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Abstract. We construct conjugacies between linear and nonlinear non-uniform exponential
contractions with discrete time. We also consider the general case of a non-autonomous
dynamics defined by a sequence of maps. The results are obtained by considering both
linear and nonlinear perturbations of the dynamics x,,+1 = A;; X, defined by a sequence
of linear operators A,,. In the case of conjugacies between linear contractions we describe
them explicitly. All the conjugacies are locally Holder, and in fact are locally Lipschitz
outside the origin. We also construct conjugacies between linear and nonlinear non-
uniform exponential dichotomies, building on the arguments for contractions. All the
results are obtained in Banach spaces.

1. Introduction

In the stability theory of dynamical systems one wants to understand what properties of a
given dynamics persist under sufficiently small perturbations. This leads to the introduction
of the notion of conjugacy that provides a faithful correspondence between the orbits of
two given dynamics. Namely, given homeomorphisms f, g: X — X of the topological
space X, we say that a homeomorphism 4: X — X is a topological conjugacy if

hof=goh.

This implies that
ho f"=g"oh foreveryme€Z,

and thus the conjugacy A transforms the orbit {f™(x):m € Z} of f into the orbit
{g"(h(x)) :m € Z} of g. Roughly speaking, this provides a dictionary between the two
dynamics.

Our main objective is to construct conjugacies, as explicitly as possible, between
linear and nonlinear dynamics. Here we concentrate on the case of contractions with
discrete time, and we consider arbitrary non-uniform exponential contractions, for which
the Lyapunov stability is not necessarily uniform. We also consider the general case of
a non-autonomous dynamics defined by a sequence of maps. This means that, given
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sequences of homeomorphisms f;,, g, : X — X, m € Z (that define two non-autonomous
dynamics), we look for homeomorphisms %, : X — X such that

hpt10 fm=8mohm, meZ. (1)

It should be noted that there is an obvious solution of (1). Namely, we can take hg = Id,
and for each m > 0 set

hm:gm—lo"‘ogOOf()ilO"'O ,,;,1] (2)
and

hom =g pmo---08 10 f10: 0 f . (3)
However, this solution does not satisfy the following property.
(A) Given homeomorphisms f, g: X — X with f,, = f and g,, = g for m € Z, there

exists h: X — X such that h,,, = h for every m € Z.

The conjugacies that we construct in this paper have this additional property. Furthermore,
they are locally Holder, and even locally Lipschitz outside the origin, provided that the
maps f,, and g, are sufficiently regular (again this is obvious for the construction in (2)
and (3)).

A related fundamental problem is whether the linearization g=d,f of a
diffeomorphism f along the orbit of a fixed point x is conjugated to the original dynamics.
For hyperbolic trajectories the solution of this problem is given by the Grobman—Hartman
theorem. Strictly speaking, this only provides conjugacies between dynamics with the same
linear part, although some approaches to the proof of the Grobman-Hartman theorem
lead to conjugacies between maps with different linear parts. In the case of conjugacies
between linear contractions we describe the conjugacies explicitly (see §5). To the best of
our knowledge, explicit conjugacies satisfying Property A are given here for the first time
even in the particular case of non-autonomous uniform exponential contractions.

We also consider the general hyperbolic situation in which there are simultaneously
contraction and expansion. This case is treated by first obtaining separately conjugacies
between contractions and between expansions, and then putting the two together.

The content of the paper is the following. In §2 we consider the problem of
robustness of a non-uniform exponential contraction, which asks whether any of its linear
perturbations that is sufficiently small is still a non-uniform exponential contraction.
Section 3 presents our results on the existence of Holder conjugacies between linear and
nonlinear contractions. In §4 we obtain corresponding results for non-uniform exponential
dichotomies. Section 5 contains the proof of Theorem 2, which establishes the existence
of locally Holder conjugacies between linear contractions.

2.  Robustness of non-uniform contractions
Let B(X) be the space of bounded linear operators in the Banach space X. Consider a
sequence of invertible operators A, € B(X) for m € Z, and set

Ap—1--+ Ap, m>n,
A(m, n) = {1d, m=n,

-1 -1
A, A, m<n.
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We say that the sequence (A;;),,c7 admits a strong non-uniform exponential contraction
if there exist constants b > a > 0, D > 0, and & > 0 such that for each m > n we have

IAGn, )l < De= @ =Fn A, m)|| < D mmFen )
The following is our robustness result.

THEOREM 1. Let Ay, By, € B(X), m € Z be invertible operators such that:

(1) (Am)mez admits a strong non-uniform exponential contraction; and

@) ||Bnll <8e ™+ and A,, + B,, is invertible for every m € Z.

