THE JOURNAL OF SymBOLIC LoGIC
Volume 80, Number 1, March 2015

EXISTENTIAL (-DEFINABILITY OF HENSELIAN VALUATION RINGS
ARNO FEHM

Abstract. In [1], Anscombe and Koenigsmann give an existential (}-definition of the ring of formal
power series F[[¢]] in its quotient field in the case where F is finite. We extend their method in several
directions to give general definability results for henselian valued fields with finite or pseudo-algebraically
closed residue fields.

§1. Introduction. The question of first order definability of valuation rings in
their quotient fields has a long history. Given a valued field K. one is interested
in whether there exists a first order formula ¢ in the language £ = {+.—,-,0,1}
of rings such that the set ¢ (K ) defined by ¢ in K is precisely the valuation ring, and
what complexity such formula must have.

Many results of this kind are known for henselian valued fields, like fields of
formal power series K = F((¢)) over a field F. and their valuation ring F[[]]. In
this setting, a definition going back to Julia Robinson gives an existential definition
of the valuation ring using the parameter 7. Later, Ax [2] gave a definition of the
valuation ring, which uses no parameters, but is not existential.

Recently, Anscombe and Koenigsmann [1] succeeded to give an existential and
parameter-free definition of F[[¢]] in F((¢)) in the special case where F = F, is
a finite field. Their proof uses the fact that F, can be defined in F,((¢)) by the
quantifier-free formula x4 — x = 0. In particular, their result does not apply to any
infinite field F, and their formula depends heavily on ¢.

In this note we simplify and extend their method. As a first application we get
the following general definability result for henselian valued fields with finite or
pseudo-algebraically closed residue fields (Theorem 2.6 and Theorem 3.5), which
generalizes [1. Theorem 1.1] on F,((z)) and [5. Theorem 6] on finite extensions
of Q,:

THEOREM 1.1. Let K be a henselian valued field with valuation ring O and residue
field F. If F is finite or pseudo-algebraically closed and the algebraic part of F is not
algebraically closed, then there exists an 3-0-definition of O in K.

As a further application, in Section 4, we find definitions of the valuation ring
which are uniform for large (infinite) families of finite residue fields, like the
following one for finite prime fields (Theorem 4.3):
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THEOREM 1.2. For every ¢ > 0 there exists an 3-0-formula ¢ and a set P of prime
numbers of Dirichlet density at least 1 — & such that for any henselian valued field K
with valuation ring O and residue field F with |F| € P, the formula ¢ defines O in K.

In particular, this applies to power series fields F,((7)) and p-adic fields Q,,.
Theorem 1.2 is in a sense optimal, see the discussion at the end of this note.

§2. Defining subsets of the valuation ring. Let K be a henselian valued field with
valuationring O C K. maximalidealm C O and residue field F = O/m. Fora € O
welet @ = a + m € F be its residue class and write / € F[X] for the reduction of
a polynomial f € O[X].

We start by simplifying the key lemma of [1], thereby generalizing it to arbitrary
henselian valuations. This proof follows Helbig [10]. Here, and in what follows, by
f(K)~! we mean the set { f(x)~! : x € K} and implicitly claim that f (x) # 0 for
allx € K.

LEMMA 2.1. Let f € O[X] be a monic polynomial such that f has no zero in F
andleta € K. Let Uy, := f(K)™' — f(a)~'. Then the following holds:

a) f(K)"'Co,

b) Uf,a c o,

c) Ifin additiona € O and ['(a) ¢ m, thenm C Uy ,.

PrOOF. a) We have that f(K) Nm = 0: If x € K with f/(x) € m, then x € O
since O is integrally closed and /" is monic, and hence /(%) = 0. contradicting the
assumption that f has no zero in F. Therefore, f(K)™' C (K ~m)~! = O.

b) From a) we get that f(K)~! C O, and in particular f(a)~! € O. Thus,

¢) Now assume that ¢ € O and f'(a) ¢ m. Let x € m. Since a € O we have
f(a) € O, hence f(a) € O*. Define g(X) = f(X) — (f(a) + x) € O[X]. Then
gla) = —x emand g’(a) = f'(a) ¢ m, so by the assumption that O is henselian
there exists b € O with g(b) = 0.1i.e. f(a)+x = f(b). Hence. f(a) +m C f(K).
Since f(a) € O* wegetthat f(a)"'4+m = (f(a)+m)~! C £(K)~'. and therefore
mC Uysg,. —

We observe that one can get rid of the element « even if it is not in the
(model theoretic) algebraic closure of the prime field:

LEMMA 2.2. Let [ € O[X]beamonic polynomial such that f hasno zeroin F . and
a € Osuchthat f'(a) ¢ m. Then U := f(K)~' — f(K)~! satisfiesm C U C O.

