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We study the Cauchy problem for the spatially homogeneous Landau equation for
Fermi–Dirac particles, in the case of hard and Maxwellian potentials. We establish
existence and uniqueness of a weak solution for a large class of initial data.

1. Introduction

Kinetic theory aims at modelling a gas or a plasma when one is interested in the
statistical properties of the gas rather than the state of each gas particle. The
evolution of the gas is then described by a distribution function f = f(t, x, v) � 0
which represents the (local) density of particles with velocity v ∈ R

3 at position
x ∈ R

3 and time t ∈ R+ := [0,+∞[.
In the absence of interactions (or collisions) between particles, the evolution of f

is given by the free-transport equation. When the effect of collisions is included, f
satisfies the celebrated Boltzmann equation or related models [3–5, 20]. In partic-
ular, while the Boltzmann equation is valid for neutral particles or weakly ionized
plasmas, the modelling of completely ionized plasmas introduces a new model, the
Landau equation, which is obtained as a limit of the Boltzmann equation when
grazing collisions prevail (cf. [5, 8, 9, 20]). Quantum effects such as the Pauli exclu-
sion principle should also sometimes be taken into account and both the Boltzmann
and Landau equations have to be modified accordingly in that case [5, 7, 20]. We
also mention that a Landau equation with Fermi statistics arises in the modelling
of self-gravitating particles [6, 16].
In this paper, we study a modified Landau equation accounting for the Pauli

exclusion principle, which reads

∂tf + v · ∇xf = QL(f),

where

QL(f) = ∇v ·
∫
Ψ(v − v∗)Π(v − v∗){f∗(1 − δf∗)∇f − f(1 − δf)∇f∗}dv∗,

where δ = 1, f = f(t, v), f∗ = f(t, v∗) and Π(z) denotes the orthogonal projection
on (Rz)⊥,

Πi,j(z) = δi,j − zizj
|z|2 , 1 � i, j � 3,

415
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416 V. Bagland

and Ψ is a function such that Ψ(z) = |z|2+γ , −3 � γ � 1. The choice Ψ(z) =
|z|2+γ corresponds to inverse power-law potentials, among which we distinguish
the Coulomb potential (γ = −3), soft potentials (−3 < γ < 0), the Maxwellian
potential (γ = 0) and hard potentials (0 < γ � 1). We recall here that the Coulomb
potential is, however, the only one to have a physical relevance.
Taking δ = 0 in QL(f) corresponds to the classical Landau equation, while the

Landau–Fermi–Dirac (LFD) equation and the Landau–Bose–Einstein (LBE) equa-
tion correspond to δ = 1 and δ = −1, respectively. Only the case δ = 1 will
be considered here and our aim is to investigate the existence and uniqueness of
weak solutions to the LFD equation in a spatially homogeneous setting, that is,
f = f(t, v) and satisfies

∂tf = QL(f), (1.1)

with δ = 1. We point out that the Pauli exclusion principle implies that a solution
to (1.1) must satisfy 0 � f � 1.
While the classical Boltzmann and Landau equations have been the subject of

several papers (see [3,4,11,30] for the Boltzmann equation and [2,10,15,22,28,29] for
the Landau equation, and the references therein), fewer studies have been devoted
to the Boltzmann–Fermi–Dirac (BFD) equation and to the LFD equation. Con-
cerning the former, the spatially inhomogeneous Cauchy problem has been stud-
ied in [1, 12, 21] for cross-sections satisfying Grad’s cut-off assumption. In a spa-
tially homogeneous setting, existence of solutions to the BFD equation is investi-
gated in [13,24] for more realistic cross-sections, and their large-time behaviour as
well [13,24,25]. To our knowledge, the problem of existence and uniqueness of solu-
tions to the LFD equation has not been yet considered, and the only works on this
model concern a formal derivation from the BFD equation in the grazing collisions
limit [7] and a spectral analysis of its linearization near an equilibrium [18]. There-
fore, our purpose is to investigate the well-posedness of the Cauchy problem for the
LFD equation in a spatially homogeneous setting for hard or Maxwellian poten-
tials. As already mentioned, the Pauli exclusion principle implies that solutions to
the LFD equation should satisfy the L∞ bound 0 � f � 1. On one hand, this
L∞ bound simplifies the analysis in comparison to the classical Landau equation
where only a bound in L logL is available. On the other hand, the term f(1 − δf)
is nonlinear for δ = 1 and requires strong compactness arguments to be handled
(weak compactness is sufficient for the classical Landau equation where δ = 0, since
the term f(1 − δf) = f is linear in that case).
We now describe the contents of the paper. We set notation and state our main

results in the next section: existence, propagation of moments, uniqueness (the-
orem 2.2), ellipticity of QL(f) (proposition 2.3). A priori estimates are gathered
in § 3 and are used in § 4 to prove the existence of a solution to the LFD equation.
Finally, the uniqueness result stated in theorem 2.2 is proved in § 5.

2. Main results

We first introduce some notation and definitions. For s ∈ R, p � 1 and k ∈ N, we
set

Lp2s(R
3) := Lp(R3; (1 + |v|2)s dv),
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Well-posedness for the spatially homogeneous LFD equation 417

‖f‖p
Lp

2s
=

∫
|f(v)|p(1 + |v|2)s dv,

‖f‖2
Hk

2s
=

∑
0�|α|�k

∫
|∂αx f(v)|2(1 + |v|2)s dv,

where α = (i1, i2, i3) ∈ N
3, |α| = i1 + i2 + i3 and ∂αx f = ∂i11 ∂

i2
2 ∂

i3
3 f .

For s � 0 and f ∈ L1
2s(R

3), we denote by M2s(f) the moment of order 2s of f ,
that is,

M2s(f) =
∫

|f(v)||v|2s dv.

For (i, j) ∈ [[1, 3]]2, we define

a(z) = (ai,j(z))i,j , with ai,j(z) = |z|γ+2
(
δi,j − zizj

|z|2
)
,

bi(z) =
∑
k

∂kai,k(z) = −2zi|z|γ ,

c(z) =
∑
k,l

∂2
klak,l(z) = −2(γ + 3)|z|γ ,

and, when no confusion can occur, we write Ā = (Āi,j), b̄ = (b̄i), B̄ = (B̄i), with

b̄i = bi ∗ f, Āi,j = ai,j ∗ (f(1 − f)),
c̄ = c ∗ f, B̄i = bi ∗ (f(1 − f)).

