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A variational principle of scaled entropy for
amenable group actions

Yu Liu and Zhiming Li

Abstract. 'We study scaled topological entropy, scaled measure entropy, and scaled local entropy in
the context of amenable group actions. In particular, a variational principle is established.

1 Introduction

Entropy is one of the most widely used notions in the characterization of the com-
plexity of topological dynamical systems. In 1965, Adler et al. [1] defined topological
entropy. In 1973, Bowen [4] introduced the topological entropy of any subsets resem-
bling Hausdorft dimension. Later in 1984, inspired by Bowen’s approach, Pesin and
Pitskel [25, 26] extended the notion of topological pressure to arbitrary subsets and
established a variational principle which is a generalization of classical variational
principle established by Goodwyn, Dinaburg, and Goodman [7, 13, 14].

In 1983, Brin and Katok [2] gave the topological version of the Shannon-McMillan-
Breiman theorem with a local decomposition of the metric entropy. Further, Feng
and Huang [11] introduced the notion of measure-theoretical entropy for any (not
necessarily invariant) Borel measure which is a modification of Brin and Katok’s local
metric entropy and established the variational principle between Bowen’s topological
entropy and measure-theoretical entropy for any non-empty compact subset.

In 1975, Kieffer [22] firstly introduced entropy for amenable group actions. In 2000,
Rudolph and Weiss [28], the properties of entropy for amenable group actions was
elaborately explored. In particular, the classical variational principle for sofic group
actions was established by Kerr and Li [19-21]. The variational principle of topological
entropy and measure-theoretical entropy for amenable group actions was obtained by
Huang et al. [17]. The variational principle related to the Bowen entropy and the Brin-
Katok local entropy with respect to invariant measures for amenable group actions was
established by Zheng and Chen [31]. The variational principle of packing entropy and
measure-theoretical entropy for amenable group actions was obtained by Dou et al.
[9]. For other recent related work, we refer to [4-6, 8, 15, 16-18, 20, 27, 30, 31, 32]. One
may refer to Ornstein and Weiss [24], or Kerr and Li [21] for more details on dynamics
for amenable group actions.
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2 Y. Liu and Z. Li

In 2015, Zhao and Pesin [33] defined the scaled topological entropy and scaled
measure entropy. In this paper, we will work in the frame of countable discrete
amenable group actions and introduce scaled measure entropy and scaled local
entropy for any Borel measure. In particular, we prove a variational principle between
scaled topological entropy and scaled local entropy:

Ex({Fn},a) = sup{h,({F.},a) : p € M(X), u(K) =1},

where K is any non-empty compact subset of X. It is a scaled version of the variational
principles obtained by Feng and Huang for continuous maps [11] and by Huang et al.
[17] for amenable group actions. It worth to point out that the variational principle
in [25, 26] is not true for scaled entropies with respect to nontrivial sequences, we
refer to [33, Example 4.3] for the counter examples. Meanwhile, our result also holds
for continuous maps, we would like to directly present this result in a more general
setting.

The paper is organized as follows. In Sections 2 and 3, we introduce the notions
of scaled topological entropy, scaled weighted topological entropy, scaled measure
entropy E, and scaled local entropy h, for amenable group actions and investigate
their properties. We also give the definitions of equivalent scaled sequences and
equivalent Folner sequences. In Section 4, a variational principle is established, i.e.,
the scaled topological entropy is the supremum over all Borel probability measure of
the scaled local entropy.

2 Scaled topological entropy

In this section, we give the definitions of scaled topological entropy, lower and upper
scaled topological entropies on an arbitrary subset and some related properties. Let
(X, G) be a topological dynamical system, where X is a compact metric space and
G is a discrete countable amenable group. A group G is amenable if it admits a left
invariant mean. This is equivalent to the existence of a sequence of finite subsets {F,, }
of G which are asymptotically invariant, i.e.,

lim 7“:" 2 gh|

n—+oo |Fn|

, forall g € G.

Such sequences are called Folner sequence. One may refer to Ornstein and Weiss [24],
or Kerr and Li [21] for more details on dynamics for amenable group actions.

Let { F,, } be a Folner sequence in G. Throughout this paper, we always let the Folner
sequence {F, } be fixed.

2.1 Scaled topological entropy

We follow the approach described in [25]. Let U be an open cover of X. Denote by
WE, (W) the collection of families U = {Ug} gf, of length m(U) = |F,| with U, € U
and by W(U) = U,s; Wk, (U). For U € Wg, (U) define

X(U)= gV,
geF,

={xeX:gxeUsforgeF,}.
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Let Z c X be a subset of X. We say that a collection of strings T ¢ W(U) covers Z if
Uver X(U) > Z.

We call a sequence of positive numbers a = {a(n)},>1 a scaled sequence if it is
positive and monotonically increasing to infinity. We denote by 88 the set of all scaled
sequences.

Let N={1,2,3, --- }. Given a subset Z c X, s >0, N € N and a scaled sequence
a €88, let

M(Z,s,N,{F,},U,a) = il}f > exp(-sa(m(U))),
Uell
where the infimum is taken over all covers T’ ¢ U,.sy WE, (U) of Z. It is easy to see that
M(Z,s,N,{F,},U,a) is monotone in N. Define
M(Z,s,{F,},U,a) = I\}im M(Z,s,N,{F,},U,a).

By the construction of Carathéodory dimension characteristics one can show that
when s goes from —oo to +o00, M(Z,s, {F,},U,a) jump from +oo to 0 at a unique
critical value. Hence, let

Ez({F,},U,a) = inf{s: M(Z,s,{F,},U,a) =0}
=sup{s: M(Z,s,{F,},U,a) = +oo}.

Definition 2.1 Let (X, G) be a topological dynamical system. Fora € 88, Z c X,
Ez({Fn},a) = sup{Ez({F,},U,a)| Uis a finite open cover of X}

is called the scaled topological entropy of (X, G) on the set Z (with respect to the
sequence a € 88 and the Folner sequence {F, }).

Given a subset Z c X, s > 0, N € N and a scaled sequence a € 88, define

R(Z,s,N,{F,},U,a) = irrlf > exp(-sa(m(U))),

Uel'

where the infimum is taken over all covers I' ¢ W, (U) of Z. We set
r(Z,s,{F,},U,a) = liI{In inf R(Z,s,N,{F,},U,a),
7(Z,s,{F,},U,a) =limsupR(Z,s, N, {F,},U,a),
N—oo

and define the critical values of r(Z,s, U, {F, },a) and 7(Z,s, U, {F, },a) as

E,({F.},W,a) =inf{s: r(Z,s,{F,},U,a) =0}
=sup{s:r(Z,s,{F,},U,a) = +o0},

Ez({F,},W,a) =inf{s: 7(Z,s, {F,},U,a) = 0}
=sup{s:7(Z,s,{F,},U,a) = +o0},

respectively. For existences of the above critical values, we refer to [25, page 16].
Definition 2.2
E,({F,},a) = sup{E,({F.},U,a) : U is a finite open cover of X}
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and
Ez({F,},a) = sup{Ez({F,},U,a) : U is a finite open cover of X},
are called the lower and upper scaled topological entropy of (X, G) on the set Z.

Let U be an open cover of X and [U| = max{diam(U) : U € U} denote the diameter
of the cover U. In what follows we use the notation & for either E, E, or E.

m Ez({F,},U,a)

Proposition 2.1 Let a € 8§ and U be an open cover of X. Then |1lii\
-0

exists and is equal to € 7 ({F, },a).

