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In unbounded cylindrical domains, new Phragmén—Lindelof theorems ‘at infinity’ are
established for solutions of Dirichlet problems for elliptic equations whose operators
belong to a large class to which the existing literature does not apply.

1. Introduction

Theorems of Phragmén—Lindelof type usually yield the asymptotic behaviour of
solutions of boundary-value problems for second-order elliptic or parabolic opera-
tors at points of the boundary of the domain or at points at infinity. (Examples of
other types of ‘Phragmén—Lindeldf” articles (e.g. [10,16,17]) certainly occur in the
literature.) For fixed positive integers N, m and n = N +m, we assume throughout
this paper that {2 is an unbounded open subset of R™ such that, for some fixed
M >0, {2 is contained in the cylinder

Cy = {X:(ajl,...,xn) e R"

m
S iy <M2}.

k=1

Our goal is to obtain a general Phragmén—Lindeldf theorem at infinity for domains
contained in such cylinders.
We consider operators of the form

Qu(X) =Y aij(X,u(X), Du(X))Diju(X) +b(X,u(X), Du(X)),  (L1)
ij=1
where (a;;(X,t,P)) is a positive semi-definite matrix in which each entry is in

C%(2 x R x R") and b is a function in C%(£2 x R x R™). For ¢ € C°(R"™), we will
consider the Dirichlet problem

Qf=0in 2 and f= ¢ on If2. (1.2)

We first prove a Phragmén—Lindelof theorem at infinity for operators ) with
b = 0 satisfying (2.1) and (2.5) and solutions f € C?(2)NC°(2) of (1.2) (see
theorem 2.3). We then prove a Phragmén-Lindelof theorem for bounded solutions
f€C%2)NC%) of (1.2) when Q satisfies (2.1) and (2.5) and some conditions at
infinity (see theorem 2.7). The proofs of these results use barrier functions related
to those constructed in [11-15] to obtain Phragmén—Lindel6f theorems. The results
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of [12-14] (see also [15]) deal with solutions defined in slabs
Sy ={X=(21,...,2,) ER" | |zp| < M};

the primary difference between these papers and the present one involves the
hypotheses on the top-order coefficients of the operator. In particular, [12, eqn (14)]
and [13, eqn (2.6)] require ay, , to have a positive lower bound while (2.5) requires
Sri—y vkviagsn,+n and (2.16) requires > -, ap+ N k+n to have a positive lower
bodnd; this allows us to handle degenerate operators in which a,, can be zero
(e.g. example 3.4). Even when m = 1, and so C}}; = S, the difference between
corollaries 3.2 and 4.2 of [12] illustrate that different (but related) classes of oper-
ators are involved (see example 3.3).

In certain areas of, for example, elasticity theory (e.g. [5—7]), domains contained in
cylinders occupy a special place based on their occurrence in applications (e.g. [2,3,
8,19]). In the study of anti-plane shear deformations of nonlinearly elastic materials
contained in cylinders, the convergence of solutions to specified limiting values
(e.g. 0) may be one of the assumptions in the problem (e.g. [9]); our examples in
§ 3 illustrate that, for second-order elliptic operators, obtaining Phragmén—Lindel6f
conclusions (and, perhaps, later obtaining ‘spatial decay’ estimates) may require
new theorems such as ours.

2. Main results

We will now assume that the coefficients of () have been normalized so that

n
> aii(X,z,P)=1 for (X,z,P) e R" xR x R". (2.1)
i=1
We will write elements X = (z1,...,2,) as (x,y), where € = (z1,...,2y) and y =

(EN+1y---,2n). We shall set yp = 2y for k=1,...,m, so that y = (y1,...,Ym)-
We shall assume the following hypothesis on the behaviour of the boundary
data ¢.

ASSUMPTION 2.1. There is a function @ € C°(SN~1) such that ¢(rw,y) — (w)
as r — oo uniformly for w € S¥~! and |y| < M.

The assumptions on the operator () will be described by the behaviour of the
following functions.

DEFINITION 2.2. For an operator @ in (1.1) satisfying (2.1), let

e(X,z,P) =¢€(x,y,z,P) = Z a; ;(X,z, P)P;P; (2.2)
ij=1
and .
VX, 2,P) = akinpin(X, 2, P) (2.3)
k=1

for X,PcR", z€R. Foreach v € S !, z,p € RN and z,t,q € R, let

m
Zk,lzl VkVIGk+N,I+N

e (z.2,t,p,q) = . (24)

- m _ N m
Lte— ity Qe NerN 4720500 D pl ) PiVk@i ket N
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where

v v
Qi = Q4 j (w,tu,z,—p,>, 1<4,7<n, and e=e<:c,t1/,z,—p,>.
qa q q q

THEOREM 2.3. Let 2 C C}}. Suppose that:
(1) f e C*2)NCO%ND) satisfies (1.2);
(2) Q satisfies (2.1) and b= 0;

(3) there exist L > 0, and a positive continuous function o on [1,00) such that,
for each v € S™1,

e (x, 2,t,p,q) = o(|p* + |a]?) (2.5)

whenever z,p € RN and z,t,q € R with |x| > L, |p|>+|q|? > 1, |t| < M and
gl > 0;

(4) ¢ satisfies assumption 2.1.
Then
lim f(z;,y;) = P(w) (2.6)
j—oo

uniformly for w € SN=1 and sequences {(x;,y;)} in 2 such that |z;| — oo and
xj/|lzj| = w asj— oco.

Let T'(£2) represent the set of directions n € S"~1 at infinity of £2; i.e.