Otherwise, we use the notation Āfi,j , b̄
f
i , B̄

f
i , c̄

f instead of Āi,j , b̄i, B̄i and c̄.
With this notation, the LFD equation can then be written alternatively in the

form

∂tf = ∇ · (Ā∇f − b̄f(1 − f)), (2.1)

or

∂tf =
∑
i,j

Āi,j∂
2
i,jf + (B̄ − b̄(1 − 2f)) · ∇f − c̄f(1 − f),

and is supplemented with the initial datum

f(0) = fin, (2.2)

where
fin ∈ L1

2(R
3), 0 � fin � 1 a.e. and fin �≡ 0. (2.3)

We note that the last assumption is not restrictive since, when fin ≡ 0, f ≡ 0 is a
solution to (2.1), (2.2).
The usual a priori estimates are available here. Indeed, one can formally verify

that solutions preserve mass and energy, namely, for every t � 0

M0(f)(t) =
∫
f(t, v) dv =

∫
fin dv :=Min, (2.4)

M2(f)(t) =
∫
f(t, v)|v|2 dv =

∫
fin|v|2 dv := Ein. (2.5)
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418 V. Bagland

Moreover, introducing the entropy S(f) for Fermi–Dirac particles defined by

S(f) = −
∫
[f ln f + (1 − f) ln(1 − f)] dv � 0,

one can see, still formally, that t �→ S(f)(t) is a non-decreasing function.

Definition 2.1. Consider fin satisfying (2.3). A weak solution to the LFD equa-
tion (2.1), (2.2) is a function f satisfying the following conditions.

(i) f ∈ L∞(R+;L1
2(R

3)) ∩ C(R+;D′(R3)), f(1 − f) ∈ L1
loc(R+;L1

2+γ(R
3)).

(ii) 0 � f � 1 and f(0) = fin.

(iii)
∫
f(t, v)|v|2 dv �

∫
fin(v)|v|2 dv for every t � 0.

(iv) ∀ϕ ∈ D(R3) and ∀s, t � 0,
∫
f(t, v)ϕ(v) dv −

∫
f(s, v)ϕ(v) dv

=
∫ t

s

dτ
[∑
i,j

∫
Āi,jf∂

2
i,jϕdv +

∫
fB̄ · ∇ϕdv +

∫
f(1 − f)b̄ · ∇ϕdv

]
.

Our main result is the following.

Theorem 2.2. Consider fin satisfying (2.3) and assume further that fin ∈ L1
2s0(R

3)
for some s0 > 1. Then there exists a weak solution f to (2.1), (2.2) satisfying (2.4),
(2.5) and

f(1 − f) ∈ L1
loc(R+;L1

2s0+γ(R
3)), f ∈ L∞

loc(R+;L1
2s0(R

3)) ∩ L2
loc(R+;H1

2s0(R
3)).

If we also suppose that s0 � 1 + 1
2γ, t �→ S(f)(t) is a non-decreasing function

and
Sin := S(fin) � S(f)(t) � Ein + π3/2 for every t ∈ R+.

Moreover, for 2s0 > 4γ + 11, such a solution is unique.

The existence proof is adapted from that of [2,10] and is performed in three steps:
analysis of a regularized equation; uniform estimates; and passage to the limit by
a compactness argument. At this stage, we recall that, owing to the cubic nature
of QL(f), a weak-compactness argument is not sufficient. Strong compactness is
actually a consequence of the uniform ellipticity of the matrix Ā, which we state
now.
We fix E0 > 0 and S0 > 0 and denote by Y(E0, S0) the set of functions f ∈

L1
2(R

3) ∩ L∞(R3) such that 0 � f � 1 a.e. and

M2(f) � E0, S(f) � S0.

Proposition 2.3. Let f ∈ Y(E0, S0). Then there exists a constant K > 0, depend-
ing only on γ, E0 and S0, such that∑

i,j

Āi,j(v)ξiξj � K(1 + |v|2)γ/2|ξ|2, v ∈ R
3, ξ ∈ R

3.
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Well-posedness for the spatially homogeneous LFD equation 419

As for the uniqueness proof, it follows the lines from that of [10], but the non-
quadratic nature of QL(f) requires the use of an embedding lemma for weighted
Sobolev spaces.

3. A priori estimates

3.1. Uniform ellipticity

We first prove proposition 2.3 and proceed as in [10, proposition 4] for the Landau
equation with some modifications. Indeed, for the classical Landau equation, the
first step is a positive bound from below of ‖f‖L1(BR), which is straightforward
by (2.4) and (2.5) (BR denotes the ball with centre 0 and radius R). For the LFD
equation, we need a positive bound from below of ‖f(1 − f)‖L1(BR) and we realize
that the arguments of [10, proposition 4] provide no information for velocities where
f is close to 1. However, for such velocities, the required information is to be found
in the entropy.

Lemma 3.1. There exist constants η∗ > 0 and R∗ � 1, depending only on E0 and
S0, such that ∫

BR∗

f(1 − f) dv � η∗ > 0 for every f ∈ Y(E0, S0).

Proof. Let f ∈ Y(E0, S0). For every R � 1, we have

S0 �
∫
BR

(f | ln f |+ (1− f)| ln(1− f)|) dv +
∫

|v|�R
(f | ln f |+ (1− f)| ln(1− f)|) dv.

(3.1)

Step 1. We first consider the integral over BR. Let ε, α ∈ (0, 1). Since

| ln r| � 1 − r
ε

if r ∈ (ε, 1), (3.2)

| ln(1 − r)| � r

ε
if r ∈ (0, 1 − ε), (3.3)

we deduce that∫
BR

f | ln f |dv �
∫
BR∩{f�ε}

f | ln f |dv +
∫
BR∩{f�ε}

f | ln f |dv

� 1
ε

∫
BR

f(1 − f) dv + εα
∫
BR

f1−α| ln f |dv,

and, similarly,∫
BR

(1 − f)| ln(1 − f)|dv � 1
ε

∫
BR

f(1 − f) dv + εα
∫
BR

(1 − f)1−α| ln(1 − f)|dv.

As r �→ r1−α| ln r| is bounded on [0, 1], we obtain, choosing ε = R−4/α,
∫
BR

(f | ln f | + (1 − f)| ln(1 − f)|) dv � 2R4/α
∫
BR

f(1 − f) dv + C1(α)
R

. (3.4)
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420 V. Bagland

Step 2. It remains now to consider the second integral of (3.1). On one hand,
thanks to the Hölder inequality and the boundedness of r �→ rα| ln r| on [0, 1], we
obtain∫

|v|�R
f | ln f |dv =

∫
|v|�R

f1−α|v|2(1−α) f
α| ln f |

|v|2(1−α) dv

� C2(α)
(∫

|v|�R
f |v|2 dv

)1−α(∫
|v|�R

|v|−2(1−α)/α dv
)α
.

We fix α = 1
5 and conclude that∫

|v|�R
f | ln f |dv � CE

1−α
0

R
. (3.5)

On the other hand, using (3.3) with ε = 1
2 leads to

∫
|v|�R

(1 − f)| ln(1 − f)|dv

� 2
∫

{|v|�R}∩{f�1/2}
f(1 − f) dv + 1

e

∫
{|v|�R}∩{f�1/2}

f dv

� 2
R2

∫
f |v|2 dv + 1

eR2

∫
f |v|2 dv.