Proof LetV be a finite open cover of X with diameter smaller than the Lebesgue
number of U. Each element V €V is contained in some element U(V) e U.
For any n € N and any string V = {V,}ec, € W, (V), there exists a correspond-
ing string U(V) = {U(V,)}ger, € Wg, (U). If T c W, (V) covers a set Zc X,
then U(T) = {U(V):V eI} also covers Z. By definition of the scaled topologi-
cal entropy, M(Z,s, N, {F,},U,a) < M(Z,s,N,{F,},V,a). Then, Ez({F,},U,a) <
Ez({Fn},V,a). Therefore, Ez({F,},U,a) < hl?;li%sz({Fn}’V) a), hence

limsup Ez({F,},U,a) <liminf E;({F,},"V,a).
[U|-0 |'V|—0

This implies that

Ez({Fu},a) = |111i|r30EZ({F"}’u’ a).

E,({F,},a) = \1111|m E,({F,},U,a) and Ez({F,},a) = |%Ll‘m Ez({F,},U,a) can be
-0 -0
proved in a similar manner. ]

Now, we describe the second equivalent definition of scaled topological entropy. Let
X be a compact metric space. Given € > 0,n € N and x, y € X, denote by df, (x, y) =
maXxger, d(gx, gy) and B, (x, €) the open Bowen ball of radius & > 0 in the metric dF,
around x, i.e., B, (x,¢€) = {y € X : dg,(x, y) < ¢}. We follow the approach described
in [25], for each subset Z c X,a € 88, N ¢ Nand ¢,s > 0, set

M(Z,s,N,{F,},&,a) =inf{} exp(-sa(|F,,])) :
UBpni(x,-,s) 5Z,x;ieX andln,- >N for all i}.
i
We note that M(-,s, N, {F,}, ¢, a) is an outer measure on X.
Since M(Z,s, N, {F,}, ¢, a) is monotonically increasing with respect to N,
M(Z,s,{F,},¢,a) = 1\}1_{20 M(Z,s,N,{F,},¢,a),
It is easy to show that there is a jump-up value

EY({F,},e,a) =inf{s: M(Z,s,{F,},e,a) = 0}
=sup{s: M(Z,s,{F,},&,a) = +oo}.
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Let

Bz ({F.},a) = lim Ey* ({F,}, &,a).

For any subset Z c X and a € 88, let X(Z, n,¢) denote the smallest number of
Bowen’s balls { B, (x, ¢) } whose union covers the set Z,

EBZ({F }ea) = hmmf (|F D log®(Z,n,¢),
and
Egz({Fn},s,a) =limsup —— (| ) log®(Z,n,¢).
Set
E7 ({Fu},a) = lim EZ* ({F,}, &,2),
and

—B . —B
£y ({F,),a) = im By ({E,), .0),
We have the following result.

Proposition 2.2 For any subset Z c X and a € 88, we have
(2) Ez({Ey},a) = E'({F.},a) = Ez* ({F},a);
(b) E, ({Fa},a) = ER ({Fa},a)s Bz ({F,}.a) = By ({Fa}a),

Proof We only give the proof of (a). (b) can be proved in a similar manner as
Proposition 2.3.

Firstly, we prove Egl ({Fu},a) < Ez({F,},a). Let U be a finite open cover of X. If s
satisfies M(Z, s, {F,},U,a) = 0, then by definition for every ¢ > 0, there exists N' ¢ N
such that for each N e Nwith N > N',

1nf > exp(-sa(m(U))) < -

Uel'

where the infimum is taken over all covers I’ ¢ U,,»y WEg, (UIl) of Z. So there exists Ty
that satisfies I'y ¢ U,sny WE, (UL) and T'y covers Z, such that

> exp(-sa(m(U))) < e.

Uel'y

Forany n € Nand U € W, (U), nLF"}(X(U)) > |F,|. Then

S exp(=sa(nif(X(U))) < 3 exp(-sa(m(UV))) <

Uel'ny Uel'y

and

exp(—sa(ni™ (X(U))) < 3 exp(-sa(m(U))) < ¢

Uel'y
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This implies that
Mg u(Z,s,a) =0,
and hence
E;'({Fu},a) < Ez({F.},a).

Next, we prove Ez({F,},a) < EJ'({F,},a). Let U be a finite open cover of X. If
s satisfies M1 1((Z,s,a) = 0, then by definition for every & > 0, there exists k' eN
such that for each k € Nwith k > k',

in ealn (DY) < £
DeS(IGn,u,z,k)D;DeXp( sa(my " ( )))<4

Thus there exists D = {D;}:, € S(G,U, Z, k) such that

€
> exp(-sa(ny* (D)) < .
DeD

Without loss of generality, we can assume that each D; € D is open with

> exp(—sa(n&F”}(D))) <e.

DeD
Indeed, if n{(F"}(Di) < 00, we can take D; = X(U), where X(U) = Nger, & 'Ug and
for each g € F,;, gD; c U,. It is easy to see that nl{iF”}(Di) = ni{f“}(ﬁi) and D, c D;.
If n&F”} (D;) = oo, we can take 1 € N sufficiently large and D; = X(U), where X(U) =
Nger, § Uy and for each g € F,,, gD; c Uy, so that exp(—sa(nff"} (D)) < ST+

Then we can assume that there exists an open cover D = {D; } %2, of Y, such that for
every D; € D, there exists U; € Wg, (U) with D; = X(U;) and

> exp(—sa(n&F"}(D))) <e.
DeD
Then Z c U2, D; = U2 X(U;) and Y52, exp(—sa(m(U))) < e. By the arbitrari-
ness of ¢, we get M(Z,s, {F,},U,a) = 0and Ez({F,},a) < EJ'({F,},a). So
Ez({F},a) = E5'({Fy},a).

Let §(U) be the Lebesgue number of U. Clearly, for every x € X and n €N, if
x € X(U) for some string U € Wg, (U), then Bp, (x,8(U)) c X(U) c Bg, (x, |U]). By
Proposition 2.1, this implies that

Ez({Fa},a) = lim ES({E,},6,2) = B3 ({F.}a).

Therefore, Ez({F,},a) = E5'({F,},a) = E2*({F.},a). ]
2.2 Properties of scaled topological entropy

For any subset Z c X, any open cover U of X and a € 88, let ®(U, Z) denote the
number of sets in a finite subcover of U with the smallest cardinality. We have the
following equivalent definition of the lower and upper scaled topological entropy.
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Proposition 2.3 Let Z c X, a € 88 and U be an open cover of X, then

1
E,({F,},U,a) =liminf ——— log® gz,
‘ T R

g€F,

Ez({F,},U,a) = limsup ——— (|F 5 logR( Vg, Z)

n—oo geF,

Proof We will prove the first equality, the second one can be proved in a similar
fashion. Let us put

1
B=E,({F.},W,a),y =liminf ——logr| \/ ¢'U, Z].
- n=oo a(|Fn|) geF,
Given 7 > 0, one can choose a subsequence {#; } such that

0=r(Z,B+n,{F,},Ua) = lim R(Z, B +n,n;,{F,},U,a).

When i € N is sufficiently large, we have
N( V g'IU)Z) exp(=(B +n)a(|Fu])) <1,
g€Fy,
and hence
1
————logR Wz | <B+n.
a(lEn]) % (\/g ) Bem

Leti — oo, we have y < B + 1, therefore, y < B.
Let us choose a subsequence {#;} such that

+oo =1(Z, -1, {F,},U,a) = lim R(Z, B - n,n;, {F,},U,a).