7(2)= () J{nes':menyc s’ x{o} (2.7)
L=1r>L
Let B(M) = {y € R™ : |y| < M}. For the direction n = (w,0) € T(£2), let B,(£2)
denote the set of y € B(M) for which there exists a sequence {z;} in RY which
satisfies

lim |x;| =00, lim i =w, (zi,y)eNRfori=12 ...,

and let Bg(Q) denote its interior; if, for example, 2 = UxV with U C RN,V Cc R™
and w € T(U), then B, (£2) =V and B)(£2) = V.
For = (w,0) € T(£2), w € SV~ consider the following assumptions.

ASSUMPTION 2.4. For some open subset O of SN~! with w € O, there exist
Apy € C°(0 x B, (2) x R™) and  E € C°(0 x B,(£2) x R™1)

such that Ay ;((x/|x]),y, 2, q) is independent of z, E((x/|x|), y, z, ¢) is non-increas-
ing in z,

ak+N,l+N(fE7 Y,%,D,q)
y(x,y,2,p,q)

— Ak,l(”v%%Q) (28)
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and

b(x,y,2,p,q)

— FE(v,y,2,q 2.9
V(x, Y, 2P, q) ( ) (29)

as || — oo with x/|x| — v and |p| — 0 uniformly for y € B,(2), v € O, z € R
and q € R™ when 1 < k,l < m.

Let Qo denote the operator defined on C*(BJ(£2)) by
2

- 0%u
o(Y) = A (w,y,u, Dyu) ——— + E(w,y,u, Dyu). 2.10
Qoott(y) ];l::l k(.90 Dy) 5o+ B, 9,4, Dyu) (2.10)

ASSUMPTION 2.5. There exists a function k : B, (2) x T(2) — R with k(-,w) €
C?(B(£2)) N C°(B,(£2)) such that

oz, y) = k(y,w) (2.11)
uniformly as || — oo and x/|x| — w for (x,y) € 952 and
Qoo (k(-,w)) = 0 in B)(£2).

ASSUMPTION 2.6. For each o > 0, there exist § = 04, > 0 and functions k; and
ko in CI(B,](.Q)) N C’Q(BS(Q)) such that

k1(y) — k(y,w)| <,  y € By(9), (2.12)
k2(y) — k(y,w)| <o, y € By(12), (2.13)

and
Qoo(k2)(y) < =0, y € By(2). (2.15)

THEOREM 2.7. Let 2 C CJ} and n = (w,0) € T({2). Suppose that
(1) feC*2)NCN2)NL>(N) satisfies (1.2);
(2) assumptions 2.4, 2.5 and 2.6 are satisfied for n;
(3) there exist L > 0 and a positive continuous function o on [1,00) such that
V(@ y,z,p,9) = o(lp]® +ql) (2.16)
whenever £,p € RN, 2 € R, y,q € R™ with |x| > L and y € BY(£2);
(4) Q satisfies (2.1).

Then
jlggo|f(90jayj) —k(yj,w)| =0 (2.17)

uniformly for sequences {(x;,y;)} in 2 with |x;| — oo and x;/|z;| — w as j — .
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3. Operators and examples

Let @ be an operator given by (1.1) and satisfying (2.1). We will say that @ is in
our class of operators, denoted C, if there exist L > 0 and a positive continuous
function ¢ on [1,00) such that (2.5) holds for each v € S™ 1 z.p € RY and
z,t,q € Rwith |z| > L, |p|* +|¢|> > 1, |[t| < M and |q| > 0.
Let us define a new operator @ associated with Q by setting
n
QU(X) = Z (Nli’j(X,U,DU)DZ‘jU,
ij=1
where @;; = —a,; f 1 < i< Nand N+1<j<n(or N+1<i<nand
1<j < N)and a;; = a;; otherwise. We shall require the following definition.

DEFINITION 3.1 (Bernstein [1]; Serrin [18, p. 425]). Equation (1.1) has genre X if
and only if it satisfies (2.1) and there are positive constants p1 and psz such that,
for |[P|>1,X e teR, PeR",

PP < e(X, 1, P) < pao| PP (3.1)

We recall that uniformly elliptic operators have genre 0, while prescribed mean
curvature operators have genre 2. Denote by Cp the set of operators @) given by
(1.1) which satisfy (2.1) and the conditions that Q has genre greater than or equal
to 2 and there exist L > 0 and a positive continuous function o; on [1,00) such
that

m

p v
Z VEViGk+ N, I+N (waty7z7 ) ) Z 01(|p|2 + |q|2) (32)
k,l=1 79

holds whenever ,p € RV, z2,t,q € R, |z| > L, |[p|*>+¢* > 1,0 < t < M and

lg| > 0. Now
m
# Ek,lzl VEViQk4+N,l+N
€ (wazatvpvq): p ™ R
L4 €= > )t) Gkt Nk+N
where
b v ..
a;; = ai;| x,tv, z, —E, a , 1<4,5<n

and € = é(x, tv, z, —p/q, v/q) is the e-invariant for Q. Since Q has genre vy > 2, there
exist 1 and pp with 0 < gy < pg such that pg|P|*™7 < é(X, 2, P) < pe| P>~ for
|P| = 1. Then the proof of [12, corollary 4.2] shows C; C C. Theorem 2.3 can be
applied to operators in C7 to yield the following corollary.

COROLLARY 3.2. Suppose Q € C1, ¢ satisfies assumption 2.1 and f € C?(2)N
CO(92) satisfies Qf =0 in 2 and f = ¢ on 052. Then

ROR

EXAMPLE 3.3. Let m = N =1, n =2, 2 = (-1,1) x (0,00) and @ be the ‘false
minimal surface operator’ (e.g. [18, §11]), normalized so (2.1) holds. Then @ is the
minimal surface operator and so Q € Cy. From corollary 3.2, we see, for example,

lim sup
|| —o00,(x,y)€2
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that if v is any real constant and f € C2(£2) N C%(§2) satisfies Qf = 0 in the strip
Q2 and f(x,+1) — v as & — oo, then, without any a priori assumptions about the
growth of f(z,y) as x — oo, we have f(z,y) — v as © — oo, uniformly for |y| < 1.