Proor. By Lemma 2.1a, f(K)*1 C O, hence U C O. Since a € O and
f'(a) ¢ m, Lemma 2.1c implies thatm C U,, C U. 4

Clearly, U can be defined in K by the 3-formula
pr(x)=@p.zya)x =y —aAnfy)=1Az2f(z) =1).

Note thatif /€ Z[X]. then ¢ is an 3-)-formula.

Lemma 2.3. If UT C O are such that m C U and T meets all residue classes
(ieeT =F), thenO=U+T.

ProoF. Ifforx e Owelett € T witht = X, thenx =u +twithu:=x—1t €
mC U. 4
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Thus, if ¢ defines U and y defines T, then
n(x) = Gu.t)(x =u+1t Ap(u) Ayp(t))

defines O. Note that if ¢ and y are 3-@-formulas, then so is 7.

We now give a first generalization of [1, Theorem 1.1]. We denote by Fj the
prime field of F and by F,j, the algebraic closure of Fj in F. By abuse of notation
we will consider polynomials f € Z[X] as elements of O[X] via the canonical
homomorphism Z — O.

LemMMA 2.4. For every prime p and positive integer m, there exists f € F,[X]
monic, separable, and irreducible of degree m with f'(0) # 0.

Proor. Let ¢ = p™. Since F, /F, is Galois it has a normal basis, i.e. there exists
a € [, such that the conjugates of o form an F,-basis of F,. In particular, o has
degree m and nonzero trace over F,. Let f € F,[X] be the minimal polynomial of
o' Then f is irreducible of degree m and f'(0) = +£Try, g, (o) /N, jr, (o) # 0. 4

LemMma 2.5. If F is finite, then there exist [ € Fo[X] monic, separable, and
irreducible which has no zero in F . and a € F with f'(a) # 0.

Proor. Identify Fy = F,. let m be any positive integer that does not divide
[F : Fy]. choose f of degree m as in Lemma 2.4, and let a = 0. -

THEOREM 2.6. Let K be a henselian valued field with valuation ring O and residue
field F. If F is finite, then there exists an 3-0-definition of O in K.

ProoF. If F = F,. let g = XY — X € Z[X] and y(x) = (g(x) = 0). Since
&' = —1, the assumption that O is henselian gives that 7 := w(K) C O is a set of
representatives of F. In particular, it meets all residue classes. Choose [ € Fo[X]
as in Lemma 2.5 and let f € Z[X] be a monic lift of f. Since there exists a € F
with f7(a) # 0, alift @ € O of a satisfies f'(d) ¢ m. Let ¢ = ¢,. By Lemma 2.2,
U := ¢(K) satisfiesm C U C O. Therefore, Lemma 2.3 shows that #(K) = O. H

The special case of Theorem 2.6 where F is a finite field and K = F((¢)) was
proven by Anscombe and Koenigsmann in [1, Theorem 1.1]. The special case where
K is a finite extension of Q, was proven by Cluckers, Derakhshan. Leenknegt. and
Macintyre in [5, Theorem 6].

§3. Pseudo-algebraically closed residue fields. We now consider assumptions on
the residue field F under which we can define a set 7" as in Lemma 2.3. For basics
on pseudo-algebraically closed (PAC) fields we refer to [8, Chapter 11]. Ford € N
we fix the constant ¢(d) = (2d — 1)*.

LemMA 3.1. Let f € F[X] be nonconstant and square-free (over the algebraic
closure). Then F = f(F)f (F)U{0} if F is PAC or F is finite with |F| > ¢(deg(f)).