Hence, for R � 1, ∫
|v|�R

(1 − f)| ln(1 − f)|dv � 3E0

R2 � 3E0

R
. (3.6)

From (3.5) and (3.6), we deduce
∫

|v|�R
(f | ln f | + (1 − f)| ln(1 − f)|) dv � C3(E0)

R
. (3.7)

Step 3. Substituting inequalities (3.4) and (3.7) into (3.1) gives

S0 − C1( 1
5 ) + C3(E0)
R

� 2R20
∫
BR

f(1 − f) dv.

The choice

R∗ = 2
C1( 1

5 ) + C3(E0)
S0

then completes the proof of lemma 3.1.

Proof of proposition 2.3. Due to lemma 3.1, the remainder of the proof of proposi-
tion 2.3 is similar to that of [10, proposition 4], to which we refer.

3.2. Propagation of moments

We now show (formally) the propagation of moments for solutions to the LFD
equation (2.1), (2.2), which, in turn, implies an H1 estimate (still formally). All
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Well-posedness for the spatially homogeneous LFD equation 421

the computations we perform here will be justified in § 4.2 by means of smooth
approximating solutions.
Let f be a smooth solution to (2.1), (2.2). Multiplying (2.1) by 1 and |v|2 and

integrating with respect to v lead, after some integrations by parts, to the conserva-
tion of mass (2.4) and energy (2.5). Also, after multiplying (2.1) by ln f − ln(1− f)
and integrating over R

3, the non-negativity of the matrix a ensures that the entropy
S(f) is a non-decreasing function of time. From now on, Ci, i � 1, denote positive
constants depending only on γ, Min, Ein and Sin. The dependence of the Ci on
additional parameters will be indicated explicitly.

Lemma 3.2. Assume that fin ∈ L1
2s(R

3) for some s > 1. Then, for every T > 0,
there exists a constant Γ (s, T, ‖fin‖L1

2s
), depending only on s, T and ‖fin‖L1

2s
, such

that

sup
t∈[0,T ]

‖f(t)‖L1
2s
+

∫ T

0

∫∫
|v − v∗|γ |v∗|2sff∗(1 − f∗) dvdv∗dτ � Γ (s, T, ‖fin‖L1

2s
).

In particular, f(1 − f) ∈ L1
loc(R+;L1

2s+γ(R
3)).

Proof. Let ϕ be a smooth function on R
3 and multiply (2.1) by ϕ. After integrating

over R
3 and some integrations by parts, we obtain

d
dt

∫
f(t, v)ϕ(v) dv =

∑
i,j

∫∫
ff∗(1 − f∗)ai,j(v − v∗)∂2

i,jϕdvdv∗

+
∫∫

ff∗[2 − f − f∗]b(v − v∗) · ∇ϕdvdv∗. (3.8)

We take ϕ(v) = Φ(|v|2) in (3.8), where Φ is a convex function. As∑
i

ai,i(v − v∗) = 2|v − v∗|γ+2,

∑
i,j

ai,j(v − v∗)vivj = |v − v∗|γ(|v|2|v∗|2 − (v · v∗)2),
∑
j

bj(v − v∗)vj = −2|v − v∗|γ(|v|2 − (v · v∗)),

formula (3.8) becomes

d
dt

∫
f(t, v)Φ(|v|2) dv = 4

∫∫
ff∗(1 − f∗)|v − v∗|γΛΦ(v, v∗) dvdv∗,

where

ΛΦ(v, v∗) = (|v∗|2 − (v · v∗))(Φ′(|v|2) − Φ′(|v∗|2)) + (|v|2|v∗|2 − (v · v∗)2)Φ′′(|v|2).
Since Φ is convex, Φ′′ is non-negative and, consequently,

ΛΦ(v, v∗) � (|v∗|2 − (v · v∗))(Φ′(|v|2) − Φ′(|v∗|2)) + |v|2|v∗|2Φ′′(|v|2).
Let Φ(r) = rs, s > 1. Since (v · v∗) � |v||v∗|, we deduce (with the notation

Λs = ΛΦ) that

Λs(v, v∗) � s[s|v|2s−2|v∗|2 − |v∗|2s + |v||v∗|(|v|2s−2 + |v∗|2s−2)]. (3.9)
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422 V. Bagland

As s > 1, we have 2s− 1 > 1 and Young’s inequality ensures that

x2s−2y2 = x2s−2y(2s−2)/(2s−1)y2s/(2s−1) � 2s− 2
2s− 1

x2s−1y +
1

2s− 1
y2s.

Substituting this inequality for x = |v|, y = |v∗| into (3.9) yields

Λs(v, v∗) � s
[
(s+ 1)|v|2s−1|v∗| + |v||v∗|2s−1 − s− 1

2s− 1
|v∗|2s

]
.

Since f � 0 and |v − v∗|γ � |v|γ + |v∗|γ (γ � 0), we finally obtain

d
dt

∫
f(t, v)|v|2s dv + 4s

s− 1
2s− 1

∫∫
|v − v∗|γ |v∗|2sff∗(1 − f∗) dvdv∗

� 4s
∫∫

ff∗(|v|γ + |v∗|γ)[(s+ 1)|v|2s−1|v∗| + |v||v∗|2s−1] dvdv∗.

Now

(|v|γ + |v∗|γ)[(s+ 1)|v|2s−1|v∗| + |v||v∗|2s−1]

� (s+ 1)[|v|2s+γ−1|v∗| + |v|2s−1|v∗|1+γ ] + [|v|1+γ |v∗|2s−1 + |v||v∗|2s+γ−1],

and Young’s inequality ensures that

max{|v|, |v|γ+1} � 1 + |v|2 and max{|v|2s−1, |v|2s+γ−1} � 1 + |v|2s.
Therefore,

d
dt
M2s(f) + 4s

s− 1
2s− 1

∫∫
|v − v∗|γ |v∗|2sff∗(1− f∗) dvdv∗ � C1(s) +C2(s)M2s(f).

(3.10)
Thanks to Gronwall’s lemma, we first conclude that, for every T � 0,

M2s(f)(t) � (M2s(fin) + 1)C3(s, T ), t ∈ [0, T ]. (3.11)

We next integrate (3.10) over (0, T ) and deduce from (3.11) that
∫ T

0

∫∫
|v − v∗|γ |v∗|2sff∗(1 − f∗) dvdv∗dτ � (M2s(fin) + 1)C4(s, T ).

Since |v − v∗|γ � |v∗|γ − |v|γ , we infer that

‖fin‖L1

∫ T

0

∫
f∗(1 − f∗)|v∗|2s+γ dv∗

� (M2s(fin) + 1)C4(s, T ) + ‖fin‖L1
2
‖f‖L∞(0,T ;L1

2s), (3.12)

which completes the proof.