If6D < min{l — e™¢, e}, then (A + Bp)mez, admits a strong non-uniform exponential
contraction, with the constants a and b replaced respectively by a — log(1 + §De?) and
b —log(l — (SDeb) (and with D and & unchanged).

Proof. One can easily verify that, for each m > n,

m—1

Cm, n) =A(m,n)+ > A@m. 1+ 1B n), (5)
l=n
where
(Am—l +Bm—1)"‘ (An+Bn)v m>n,
C(m, n) =11d, m=n,
(Am+Bw)™ - (Aus1 + Bo—)™, m<n.

Setting x,,, = ||C(m, n)||, it follows from (5) that

m—1
X < A, m + Y A, L+ D - |1 Billx,

I=n
and hence
m—1
X < De—a(m—n)+s\n| +68D Z e—a(m—l—l)xl‘
I=n
Consider the sequence ®,, defined recursively by

m—1
®,, = De—a(m—n)-i—slnl +68D Z e—a(m—l—l)q%' (6)
I=n
Clearly, x,, < ®,,. Setting ', = ¢*™ " ®,,, we can rewrite (6) in the form
m—1

Iy = Dell 4+ §De Z r;.

I=n

Clearly, I'y,4+1 — ')y =8De Ty, ie.
Tms1 = (1 4+ 8De™)Ty,.
Furthermore, again by (6), I', = ®, = De?!"l and, for each m > n,
Cpw={48De")"™"T,

= Def" (1 4+ §De®)"
— Delog(l+8De“)(m7n)+s|n\.
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Hence,

||e(m n)” =X S q> — Def(aflog(lJr&De"))(m7n)+8|n|.
Similarly, for each m > n we have

m—1
Cn, m) = A, m) — Z A, + D)BCU, m).
l=n

Setting y, = ||C(n, m)|| we obtain

m—1
Y < Deb(m—n)—i—alml + D$ Z eb(l+l—n)+e|l+l|e—e|l+l|yl.

l=n

Set now I'; = y;e~bm=D=¢lml 1t follows from (7) that

m—1 m—1
Ty <D+ Dse" Y~ PUmm=bm=m=enly, = p 4 pse” Y 1.
I=n I=n

We proceed by backwards induction on # to show that

—b(m—n)—e|m)| < D

fn = e = U= Daebyrr-

For n = m — 1 this follows readily from (8). We now assume that (9) holds for n > m
Setting ¢ = D8e?, it follows from (8) that, forn =m — k,

F<D+cZF1<D+cZ 1—c)ml + T,
I=n+1

This yields

m—1 D
=0Ty <D+c Y ———
12 (L=
(1—c¢)~m=n=D_1 D¢
(1—co)1—1 l—c
D

=D+—————D,
+ (1 _ C)m—n—l

=D+

and hence (9) holds for n = m — k. It now follows from (9) that

1€, m)|| = yp < De(bflog(l7D66h))(m7n)+£|m|.

This completes the proof of the theorem.

3. Conjugacies between linear and nonlinear contractions

(7

®)

€))

— k.

This section is dedicated to the construction of conjugacies between two given dynamics,
either linear or nonlinear. We emphasize that we always obtain Holder continuous

conjugacies.
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3.1. Main results. We consider here two sequences (Ay;)n,cz and (Am)mez of
linear operators admitting strong non-uniform exponential contractions. Without loss of
generality we always take for the two contractions the same constants a, b, D and ¢ in (4).
We continue to denote by B(X) the space of bounded linear operators in the Banach
space X. We say that Property P holds for the pair (A, Ay if there is a Lipschitz
curve ¥y, : [0, 1] — B(X) in the set of invertible operators with bounded inverse, such
that ¥ (0) = A,y and Y (1) = Ay
The following is our main result on conjugacies between linear systems.

THEOREM 2. Let (Ap)mez and (Am)mez be sequences of invertible linear operators
admitting strong non-uniform exponential contractions, such that Property P holds for the
pair (Ap, Am)for everym € 7. If a > 2¢, then there exist homeomorphisms hy,: X — X,
m € 7, satisfying

hmi1 © Ap = Amohy, meZ, (10)

and Property A. The maps hy, are locally Holder with Holder exponent

a—2¢

_4—=f 11
« b+ 2e (1

and are locally Lipschitz outside zero. The same happens with the maps h,;l.

The proof of Theorem 2 is given in §5.
We now consider the particular case of non-uniform exponential contractions in the
finite-dimensional space X = R¥. We denote by sgn(o) the sign of the number o

THEOREM 3. Let (Ay)mez and (Am)mez be k x k matrices admitting strong non-uniform
exponential contractions, such that sgn(det A,,) = sgn(det A,,) for all m € Z. If a > 2e,
then there exist homeomorphisms h,, : X — X, m € Z, with the properties in Theorem 2.