PrOOF. Let0 # ¢ € F.Onechecks that the polynomial /(X)) f(Y)—c € F[X. Y]
is absolutely irreducible, cf. [9, Proposition 1.1]. Thus, if ' is PAC we can conclude
that there exist x, y € F with f(x)f(y) —c =0.1e.c € f(F)f(F).If F is finite
with |F| > ¢(deg(f)) we come to the same conclusion by applying the Hasse-Weil
bound, cf. [8, Corollary 5.4.2]. -

LEmMA 3.2. Let f € O[X] be monic such that [ is square-free and has no zero
inF.Then T := f(K)~'f(K)~'U{0} C O. If in addition F is PAC or finite with
|F| > c(deg(f)). then T meets all residue classes.
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Proor. By Lemma 2.1a, f(K)_l - (R pence T C O.If F is PAC or finite with
|F| > c(deg(f)). then, since F* C f(F)f (F) by Lemma 3.1, also
FXC(f(F)f(F) c(f(O)- flO)~" C fK)Tf(K),
hence 7 satisfies F = T . 4
Clearly, the set 7" can be defined in K by the 3-formula
wr(x)=3y.zyz)x =0V (x =zt Apf(y) =1Azf(z) =1)).
Let

np(x)=Cu.t)(x =u+1Ner(u) ANyr(t)).
PROPOSITION 3.3. Let [ € O[X] be monic such that [ is square-free and has no

zero in F. Then ny(K) C O. If in addition there exists a € O such that f'(a) ¢ m
and F is PAC or finite with |F| > ¢(deg(f)). thenn;(K) = O.

ProoFr. Let U = cpf(K), so U C O by Lemma 2.1. By Lemma 3.2, T =
ws(K) CO.s0np(K)=U+ T C O.If in addition there exists « € O such that
f'(a) ¢ mand F is PAC or finite with |F| > ¢(deg(f)). then Lemma 2.2 gives that
m C U, and Lemma 3.2 gives that 7" meets all residue classes, hence 7,(K) = O by
Lemma 2.3. —

LemMma 3.4, If F is infinite and Fyg is not algebraically closed, then there exist
f € Fy[X] monic, separable, and irreducible which has no zero in F, and a € F with
f'(a) #0.

PrOOF. Since Fjj, is not algebraically closed. there exists a monic irreducible
/€ Fo[X] which has no zero in Fjj,. hence in F. Since Fy is perfect, f is separable,
hence f’ # 0. Therefore, since F is infinite, there exists a € F with f'(a) #0.

THEOREM 3.5. Let K be a henselian valued field with valuation ring O and residue
field F. If F is pseudo-algebraically closed and F is not algebraically closed, then
there exists an 3-()-definition of O in K.

ProOF. Choose f € Fo[X]asin Lemma 3.4 and let / € Z[X] be a monic lift of
f . Since there exists @ € F with f/(a) # 0, alift @ € O of a satisfies f'(a) ¢ m.
By Proposition 3.3, 77 :(K) = O. —|

COROLLARY 3.6. Let K be a henselian valued field with valuation ring O and residue
Sield FIf F is pseudo-real closed and Fy, is neither real closed nor algebraically closed,
then there exists an 3-0-definition of O in K .

ProOF. Let K’ = K(v/—1). Then the residue field F’ = F(v/—1) of K’ is PAC
by [11], and Fj;, = wg(v/—1) is not algebraically closed by the Artin-Schreier
theorem. By Theorem 3.5 there exists an 3-(-definition of the unique prolongation
O’ of O in K’. By interpreting K’ in K we get an 3-()-definition of O = O’ N K in
K. B

REmARK 3.7. Note that as soon as F is infinite we cannot hope to have an
3-0-definition of a set of representatives T C O of F: For example, if K = F((1)).
then F is never 3-()-definable in K unless it is finite, cf. [7, Corollary 9]. This explains
why we rather define a set 7 C O that meets all residue classes.

REMARK 3.8. We point out that the assumption that Fy is not algebraically closed
in Theorem 3.5 is indeed necessary. For example, let K be the field of generalized
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power series F((Q)) over a field F. If Fy, is algebraically closed, then so is K’ :=
Fue((Q)). cf. [6, 18.4.3]. Therefore, K’ is existentially closed in K. So. if ¢ is an
3-()-definition of the valuation ring in K. then ¢(K’) = ¢(K) N K’ is a nontrivial
valuation ring, contradicting the fact that definable subsets of an algebraically closed
field are finite or cofinite.

§4. Uniform definitions. We now deal with definitions which are uniform over
certain families of finite residue fields. We start with an example in fixed residue
characteristic p:

THEOREM 4.1. Given a prime number p and a positive integer m there exists an
3-0-formula ¢ such that o(K) = O for all henselian valued fields K with valuation
ring O and residue field F =T p» with m fn.