When i € N is sufficiently large, we have
R ( V g’lu,Z) exp(=(B - n)a(|Ful)) 2
géF"i
and hence
log® gUZ| 2B~
(|Fn,|) (ge\l'[n B

Let i > oo, we have y >  — 1), therefore, y > B.
Soy=pie,

g¢€F,

E,({F,},U,a) = hmmf 2(F |)logN(\/g1u Z)
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Given two open covers U and V of X, we say that U is finer than V if for every U € U
there is an element V € V such that U c V. We denote by U > V. Set

UvV,={UnV:UeW,VeV},g"U:={g'U:UelU}.

In what follows, we use the notation & for either E or E or E. The following
Propositions describe some basic properties of scaled topological entropy and lower
(upper) scaled topological entropies.

Proposition 2.4 Let U and 'V be two open covers of X, Z c X and a € 8§, the following
properties hold:

((213 IFU <V, then €5 ({Fy},Usa) < E4({En}, Vya);

Ez({F.},W,a) <E,({F,},U,a) < Ez({F,},U, a)
and
Ez({F.},a) <E,({Fn},a) SEZ({Fn}>a)'

Proof (1) Since U <V, each element V € V is contained in some element in U
which we denote by U(V). Therefore, for each string Ve Wg, (V) there exists a
corresponding string U(V) € W, (U). This yields that

N( \V g_lu,Z) < N( \ g_IV,Z),

geF, g€F,

and hence

E;({Fu},U,a) <E;({Fu},V,a)
and

Ez({F,},UW,a) <Ez({F,},"V,a).

Let T cW(V) be a collection of strings that covers Z. The corresponding

collection of strings {U(V):VeT}cW(U) also covers Z. This implies that
M(Z,s,N,{F,},U,a) < M(Z,s,N,{F,},V,a) for each s>0 and N >0. Thus,

M(Z,s,{F,},U,a) < M(Z,s,{F,},V,a). The first statement follows.
(2) The last statement follows immediately from the definitions. ]

The following proposition shows that the scaled topological entropy as well as lower
and upper scaled topological entropies for amenable group actions are invariant under
a topological conjugacy. Its proof is similar to the proofs of [25, Theorems 1.3 and 2.5].

Definition 2.3 [21, Definition 1.3] Two continuous actions G ~ X; and G ~ X, of
the same group on compact metric spaces are said to be topologically conjugate if
there is a homeomorphism ¢ : X; - X, such that ¢(gx) = g¢(x) for all x € X; and
geG.

Proposition 2.5 Given two topologically conjugate actions G ~ X; and G ~ X, and
a € 88, then for each Z c X; and each open cover U of X, we have

Ez({Fu}, 97 W a) = Ey(2) ({Fn} U ).
In particular, €7 ({Fy},a) = E4(z)({Fn},a).
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Proposition 2.6  The following statements hold:

() If ZicZy, then Ez({F,},U,a) <&z ({F.},U,a), hence Ez ({Fn},a)<
€z, ({Fn},a);

) If ZicX, i21 and Z=UinZ;, then E;z({F,},a) = sup,; Ez,({F.},a),
Ez({Fn}’a) 2 Supiglﬁzi({Fn}’a) and Ez({F,},a) > sup;; Ez,({F.},a).

Proof (1) The statements follow directly from the definitions.

(2) By (1), €z ({Fn},a)<&z({Fn},a) and hence sup,, €z ({Fn},a)<
‘SZ({Fn}’a)'

Now we are left to show that Ez({F,},a) >sup,,, Ez,({F.},a). In fact, sup-
pose Ez ({F,},a)<s(i=1,2,---), it follows that M(Z;,s,{F,},U,a) =0, and
hence M(U;z Zi, s, {Fy},U,a) = 0. Then Ez_yy,_, z,({Fa},a) <s. This implies that,
E2({Fa}»a) < sup,., Ez,({F, }a). .

2.3 Equivalent scaled sequences and equivalent Folner sequences

We call two scaled sequences a, b € 88 equivalent and we write a ~ b if the following
condition holds

0 < liminf b(IEw) < lim sup b(IEw) < oo,
n>oo a(|Ful) © nooo a([Fal)
Obviously, ~ defines an equivalence relation on 88. Let a € 8§, we denote its equiv-
alence class by [a] := {b €88 :b ~a} and we let A := 8§/ ~. Given two equivalence

classes [a], [b] € A, we say that [a] < [b] if for each a € [a] and b € [b] the following
holds

. a(|Fn
lim sup bE:F B =

The following result is immediate.

0.

Proposition 2.7 For a,be 88, Zc X and each open cover U of X, the following
properties hold:

(1) If a(|Fu|) <b(|Fa|) for all sufficiently large neN, then Ez({F,},U,a)>
Ez({F,},U,b) and Ez({F,},a) > Ez({Fa},b);
(2) Foreach K > 0 we have that

K-&7({F,},U,Ka) =&z ({F,},U,a),K-E7({F,},Ka) = Ez({F,},a),

where Ka = {K - a(|F,|)};

(3) If there exists a constant C > 0 such that & - b(|F4|) < a(|F,|) < C- b(|F,]) for all
sufficiently large n € N, then

é s ({Fa AL b) < E4({Fa 11 a) < C - E2({Fa}, 1y b)
and

= &2({Eahb) < €2({Fuha) < C- 2 ({Fu},b),
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Remark 2.1 By Statement (3) of Proposition 2.7, for each equivalence class
[a] € A and for each a;,a; € [a] we have that E5({F,},a;) = Ez({F,},a2) =0, or
Ez({F.},a1) = Ez({F,},a3) = o0 or both £;({F,},a;) and €;({F,},a,) are pos-
itive and finite. In the first two cases, we write €7 ({F, }, [a]) = 0and €z ({F,},[a]) =
oo respectively and in the third case, we say that €z ({F,, }, [a]) is positive and finite. In
this sense, entropy depends not on the scaled sequence but on its class of equivalence.

By Statement (1) of Proposition 2.7, we have €z({F,},[a]) < &z({F.},[b])
whenever [a] > [b].

Theorem 2.1 If there is [a] € A such that Ez({F,}, [a]) is positive and finite, then
if [a] <[b],
i[b] < [a].

In particular, there may exist at most one element in (A, <) such that the correspond-
ing scaled topological entropy is positive and finite. Similar results hold for lower and
upper scaled topological entropy.

E2({Fu}. [b]) - {20

Proof We shall prove the result for the scaled topological entropy Ez ({F, }, [a]), the
arguments for the lower and upper scaled topological entropies are similar.

Suppose there is [a] € A such that Ez({F,},[a]) is positive and finite. Then for
each [b] > [a],

. al(anD
1 = bl
et by([Fa])

for arbitrary a; = {a;(|F,|)} € [a] and by = {b1(|F,|)} € [b]. Let us fix such two
scaled sequences a; and b;. Given a small number >0, for all sufficiently
large n € N we have that a;(|F,|) < Bbi(|F,|) and hence, M(Z,s,{F,},U,a;) >
M(Z,s,{F,},U, fBby). This implies that

Ez({Fy}yan) 2 Ez({Fy}, fby) = %Ez«m,bo,

ie, BEz({Fu},a1) 2 Ez({F,},b1). Since f8 is arbitrary, we conclude that
Ez({Fu},b1) =0,
and hence
Ez({Fa},[b]) = 0.
On the other hand, if [b] < [a], then
ba(|Fal) _

lim sup =0,
n—oo 6‘2(|Fn|)
for arbitrary a, = {a,(|F,|)} € [a] and by = {b2(|F,|)} € [b]. Given a small num-
ber >0, for all sufficiently large n € N we have that by(|F,|) < fax(|F,|) and
hence, M(Z,s,{F,},U,by) > M(Z,s,{F,},U, Bay). It follows that Ez({F,},bs) >
%Ez({Fn}, a,). Again since f is arbitrary,

Ez({Fn},b2) = oo,
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then

Ez({F,), [b]) = co. .