Proof. Ttis sufficient to verify that, for each m € Z, Property P holds for the pair (A, Am)
if and only if sgn(det A,,;,) = sgn(det A,). But this is an immediate consequence of the fact
that the set of k x k invertible matrices has two connected components, namely those with
positive determinant and those with negative determinant. a

It follows from Theorem 1 that for sufficiently small perturbations of a strong
non-uniform exponential contraction, when looking for a conjugacy as in (10) we can
in fact assume that only one of the sequences (A;;),c7 and (Am)mez admits a strong
non-uniform exponential contraction (in both Theorems 2 and 3), since the other one will
then automatically admit such a contraction.

THEOREM 4. Let A, Am € B(X), m € Z, be invertible operators such that:

(1) (Am)mez admits a strong non-uniform exponential contraction;

(2)  Property P holds for the pair (Ap,, Ap) for everym € Z; and

3 AL — A | < 8e~¢"l for every m € Z.

Ifa > 2¢, and § is sufficiently small, then there exist homeomorphisms hy,: X — X, m € Z,
with the properties in Theorem 2.
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3.2. Linear and nonlinear dynamics. To obtain conjugacies between two arbitrary
systems, either linear or nonlinear, we require a non-uniform version of the classical
Grobman—Hartman theorem. We recall an appropriate version established in [1]. Consider:
(1) invertible operators A,, € B(X), m € Z; and

(2) maps f,,;: X - X, m € Z, such that, for some § > 0 and each m € Z,

sup{[l fu ()| : x € X} < 8e~¢Im, (12)
I fin () = fu O < 8e ™ x — I, x, yeX, (13)

with the constant ¢ > 0 as in (4).
We also introduce new norms. Choose ¢ € (0, a) with a as in (4), and for each m € Z set

Il = A, m)le™@rOt=m,
k>m
The following statement is a particular case of more general results established in [1]

(see also Proposition 2).

PROPOSITION 1. If the sequence (Ay)mcz, of invertible linear operators admits a strong
non-uniform exponential contraction and § is sufficiently small, then:
(1)  there exist unique homeomorphisms h,,: X — X, m € 7, satisfying

hm+l°Am:(Am+fm)ohmv m e Z,

and
sup sup ||y (x) — x||lm < 00; (14)

meZ xeX
(2) ifthere exist maps A € B(X) and f: X — X such that

Apn=A and fu,=f foreachmelZ, (15)

then there is a homeomorphism h: X — X with hy,, = h for m € Z; and
(3) foreach o € (0, a/b), there exists K > 0 such that

m (x) — h (D) ]| < K22 x — y|je, (16)
A, (x) — )l < Keeelmlx — y|e, (17)
725|m|.

foreverym e Zandx, y € X with |x — y|| <e

Proof of statement (2). We note that, although statement (2) is not formulated explicitly
in [1], it is a simple consequence of the proofs of Theorems 1 and 3 in that paper.
The argument is the following. Let X be the space of sequences (u,,),e7 of continuous
functions u,, : X — X such that

I m)mez |l := sup{llum () |lm : x € X, m € Z} < oo.
One can easily verify that X is a Banach space with this norm. We now observe that
Pu = {(um)mez : um = u for every m € Z}

is in X for each continuous function u: X — X. Furthermore, when (15) holds, the
contraction maps S: X — X and T : X — X in the proofs of Theorems 1 and 3 take the set
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D = {p, : u is continuous} into itself. Finally, since D is a closed non-empty subset of the
Banach space X, the unique fixed points of the maps S and 7', namely (h;l —1d),ez and
(hy — 1d),,e7, are also in D. This yields statement (2). O

It is the uniqueness property of the sequence of homeomorphisms (%,,),,c7 among
those satisfying (14) that makes Proposition 1 non-trivial. Otherwise, proceeding as in
the introduction, we could choose Ay = Id, and for each m > 0O set

M= (Ap—1 + fu—D) o 0 (Ao+ fo) o Ayl o0 AT, (18)

and
hem=(Am + fom) "o 0 (Ali+ fo) T oA 0- 0 ALy, (19)

(one can show that for § sufficiently small the transformations A,, + f, are invertible).
Then the maps &, defined by (18) and (19) are automatically Lipschitz (or even more
regular if this happens with the maps f,;,) and not only locally Holder as in (16) and
(17). In the particular case when (15) holds, the maps A, in (18) and (19) are given
by hy = (A4 f)™ o A7™ and thus depend on m. On the other hand, in this situation
Proposition 1 provides a homeomorphism 4 such that h,, = h for every m € Z. This is
the crucial difference in Proposition 1 with respect the construction in (18) and (19).