EXAMPLE 3.4. Let N =1, m =2, M =3,

Ua = {(w2,23) € R?: 1 < 22 + 2% < 9},
Up = {(2,23) € Ua s 22 > 0, 572 < 23 < /322}

and
Uc=Ua\Us.
Let U be one of these three sets and define 2 = R x U. Let @Q be the operator given
by
def ©
Qu(X) = > a; j(X, Du(X))D; ju(X),
i,j=1
where
1+p3+p3 pip2
X,P)= ———- X, P)=—""—
al,l( 9 ) 2+2|P‘2 ) 0/1,2( 9 ) 2+2|P|27
x3/(23 + 22) + p? + p3 22/ (23 + 23) + p? + p3
X P) = 2 2 3 1 3 X.P) = 3 2 3 1 2
042,2( ) ) 2+2|P|2 ) (1,313( 9 ) 2+2|P|2 )
P1p3 xow3/(x3 + 3) — paps
X, P)=——— X.P)=
a1,3( ) ) 2+2|P|27 a2,3( ) ) 2+2|P|2 )

for X = (x1,22,23) € 2 and P = (p1, p2, p3) € R3. Note that Q is a quasi-linear
operator which is degenerate elliptic (e.g. as3(z1,%£2,0,0,0,p3) = 0). Note also

that
(X, 2, P) = L22p2 +x3ps)®/(23 + a3) + pi + 4pip3 + 4pTp3
) 2+2|P|2 )
2 2 2 2 2
# _ pita _ L+ 2pi+p5+ 13
€ £B7Z,t, ’ — 95 , .2, 92 XaZ7P -
and
2
0%u
Qoou = Ak,l ?J»%D U)7—F
kgl ( Y )3yk3y1
where
2 /(02 2 2
vi/(wi +v3) + a3
A y %y = )
1,1(y Q) 1“1‘(]% +q§
Aoy, 2, q) = yiy2/ (Y7 +v3) — 1o

1+qi 443
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and

Aoo(y.2.q) = y5/ (i +y3) +at
B L+qf +43

Suppose firstly that v € R, ¢ € C°(092) with limg, 1o ¢(21,y1,y2) = v when
(21,91,92) € 02 and f € C°(2) N C?(§2) is any function satisfying Qf = 0 in £2
and f = ¢ on 9f2. Then theorem 2.3 implies that

Illlfﬂocf(xl,ylayz) =v when (y1,12) € U.

Suppose next that 2 = R x Uc and limg, 400 ¢(21,Y1,Y2) = k(y1,y2), where
k(y1,y2) = arg(y1 +iye) € (3w, 7). Let f € C°(£2) N C%(£2) be a bounded function
satisfying Qf = 0 in 2 and f = ¢ on 0f2. Then theorem 2.7 implies that

llgﬁoof(iﬂlaylal&) = k(y1,y2) when (y1,42) € Uc.

x

(The graph of k(y1,y=2) is a piece of a helicoid and Qo.k = 0. The functions k1 (y) =
k(y) + My|? and k2(y) = k(y) — My|? for A > 0 sufficiently small satisfy assump-
tion 2.6.)

Suppose finally that 2 =R x Up and lim,, 40 ¢(x1,y1,¥2) = k(y1,y2), where
k(y1,y2) = In(y1)—In(yz). Let f € C°(2) N C2(§2) be a bounded function satisfying
Qf =01in 2 and f = ¢ on 92. Then theorem 2.7 implies that

lim  f(21,91,92) = k(y1,y2) when (y1,2) € Up.

xr1—+00

(Note that Q..k = 0 and the functions k;(y) = k(y) + A|y|? and ko(y) = k(y) —
Aly|? for A > 0 sufficiently small satisfy assumption 2.6.)

The conclusions in example 3.4 do not follow from existing results in the liter-
ature, to the best of our knowledge. Even though @ is degenerate, it has a spe-
cial structure for which a ‘strong’ (i.e. without a priori growth or boundedness
hypotheses) Phragmén—Lindelof theorem in a cylinder holds. This type of limiting
behaviour of solutions does not always hold, even for ‘better’ (i.e. non-degenerate)
elliptic operators, as the following example illustrates.

ExXAMPLE 3.5. Let v € R and consider the bounded solutions g = v and

h(z1,22,23) = (1 + ) COS Ty COS Ty + U

Inxq
of Dirichlet problems for the elliptic linear operator L,

(1 Inz)? 1

Lu(xy, x9,23) = 5z Puut m

= D D
24 (z11Inzq) (D22t + Dagu),

in the domain U = {(z1, %2, 23) : 21 > €, |v2| < 37, |23| < 7} with ¢ = v on OU N
{(z1,22,23) : 1 > e}. Clearly, Lg =0=LhinU, g =¢ = h on oU N {z; > e}
and yet

lim h(xy,29,23) =v+coszacoszs Zv= lim g(x1,x9,x3)
x1—+o0 x1—+o0

for max{|zs|, [z3]} < 3.
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EXAMPLE 3.6. Let Ng > 1, N=No+1,m=2,n=N+2 M >0,U = {(y1,y2) €
R?:y? +y3 < M?}, and 2 ={(t,z,y) eR":y e U,|x| <1} C O Let T be a
quasi-linear elliptic second-order operator on C2(R™°) with trace 1 and let @ be
the parabolic operator defined by

Qu(X) = 2 2
U( ) ;(T(U) C052 (U)gy/g SiIlQ (U)gy/g B % B u)
for X = (t,21,..., %Ny, Y1,Yy2) € 2, where T(u)(X) means T(u(t,-, ..., y))(x).
Note that (X, z, P) = 3 and
2 2
Qoo = cos” u Y
ot = cos” (u) ay% + sin”(u) 3y%

Let k(y) = cosh(y1 + y2) and assume lim;, 1o (¢, x,y) = k(y) when (t,z,y) €
982, uniformly for x satisfying |z| < 1 and y € U. Let f € C°(2)NC?*(2) be a
bounded function satisfying Qf = 0 in {2 and f = ¢ on 9f2. Then theorem 2.7
implies that ~

Jim f(t@,y) =k(y) whenyeU.