Next we discuss the equivalence of Folner sequence. Let (X, G) be a topological
dynamical system, we denote by SF(G) the set of all Folner sequences in G. We call
two Folner sequences {F, }, {Q,} € 8F(G) equivalent with respect to a € 8§ and we
write {F, } ~ {Q,} if the following condition holds:

0 < liminf a(1Qu)) < lim sup a(1Q.]) < 00.
n=eo a([Ful) © nooor a(|Fal)

Obviously, {F,}*{Q,} defines an equivalence relation on 8JF(G). Let
{F,} € 8F(G), we denote its equivalence class by [{Fn}] = {{Qn} €8F(G):

{QuH{F,} 2 {Q,,}{F,,}} and we let F(G), := 8F(G)/ ~. Giaven two equivalence
classes [{Fn}]a,[{Qn}]ae?(G)a, we say that [{Fn}]as[{Qn}]a if for each
(E,} € [{F,,}L and {Q,} € [{Qn}]a the following holds:

. a(|Fy
lim sup a((||Q ||)) =0.

The following result is immediate.

Proposition 2.8 For {F,},{Q,} € 8F(G), a€ 88, Z c X, and each open cover U of
X, the following properties hold:

(D) If a(JFa]) <a(|Qu|) for all sufficiently large neN, then Ez({F,},U,a)>

€z({Qu}, W,a) and E2({F,},a) > €2({Qn},a);
(2) If there exists a constant C > 0 such that & - a(|Q,]) < a(|F,|) < C- a(|Qu|) for all
sufficiently large n € N, then

é E2({Quh 1 a) < E4({Fah 1a) < C- E4({Qu}, s a)

and
£ 2({Qu)) <E5({E}a) C-({Qu)a),

Remark 2.2 By Statement (2) of Proposition 2.8, for each a € 88, equivalence
class [{Fn}] €F(G), and {F;},{F;*} € [{Fn}] , we have that Ez({F;},a) =
Ez({F;*},a) =0, or Ez({F;},a) =&, ({F;*},a) = oo or both £;({F;},a) and
&z ({F;*},a) are positive and finite. In the first two cases, we write Ez([{F,, }] ,a) =
a
0 and & Z([{Fn}] ,a) = oo, respectively, and in the third case, we say that
a
&z( [{Fn }] ,a) is positive and finite. In this sense, entropy depends not on the Folner
a

sequence but on its class of equivalence.
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By Statement (1) of Proposition 2.8, we have 82([{Fn}]a,a) < EZ([{Qn}]a,a)
whenever [{F,,}]a > [{Qn}]

Theorem 2.2 Let a € 88. If there is [{Fn}] € F(G), such that Ez([{Fn}] ,a) is
positive and finite, then

o o] <[],
(IR S

In particular, there may exist at most one element in (F(G),, <) such that the
corresponding scaled topological entropy is positive and finite. Similar results hold for
lower and upper scaled topological entropy.

a

Proof We shall prove the result for the scaled topological entropy E ( [{Fn }] ,a),
the arguments for the lower and upper scaled topological entropies are similar.
Suppose there is [{Fn}] € F(G), such that Ez([{Fn}] ,a) is positive and finite.

Then for each [{Qn}]a > [{Fn}]

lim sup a([F,]) =0,
noo a(|Q51)
for arbitrary {F}} € [{F,,}] and {Q}} e [{Qn}] . Let us fix such two Folner

sequences {F;; } and {Q}, }. Given a small number § > 0, for all sufficiently large n ¢ N
we have that a(|F;;|) < a(|Q;;|) and hence, M(Z,s,{F;;},U,a) > M(Z,s,
{Q;:}, U, pa). By (2) of Proposition 2.7,

1
B
ie, BEz({F;},a) 2 Ez({Q;},a). Since § is arbitrary, we conclude that

Ez({Q.},a) =0,

Ez({F;},2) 2 Ez({Q,}, Ba) = 2Ez({Q,},a),

and hence
Ez([{Qn}]a) a) =0.

On the other hand, if [{F,,}L > [{Qn}]a, then

lim sup Z((||§f* |)) =0

for arbitrary {F;f*}e[{F,,}] and {QZ*}E[{Q,,}] . Given a small number

a

B >0, for all sufficiently large neN we have that a(]Q}*|) < fa(|F;*|) and
hence, M(Z,s,{Q;;*},U,a) > M(Z,s,{F,;*},U, Ba). It follows that Ez ({Q}*},a) >
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%Ez ({F;*},a). Again since f is arbitrary,

Ez({Q,"},a) = oo,

Ez([{Qn}]a,a) = 0. [

Remark 2.3 As is shown in Theorem 2.2, the scaled entropy depends on the choice
of Folner sequence.

then

2.4 Scaled weighted topological entropy

For any positive function f : X - [0,00),N € N, e > 0 and a € 88, we define
W(f,s,N,& {F,},a) = infz c;exp(=sa(|Fy,])),
i

where the infimum is taken over all finite or countable families {(Bf, (x;,€),¢;)}
such that x; € X,n; > N,0<¢; < oo and Y ¢;xg, > f, where B; = Bp,:i (xi,€). We
note that W(-,s, N, ¢, {F, },a) is an outer measure on X.

For Zc X, f = xz, set W(Z,s,N,&,{F,},a) = W(xz,s,N,¢,{F,},a). Clearly,
the function W(Z,s, N, ¢, {F, },a) does not decrease as N increases and ¢ decreases.
So the following limits exist:

W(Z,s,e,{F,},a) :I\}im W(Z,s,N,¢&,{F,},a),
W(Z,s,{F,},a) = lir% W(Z,s,&,{F,},a).

It’s not difficult to prove that there exists a critical value of parameter s, which we will
denote by htop(Z, {F,},a), such that

_ 0o, 5>thP(Z,{F,,},a),
Wiz w0

We call hfy,(Z, {F,},a) scaled weighted topological entropy of (X, G) on the set
Z (with respect to the sequence a € 88 and the Folner sequence {F,}).

2.5 Examples

Example 2.1 [33, Example 4.1] Suppose X is a compact metric space and G = Z. Let
(X, G) is a topological dynamical system induced by an expansive homeomorphism
f:X— X.LetF, =[0,n-1] nZ for each n € Nand V be a generating open cover of
X. Then {F,} is a Folner sequence. For a € 88, let Z c X with

(1) Ez({F,},a) = 0;
(2) Thereisan open cover U of X such that U is finer than V and R(V g, g, Z) >

oo as n — oo. By [33, Proposition 2.2], if nh_)rgo at(lt(::—)l) =1, then

E,({F.},a) —hmmf a(F |)10gR( Vg, Z)

geF,
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and

_ 1 -
Ez({F,},a) = limsup 2(ED logN( \? g 1U,Z).
n—o0 n geF,

If a(|Fu|) = R(Ver, § U, Z) increases monotonically, then

E,({F,},a) =Ez({F,},a) = 1.