Notice that when ¢ =0 and (15) holds we recover the classical Grobman—Hartman
theorem, in fact with the additional Holder regularity property in (16) and (17). Thus,
Proposition 1 provides new information even when ¢ =0 and in the autonomous case
(when (15) holds). The original references for the Grobman-Hartman theorem are
Grobman [2, 3] and Hartman [4, 5]. It was extended to Banach spaces by Palis [6] and Pugh
[7]. We emphasize that in general the conjugacies are not more than Holder continuous.
In particular, the work of Sternberg [8, 9] showed that there are algebraic obstructions,
expressed in terms of resonances between the eigenvalues of the linear approximation, that
prevent the existence of conjugacies with a prescribed high regularity. See [1] for more
details.

The following statement is an immediate consequence of Theorem 2 and Proposition 1.

THEOREM 5. Let (Ap)mez and (Am)mez be sequences of invertible linear operators
admitting strong non-uniform exponential contractions, such that Property P holds for the
pair (Ay, Am)for every m € Z. Given maps fm, fm: X —> X, m € Z, such that (12) and
(13) hold, also with f,, replaced by fm, if a > 2¢, and § is sufficiently small, then there
exist locally Holder homeomorphisms hy,: X — X, m € Z, with locally Holder inverse,
satisfying

hii1© (Am + f) = (A + fn) 0 b, meZ, (20)

and Property A.

4. The case of non-uniform exponential dichotomies

4.1. Conjugacies between linear systems. Here we construct conjugacies between two
linear dynamics given by sequences of linear operators (A;;),,c7 and (Am)meZ admitting
strong non-uniform exponential dichotomies.
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We continue to denote by B(X) the space of bounded linear operators in the Banach
space X. We say that a sequence of invertible linear operators (A, ),z admits a
strong non-uniform exponential dichotomy if there exist projections Py, € B(X) form € Z
satisfying

P,Am,n)=A(m,n)P, foreverym,neZ,

and there exist constants
QSE<0<I_}§E, D>0, and ¢=>0
such that for each m > n we have
A, n) Pyl < D™= PFE A, m) Q|| < De 2 mEm - (a])
and for each m < n we have
IAGn, n) Pyl < Deat=mFelnl | A, m) Q|| < DL HeImI - (22)

where Q,,, =1d — P, is the complementary projection of P, for each m.

Now let (A;)mez and (Am)meZ be sequences of invertible linear operators admitting
strong non-uniform exponential dichotomies, with projections respectively P, and P
for m € Z. For simplicity of the exposition we assume that there exists a decomposition
X = E @ F (independent of m) with

B, O . B, O
A = d A = A s
m ( 0 C,,,) and Am ( 0 c,,,)

such that, for each m € Z,
Aum:Bm7 AQO:Cms Amﬁm:éms AAQO:ém'
The following is our main result.

THEOREM 6. Let (Am)mez and (Am)mez admit strong non-uniform exponential
dichotomies, such that Property P holds for the pairs (B, ém) in E and (Cy,, é’m) in
F for each m € Z. If min{—a, b} > 2¢, then there exist homeomorphisms hy,,: X — X,
m € 7, satisfying (10) and Property A. The maps h,, are locally Holder, and are locally
Lipschitz outside zero. The same happens with the maps h;ll.

The proof of Theorem 6 is given in §5.

We now consider the particular case of non-uniform exponential dichotomies in
the finite-dimensional space X = R¥. The following is an immediate consequence of
Theorem 6.

THEOREM 7. Let (Ap)mez and (Am)mez be k x k matrices admitting strong non-uniform
exponential dichotomies, such that

sgn(det B,,) = sgn(det ém) and  sgn(det C,,) = sgn(det C‘m),

for each m € Z. If min{—a, b} > 2¢, then there exist homeomorphisms h,: X — X,
m € 7, with the properties in Theorem 6.
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4.2. Linear and nonlinear dynamics. Now we obtain conjugacies between a strong non-
uniform exponential dichotomy and its sufficiently small nonlinear perturbations.
We first recall the following statement established in [1].

PROPOSITION 2. If the sequence (An)mez, of invertible linear operators admits a strong
non-uniform exponential dichotomy and § is sufficiently small, then statements (1)—(3) in
Proposition 1 hold.

The following result is now an immediate consequence of Theorem 6 and Proposition 2.

THEOREM 8. Assume that:

D (Ap)mez and (Am)mez admit strong non-uniform exponential contractions, such
that Property P holds for the pairs (B, ém) in E and (C,,, ém) in F for each
m € Z; and

2) the maps fm fm X — X, meZ, satisfy (12) and (13), also with f,, replaced
by fm

If min{—a, b} >2¢ and § is sufficiently small, then there exist locally Holder

homeomorphisms hp,: X — X, m € Z, with locally Holder inverse, satisfying (20) and

Property A.