Remark 3.3. Unlike the classical Landau equation, for which M2s(f) becomes
instantaneously finite for positive times and s > 1, we obtain here the propagation of
these moments but not their appearance. This is due to the term f∗(1−f∗) in (3.12).
Consequently, we do not recover the same smoothness as in [10, theorems 3 and 5].
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Lemma 3.4. For every T > 0, there exists a constant C(s, T ) such that

K

∫ T

0

∫
|∇f |2(1 + |v|2)s+γ/2 dvdτ
� C(s, T )[1 + ‖f(1 − f)‖L1(0,T ;L1

2+γ)]‖f‖L∞(0,T ;L1
2s+γ) + ‖fin‖L1

2s
. (3.13)

Proof. Let s � 0 and fin ∈ L1
2s(R

3). Since 0 � f � 1, equations (2.4), (2.5) and
lemma 3.2 imply that f ∈ L∞(0, T ;L2

2s(R
3)). It follows from (2.1) that

1
2
d
dt

∫
f2(1 + |v|2)s dv

= −
∫
(Ā∇f − b̄f(1 − f))∇(f(1 + |v|2)s) dv

= −
∫
Ā∇f∇f(1 + |v|2)s dv − 2s

∫
Āf∇fv(1 + |v|2)s−1 dv

+
∫
f(1 − f)b̄ · ∇f(1 + |v|2)s dv + 2s

∫
b̄ · vf2(1 − f)(1 + |v|2)s−1 dv.

(3.14)

On one hand, since S(f) is a non-decreasing function and f satisfies (2.5), propo-
sition 2.3 implies that∫

Ā∇f∇f(1 + |v|2)s dv � K
∫

|∇f |2(1 + |v|2)s+γ/2 dv.

On the other hand, it is easy to see that there exists a constant C such that

|∇ · (Āv(1 + |v|2)s−1)| � C‖f(1 − f)‖L1
2+γ

(1 + |v|2)s+γ/2, (3.15)

|∇ · (b̄(1 + |v|2)s)| � C‖f‖L1
2
(1 + |v|2)s+γ/2,

|b̄| � C‖f‖L1
2
(1 + |v|2)(1+γ)/2,

so that∫
b̄ · vf2(1 − f)(1 + |v|2)s−1 dv � C‖f‖L1

2

∫
f2(1 + |v|2)s+γ/2 dv

and ∫
f(1 − f)b̄ · ∇f(1 + |v|2)s dv = −

∫
( 1
2f

2 − 1
3f

3)∇ · (b̄(1 + |v|2)s) dv

� C‖f‖L1
2

∫
f2(1 + |v|2)s+γ/2 dv,

−2
∫
Āf∇fv(1 + |v|2)s−1 dv =

∫
f2∇ · [Āv(1 + |v|2)s−1] dv

� C‖f(1 − f)‖L1
2+γ

∫
f2(1 + |v|2)s+γ/2 dv.

Substituting the previous estimates into equation (3.14) and using (2.4) and (2.5)
yield (3.13) after integrating with respect to time.
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4. Existence

This section is devoted to the proof of the existence part of theorem 2.2. First we
investigate a regularized problem and show the existence and smoothness of a solu-
tion. Indeed, a first difficulty common to both the Landau and LFD equations lies in
the fact that the coefficients of the elliptic operator QL(f) are unbounded. We thus
approximate them by bounded ones. However, the coefficients remain non-local,
which is the second difficulty to be faced. The existence of approximated solutions
follows from a fixed-point method, but, unlike the classical Landau equation, this
method has to be applied to a nonlinear equation. Finally, we obtain solutions to
the LFD equation as cluster points of sequences of approximated solutions. At this
stage, owing to the cubic nature of the LFD equation, weak convergence is not
sufficient.

4.1. The regularized problem

Let (Ψε)ε>0 be a family of smooth bounded functions on R+ that coincide with
Ψ(r) = rγ+2 for 0 < ε < r < ε−1 and enjoy the following properties.

(i) The functions Ψ ′
ε, Ψ

′′
ε , Ψ

(3)
ε and Ψ (4)

ε are bounded.

(ii) For 0 < r < ε−1, Ψε(r) � 1
2r
γ+2. For r > ε−1, Ψε(r) � 1

2ε
−(γ+2) > 0.

(iii) For every r > 0, Ψε(r) � r2(1 + rγ) and |Ψ ′
ε(r)| � (γ + 2)r(1 + rγ).

(iv) For 0 < r < ε, Ψε(r) = r2νε(r), with νε ∈ C∞([0, ε]), νε(0) = 1, ν′
ε(0) = 0 and

ν′′
ε (0) = 0.

For (i, j) ∈ [[1, 3]]2, we set

aε(z) = (aεi,j(z))i,j , with aεi,j(z) = Ψε(|z|)
(
δi,j − zizj

|z|2
)
,

bεi (z) =
∑
k

∂ka
ε
i,k(z) = − 2zi

|z|2Ψε(|z|),

cε(z) =
∑
k,l

∂2
kla

ε
k,l(z) = − 2

|z|2 [Ψε(|z|) + |z|Ψ ′
ε(|z|)]

and consider the regularized problem

∂tf = ∇ · (Āf,ε∇f − b̄f,εf(1 − f)) + ε∆f, (4.1)
f(0, ·) = fin. (4.2)

We first note that, thanks to the properties of Ψε, we have the following result.

Lemma 4.1. The functions aεi,j and bεi belong to C4
b (R

3). The function cε belongs
to C2

b (R
3).

We set
Kε = max

i,j
‖aεi,j‖C4

b
+max

i
‖bεi‖C4

b
+ ‖cε‖C2

b
.

We next investigate the well-posedness of (4.1), (4.2).
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Theorem 4.2. Consider

fin ∈ C∞(R3) ∩H1(R3) ∩W 3,∞(R3)

such that

0 < α1e−β1|v|2 � fin(v) � α2e−β2|v|2

1 + α2e−β2|v|2 < 1 for every v ∈ R
3, (4.3)

for positive constants α1, α2, β1 and β2. Let ε > 0 and T > 0. Then there exists
a solution fε to the regularized problem (4.1), (4.2) with initial condition fin such
that, for every s > 0, fε belongs to

L∞(0, T ;L1
2s(R

3)) ∩ L2(0, T ;H1
2s(R

3)).

Let β′
1 � β1, D, E, F and CL be five positive constants, the values of which we

will specify later. We denote by C the set of functions f ∈ C([0, T ];L1(R3)) such
that, for all s, t ∈ [0, T ] and ϕ ∈ C2

b (R
3),

0 � f � 1,∫
f(t, v) dv =

∫
fin(v) dv,∣∣∣∣

∫
(f(t, v) − f(s, v))ϕ(v) dv

∣∣∣∣ � CL‖ϕ‖C2
b
|t− s|,

∣∣∣∣
∫
(f(1 − f)(t, v) − f(1 − f)(s, v))ϕ(v) dv

∣∣∣∣ � CL‖ϕ‖C2
b
|t− s|,

α1e−β′
1|v|2e−Dt � f(t, v) � α2eEte−β2|v|2/(1+Ft)

1 + α2eEte−β2|v|2/(1+Ft) .