(Note that Quok = 0 and the functions k;(y) = k(y) + A|ly|? and ka(y) = k(y) —
Aly|? for A > 0 sufficiently small satisfy assumption 2.6.)

4. Barrier functions

Assume throughout the next two sections that b = 0 in (1.1). Let us define £ = £(¢)
as a continuous decreasing function from [1, co) into (0, 1] satisfying

tlim E(t)=0 and 0<E&(t) <o(t).

— 00
We will construct upper barriers uq oo,z and lower barriers v, g,z for the
Dirichlet problem (1.2) using ideas from [12, §§7 and 9]. Specifically, we claim
that there exist functions A(t) > 0 and x(¢) > 0 and a domain {2, », g such that
if K>0,7€R, a=A(H) and ¢, € RY with |xo| > L+ aeX(H) then there exist
U= Uazgy,H AN V= Vo gy 5 0 OO(“Qa,mo,H) n Cl(ga,mmH) N CQ(Qg,wo,H) such
that, for any constant (,

Qu+¢) <0 and Qw+¢) >0 in Qg’mo)H (4.1)
uz~vy and v<7vy on Qasz’H,
ou ov
e +o0o and e —oo on 2N 02 ¢ 1, (4.3)
M
u(xo,y) < v+ T and  v(xo,y) = v — T for [y| < M, (4.4)
0%u
im — = — <k <L .
tlg% a2 (z, tey) 0o, 1<k<m, (4.5)
li a—QU( ter) =+ 1<k< (4.6)
tg% ay]% T,l€f) = 100, S RUD .
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where 20 = {(,Y) € 2azom : |yl > 0} and ey, is the unit vector in the posi-

tive yj-direction.
Before beginning our construction, let us introduce a new operator. Correspond-
ing to the operator @ and to v € S™~1, we define an operator Q7 by

N+1
Q7 v(x, 2) Z Alj(x, z,v, Dv)Djjv + BY (x, 2,v, Dv) (4.7)
7,7=1

for v = v(x, z) € C?(RV*1) with Ov/dz # 0, where

A7 (wztp,q)—qzai,j(wvtz p’,/)’ 1<i,5 <N,
7 q

p v
AZN+1($az7tap7 Q) = _qzykai,k+]\7 (QZ,Vt,Z, _57 q)

k=1
al 14
qujai,j(m,l/t7z,p7>’ 1<1<Na
j=1 q q

N
p v
A7V+17N+1(w7z7t7p7 q) = Z piDjaq <x7Vt7Z7 _57 q)

Q=1

N m
p v
+ 2ZZVkpjaj,k:+N (a:,z/tz, ) )
j=1k=1 749
m
+ 2.

p v
VEViQg4+N,1+N | T, l/t,Z, _57 -

k=1 q
and
P p v
B"(x,z,t,p,q — Z VEVQk+ N, I+N (3’3 vt, z, ,>
t q q
q2 S p v
izak+N7k+N (:c,ut,z,—,).
t = q q

Note that @ and Q7 are related in the following manner.
If u(z,y) = w(z, M — |y|), w = w(z,t) is in C>(RV*Y), g = g(z,2) is in
C?*(RN*Y), g, # 0 and g(z,w(x,t)) =t for 0 <t < M, then

8g -3 # . Yy
Quie.) = () Qtole) ity20 =2 imuwy). 18

Note that

N N
" Y AV pipy 2300 AY v apid + ARy @
e (z,2,1,p,q) = (4.9)
v ZN+1 AV

=1
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for g # 0, where A7, = A;’J(:c,z,t,p, q) for 1 < 4,5 < N + 1 were given previously,
and z,p € RV, 2,t,q € R. (¢ is the e-invariant for Q given in [18, p. 425]; € is the
equivalent invariant for Q¥ .)

4.1. The construction

Let v represent an element of S™~1 = {y € R™ : |y| = 1}. Define ¥ € C°([1,0))

by ¥(p) = 1/£(p*). Then .
| st

e (@, 2,t,p, ) (VIpP +¢2) > 1 (4.10)
for z,p € R"71, g € R with |z| > L, |p|> + ¢*> > 1, |t| < M and |g| > 0. Define ¥;
by setting ¥ (p) = p=2if 0 < p < 1 and ¥ (p) = ¥(p) if 1 < p. Define x by

= [ 0 (0)

for a > 0. Then it is clear that x(«) is a decreasing function with range (0, 00). Let
7 be the inverse of . Then 7 is a positive, decreasing function with range (0, co).

Let H > 1. Since n(x(H)) = H and 7 is decreasing, we have n(8) > H for
0 < B < x(H). For each a > 0, define h, = hq. g by

hatr) = [

Then hgy(aeX)) =0 and hy(a) = ahi(1). Recalling 2 C {(z,y) : |y| < M}, we
define a function A(H) by

A(H) = M(/1 n(nt) dt)l. (4.12)

Let a = A(H) and observe that h,(a) = M. Furthermore, for a < r < aeX(),

and

aeX(H)

t ,
n(ln ) dt  for a < r < aeX), (4.11)
a

eX(H)

) =—a(ml) <o o) >

B! (r) = % (77 <ln Z))gwl (77 <ln 2)) > 0.