5. Proofs of Theorems 2 and 6
We separate the proof of Theorem 2 into several steps.

5.1. Preliminaries. Foreachm € Z and x € X we set
o0
gm(x) = Z Ak +m, m)x]|. (23)
k=0

It follows from (4) that

Detlml
1 _ p—a

o
m(x) < Dlx|| Y emFelml =
k=0

lx]l < oo, 24)
and that

qm(x) > ||x]| Z e k+m)”

1 1
= plixll Z bkt elkrm
k=0

llx[le €0, (25)

1
= B”x” % e(b+e)k+elm| = D(1 — e*b*é‘)

Setting e = 1/(D(1 — e_b_g)) and 8 = D/(1 — e~ %), we thus obtain

ae M x| < g (x) < Bef™ x| (26)
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On the other hand,
o0
Gm(A(m, n)x) = Ak + m, m)A(m, n)x||
k=0
o0 o0
= > Ak +m, nxl| =Y IAG, n)xll, (27)
k=0 j=m
and hence
Gm(A(m, n)x) — gm—1(A(m — 1, n)x)
o0 o0
= IAG, m)x] — Z IAG, mx|| = —[A(m — 1, n)x||. (28)
j=m j=m—1

In particular, whenever x # 0 the sequence m +— g, (A(m, n)x) is strictly decreasing.
By (24) and (27) we have that

gm(A(m,n)x) - 0 asm — +oo. 29)
Furthermore, using (26) and (4) we find that, for m < n,

g (A(m, n)x) > a||AGm, n)x|le ¢!

—elm|

allx|le allx]| ea(nfm)725|m|
~ JA@m,m)I T D
Thus, since a > 2¢, we have that
gm(A(m, n)x) - +00 asm — —o0. 30)
We now define
sz{XEXZQm(x)Sl} and :RmztDm\Am—l(Dm—l)- (31)

By (28), (29), and (30), for each n € Z and x € X \ {0} there is a unique integer m € Z such
that A(m, n)x € R,,. We denote it by 7, .
We also consider the function

o0
Gm(x) =Y IlAK +m, m)x|,
k=0
and the sets

®m ={xeX: énz(x) <1} and j\zm = ®m \ Am—l(ﬁm—l)-

The strategy of the proof of Theorem 2 is to construct maps z,,: R, — ﬁ%m such that
Zm+1(Apx) = Amzm (x) for every x € X with g, (x) = 1. They will be given in the form

Zm =lim o Hypouy s Ry = Ry, (32)

with the transformations u,,, H, and u, constructed in the following sections. The
conjugacies h;, will then be obtained from the maps z,, by using the evolution given by
the two dynamics A(m, n) and A(m, n).
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5.2.  Construction of the maps u,,. Set8 = {x € X : ||x|| = 1}. Foreachm € Z we define

the map
Up: [0, 11X 8= Ry by upn(t, x) =1,(t, x)x,
where
1) +l—t
T, x) = —+ ——,
" r(x) = s(x)

having set for simplicity
r() =gm(@) and s(@) =gn-1(4,"x).

By (28) we have r(x) < s(x), and hence
r(x)

gmUm@, X)) =t+ (10 —-——=<t+1—-1)=1.
s(x)
Analogously,
a1 A 0y =2 s
" r(x)

This shows that indeed u,, (¢, x) € m for every r € [0, 1] and x € 8. We also define the
map v, : R, — [0, 1] x 8 by

GO =Dre) v
m = — —). 33
o) (s<y>—r<y> ||y||> G

Using again (28), we can easily verify that the first component of v,,(y) is in [0, 1]: given
numbers ¢ > d > 0 with ¢ > 1 we have
(c—1d . .
—— — <1 ifandonlyifd <1,
c—d
and since s(y) > 1 > r(y), the first component of v,,(y) is indeed at most one. Observe
now that

o () = 25D =D L<1 — M)
s(y) —r(y)

s)—r@y) sy
_ s -b ¥y s —sOGIrQy)
s —r@»  s@y) s —rQ®»)

-y _ —y.
—s(y)_r(y)(s(y) r(y) =y

Thus, vy, is the inverse of u,,.