For g ∈ C, we consider the following quasi-linear problem,

∂tf = ∇ · [(Āg,ε + εI3)∇f − b̄g,εf(1 − f)], (4.4)
f(0, ·) = fin, (4.5)

where I3 denotes the identity matrix of R
3.

The existence of solutions to (4.1), (4.2) will follow from the existence of solutions
to (4.4), (4.5) by means of a fixed-point method. We thus first study the latter and
prove the following result.

Theorem 4.3. Let δ ∈ (0, 1) and ε > 0. For each g ∈ C, there exists a unique clas-
sical solution fε ∈ H2+δ,(2+δ)/2([0, T ] × R

3) to (4.4), (4.5) and there is a constant
Λ, depending only on fin, δ, T , ε and CL, such that

‖fε‖H2+δ,(2+δ)/2 � Λ.

Moreover, there exist constants β′
1, D, E, F and CL, depending only on fin, T

and ε, such that fε belongs to C.
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For T > 0, l > 0, l �∈ N and Ω a domain of R
3, we consider Hölder spaces

Hl,l/2([0, T ] ×Ω), whose norm are

‖f‖Hl,l/2 = sup
0�t�T,v∈R3

∑
|α|+2r�[l]

|∂rt ∂αf(t, v)|

+ sup
0�t�T,v 
=w

∑
|α|+2r=[l]

|∂rt ∂αf(t, v) − ∂rt ∂αf(t, w)|
|v − w|l−[l]

+ sup
s 
=t,v∈R3

∑
|α|+2r=[l]

|∂rt ∂αf(t, v) − ∂rt ∂αf(s, v)|
|t− s|(l−[l])/2 ,

where [l] denotes the integer part of l and α ∈ N
3.

Thanks to lemma 4.1 and the properties of C, the coefficients of the parabolic
operator in (4.4) have the following regularity properties.

Lemma 4.4. Let ε > 0, δ ∈ (0, 1) and g ∈ C. For every (i, j, k) ∈ [[1, 3]]3, the
functions Āg,εi,j , b̄

g,ε
i , ∂kĀ

g,ε
i,j and c̄g,ε belong to the Hölder space Hδ,δ/2([0, T ]× R

3),
with

max
i,j

‖Āg,εi,j ‖W 1,∞ +max
i

‖b̄g,εi ‖L∞ + ‖c̄g,ε‖L∞ � Kε‖fin‖L1 . (4.6)

Moreover, for every bounded domain Ω of R
3, the functions Āg,εi,j , b̄

g,ε
i , ∂kĀ

g,ε
i,j

and ∂k b̄
g,ε
i belong to the Hölder space H1+δ,(1+δ)/2([0, T ] ×Ω).

Proof of theorem 4.3. Owing to the uniform ellipticity

ε|ξ|2 �
∑
i,j

(Āg,εi,j (v) + εδi,j)ξiξj � (3Kε‖fin‖L1 + ε)|ξ|2, v ∈ R
3, ξ ∈ R

3 (4.7)

and classical arguments, the maximum principle and [17, theorem 5.8.1] imply the
existence and uniqueness of a solution fε ∈ H2+δ,(2+δ)/2([0, T ] × R

3) to (4.4), (4.5).
This solution satisfies

0 � fε(t, v) � 1, (4.8)

and there exists a constant Λ, depending only on fin, δ, T , ε and CL, such that

‖fε‖H2+δ,(2+δ)/2 � Λ

(see the appendix for a sketch of proof).
We next show that we can choose constants β′

1, D, E, F and CL such that fε ∈ C.
First, we verify that, for every (t, v) ∈ [0, T ] × R

3,

α1e−β′
1|v|2e−Dt � fε(t, v) � α2eEte−β2|v|2/(1+Ft)

1 + α2eEte−β2|v|2/(1+Ft) . (4.9)

Indeed, introducing
ϕinf(t, v) = α1e−β′

1|v|2e−Dt,

and the parabolic operator L defined by

Lu = ∂tu−
∑
i,j

(Āg,εi,j + εδi,j)∂
2
i,ju−

∑
i

[B̄g,εi − b̄g,εi (1 − 2fε)]∂iu+ c̄g,ε(1 − fε)u,
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we see that Lϕinf � 0 as soon as

β′
1 � 1

4ε
and D � 12β′

1K
2
ε‖fin‖2

L1 + 6β′
1(Kε‖fin‖L1 + ε) +Kε‖fin‖L1 ,

whence
α1e−β′

1|v|2e−Dt � fε(t, v), (t, v) ∈ [0, T ] × R
3,

by the comparison principle [17, theorem 1.2.1].
We next set

ϕsup(t, v) =
α2eEte−β2|v|2/(1+Ft)

1 + α2eEte−β2|v|2/(1+Ft) ,

and let M be the semilinear operator defined by

Mu = ∂tu−
∑
i,j

(Āg,εi,j + εδi,j)∂
2
i,ju−

∑
i

[B̄g,εi − b̄g,εi (1 − 2u)]∂iu+ c̄g,ε(1 − u)u.

For

E � 12K2
ε‖fin‖L1 +Kε‖fin‖2

L1 and F � 12β2Kε‖fin‖L1 + 4β2ε+ β2,

we have Mϕsup � 0 = Mfε. Owing to the regularity of the coefficients of the
parabolic operator, we are in a position to apply the comparison principle [19,
theorem 9.1] to obtain that

fε(t, v) � α2eEte−β2|v|2/(1+Ft)

1 + α2eEte−β2|v|2/(1+Ft) .

It readily follows from (4.9) and the continuity of fε that fε ∈ C([0, T ];L1(R3)).
In addition, classical truncation arguments and equations (4.6) and (4.9) allow us
to check that ∫

fε(t, v) dv =
∫
fin(v) dv, t ∈ [0, T ]. (4.10)

It remains now to verify the two Lipschitz properties, and this will be the aim
of the three following lemmas. We only give formal calculations, but they can be
rigorously justified by standard truncation arguments.

Lemma 4.5. For every r � 0, fε belongs to L2(0, T ;H1
2r(R

3)). Moreover, there
exists a constant C, depending only on fin, r, ε and T , such that

‖fε‖L2(0,T ;H1
2r) � C.