Example 2.2 For k,d,neN,let X = {0,1,...,k}¢,G =24 F, = [-n+1,n-1]"n
7% and 0, : X - X bethe natural shift action for g € G, then {F,, } isa Folner sequence.
Suppose x = (Xg)gea> Y = (Vg)gec € X and a € 88 with a(n) =logn, set n(x,y) =
min{n e N: x, = y, forall g € F, and x4 # y, for some g € F,;\F,,}, thend(x, y) =
exp(—a(|Fy(x,y)|)) is a compatible metric and (X, G) is a topological dynamical
system.

We claim that for any Z c X, Ez({F,},a) = dimy(Z), where dimy(Z) is the
Hausdorff dimension in (X, d). Moreover, by [23, Theorem 8.19], for any 0 < ¢ <
dimpy(X), there exists a compact subset Z; c X such that Ez, ({F, },a) = t.

In fact, for any n e N and x € X, let C,(x) = {y € X: xg=yg g€F,} be the
cylinder set. For any s > 0, one can show that

H(Z) = lirré iréf diam(Cy, (x))°",

where H*(Z) is the s-Hausdorff outer measure of Z and the infimum is
taken over all finite or countable family C:= {Cy,(x;)} which covers Z with
sup; diam(Cy,(x;)) < &. For any sufficiently small &> 0, there exists n € N such
that exp(—a(|Fn+1])) < € < exp(—a(|F,|)). By the choice of the metric d, we have
Br, (x,€) = Cyn-1(x) and diam(Cy(x)) = exp(—a(|Fx+1|)) for all k e Nand x € X.
The desired conclusion follows exactly by the definitions of Ez({F,},a) and
dimy(Z), we refer to [29, Theorem 4.2] for a similar and detailed proof.

3 Scaled measure entropy

In this Section, we introduce different types of scaled measure entropy and study their
properties .

3.1 Scaled measure entropy

Let X be a compact HausdorfT space, (X, G) be a measurable dynamical system.
Denote by M(X) the set of all Borel probability measures on X. Denote by M(X, G)
(respectively, M° (X, G)) the set of all G-invariant (respectively, ergodic G-invariant)
Borel probability measure on X. We follow the approach described in [25] and
introduce the notion of scaled measure entropy using the inverse variational principle.
Given y e M(X,G) and a € 88, let

E,({F}a) = inf{EZ({F, ), 1a) - p(2) = 1)
= %i_r)r(l) inf{Ez({F,},U,a) : u(Z) >1-6}.

https://doi.org/10.4153/50008414X24001056 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24001056

A variational principle of scaled entropy for amenable group actions 15

The fact that the second equality holds can be proven in the same way as [25, p. 22],
and for that reason we shall omit its proof.
Let

E,({Fn},a) = sup{E,({F.},U,a)| U is a finite open cover of X}.

We call the quantity E, ({F,},a) the scaled measure entropy of (X, G) with respect
to y and a € 88. Let further

E,({Fa},W,a) = liminf{E, ({F, },U,a) : p(2) 21~ 6},
Eu({F.),10,9) = lim inf (E,({F. }, W a)  pu(2) 21- 6).
We call the quantities
E,({Fu},a) = sup{E,({F,},U,a)| U is a finite open cover of X},
E,({F.},a) = sup{E,({F,},U,a)| U is a finite open cover of X},

respectively the lower and upper scaled measure entropy of (X, G) with respect to u
and a € 8S.

We describe another equivalent definition of scaled measure entropy. Given y €
M(X,G) and a € 88, let

Eﬁz({F,,},s, a) = inf{E?({Fn},e, a):u(Z2)=1}
= }Sin?) inf{EY ({F.},e,a) : u(Z) 21- 8}
and then let
EX({F.},a) = Ei_%Eﬁz({Fn},e,a).
Let further
Eﬁz({F,,},e, a)= (lgr(l)inf{ﬁgz({Fn},e,a) cu(Z) >1- 6},
E, ({F.}.e.a) = (lsinz)inf{fgz({Fn},e,a) cu(2)21-6).
Set
B, _ 1 B,
Ey ({Fn}’a) - ll_r)%E‘u ({F”}’e’a)’
and
—B: . B2
Ey’({F,},2) = im By ({F,}, £.0).
It is easy to see that
—B,
Eﬁz({Fn},s, a) SEI:Z({F,,},S,a) <E, ({F:},¢,2)
and
B, B, 52
E;({Fu},a) <E({Fu},a) <E, ({Fu}.a).

We have the following result.
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Proposition 3.1 For any y € M(X, G) and a € 88, we have
(@) Ep({Fu},a) = E;'({Fu},a) = Eg*({Fa},a);
— —B,
(b) E,({Fy},a) = E;*({F4},a); Ey({Fu},2) = E,” ({F,}a).

This proof is similar to the proof of Proposition 2.2, so we omit it.
3.2 Properties of the scaled measure entropy

In what follows, we use the notation €, for either E,, E, or E,. The following
Propositions describe some basic properties of scaled measure entropy and lower and
upper scaled measure entropies.

The following Proposition is a direct consequence of the definition of scaled
measure entropy and Proposition 2.4.

Proposition 3.2 Let U and 'V be two open covers of X, y € M(X, G) and a € 88, the
following properties hold:
(1) IfU<V, then E,({F,},U,a) < E,({F,},V,a);
()
E,({F,},U,a) < E#({Fn},u,a) <E,({Fs},Ua)

and

Eu({Fu},a) <E,({Fu},a) <Eu({Fy},a).

The following Proposition shows that the scaled measure entropy as well as lower
and supper scaled measure entropies for amenable group actions are invariant under
a measure conjugacy.

Definition 3.1 [21, Definition 1.4] Two probability measure preserving actions G ~
X1, G ~ X, of the same group are said to be measure conjugate if there are conull
sets X; ¢ X; and X, ¢ X, with GX; c X; and GX,, c X, and an equivariant measure
isomorphism ¢ : X; - X'2

Proposition 3.3  Given two measure conjugate actions G ~ Xy and G ~ X,. For any
ac88and y e M(X,G), we have

Ey({Fn}’a) = Eq)*#({Fn}’a)’
where ¢ is the equivariant measure isomorphism and @ = o ¢

3.3 Scaled measure entropy for equivalent sequences and equivalent Folner
sequences

Following the discussion on scaled topological entropy for equivalent scaled sequence
and equivalent Folner sequencesin Section 2.3, we introduce a similar notion of
equivalence for the scaled measure entropy.

The following Proposition is a direct consequence of Proposition 2.7.

Proposition 3.4 Let a,b € 88, for every G-invariant measure y € M(X, G), the fol-
lowing properties hold:
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() If a(|F,u|) <b(|Fu|) for all sufficiently large neN, then &,({F,},U,a)>
Eu({Fn},U,b) and €, ({F,},a) > E,({F,},b);
(2) For each K > 0 we have that

K-&,({F.},U,Ka) = &,({Fn},U,a), K-E,({F,},Ka) = €,({F,},a),

where Ka = {K-a(|F,|)};

(3) If there exists a constant C > 0 such that
sufficiently large n, then

¢ b(|Fal) < a(|Fyl) < C - b(|Fy|) for all

é & ({E 1) < E,({Fa} ) < C-E,4({E,} U b)
and

S B) <Eu((F),0) <C-E,({F)b)

Remark 3.1 By Statement (1) of Proposition 3.4, we have that &,({F,},a) >
Eu({Fn},b) whenever [a] < [b] and by Statement (3) of Proposition 3.4, for each
equivalence class [a] € A and for each aj,a, € [a] we have that ,({F,},a1) =
Eu({Fu},a2) =0 or E,({Fu},a1) = E4({Fu},a2) = 00 or both &,({F,},a;) and
Eu({Fn},ay) are positive and finite.