LEMMA 1. There exists a continuous function Cp,: (X \ {0))> — R such that for every
x,y € Ry \ {0} we have

lvm (x) — v Wl < Cu(x, Y)lIx = yll.
Proof. We have

vm(X)—vm(y)=< Sx. ) ,L—L)
) —rNE@) —r) llxil Iyl
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where
G(x, y) = (s(y) —r(y)(s(x) — Dr(x)
—(s(x) —r(xNEOG) — Dr(y)
=) —r(y)sE)sy) —sO»)
= (s(x) =sONEEIr(y) —r(y).
Therefore,
150, I 1r(x) —rM]-Is(x) — 1s(y)
+Is(x) — s - [r(x) = 1[r(y).
By (23) and (24),

r) —r(y) =Y IAKk+m, mx| =Y [AGK+m, m)y|
k=0 k=0

0 Detlml
<D IMAK+m m) =y <l =yl
k=0 -
Since A;l_l =A(m — 1, m) we have
”A—l 1” < Deb+8|m71| < Deb+€+€|m|
m_1ll = = )
and it follows from (34) that
elm|
1GCe, M < —lx =yl - [s(x) = 1] s(y)
l —e@
D2eb+8+25|m|
ty lx =yl - Ir(x) =1 r(y)
D3eb+s+38\m| D26b+£+28\m|
< ey ||y||( e I l)nx —
D3€b+8+3s|m| Deslml
S = ||y||(1 — ||x||+1)||x—y||
2D3eb+8+3€|m|
< ———=—1Il
(1 —e9)2
Deb+8+2£|m\
X | 14+ ————— max{D, 1}|x| |llx — ylI.
1—e@
Furthermore,
I A B e ) Bl £
Il Ayl [l - Tyl
LIyl = vyl + vyl — yllxll]
<
- i Nyl

1 1 2
< =yl 4 Iyl = Xl < ——llx = ylI.

llx1l llx]] — lxll
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By (35) and (36) we can set

2D3eh+8+3£|m| Deb+8+2£|m|

Cnlx,y) = ———m—

m (X, y) 1 o) IIyII( = o

1 2

X + —.
Is(y) —r(MI-Is(x) —r(x)| x|

This completes the proof of Lemma 1.

max{D, 1}||x||>

5.3.  Construction of the maps ii,. Each map i, is constructed in a similar manner to

that of the map u,,. Namely, for each m € Z we define
fim: 0,11 % 8= Ry by (2, X) = (2, 1)x,
where
t L+ 1—t
Fx) 857

fm (ts x) =
having set for simplicity

F(x)=¢gm(x) and 5(x)=Gm- I(A 1x)

LEMMA 2. There exist continuous functions D, E,: 8 x § — R such that for every

t,s €0, 1]and x, y € 8 we have

lm (2, x) = it (s, V| < D (x, Yt = s| + Em(x, y)llx — yll.

Proof. We have

it (2, x) = it (s, I = Nitm (t, %) = lim (@, D+ ik @, y) = lim (s, Y

< Tt X)X = Yl + 1Tt x) = T, V)] - (17l
+ 1T, ¥) = T (s, Y| - Iyl
Proceeding as in (25) and using (4) we obtain
§0) = all A, xllemem
> af| Ayt |7 xlle e

q o
=allAm, m — || el > Bea—%\m—l\.

Using again (25) and since ||x|| = 1, this implies that

t l—t
T T
< ra~lefm 4 (1— t)a—lDe—a—i-Zslm—ll
< a71628\7n| max{l, De*a+28}.
Furthermore,
[T (2, X) — T (2, V)| < For ) O )Ir(y) FOOI+ = ( Re )IS(y) 5(x)|.
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Observe that by (34) and (25) the second summand can be estimated by

3elm—1| 3elm—1]
T— ———BIA I x =yl < ’Be—znzi,;iln MAm—1 1P 1x = .
o2 AL x| I1ALL v a
Therefore,
e38\m| ﬂD3e—2a+b+6£|m—l|
En (1, X) = En(t, )| < ——lx =yl + > bx =yl (39)
o o

On the other hand, proceeding as in (38) we obtain

[T, y) — T (s, )| < (?(y) + g(y))” —s|
< a (M 4 pemat2em=lly; . (40)

The desired statement follows readily from (38), (39) and (40). O

5.4. Construction of the maps H,,. 1t follows from Property P for the pair (A,,, Am)
that there is a Lipschitz curve y,,: [0, 1] — B(X) in the set of invertible operators with
bounded inverse such that y,,, (0) = A, and y,,,(1) = A,,. We define

-1
Ym(1)A,, x ) @l

Hyy1:[0,1]x8—[0,11x8 by Hy4q(t,x)= (t, —
Vi () A x ||

We also define G,;,41: [0, 1] x 8 — [0, 1] x 8 by

Amym® Ly )

Gmi1(t, y) = (r, LB 2
" 1A ym (1|

We observe that G, is the inverse of H,,. Indeed, given (¢, y) € [0, 1] x 8§ we have

(Hp 0 Gu)(t, y) = <t, i) = (1. y).
Iyl

LEMMA 3. There exist continuous functions D), E,: 8 x 8 — R such that for every
t,s €[0,1]and x, y € 8 we have

| Hn (2, X) = Hyn (s, )| < Dy, (x, Y)Ix — Il + Ep, (x, )|t — s].
Proof. Set
u=yuA X, v=yp,(OAy and w=y,(s)A,ly.
We have

||Hm+l(t, x) - Hm+1(sa Y)”
< 1 Hnt1(, X) = Hpp1 (0, DI+ 1 Hng1 (2, y) = Hmgr1 (s, Yl

S P P
< s y
lall - 101 m

G
ol - flwll”
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where
F=|lvll = llulyu + flul (= v)
< lym @A G =1 - lull + llull - lym @A, = D
< lym @A P llx =yl
and

G = |Uwl = 1D ym @ + I Gm ) — ym ()|
<20Ym O 1AV 17m@) = Ym ).