Proof. Let r � 0. We multiply (4.1) by fε(1 + |v|2)r and we integrate with respect
to v to obtain

1
2
d
dt

∫
|fε|2(t, v)(1 + |v|2)r dv = −

∫
(Āg,ε + εI3)∇fε∇fε(1 + |v|2)r dv

− 2r
∫
(Āg,ε + εI3)∇fεvfε(1 + |v|2)r−1 dv

+
∫
fε(1 − fε)b̄g,ε · ∇fε(1 + |v|2)r dv

+ 2r
∫
(fε)2(1 − fε)b̄g,ε · v(1 + |v|2)r−1 dv.
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After integrating over (0, t), we infer from (4.6), (4.7) and Young’s inequality that

1
2

∫
|fε|2(t, v)(1 + |v|2)r dv + ε

∫ t

0

∫
|∇fε|2(1 + |v|2)r dvdτ

� 1
3ε

∫ t

0

∫
|∇fε|2(1 + |v|2)r dvdτ

+ Cε[3Kε‖fin‖L1 + ε]2
∫ t

0

∫
fε(1 + |v|2)r−1 dvdτ

+ 1
3ε

∫ t

0

∫
|∇fε|2(1 + |v|2)r dvdτ + CεK2

ε‖fin‖2
L1

∫ t

0

∫
fε(1 + |v|2)r dvdτ

+ CKε‖fin‖L1

∫ t

0

∫
fε(1 + |v|2)r dvdτ + 1

2

∫
|fin|2(1 + |v|2)r dv.

Therefore,

ε

∫ t

0

∫
|∇fε|2(1 + |v|2)r dvdτ

� C(ε,Min)
∫ t

0

∫
fε(1 + |v|2)r dvdτ + 3

2

∫
|fin|2(1 + |v|2)r dv,

and (4.9) implies that the right-hand side of the above inequality is bounded.

Lemma 4.6. The function fε belongs to L∞(0, T ;H1(R3)). Moreover, there exists
a constant G, depending only on fin, ε and T , such that

‖fε‖L∞(0,T ;H1) � G.

Proof. We first observe that

fε ∈ H2+δ,(2+δ)/2([0, T ] × R
3) ∩ H3+δ,(3+δ)/2([0, T ] ×Ω)

for each bounded domain Ω ⊂ R
3, by [17, theorem 5.8.1]. We may thus differenti-

ate (4.4) with respect to vk and obtain

∂t∂kf
ε = ∇· [(Āg,ε+εI3)∇∂kfε+∂kĀg,ε∇fε− b̄g,ε(1−2fε)∂kfε−∂k b̄g,εfε(1−fε)].

Hence

1
2
d
dt

∫
(∂kfε)2 dv = −

∫
(Āg,ε + εI3)∇∂kfε∇∂kfε dv

−
∫
∂kĀ

g,ε∇fε∇∂kfε dv

+
∫
(1 − 2fε)b̄g,ε · ∇∂kfε∂kfε dv

+
∫
fε(1 − fε)∂k b̄g,ε · ∇∂kfε dv,
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and (4.6), (4.7) and Young’s inequality lead to∫
|∂kfε|2 dv + 2ε

∫ t

0

∫
|∇∂kfε|2 dvdτ

� 3
2ε

∫ t

0

∫
|∇∂kfε|2 dvdτ

+ CεK2
ε‖fin‖2

L1‖∇fε‖2
L2(0,T ;L2) + CεTK

2
ε‖fin‖3

L1 + ‖fin‖2
H1 .

Lemma 4.6 then readily follows from the above inequality by lemma 4.5.

Lemma 4.7. There exists a constant CL, depending only on fin, ε and T , such that,
for all ϕ ∈ C2

b (R
3) and σ, t ∈ [0, T ],∣∣∣∣

∫
(fε(t, v) − fε(σ, v))ϕ(v) dv

∣∣∣∣ � CL‖ϕ‖C2
b
|t− σ|,

∣∣∣∣
∫
(fε(1 − fε)(t, v) − fε(1 − fε)(σ, v))ϕ(v) dv

∣∣∣∣ � CL‖ϕ‖C2
b
|t− σ|.

Proof. Let ϕ ∈ C2
b (R

3). Classical truncation arguments ensure that∫
fε(t, v)ϕ(v) dv −

∫
fε(σ, v)ϕ(v) dv

=
∫ t

σ

dτ
{∑
i,j

∫
Āg,εi,j f

ε∂2
i,jϕdv +

∫
fεB̄g,ε · ∇ϕdv

+
∫
fε(1 − fε)b̄g,ε · ∇ϕdv + ε

∫
fε∆ϕdv

}
. (4.11)

The first inequality of lemma 4.7 then readily follows from (4.10), (4.11) and
lemma 4.4 with CL � C1 = C(Kε‖fin‖L1 + ε)‖fin‖L1 .
Similarly, we infer from (4.4) that, for ϕ ∈ C2

b (R
3), we have∫

fε(1 − fε)(t, v)ϕ(v) dv −
∫
fε(1 − fε)(σ, v)ϕ(v) dv

=
∫ t

σ

dτ
{

−
∫
(Āg,ε + εI3)∇fε[(1 − 2fε)∇ϕ− 2ϕ∇fε] dv

− 2
∫
fε(1 − fε)ϕb̄g,ε · ∇fε dv

+
∫
fε(1 − fε)(1 − 2fε)b̄g,ε · ∇ϕdv

}
. (4.12)

With the notation M1 : M2 =
∑
i,jM1i,jM2i,j for any two matrices M1 and M2,

we have∫
(Āg,ε + εI3)∇fε(1 − 2fε)∇ϕdv

= −
∫
fε(1 − fε)∇ · ((Āg,ε + εI3)∇ϕ) dv

= −
∫
fε(1 − fε)B̄g,ε · ∇ϕdv −

∫
fε(1 − fε)(Āg,ε + εI3) : ∇2ϕdv,
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and the identity (4.12) becomes∫
fε(1 − fε)(t, v)ϕ(v) dv −

∫
fε(1 − fε)(σ, v)ϕ(v) dv

=
∫ t

σ

dτ
{∫

fε(1 − fε)B̄g,ε · ∇ϕdv +
∫
fε(1 − fε)(Āg,ε + εI3) : ∇2ϕdv

+ 2
∫
(Āg,ε + εI3)∇fε∇fεϕdv − 2

∫
fε(1 − fε)ϕb̄g,ε · ∇fε dv

+
∫
fε(1 − fε)(1 − 2fε)b̄g,ε · ∇ϕdv

}
.

The second inequality of lemma 4.7 then follows with the help of (4.10) and lem-
mas 4.4 and 4.6 with

CL � C2 = C(Kε‖fin‖L1 + ε)(‖fin‖L1 +G2).

Choosing CL = max(C1, C2) completes the proof of lemma 4.7.

We have thus found β′
1, D, E, F and CL, depending only on fin, T and ε, such

that, if g ∈ C, fε ∈ C and the proof of theorem 4.3 is complete.

Proof of theorem 4.2. We fix β′
1, D, E, F and CL as in theorem 4.3. For g ∈ C, we

denote by Φ(g) the unique solution fε ∈ H2+δ,(2+δ)/2([0, T ] × R
3) to (4.4), (4.5).

Then Φ(g) ∈ C by theorem 4.3 and we now check that Φ : C → C is continuous and
compact for the topology of C([0, T ];L1(R3)).