Thus, for a < r < aeX(H),

and

ha(r)
(he(r))?

Consider o € RY with |zg| > L + aeX!) and a constant I" € R. Now we define a
function g = ga,ze,r,z by

Jawo. 1,1 (®,2) = ha(\/]& — 22 + (2 = I')?) (4.14)

for a2 < |& — @of? + (= — )2 < a?e?X(),

=- hgy) Py (~h (). (4.13)
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Then, for

r=v]x -2+ (z-1)2, a<r<aX 1<ij<N,

dg Ti — Zoq

e — ha(r),
b _ 2 Lhw)
2w S e,
e e D
asz;ng = () xoi(fj )y "Toing —0) 45 )

(4.15)
where 9; ; is the Kronecker delta. Note that
0
8—Z(w,z) >0 ifz<l

%(m,z)<0 if 2> 1.

It is clear that, for any v € S™~! and (z, z) satisfying

a< ]z -2+ (z - N2 < aeX)

N+1
v def v
P g($,2) = Z Ai,j(wazmgyDg)Dijg
Q=1
Rl (r) " 1, 1
= | - Dg) + =h.(r) — # D
|:(h:l(7“))261/ (LE,Z,g, g)+’l“ a(r) rhg(r)el’ (wvzmga g)
N+1
X Z Azy,z(wazvgng)
i=1
N+1

)R
G )

h:zﬁr) wl(ihg(r))e#(m, z,g,DQ) + hil;”)

e (x, 2,9, Dg)

Z Azyﬂ(wazagng))
=

(

— (A_[HA;’J(w,z,%Dg))
(
0

S T N N

a(r)

r

A (@2, Dg>) (1 - 0, (|Dgl)et (@, 2, 9. Dg))
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here we have used the definition of €% (z, z,g, Dg) and the fact that, if a < r <
aeXH) then R/ (r) < 0, |Dg| = |h.(r)| = H > 1, and

¥(|Dg|)eff (x,2,9,Dg) > 1 when |Dg| > 1
Note that B”(zx,2,t,p,q) = 0 forall z,p € RN, 2, € R and 0 < |[t| < M, and so
QF g(x,2) = P'g(x,z) + B"(x, 2,9, Dg) > 0 (4.16)

for (z,z) € RN*! satisfying a < v/|z — @0 + (z — 1)? < aeXH) and |z — xo|? <
Li(|x — zo|? + (2 — IN)?).

Note that the functions wt = wIEO’F’H and w™ = w, . g defined by
wy o (@ t) =T — \/ — |z — o2 (4.17)
and
Wy o 1 (T51) F+\/ — |z — xo|? (4.18)
satisfy the equation
ga,wo,F-,H(mv w(:zt,mo,l‘,H(ma t)) =t. (4.19)
Set I't =~ + aeX() and I'™ = v — aeX(). Let us define u = Uy g1 and v =

Va,x0,v,H by

Ua,ao,y,H (T, Y) = w;_,wo,F‘F,H(m’M =yl

and
Ua,wo,"/,H(xa y) = w;mo,F*,H(w’ |y|)a
then
Ua,wo i (T,Y) = 7 + aeXH) — \/(hEl(M —yl)? — [z — zo? (4.20)
and
Vazortt (@) =7 — a4\ /(s (1y]))? — | — o2 (4.21)

for (x,y) € QG@O,H, where
2y o1 = {(x,y) € RY x R™ : ly| < M, | —xo| < h, ' (M — |y|)}. (4.22)

Set
“Qg,:co,H = {(:E,y) € Qﬂhme : |y‘ > O} (423)

and observe that u,v € C*(£20 , ). Since w' (x,2z) < I'* and w™ (®,2) > I'~, we
see from (4.8) that, for any constant ¢,

Q(Ua,zo,y, i +¢) <0 and Q(Va,zey,m +¢) >0 on Qg@o,H.
We will verify properties (4.1)—(4.5) for u. Now

Du(z,y) =

! (m_mo’ ha ' (M — ly|) y)
Va1 = ly))? — |z — o i (ha (M~ [y) ly]
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Recall that

lim A Y (M — |y|) = h; ' (M) =a, Al (r)=—-n(n(r/a)) and lim n(t) = +oo
ly|—=0 t—0+

and note that, when |z — z¢| < a,

lim Du(zx,y) = !

—(x — x,0).
ly|—0 a? — |m7w0|2( '0)

In particular, this shows that u € C*(£24 4,,1) and

o  — I
Du(x,0) = (m,ﬂ).

Furthermore,
Pu_ o Sl (M = o) o @] + (s — o)y )
Oz;0xj ((ha' (M = |y])? — |2 — ao[?)?/2
and
0%u yr(2i — z0i)hy (M — |y])

(x,y) = - - ;

OOy lylhty(ha ' (M = [y])((ha (M — [y))? — |@ — a0 ?)3/2
hence

0%u 0%u

8xi8xj axiayk ( a7w0;H) or m i,

Let us abbreviate our notation by setting

§ = (" (M = [y)? — l& -z, T =h; (M —[yl),
U= L’71(77(1n(ha (M —yl)/a))) and V= hg(hg' (M — [y])).
Then
ﬂ(m Y1 Okt — e /lYPNT e TU | yenT? .
Oykdy, ly[?V2s lylvs lyl?s  [ylPV2s?