Therefore, since

Iyl 1
vl > = —.
I m O AZD  IAmll - 1ym @
we obtain
||Hm+l(f, x) - Hm+1(s’ )’)”
< AP O 1Py O AL 1P X — yIl + 1t — 5]
+ 20 AnlP 1Y O 1ym T TA Y 1Ym (@) = Y (1.

Since y,, is Lipschitz we obtain the desired statement. o

5.5. Construction of the maps h,. Using the transformations u,,, H, and i,
constructed above we can define maps z,, : R,;, — fJA%m by (32). In fact it also follows from
the above constructions that each map z,, has a continuous extension to the closure of X,,.
Without loss of generality we continue to denote it by z,,. We can easily verify that the
extension takes the closure of R, onto the closure of JAQm

LEMMA 4. The map z,, is locally Lipschitz on R,,.
Proof. This is immediate from Lemmas 1, 2 and 3. O
Setnow §,;, ={x € X : g;u(x) = 1}.

LEMMA 5. We have z;y+1(Amx) = Apzm (x) whenever x € .

Proof. Take x € §,,. By (33) we have v, (x) = (1, x/||x||). Therefore,

A~ A N N X
Apzm(x) = Ayl 0 Hy 0 ) (x) = (At © Hm)<1» m)

By (41) we obtain Hy,, (1, x/||x|)) = (1, x/||x]|), and thus

~

o P X Anx
Amzm(x) = Am”m(L _) = AL (42)
[lx 1] Gm(x)

On the other hand, since ¢, (x) = 1 we have

Um+1(Amx) = (0, Apx/[|Apmx]]).
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Therefore,
Zm+1(Apx) = (ﬁm+l o Hyp1 0 Upg1)(Apmx)
Apx
= H, 0’ MV E
(Umt1 0 m+1)( ||Amx||)
and since .
Hy (0, Anx ) - (o, Anx )
| Amx| | Amx]l
we obtain . .
A Amx Amx
Zm—i—l(Amx) =uUms1| 0, — == . (43)
| ALx] qm(x)
The desired identity follows from (42) and (43). O
For each m € Z we now define the map h,,: X — X by
o ey = | A0 T2, (AT m)x) i x 20, @
0 if x =0,

where T = 1, , is the unique integer for which A(z, m)x € R;.
LEMMA 6. The maps hy, satisfy (10).

Proof. It follows from the identity A(z, m 4+ 1)A,;,x = A(t, m)x that Ty41,4,,x = Tm.x-

Therefore,
st (Apx) = A + 1, T ) zg,, (AT x, m + 1) Apx)
= A(m + 1, T, )z, , (AT x, m)x)
= Amfl(mv Tm,x)Zrm,x (A(Tm,)ﬁ m)x) = Amhm(x),
as we wanted to show. O

LEMMA 7. Each map hy, is invertible.

Proof. We will indicate explicitly the inverse of 4,,. For each m € Z we define the map
gm: X —> Xby

A, B Ows, (AEnr, mx) if x £0,
gm(x) = ' .
0 if x =0,

where w,,, = u,; 0 G, o 12,;1 and where T = 7,, , € Z is the unique integer such that
A, m)x € Rs. (45)

We will show that g, is the inverse of A,,. Set T = 7, g, (x) and T = T, . By the definitions
of g, (x) and T we have

Az, D)w: (AE, m)x) € Re. (46)
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On the other hand, by the construction of the map z,, (see (32)) we have that w,, =
zrzl : Ry — Ry By (45) we obtain
w; (AE, m)x) € R;. 47

Furthermore, in view of the construction of 7, , (see §5.1), for each y = w; (fl(f, m)x)
there is a unique integer k € Z such that A(k, T)y € Ry. But since y € R; (see (47)) we
must have k = 7. It follows from (46) that k = t = 7. We now show that g,, is the inverse
of h,,. We have

him (gm (x)) = A(m, T)z: (AT, m)gm(x)), (48)
and, since T = 7,

Az, m)gm(x) = wr (A(T, m)x).
The map w; is the inverse of z, and thus, by (48),
T (8 () = A(m, 7) (27 0 wr)A(T, m)x = x.