Theorem 3.1 For every y € M(X,G), if there is [a] € A such that E,({F,},[a]) is
positive and finite, then

if[a] = [b],
if[b] = [a].

Similar results holds for lower and upper scaled measure entropy.

%HEL%D=£;

Proof Suppose there is [a] € A such that E, ({F,}, [a]) is positive and finite. Then
for each [b] > [a],

)
1 =0
LN (TH))

for arbitrary a; = {a;(|F,|)} € [a] and by = {b1(|Fa|) } € [b]. Let us fix such two scaled
sequences a; and b;. Given a small number 3 > 0, for all sufficiently large n ¢ N we
have that a;(|F,|) < 8b1(|F,]|)- By Proposition 3.4, we have that

EAHwaoz%H&me:%&Hmhmx

ie, BE,({Fn},a1) > E,({Fyn},b1). Since f is arbitrary, we conclude that
E,({F.},b;) =0,

and hence

E,({Fx},[b]) = 0.
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On the other hand, if [b] < [a] then

lim sup b2(|Fu]) =0
noo @2(|Ful)
for arbitrary a, = {a,(|F,|)} € [a] and by = {b2(|F4|)} € [b]. Given a small number
B > 0, for all sufficiently large n € N we have that b, (|F,|) < Baz(|F,]). It follows that
E,({F.},b2) > %Eﬂ({Fn},az). Again since f is arbitrary,

E#({Fﬂ}7b2) = 09,

and hence
Ey({Fy},[b]) = 0.

And the following proposition is a direct consequence of Proposition 2.8.

Proposition 3.5 Let {F,},{Q,} € 8F(G). For a € 88 and every G-invariant measure
p € M(X, G), the following properties hold:

(1) If a(|Fu|) < a(|Qu|) for all sufficiently large neN, then E,({F,},U,a)>

€u({Qn} W,a) and €, ({Fn},a) 2 €,({Qn}a);
(2) If there exists a constant C > 0 such that & - a(|Qu|) < a(|F4]) < C- a(|Qy|) for all
sufficiently large n € N, then

= eu({QuhLa) € Eu({F ], 1) < C- £, ({Qu) Wa)

and

1

¢ &{Quba) <€u({Fu}a) <C-E,({Qu}>a).
Remark 3.2 By Statement (1) of Proposition 3.5, we have that &,({F,},a) >
€4({Qnu},a) whenever [{Fn}] < [{Qn}] and by Statement (2) of Proposition 3.5,

for each equivalence class [{Fn}] € F(G), and for each {F;},{F;*} € [{Fn}] we

havethat € ,({F,},a) = EH({FH},;) =0or&,({F;},a) = E,({F,;"},a) = oo orboth
Eu({F;},a) and €, ({F,;*},a) are positive and finite.

Theorem 3.2 Let u e M(X,G) and a € 8S. If there is [{Fn}] € F(G)a such that
E”([{F,,}] , a) is positive and finite, then

o o], <[1ea],
Eﬂ([{Q"}]a’a) = {oo, lf[{Q"}L < [{Fn}]

Similar results hold for lower and upper scaled measure entropy.

a
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Proof Suppose there is [{Fn}] € F(G), such that E,,([{Fn}] ,a) is positive and
finite. Then for each [{Qn}] > [{Fn}] ,
lim sup a(|F"*|) =
n—oo a(|Qn|)

for arbitrary {F}} € [{Fn}] and {Q}} e [{Qn}] . Let us fix such two Folner

sequences {F;; } and {Q;; }. Given a small number f3 > 0, for all sufficiently large n € N,
we have that a(|F;;|) < fa(|Q;|)- By (2) of Proposition 3.4, we have that

Eu({F; }a) 2 B, ({Q} ) Ba) = %w{o:},a),

ie,BE,({F,},a) > E,({Q,},a). Since f is arbitrary, we conclude that
E,({Q;},a) =0,

b ([ (00] )
On the other hand, if[{F,,}] z[{Qn}] then

. a(]Q;”
lim sup a((||F**||)) =

and hence

for arbitrary {F,*} € [{F }] and {Q;*} € [{Qn}] Given a small number f > 0,

for all sufﬁaently large n € N we have that a(|Q**|) < Ba(|F;*|). It follows that
E,({Q;*}, )> Eu({F,;*},a). Again since f8 is arbitrary,

E,({Q,"},a) = oo,
then

E[{@id] a) = .

3.4 Scaled local entropy

In this Section, we introduce the scaled local entropy following the approach of Brin
and Katok defined for amenable group actions as follows:

Definition 3.2 Foranya €8S, e >0and y € M(X), define
S(EL) = [ B (F ) du(e),
w({Fa}a) = [ Bu({Fa)ax) dutx),

where

h,({Fu},a,x) = hmhmmf

P (l |) IOg‘l/l(BF (X 8))’
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_ 1
hy({Fn},a,x) = limlim sup — log u(Bg, (x,¢€)).
E—>

0 psioo  A(|Fn])
We call b, ({Fy},a), hu({Fs},a) the lower and upper scaled local entropy of

(X,G) (with respect to the sequence a € 88, the Folner sequence {F,} and p ¢
M(X)).

Remark 3.3 It is pointed out in [12] that Dan Rudolph showed that for an amenable
group G, the generic measure-preserving action of G on a Lebesgue space has zero
entropy. Indeed, this is extended to nonamenable groups by Lewis Bowen in [3]
in which the proof shows that every action is a factor of a zero entropy action.
In this sense, for generic measure-preserving actions, if we can find certain sub-
exponential scaled sequences, then the scaled measure entropy could be positive.
Thus the scaled measure entropy is a possible candidate to classify generic measure-
preserving actions. For more examples of scaled measure entropies for Z or N actions,
we refer to [33, 4 Examples].

4 Variational principle

The notion of scaled weighted topological entropy is introduced, which is important
to prove the variational principle.

4.1 Equivalence of E;*({F,},a) and h}}, (Z,{F,},a).

Lemma 4.1 [23, Theorem 2.1] Let (X,d) be a compact metric space and B =
{B(xi,1i)}ics be a family open of (or closed) balls in X. Then there exists a finite or
countable subfamily B' = {B(x;,7;)} .y of pairwise disjoint balls in B such that

U Bc U B(x,-,Sr,»).

BeB ied’
Theorem 4.1 For any a € 88, Borel set L ¢ X, y € M(X) and s > 0, we have
1) IJ‘@M({F,,},a,x) <sforallx € L, then EL({F,},a) <s;
(2) Ifh,({Fu},a,x) > s forall x € L and y(L) > 0, then EL({F,.},a) > s.

Proof (1) Forafixedr>0and k € N, let

L= {x e L:liminf —log u(Br, (x,¢€))
n—oo a(|Fn|)

1
<s+rforallee(0,k)}.