Since lim;_, o ¥1(t) = 400, lim|y| o U = +o0. In particular, note that

P 1 TU T
ayz YRR = Tyag T g T yags
(with ey the unit yth-coordinate vector) and so
0?u
ylklgo 9 2(:1: Yrer) = —00 (4.24)
if 1 <k <mand |x— x| < a. Hence (4.5) holds.

To Verlfy (4.2), we use the fact that u(z,y) = I' — h;*(M — |y|). Since hy(r) is
a decreasing function, h; ! is also a decreasing function. Thus

ha '(M —[yl) < hy'(0) = aeX™ for [y| < M

a
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Hence
w(@,y) =T — h71(0) = 7 + aeX(H) — geX(H) =

To verify (4.3), note that £2 N 082, z,,m is (a portion of) the M-level surface
he(J® —20|) + |y| = M and its outer unit normal at (x,y) € 2N 002 o, & is (recall

hl, < 0)
= — L (M Jyl)) e Y
=V s e oy = )
= ! g — za) E %0 Y
VI (= —xl))? (h“(' D=2l |y|>'

Consider (z,y) € 2N 92 », u and note that, if (x.,y.) satisfies by (M — |y.|) >
|z — xo)|, then, with n = n(x,y),

Du(xc,y.) - n

—1
VB (M = [el))? = |2 — ol T+ (W ([ — wo]))?

% <($C—$0)'(SC—:BO) Yec Y h;l(M—|yc|) )
|z — o (yellyl Ay (ha ' (M — lyc])) )

ha (|2 — o) +

by letting (z.,y.) — (x,y), so that h; (M — |y.|) — |& — x|, we see that

ou
% =400 on 2N 8(2,1@071{. (425)
Similarly, we see that
g—:i =—00 on 2Nz H-
To verify (4.4), recall that u(xg,y) = I'" —h (M — |y|) and so, for 1 < k < m,
O o, ) = Z - ml
Oy~ lylh (ha (M —1yD)  lyln(in(a=1ha (M — [y])))

Using the fact that h,!(r) is a decreasing function again, we have

hy ' (M — |y])

In -2 <IneXH) = y(H) for |y| < M.

a

Since 7 is also decreasing, we have

Ju 1 1

Then (4.4) follows from this and the fact that, if |y| = M, then

for [yl < M, 1< k<m.

U(wOvy):F—hgl(O)ZF—an(H) = .

Properties (4.1)—(4.4) and (4.6) of v4 &, m can be established in a similar manner.
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REMARK 4.1. Before continuing, it seems advisable to compare the techniques,
proofs and conclusions in this paper with those of [12-14]. Here the discussion
involving equation (4.8), which leads us to the use of barriers of the form u(x,y) =
w(z, M—|y|) withx € RN = R"™™ y € R™ and |y| < M, is crucial to theorem 2.3.
Now theorem 2.3 is related to [12, theorem 2.4], and corollary 3.2 is related to the
results in [12, §4] (see also [15]). However, the results of [12] follow from the use
of barriers of the form u(x,y) = w(z,y) with £ € R"~! y € R and |y| < M, for
which the discussion involving [12, eqn (2.6)] is crucial. The proof of theorem 2.3 will
involve one additional case (when y = 0) not present in [12]. The set of operators
@ to which both corollary 3.2 and [12, corollary 4.2], apply is probably empty, even
when m =1 and C}} = Su.

Theorem 2.7 is related primarily to [13, theorem 2.2] and [14, theorem 2.6],
and secondarily to [12, theorem 2.5]. The results of [13,14] require a,, in [13]
or ming—1,.. ma,"" in [14] to have a positive lower bound (e.g. [13, eqn (14)], [14,
eqn (2.6)]), while theorem 2.7 requires only the weaker condition (2.16); when m = 1
(so that CY} = Sir), theorem 2.7 and [13, theorem 2.2] are essentially the same. The
proof of theorem 2.7 represents a refinement of that in [13] in which an inessential
dependence of the barrier function on y is eliminated.

5. Proof of theorem 2.3

For any e > 0, by the assumption on ¢(x,y) and the continuity of @(w), there exist
§ > 0 and R > 0 such that, if (z,y) € 02, |z| > R, |y| < M, w € S¥~1 and
|z/|x] —w| < 4, we have

[¢(x, y) — P(w)| < (5.1)

Fix w € SV~1 and set v = ®#(w) + 2¢. We choose H such that H > 1 and M/H < €
and set @ = A(H). Let u(x, y) = Uq x4, 1 (2, y) be the upper barrier given by (4.20)
with properties (4.1)-(4.5). We choose a large number Ry > R + L + A(H)eX(H)
and a small number 0 < é; < ¢ such that, if |z| > Ry, |x/|z| — w| < 41, we have

o] —w‘ <& for all v with |v — x| < A(H)eXD),

Now u is defined on the domain (2, 5, m; we shall compare the functions f and u
on the domain (21 = 24 2.z N 12.

x

— = w‘ < 51}

Ed

Set
W = {:c

We claim that, if (z,y) € 2 and zo € W, then

|:13| > Ry,

f(xo,y) < P(w) + 3e. (5.2)
If (z,y) € 002N 02y, from the definition of W, (4.2) and (5.1), we have
f(@,y) = o(x,y) < P(w) + 26 =7 < u(®,y). (5.3)
Thus,
f—u<0 ondf2Naf. (5.4)
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Note also that

u ov
s +oo and I = on 2N052. (5.5)
We claim that
fle,y) —u(x,y) <0 on §. (5.6)

Suppose that (5.6) is not true. Then there exists a ¢ > 0 such that
f<u+4+Con 2 and f(x1,y1)=u(x1,y1)+ ¢ for some (x1,y1) € 1. (5.7)

Note that Df(x1,y1) = Du(x1,y1).