This completes the proof of the lemma. a

5.6. Holder regularity. 'We now show that the maps h,, are locally Holder, and locally
Lipschitz outside the origin.

LEMMA 8. For each m € Z there exists a constant C > 0 such that ||h,, (x)|| < C|x||* for
all sufficiently small x, with o as in (11).

Proof. By (27), for a fixed m and x sufficiently close to zero we have 7, , <m, and
Ty — —00 when x — 0. Let T = 1,,, , and y = z; (A(z, m)x). We have ¢, (y) < 1, and it
follows from (26) that

- p g (y)
1m ) < A Gm, O - Iyl < 1A, r>||’7e8"‘
< Deglrle—a(m—r)—hs\rl
- o
e2£\m|
< D_e—(a—Zs)(m—r)_ (49)
o

By (28), when x # 0 we have
1< gr1(A( — 1, m)x) < B MJAGT — 1, m)x]).

Using (4) we obtain
1< ﬂDeZS‘T—1|eb(m—‘[+l)+8‘m| ”x”

S ﬂDeZE+b+38|m‘e(b+28)(H17'L’) ”x ” ,

1 1/(b+2¢)
T >
- ’3D62s+b+3s|m|”x” '

D _ _
||hm(.x)” < ;e2s|m\(ﬂD628+b+3S|m|)(G 28)/(b+2£)“x||(a 28)/(b+28)‘

which yields

By (49) we find that

This completes the proof of the lemma. a
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LEMMA 9. For each m € Z the function hy, is locally Holder with Holder exponent as in
(11), and is locally Lipschitz outside zero.

Proof. We first observe that the sets J, = A(m, n)R,, n € Z, are pairwise disjoint.
Furthermore, their union is X \ {0}. These are easy consequences of the discussion in §5.1.
Clearly, for each x € J, we have 1, » = n. Thus, it follows readily from the definition of
h,, that

hon| Iy = A(m, n)za (A(n, m)x).

In view of Lemma 4, the map h,, is locally Lipschitz on each J,,. Furthermore, also by
Lemma 4, h, has a unique continuous extension #h,, to J,, and this remains Lipschitz.
Thus, to show that &, is locally Lipschitz outside the origin it remains to verify that

hw=hm on J,\ Jy=A(m, n)S,—1 C Ju_1.
For x € A(m, n)S,_1, it follows from Lemma 5 that
A(m, n)zn(A(n, m)x)
= A(m, n)zp(Ap_1 A — 1, m)x)
= A(m, n)Ap_1zp—1(A(n — 1, m)x)
=A(m. n = Dzu_1(A( = 1, m)x) = hy (x),

since x € J,—1. This completes the proof of the Lipschitz property.

It remains to verify that h,, is locally Holder. For x, y € X with x #0 and y =0
this is the content of Lemma 8. For x, y € X \ {0} the Holder property is an immediate
consequence of the Lipschitz property. O

5.7.  Proofs of the theorems.

Proof of Theorem 2. 1t follows from Lemmas 6, 7 and 9 that there exist homeomorphisms
hy, satisfying (10). The regularity properties of h, follow also from Lemma 9.
Interchanging in the proofs the roles of the matrices A,, and A,,, we find that h,;l =gm
has the properties in Lemma 9.

To establish Property A assume that A,, = A and Ay = A for every m € Z and some
linear operators A and A. Choosing the curves y;, : [0, 1] — B(X) independent of m, it
follows from (44) that, for x # 0,

B (x) = (A" 0 iy 0 Hy 0 vy 0 AT ™) (x), (50)

where T = 1), , is determined by A*~"x € R,. Furthermore, by (37), (41) and (33), the
maps i;, H; and v; are independent of t. By (31), R; is also independent of 7, and
thus T —m = 1, » — 7 is independent of m. It follows readily from (50) that £, (x) is
independent of m. O

Proof of Theorem 6. We first obtain conjugacies separately in the stable and unstable
components. By (21), (22) and Theorem 2, there exist homeomorphisms #,,: £ — E,
m € 7Z, such that

h__HOBm:Bm Oh;;a m e Z, (51

m
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and homeomorphisms hjn' : F— F,m € Z, such that
ht o oCw=Cpohl, mel (52)
One can easily verify that for each m € Z the map h,,,: X — X defined by
h (. y) = hy () + 7, (). (1. y) € E x F, (53)

is a homeomorphism. The identities in (10) follow readily from (51) and (52).
Furthermore, again by Theorem 2, for each m € Z the homeomorphisms #,, and hfm
are locally Holder, and are locally Lipschitz outside zero. The same happens with their
inverses. Using (53) we readily obtain the same properties for h,,. This completes the
proof of the theorem. m|
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