Then we have L = U;2, Ly, since h, ({F1},a,x) <sforall x € L.
Now fix k >1and 0 < & < z-. For each x € Ly, there exists a strictly increasing
sequence {n;}%, (depending on the point x) such that

y(Bpnj (x,€)) > exp(=(s +r)a(|Fy,])) forall j > 1.
For any N € N, the set Ly is contained in the union of the sets in the family

F = {Br, (x,6) 1 x € Lion; 2 N).
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By Lemma 4.1, there exists a finite or countable subfamily B = {Br, (xi,¢)}ies ¢ F
of pairwise disjoint balls such that

Lk C UBFn; (xi,Ss).

iel

The subfamily is at most countable since y is a probability measure and the elements
in B are pairwise disjoint and have positive y-measure. Note that

#(Bp, (xi,¢e)) 2 exp(=(s +r)a(|Fy,|)) forallieJ.
The disjointness of { Br, (xi,¢)}ies yields that

M(Ly,s+7,N,{F,},5¢,a) < Z;exp(—(s +r)a(|F,])) < Z;”(Ban(xi’e)) <1

It follows that
M(Lg,s+71,{F,},5¢,a) = I\lfi—IEOM(Lk’S +1,N,{F,},5¢,a) < 1.
Hence,
Er, ({F.},5¢,a) <s+,
which implies that
Er,({Fn},a) <s+rforallk >1.

Hence,

EL({Fu},a) = Ey= 1,({Fy},a) = SkliI;ELk({Fn}aa) s+

Since r can be arbitrary, this implies that E; ({F, },a) < s.
(2) Forafixedr > 0and k € N, let

b {x ¢ L: liminf —108#(Br, (x.€))
e a(|Fal)

>s—rforallse(0,li)}.

Since hﬂ({F,,},a,x) > s for all x € L, we have that Ly ¢ Ly, and L = U2, L. Fix
a sufficiently large k > 1 with y(Lg) > 2 (L) > 0. For each N € N, set

—log u(Br, (x, ¢))
a(|Fnl)
It is easy to see that Ly y € Lg n+1 and Ly = UR.; Lk,n. Thus we can pick N* > 1
such that y(L n+) > 3u(Lk) > 0. For simplicity of notation, let L* = Ly y+ and &* =
%. By the choice of L*, we have that

1
Lk,N:{xELk: >s—rforalln2N,se(0,k)}.

u(Br, (x,€)) <exp(—(s—r)a(|F,|)) forallx e L*,0< e < e, n> N".

Fix a sufficiently large N > N*. For each cover J = {Bp, (i, 3)}is1 of L™ with
0<e<e® and n; > N > N* for each i >1. Without loss of generality, assume that
L*NBr, (yi>3) # @ for all i. Thus, for each i > 1 pick a point x; € L* N Bf, (yi»3)
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so that
B, (}’i, %) ¢ Br,, (xi,¢€).
It follows that
; exp(=(s=r)a(|F,,|)) 2 ; #(Bg, (xi,€)) > u(L").
Therefore,
M(L*,s—r,N, {F,}, %,a) > u(L*) > 0.
Consequently,

M(L*,s - r,{F,,},%,a) = lim M(L*s-r, N,{Fn},g,a) > u(L*) >0,

which implies that E+ ({F,},a) >s —r.
It follows that

EL({En},a) > Epe({Fy}a) > s — 1.

Since r can be arbitrary, this implies that E; ({F,, },a) > s completing the proof of
the theorem. |

We need to emphasize that the following proof uses the similar idea as [1I,
Proposition 3.2].

Proposition 4.1 For any a€ 88, s>0,¢,6 >0 and Z c X. If liminf @ >0, we

n—+oo

have
M(Z,s+0,N,{F,},6¢,a) < W(Z,s,N,¢,{F,},a) < M(Z,s,N,{F,},¢,a)

for large enough N € N, and then E* ({F,},a) = h{} (Z,{F,},a).

Proof LetZc X,s>0,¢ 6> 0,set f = yz,c; = 1in the definition of scaled weighted
topological entropy, we have

W(Z,s,N,e,{F,},a) < M(Z,s,N,{F,},¢,a) forevery N e N.

Next, we prove M(Z,s+98,N,{F,},6¢,a) < W(Z,s,N,¢,{F,},a) for large
enough N e N.

There are & > 0 and Nj such that a(|F,|) > né for all n > Nj. Let N > max{Ny, 2}
such that n%e~"%¢ <1 for all n > N. Let {(Bpni (xi,€),¢i)}ieg be a family so that J ¢
N,x; € X,0< ¢; <oo,n; > N and

Z CiXB; 2 XZ>»
i
where B; := B, (xi,¢). We claim that
(4.1) M(Z,s+8,N,{F,},6¢e,a) <> ciexp(-sa(|Fy,]))

i€l

and hence M(Z,s + 8, N, {F,},6¢,a) < W(Z,s,N,¢,{F,},a).
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We denote
Jp={i€J:n;=n},
and
Jnk={i€d,:i<k}

for n > N, k € N. We write B; := B, (xi,¢€),5B; = Bg, (x;,5¢) for i € J. Obviously,
we may assume B; # Bj for i # j. For t > 0, set

Zn,[ = {x €Z: Z C,‘XBi(X) > t}

iel,

and

Ztk = {x €Z: Yy cixp(x)> t}.

i€l k

We divide the proof of (4.1) into the following three steps.
Step 1. For each n > N,k € N and ¢ > 0, there exists a finite set J,, x ¢ ¢ J,, x such
that the ball B;(i € J,,,x,;) are pairwise disjoint, Z, ; x € Uieg, , 5B, and

N(Hn,k,t)eXp(—sa(anil))S% > ciexp(=sa(|Fy,])).

iegn,k

We will use the method of Federer [10, 2.10.24] and Mattila [23, Lemma 8.16] for
amenable group actions. Since J,,  is finite, by approximating the ¢;’s from above, we
may assume that each ¢; is a positive rational, and then by multiplying with a common
denominator we may assume that each ¢; is a positive integer. Let m be the least integer
withm > t. Denote B = {B;,i €J, ;},and defineu : B — Z, by u(B;) = ;. Since B; #
Bj for i # j, so u is well defined. We define by introduction integer-valued functions
Vo> V1> -+ Vi o1 B and sub-families By, By, ..., By, of B starting with vy = u. Using
Lemma 4.1 repeatedly, we define inductively for j =1, - - -, m, disjoint subfamilies B;
of B such that

B] c {B €eB: ijl(B) > 1},
Zn,k,t c UBE'BjSB)
and the functions v; such that

. _J via(B) -1, for BeBj,
vi(B) = { vi1(B), for B e B\B;.

This is possible for j < m,

Lkt © {x : Z vi(B) > m _]}’

BeB:Bsx
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whence every x € Z, i belongs to some ball B € B with v;(B) > 1. Thus

SR exp(-sal(FaD) = Y ¥ (vy-1(B) - v,(B)) exp(-sa(|Fal))
j=1

j=1BeB;

< 3 (5 (B) - vi(B)) exp(-sa([E]))

BeB j=1

< 3 u(B) exp(-sa(|F,)))

BeB

= Z Ci exp(—Sa(|Fn|))-

iejn,k

Choose jo € {1, - - -, m} so that ®(B,) is the smallest. Then

8B esp(-sa(B) € — 3 cresp(-salBal) < 7 ¥ ciexp(-sa(|Ed)),

i€l k i€y

S0 Jnk,e = {i€J:B; e Bj } is desired.
Step 2. For each n € Nand t > 0, we have

(42) M(Z,ss+06,N,{F,},6¢a)< M > ciexp(=sa(|Fal)).
ied,

Assume Z, , # &, otherwise (4.2) is obvious. Since Z, x.+ t Zu,t» Znk,t + D for
large enough k € N. Let J,, x,¢ be the sets constructed in Step 1. Then J,, x,; + @ for
large enough k e N. Set E,, ;= {x;:i€J,t,}. Note that the family of all non-
empty compact subsets of X is compact with respect to Hausdorft distance(Federer
(10, 2.10.21]). It follows that there is a subsequence (k;) of natural numbers and a
non-empty compact set E,; ¢ X such that E, ,,, converges to E,,; in the Hausdorff
distance as j — oo. Since any two points in E, x ; have a distance (with respect to
dp,) not less than ¢, so do the points in E, ;. Thus E, , is a finite set, moreover,
R(Epk;,¢) = R(Ey,:) when j € N is large enough.