Suppose first that y; = 0. Consider the path o(t) = (21,¢,0,...,0) in {21 and the
functions a(t) = f(o(t)) and 8(t) = u(e(t)) +¢. Note that a(t) < 8(t), a(-), 8(-) €
C1, a(0) = 3(0), &/(0) = #'(0) = 0 and, since f € C?(2), a(-) € C?. From (4.24),
we see that lim;_,g 3" (t) = —oco. Simple integration shows that, for every ¢ > 0,
there exists § > 0 such that 8(t) < 3(0) — $ct? if || < . By choosing c sufficiently
large (e.g. ¢ =1+ max)<s|a”(t)]), we obtain 3(t) < a(t) for 0 < [t| < 4, in
contradiction of (5.7). Hence y; # 0.

The remainder of the argument required to establish (5.6) is standard; we shall
present it for the sake of completeness. Suppose next that (x1,y1) € “Qz(z),wo,H' Now,
from (4.1) we have

n

Z ai,j (iB, Y, u(:c, y) + Cu DU((B, y))DijU(QE, y) <0 for ($, y) € Ql N ‘Qg,mo,H'
i,j=1

In particular,

n

Z aij(x1,y1, f(x1,y1), Df(x1,y1))Diju(er,y1) < 0.

4,J=1

A standard argument (e.g. the proof of [4, theorem 3.1]) yields a contradiction; hence
(x1,y1) ¢ Qg,moﬂ. Consider the last two cases, in which (z1,y;) is in 92 N O
or 2N df). Note that (5.4) rules out the first of these cases. In the second of
these cases, (5.5) rules out the possibility that ¢ > 0 and the only possibilities
which remain are that ¢ = 0 and (x1,y1) € 2N 92 or that (5.7) is impossible.
Suppose (x1,y1) € 2N 9. Then a standard argument using (5.5) shows that
flo(t)) >u(o(t))+ ¢ for t > 0 small if o(t) = (x1,y1) — tn € {21, in contradiction
of (5.7). Thus (x1,y1) ¢ 2N 982;. Hence (5.6) holds.

Now, from (5.6), we have f(zq,y) < u(zo,y) for (zg,y) in 2;. Thus (4.4) and
the choices of v and H yield

M
f(m()vy) <7+ﬁ Sé(w)+3€ for (ﬂ}o,y) E'(21

Since (o, y) € 21 implies (o, y) € 2 (from the definition of 2, 4, &), the claim
(5.2) is proven. A similar argument using our lower bounds shows that f(xo,y) >
P(w) — 3e.

From this, we can conclude that |f(zg,y) — @(w)| < 3e for (xg,y) € 2. Since
xo € W is arbitrary, we finally have

|f(x,y) — P(w)| < 3e for (x,y) € 2 with x € W. (5.8)
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Now if «;/|x;| = w as j — oo, there exists L > 0 such that ; € W when j > L.
Then from (5.8), for (z;,y;) € 2, we have

|f(®j,y;) — P(w)| < 3e if j = L.

Since € > 0 is arbitrary, (2.6) follows.

6. Proof of theorem 2.7

We may assume that the set O mentioned in assumption 2.4 is all of SV=1. Let
weT,e>0and o =€ Let § = 4,0, k1 and kg be as given in assumption 2.6.
From assumption 2.5 and the continuity of k(y,w), we see that there exist §; > 0
and R; such that, if (x,y) € 092, |x| > Ry, |y| < M, and |z/|z| — w| < §1, we have

o2, y) — k(y,w)| <e (6.1)

Assumption 2.4 implies there exist do > 0 and Rs such that

A+ N l+N($7yazapaq) 4
- —Ak,l w,Y,z,q g IR T 62
’Y(way727p7 q) ( ) 4m2||D'3k2||00 ( )
for 1 < k,l <m and
b(iE’yaZJ’a q) ‘ 1
—= = — F(w,y,2,q)| < 30 6.3
‘v(m,y,zm, q) ( | <3 (63)

for z € R, y,q € R™ with |y| < M if |x] > Rs, |p| < 62 and |z/|z| — w| < 20.
Consider the compact set

K ={(p,q) € R" : |p|* + |q* <1+ |[Dyk22}.
From (2.16), we see that there exists pu(K) > 0 such that
V(@,y,2.p.q) > n(K)

if (p,q) € K, z € RNV, y € R™ and z € R with |y| < M. Set u = u(K),
J = ||f — k’QHOO and 50 = min{l, %51, %(52}
Choose a > min{1, J,2/ud} so that

. 52 242 \/*
(2a —J)J < rr1111{1_~_()55(12,a2 - (H(S) }

and pick H > 0 such that

2 2\2/3
(2a — J)J < H? <min{ %0 _ g2 a® — (QG) }

a-,
1443 e
Note that
H a® 16
. —Sa2 _ g2 I S
77 < o, a a? — H? > J, (o = B2 < 5 (6.4)

There exists Rz > 0 such that, if |xg| = R3, |x — xo| < H and |zo/|zo| — w| < do,
then |z /|x| — w| < 2d9. Set Ry = max{R;y, Ry, R3} + H.
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Now define
x
— — w‘ < 50}
||

Wz{:ceRN lz| > Ry,

We claim that if (xg,y) € 2 and &g € W, then

f(xo,y) < k(y,w) + 2e. (6.5)

Throughout the remainder of this proof, let @ represent a point in W such that

(xz0,y) € 12 for some y € B(M). Let

W(x) = Wa,a0 () = a — \/a? — | —xo|? + 2¢

and note that w > 2¢. Now set

D ={(x,y) € LomyuN2:|z—xo| < H} (6.6)

and define up € C1(£21) N C?({21) by
uz(@,y) = w(z) + k2(y).