PrOOF. Assume that F = IF,» with m fn. Choose f € F,[X]irreducible of degree
m asin Lemma 2.4. Then /" hasno zero in F and there exists @ € F with f'(a) #0.
Let f € Z[X] be a monic lift of . By Proposition 3.3, ;7f~(K) C O, and ;7f~(K) =0
for p" > ¢(m). For k € N with m Jk let y;(x) = (x?" — x = 0) and let

me(x) = Cu.t)(x =u+ 1t App(u) Aye(i)).

As in the proof of Theorem 2.6 we see that 7, (K) C O, and ;. (K) = O if n = k.
Therefore, with M = {k € N: m [k and p* < c¢(m)}.

o) =00V \/ mlx)

keM
satisfies p(K) = O for all n with m n. 4

REMaRK 4.2. The condition m fn in Theorem 4.1 is indeed necessary:
If a 3-0-formula ¢ defines F,:[[¢]] in F,.((z)) for all n in a set M, then there is
some m € N such that m /n for all n € M: Otherwise. | J,c,, F,» would equal the
algebraic closure of I, so since every finite extension of F . ((¢)) is isomorphic to
I, ((¢)) for some n|n’, we would get a definition of a nontrivial valuation ring in the
algebraic closure of F,((7)). which is impossible. For details the reader may consult
[5. Theorem 4]. where it is shown that no 3-()-formula can define the valuation ring
uniformly for all finite extensions of a fixed henselian valued field K.

We now turn to uniformity in p. Let P denote the set of all odd prime numbers.
For a subset P C IP, we denote by 6(P) the Dirichlet-density of P, if it exists. For
a formula ¢ let

]P((P) ={peP: ‘P(Qp) = Zp}
and let P’ () be the set of p € P such that ¢(K) = O for all henselian valued fields
K with valuationring O and residue field F = FF,. We have that () C P(¢). and it
is known that P(¢) has a Dirichlet-density for every formula ¢, cf. [3. Theorem 16].
[8. Theorem 20.9.3]. It is also known that P(¢) differs from {p € P: o(F,((¢))) =
F,[[¢]]} only by a finite set. see [4, p. 606]. so for all results concerning Dirichlet
density we could as well use F,((7)) instead of Q,,.

THEOREM 4.3.  For every & > 0 there exists an 3-0-formula p such that 6(P'(¢)) >
I —e.
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ProOF. Forn € Nlet f, = X*> —n € Z[X] and

Pn—{pE]P’:<%)——1}—{pe]P’:Ipr&(Ely)(yz—n)}.

Note that if K is henselian valued with residue field #/ = IF,, p > 2, then p € P,
if and only if K £ (3y)(»* = n). If p € P, with p > ¢(2), then p € P'(5,,)
by Proposition 3.3. By the quadratic reciprocity law and Dirichlet’s theorem, there
exists N € N such that for P = |J\_, P, we have 6(P) > 1 —¢. Let

en(x) = 3») (0 =n) Vg, (x)

and p(x) = /\,1:[:2 o, (x). Let p € P which lies in the open interval I := (¢(2), 00). If
p € P,. then ¢, (K) = O, otherwise ¢, (K) = K. Thus, p(K) = ﬂ;vzz on(K) =0
if p € P.and ¢(K) = K otherwise. So. if p € P, then p € P'(¢) C P(p). and
if p ¢ P, then p ¢ P(p). Thus, P'(p) NI = P(p) NI = P NI, and therefore
I(P'(p)) =0(P(p)) =0(P) > 1 —e. 5

On the other hand, it is well known that there is no such formula that works
uniformly for almost all p:

ProposITION 4.4. Let P C P be a cofinite set of prime numbers. Then there exists
no 3-0-formula ¢ such that P C P(p).

A proof of this can be found in [5, Theorem 5]. In fact, the proof given there
shows the following stronger statement:

PRrOPOSITION 4.5. Let P be a set of prime numbers with 6(P) = 1. Then there
exists no 3-0-formula @ such that P C P(p).

This also explains that Theorem 4.3 cannot be strengthened to give a uniform
3-(-definition for every set P with §(P) < 1:

PROPOSITION 4.6. There exists a set P of prime numbers with 5(P) = 0 for which
there exists no 3-O-formula o such that P C P(yp).

ProoF. List all 3-@-formulas as ¢, ¢;,... and let N = {£;.4,,...} C P be any
infinite set with 6(N) = 0. Proposition 4.4 implies that for each i. P(¢;) is not
cofinite in P. Therefore, we can choose some p; € P with p; > ¢; and p; ¢ P(y;).
Then P = {pi1. p2.... } hasd(P) <J(N) = 0. but P £ P(y;) for each i. -
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