Hence

U Bg,(x,55¢) > |J Br,(x,5¢) = |J 5Bi2Zyy,.s

X€En,t ern,kj,t iean,kj,r

when j e N is large enough, and thus Uy, , Br, (X, 6¢) > Z, ;. By the way, since
R(Epk;,¢) = R(Ep,) when j € N is large enough, we have

1
R(En,;) exp(—sa(|F,|)) < P Y. ciexp(=sa(|Fal)).
i€d,
Therefore,

M(Zn’t,s +&,N, {Fn}) 6e, a) < N(En,t) CXP(_(S + 6)¢1(‘Fn|))
< M Z ciexp(—Sa(|Fn|))

ied,
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< M Zg: ci exp(=sa(|Fal[))

1
<— > ciexp(=sa(|Fal)).
n tiej,,

Step 3. For any t € (0,1), we have
1
M(Z,s+08,N,{F,},6¢,a) < - > c;exp(—sa(|Fy,])),
ie]

which implies (4.1). In fact, fix t€ (0,1). Note that Y5>y n 2 <1 Then Zc
Usnen Zn,n-2t- Also note that M(Z,s,N,{F,},e,a) is an outer measure of X, so we
get

M(Z,s+08,N,{F,},6¢6,a) < > M(Zy 2,5+ 0,N,{F,},6¢,a)
n=N

(o]
)
n=N

~ | —

Z Ci eXp(_Sa(|Fn|)) = % Z Ci exp(_sa(|Fni|))-
eJ, ied

We will give a Frostman’s lemma in dynamical system, which is important to our
proof.

Lemma 4.2 Suppose K is a non-empty compact subset of X. Let s >0, N e N, e > 0.
Ifc:= W(K,s,N,¢& {F,},a) >0, then there exists a Borel probability measure y on X
such that u(K) =1and

KB, (x.)) < - exp(-sa([Fu).

Proof Clearly ¢ < co. We define a function p on the space C(X) of continuous real-
valued functions on X by

p(f) = %W(XK'f,S,N,S,{Fn},a).

Let1 e C(X) denote the constant function 1(x) = 1. It is easy to verify that:

(D) p(tf) =tp(f) for fe C(X)andt >0,
(2) p(f +g) <p(f)+p(g) for f, g e C(X),
3) p(1)=1,0< P(f) <|| f lloo for f € C(X), and p(g) =0 for g€ C(X),g<0.

By the Hahn-Banach theorem, we can extend the linear functional
t > tp(1),t € R, from the subspace of constant functions to a linear functional
L: C(X) — R satisfying
L(1) = p(1) =Tand - p(=f) < L(f) < p(f) for any f ¢ C(X).

If f € C(X) with f >0, then p(—f) = 0 and so L(f) > 0. Hence we can use the Riesz
representation theorem to find a Borel probability measure g on X such that L(f) =

[ fdu for f € C(X).
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Next, we prove u(K) =1. For any compact set E c X\K, by Urysohn lemma
there exists f € C(X) such that 0< f <1, f(x) =1for x € E and f(x) =0 for x € K.
Then f-yx =0 and thus p(f)=0. Hence u(E) <L(f) < p(f) =0. This shows
u(X\K) =0, thatis u(K) = 1.

In the end, we prove u(Bg, (x,¢)) < % exp(—sa(|F,|)) for any x € X,n> N. In
fact, for any compact set E c B, (x, €), by Urysohn lemma again, there is f € C(X),
suchthat0< f <1, f(y) =1for y € Eand f(y) = 0 for y € X\Bp, (x, ¢). Then u(E) <
L(f) < p(f)- Since xx - f < By, (x,c) and n > N, we get W(xk - f,s,N,&,{F,},a) <
exp(—sa(|F,])) and hence p(f) < %exp(—sa(|F,|)). Therefore, we have u(E) <
2 exp(=sa(|F,|)). It follows that

1
u(BE, (x,¢€)) = sup{u(E) : E is a compact subset of Bg, (x, ¢)} < — exp(—sa(|Fy|)).
c

Now we are in a position to present our main result: the variational principle
between scaled topological entropy and scaled local entropy.

Theorem 4.2 Let (X, G) be a topological dynamical system, a € 88 and K be a non-
empty compact subset of X. Ifl1m inf “(lp D > 0, then

Ex({Fu},a) = sup{h, ({Fa},a) : p € M(X), u(K) =1}

Proof Firstly, we prove Ex*({F,},a) > hy({F,,},a), for any pu € M(X), u(K) =L
We set

h,({F.},a,x,¢) —hmmf log y(Bp, (x,¢€))

(IF )

for x e X,neN,e>0. Its easy to see that h,({Fu},a,x,¢) is nonnegative and
increases as & decreases. By the monotone convergence theorem, we get

tim [ B, ({F}axe)du(x) = [ B((Fa)ax)du(x) = b, ({F.)a).

Thus to show EF*({F,},a) > h,({Fx},a), we only to show

E?({Fn},a)thﬂ({Fn},a,x,e)d‘u(x) for any & > 0.

Now we fix e > 0,1 € N, set u; = min{l,fhy({Fn},a,x,s)dy(x) — 1}» then exist
aBorelset A; c X, u(A;) >0, N € N such that

(4.3) u(Bg, (x,¢)) < exp(-uja(|F,|)), forallx € A;,n > N.

Let {Bp, (xi,¢/2)} baa finite or countable family such that x; € X, n; > Nand K n
Aj cU; Br, (xi,€/2). We may as well assume that for each i € N, Br, (xi,/2) N(Kn
Aj) #+ @, and select y; € Bp, (xi,€/2) N(K N A;). Then by (4.3), we have

2, exp(-wa(|Fy ) 2 3 u(Br,, (yire))
> 3 u(Br, (x1,/2))

> u(KnAp)=u(A;)>0.
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So, we get
& &
M(K’ul’{Fn}> E’a) > M(K>ul)N> {Fn}: E)a)

> M(Kn Ay, up, N, {F,}, ;,a)
> .M(Al) > 0.

Therefore, Ex*({F,},a) > u;. Letting | — oo, we get

E%({Fn},a)thﬂ({Fn},a,x,s)dy(x).

Thus E}* ({F, },a) > h,({Fx},a).
We next prove Ep*({F,},a) < {h,({F.},a) : p e M(X), u(K) =1}. We may as
well assume Ep? ({F, },a) > 0, otherwise the conclusion is obvious. By Proposition 4.1,

Ey({F.},a) = hiyp(K,{Fy},a). Suppose 0 < s < hjy, (K, {F, },a), then there exists

e>0and N €N, such that c = W(K,s,N, ¢,{F,},a) > 0. By Lemma 4.2, there exists
p € M(X), u(K) =1, such that

H(B, (3.€)) < - exp(=sa(lFa]))

for any xe€X,n>N. And then h,({F.},a,x) >s for each x e X. Therefore,
h,({Fs},a) > fhﬂ({F,,},a,x)d‘u(x) >s. By Proposition 2.2, the proof is
completed. [ ]
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