Note that, if (z,y) € 21, then |z| > max{Ry, R, R3} and |x/|x| — w| < 2d.
Let ¢ > 0. We claim that

Q(uz +¢) < 0in 2. (6.7)
Note that
8w Z; —;L'(,O) )
W)= 2B fr1<i<N
€T m
and
0 0
P*w () = 8ij(a® — |z — @ol?) + (w; — 21”)(2; — xg ) e l<iicn
5%539] (a2 — |m _ $0|2)3/2 SEZVAS )
where x¢ = (3350), ce 3351021). If we set
z; — 20
& = i for 1<i< N

a? — |z — xo?

and 6 = (gla"'vgN)a then

N 1 N N
a; i D;;w(x) = a;; + a; i&;&5
Z ) J ( ) m(Z s Z 7.75 f])

i,j=1 i=1 i,j=1
1 1 H?
< 1 )« 1
\/a2—|w—wo|2( e 02H2( +a2H2>
- (aQ _ H2)3/2

< b,

where Qi = ai,j(:c,y,uQ —|—<,DU2), 1<4,5< N.
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Since
|Dus(z,y)|* = [Dw(z)|* + |Dka(y)|* < 6§ + [Dk2(y)|* <1+ [|Dyks|%

when (x,y) € 21, we have Dus(x,y) € K and so y(x,y,us + , Dug) > u(K) if
(z,y) € ;. Note that, for 1 < k,l < N,

Api(w,y,uz + ¢, q) = Api(w,y,u2,q) = A (w, y, k2, q) (6.8)

and

E(w7y7u2 +C7q) < E(Way7u2,Q) < E(va,k‘%Q) (69>
for all y € B(M) and g € R™, since ¢ > 0 and ug = w + ko > 2¢ + ko > k. Using
(6.2), (6.3), (6.8) and (6.9), we find

0%ko
u2+< Z aZ]DZ]w+ Z Ak+N,I+N +b
) Py Oy, Oy

m 2
1 ar+N+N Ok b)
< 5pué + ( E + -
2 = Oudy oy )

b
= %/u? + {’Y — E(us + ¢, Dyus) + E(uz + ¢, Dyus)

— E(kg, Dyu2) + E(k‘g, Dyk‘g)

“ ?ks
Ap (ko Dyko) ————
+ k;1 kot (K2, Dy 2)3yk3y1
U 0%k
= N7 Ay (b, Dyks) —22
k;l k,l( 2 y Q)aykayl
0%k
A
—&-k;l ki (U2 4 C, Dy 2)8y o0
- apsni+N\ ko
— A D 2
> ( ki (u2 + ¢, Dyus) + . )aykayl%

k,l=1
pé+[364+0—86+0+ Lé]y

where v = y(x,y,uz +(, Duz), ary Ni+N = Gy N+ N (T, Y, u2 +(, Duz) (1 <
m), b = b(x,y,us + ¢, Duz), E(uz + ¢, Dyuz) = E(uz + ¢, Dyks) = E(w ,y,ug +
¢, Dyks2), E(ka, Dyks) = E(w,y, k2, Dyka), Api(u2 + ¢, Dyuz) = Ap(w,y,uz +
¢, Dyus) and Ay i(ke, Dyks) = Aj1(w,y, k2, Dyks). (Note that Dyus = Dyks.)

If (x,y) € 002N 082, from (6.1) we have

flx,y) = o(x,y) < k(y,w) + e < ka(y) + 2¢ <w(z,y) + ka(y).

Thus
f(x,y) —uz(x,y) <0 on 02N 0.
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If (x,y) € 2N I, then |x — 29| = H and so (6.4) implies that

w(z,y) =a—Va?— H?>+ 2> J.
Hence
f@y) —kae(y) <|f — k2llec = J < w(z,y)

and so f(x,y) < ua(x,y) for (x,y) € 2N 0.
Let Uy = {(z,y) € 21 : f(z,y) > us(x,y)}. Since f < ug on 9y, Up is a
relatively compact subset of £2; and f =wus on 21 N OUy. Now define

Ru(x,y) = Z a; j(z,y, Du)D;ju(z,y) + b(z, y, Du)
ij=1
by setting @ ;(®,y,q) = a;;(x,y, f(=,y),q) and b(z,y.q) = b(z,y, f(z,y),q)-

Let (1,y1) be an arbitrary point in Uy and set { = (ml,yl) —ug(x1,9y1) > 0.
Since Q(uz + ¢) < 0 on 21, we have

Ruy(x1,y1) = Q(uz + ¢)(x1,91) < 0.

Since (x1,y1) is an arbitrary point in Uy, we have Rus < 0 in Uy. Recalling that
the ellipticity of R is not needed in [4, theorem 10.1] (as noted in the proof of [4,
theorem 3.1]), we see that f < uz on Uy. Hence Uy = () and so

f(z,y) <wua(z,y) on 2.

Therefore,

M
— + ka(y) < 2+ k(y,w)

f(xo,y) < w(xzo,y) + k2(y) < i

or f(xo,y) — k(y,w) < 2e.
Together with a similar argument using lower barriers and ki (y) (i.e. ui(x,y) =

lo(x,y) + k1 (y) with ¥(p) = 1), we then find that
|f(1130,y) - k(yaw)| < 2e.
Since ¢y € W is arbitrary, we finally have
If(z,y) — k(y,w)| <2 for (x,y) € 2 with z € W. (6.10)

Now, if ;/|x;| - w as j — oo, there exists N > 0 such that ; € W when
j = N. Then from (6.10), for (z;,y;) € {2, we have

(@5, y;) — k(y;,w)| <2¢ ifj >N

Since € > 0 is arbitrary, the conclusion of theorem 2.7 follows.
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