Continuity of Φ. Consider g1 ∈ C, g2 ∈ C and put fεi = Φ(gi) for i = 1, 2. Then
u = fε1 − fε2 satisfies

∂tu−
∑
i,j

(Āg1,εi,j + εδi,j)∂2
i,ju−

∑
j

[B̄g1,εj − b̄g1,εj (1 − fε1 − fε2 )]∂ju

+
[
c̄g1,ε(1 − fε1 − fε2 ) −

∑
j

b̄g1,εj (∂jfε1 + ∂jfε2 )
]
u = Υ,

where

Υ =
∑
i,j

(Āg1,εi,j − Āg2,εi,j )∂2
i,jf

ε
2 +

∑
j

(B̄g1,εj − B̄g2,εj )∂jfε2

−
∑
j

(b̄g1,εj − b̄g2,εj )(1 − 2fε2 )∂jf
ε
2 − (c̄g1,ε − c̄g2,ε)fε2 (1 − fε2 ).

Since u belongs to H2+δ,(2+δ)/2([0, T ] × R
3) and is bounded (|u| � 1), we infer

from the maximum principle [17, theorem 1.2.5] that

sup
[0,T ]×R3

|fε1 − fε2 | �
(
sup
R3

|fε1 − fε2 |(0) + T max
[0,T ]×R3

|Υ |
)
eωT ,

with
ω = Kε‖fin‖L1(1 + 6Λ),
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where the constant Λ is given by theorem 4.3. Since fε1 (0, ·) = fin = fε2 (0, ·) and

|Υ | � Kε|g1 − g2|C([0,T ];L1)

(∑
i,j

sup |∂2
i,jf

ε
2 | + 4

∑
j

sup |∂jfε2 | + 1
)
,

we deduce that

sup
[0,T ]×R3

|fε1 − fε2 | � CT eωT |g1 − g2|C([0,T ];L1).

Now, for R > 0, we have

|fε1 − fε2 |C([0,T ];L1)

� sup
t∈[0,T ]

∫
|v|�R

|fε1 − fε2 |(t, v) dv + sup
t∈[0,T ]

∫
|v|�R

(|fε1 | + |fε2 |)(t, v) dv

� CR3T eωT |g1 − g2|C([0,T ];L1) + 2α2eET
∫

|v|�R
e−β2|v|2/(1+FT ) dv

� C(T )R3|g1 − g2|C([0,T ];L1) +
C(T )
R3 ,

whence
|fε1 − fε2 |C([0,T ];L1) � C(T )|g1 − g2|1/2C([0,T ];L1),

with the choice
R = |g1 − g2|−1/6

C([0,T ];L1).

Compactness of Φ. For m � 4, we have

L1
2(R

3) ∩W 1,∞(R3) ⊂ L1(R3) ⊂ (Hm(R3))′,

with a compact embedding L1
2(R

3) ∩W 1,∞(R3) ⊂ L1(R3). Since

Φ(C) is bounded in L∞(0, T ;L1
2(R

3) ∩W 1,∞(R3)),

∂tΦ(C) is bounded in Lr(0, T ; (Hm(R3))′),

with r > 1, by theorem 4.3, we deduce from [27, corollary 4] that Φ(C) is relatively
compact in C([0, T ];L1(R3)).

We are now in a position to complete the proof of theorem 4.2. Indeed, C is a non-
empty, convex, closed and bounded subset from the Banach space C([0, T ];L1(R3)).
Since Φ is a compact and continuous map from C into C, the Schauder fixed-point
theorem ensures the existence of a fixed point of Φ, that is, of a solution to (4.1),
(4.2). In addition, equation (4.9) and lemma 4.5 warrant that fε has the desired
properties.

4.2. Uniform estimates

In order to pass to the limit as ε → 0 in (4.1), (4.2) and obtain a solution to (2.1),
(2.2), we first need to establish uniform estimates on fε that do not depend on ε.
These estimates are actually similar to those listed in § 3. In the following, we denote
by C any constant depending only on γ, Min, Ein and Sin.
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Lemma 4.8. For all σ, t ∈ [0, T ], σ � t, the function fε satisfies∫
fε(t, v) dv =Min, (4.13)

∫
fε(t, v)|v|2 dv = Ein + 6εMint � Ein + 6εMinT (4.14)

and
Sin � S(fε)(σ) � S(fε)(t), (4.15)

where Min =M0(fin), Ein =M2(fin) and Sin = S(fin).

Proof. Since fε ∈ C, the first equality holds true. It then follows from (4.6), (4.9)
and (4.11) with ϕ(v) = |v|2 that∫

fε(t, v)|v|2 dv −
∫
fin(v)|v|2 dv = 6ε

∫ t

0

∫
fε(τ, v) dvdτ,

whence (4.14) by (4.13).
Finally, since fε is differentiable with respect to time and satisfies 0 < fε(t, v) < 1

for every (t, v) ∈ [0, T ] × R
3, by (4.9), we have

∂t[fε ln fε + (1 − fε) ln(1 − fε)] = [ln fε − ln(1 − fε)]∂tfε.
Therefore, thanks to (4.1),

S(fε)(t) = S(fin) +
∫ t

0
dτ

∫
[Āε∇fε − b̄εfε(1 − fε)] ∇fε

fε(1 − fε) dv

+ ε
∫ t

0
dτ

∫ |∇fε|2
fε(1 − fε) dv

= S(fin) +
1
2

∫ t

0
dτ

∫∫
aε(v − v∗)(fε∗ (1 − fε∗ )∇fε − fε(1 − fε)∇fε∗ )

×
( ∇fε
fε(1 − fε) − ∇fε∗

fε∗ (1 − fε∗ )
)
dv∗dv

+ ε
∫ t

0
dτ

∫ |∇fε|2
fε(1 − fε) dv.

Since the matrix aε is non-negative, we conclude that the function S(fε) is non-
decreasing and (4.15) follows.

We next consider the ellipticity of the diffusion matrix, the propagation of mo-
ments and the smoothness of fε. Proceeding as in the proof of proposition 2.3, with
the help of the properties of Ψε, we first have the following results.

Proposition 4.9. We denote by R∗ the constant given by lemma 3.1. For every
0 < ε � (3R∗)−1, we have the following.

(i) Let f ∈ Y(Ein, Sin). Then there exists a constant K > 0, depending only on
γ, Ein and Sin, such that, for every v ∈ R

3,∑
i,j

(Āεi,j(v) + εδi,j)ξiξj � K(1 + |v|2)γ/2[min((ε|v|)−1, 1
2 )]

γ+2|ξ|2, ξ ∈ R
3.
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(ii) If f(1 − f) ∈ L1
γ+2(R

3), then there exists a constant C > 0, depending only
on Mγ+2(f) and M0(f), such that, for every v ∈ R

3,

0 �
∑
i,j

(Āεi,j(v) + εδi,j)ξiξj � (C(1 + |v|γ+2) + ε)|ξ|2, ξ ∈ R
3.

