such that fX+1'iH(ky) = fiH(ks). Then fiH(ky) is a fixed point of fX',
which is a contradiction.

It is clear that the above two cases cover all possibilities. Thus, the reflexivity index
of the wedge of two circles is not 1. Combining this result with Theorem 3.10, we see
that the reflexivity index is 2. O
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