In fact, the proof of the first point also gives a uniform (with respect to ε)
ellipticity estimate.

Corollary 4.10. For 0 < ε � (3R∗)−1, there exists a constant κ, depending only
on γ, Ein and Sin, such that, for every f ∈ Y(Ein, Sin),

∑
i,j

(Āεi,j(v) + εδi,j)ξiξj � κ |ξ|2
1 + |v|2 , ξ ∈ R

3, v ∈ R
3.

We next proceed as in the proof of lemma 3.2 to show the following result.

Lemma 4.11. For all T > 0, s > 1, there exists a constant Γ , depending only on s,
T and ‖fin‖L1

2s
, such that

sup
t∈[0,T ]

‖fε(t)‖L1
2s
+

∫ T

0

∫∫
Ψε(|v − v∗|)

|v − v∗|2 |v∗|2sfεfε∗ (1 − fε∗ ) dvdv∗dτ � Γ (‖fin‖L1
2s
).

(4.16)

Remark 4.12. The constant Γ increases with ‖fin‖L1
2s
.

Finally, a proof similar to that of lemma 3.4 leads to the following H1 estimate.

Lemma 4.13. For all T > 0, ε ∈ (0, 1), s � 0, there exists a constant C > 0,
depending only on s and T , such that

K

∫ T

0

∫
|∇fε|2(1 + |v|2)s+γ/2[min((ε|v|)−1, 1

2 )]
γ+2 dvdτ

� C
∫ T

0

∫∫
fεfε∗ (1 − fε∗ )

Ψε(|v − v∗|)
|v − v∗|2 |v∗|2(1 + |v|2)s−1 dvdv∗dτ

+ C(1 + ε)‖fε‖L∞(0,T ;L1
2s+γ) + ‖fin‖L1

2s
.

(4.17)

In particular, for s ∈ [0, 1], we have, for every δ > 0,

K

∫ T

0

∫
|∇fε|2(1 + |v|2)s+γ/2[min((ε|v|)−1, 1

2 )]
γ+2 dvdτ

� CΓ (‖fin‖L1
2+δ

) + C(1 + ε)‖fε‖L∞(0,T ;L1
2s+γ) + ‖fin‖L1

2s
. (4.18)

Using corollary 4.10 instead of proposition 4.9 in the proof of lemma 4.13 yields
the following result.
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Corollary 4.14. For all T > 0, ε ∈ (0, 1), s � 0, there exists a constant C > 0,
depending only on s and T , such that

κ

∫ T

0

∫
|∇fε|2(1 + |v|2)s−1 dvdτ

� C
∫ T

0

∫∫
fεfε∗ (1 − fε∗ )

Ψε(|v − v∗|)
|v − v∗|2 |v∗|2(1 + |v|2)s−1 dvdv∗dτ

+ C(1 + ε)‖fε‖L∞(0,T ;L1
2s+γ) + ‖fin‖L1

2s
.

Proof of lemma 4.13. A slight change to the proof of lemma 3.4 is required here,
since we do not have an estimate on fε(1 − fε) in L1(0, T ;L1

2+γ(R
3)) because Ψε

is bounded. Thus (3.15) has to be replaced by

∣∣∣∣
∫
(fε)2∇ · (Āεv(1 + |v|2)s−1) dv

∣∣∣∣
� C

∫∫
fεfε∗ (1 − fε∗ )

Ψε(|v − v∗|)
|v − v∗|2 |v∗|2(1 + |v|2)s−1 dvdv∗ + C‖fε‖L1

2
‖fε‖L1

2s+γ
,

which gives (4.17).
Let s � 1 and δ > 0. We deduce from lemma 4.11 with s = 1 + 1

2δ, Young’s
inequality and equations (4.13), (4.14) that

∫ t

0

∫∫
fεfε∗ (1 − fε∗ )

Ψε(|v − v∗|)
|v − v∗|2 |v∗|2(1 + |v|2)s−1 dvdv∗dτ

�
∫ t

0

∫∫
fεfε∗ (1 − fε∗ )

Ψε(|v − v∗|)
|v − v∗|2 (1 + |v∗|2+δ) dvdv∗dτ

� CT‖fε‖2
L∞(0,T ;L1

2)
+ Γ (‖fin‖L1

2+δ
).

Formula (4.18) then follows directly from (4.17).

4.3. Proof of theorem 2.2

Consider fin satisfying (2.3) and such that fin ∈ L1
2s0(R

3) for some s0 > 1. There
exists a sequence of functions (fin,k)k�1 in C∞(R3)∩H1(R3)∩W 3,∞(R3) such that
fin,k → fin in L1

2s0(R
3) and

C ′
ke

−δ′
k|v|2 � fin,k � Cke−δk|v|2

1 + Cke−δk|v|2

for some positive constants Ck, C ′
k, δk and δ′k.

For every k � 1, we set

εk =
1
k

and fk = fεk ,

where fεk denotes the solution to (4.1), (4.2) with initial datum fin,k given by
theorem 4.2.
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Lemma 4.15. There exists a non-negative function

f ∈ Cw([0, T ];L2(R3)) ∩ L∞((0, T ) × R
3)

and a subsequence of (fk)k�1 (not relabelled) that converges to f in L2(0, T ;L1(R3)),
in Cw([0, T ];L2(R3)) and a.e. on (0, T ) × R

3.
In addition, 0 � f � 1 a.e. on (0, T ) × R

3.

Here, Cw([0, T ];L2(R3)) denotes the space of weakly continuous functions in
L2(R3). Since 0 � fk � 1, it follows from lemma 4.15 and Hölder’s inequality
that (fk)k�1 converges to f in Lp((0, T ) × R

3) for any p ∈ [1,∞[.

Proof. For m � 4 and r > 0, we have

H1
2s0−2−γ(R

3) ∩ L1
r(R

3) ⊂ L1(R3) ⊂ (Hm2+2γ(R
3))′,

the embedding of H1
2s0−2−γ(R

3) ∩ L1
r(R

3) in L1(R3) being compact. Since the se-
quence (fin,k)k�1 converges to fin in L1

2s0(R
3), there exists κ0 such that ‖fin,k‖L1

2s0
�

κ0 and

Γ (‖fin,k‖L1
2s0

) � Γ (κ0) for k � 1, (4.19)

by remark 4.12. We then deduce from lemma 4.11 and corollary 4.14 that

(fk)k�1 is bounded in L2(0, T ;H1
2s0−2−γ(R

3) ∩ L1
2(R

3)). (4.20)

Next, for ϕ ∈ Hm2+2γ(R
3), we have

∫
∂tfkϕ dv =

∑
i,j

∫∫
aεk
i,j(v − v∗)fkfk∗(1 − fk∗)∂

2
i,jϕdvdv∗ + εk

∫
fk∆ϕdv

+
∑
i

∫∫
bεk
i (v − v∗)fkfk∗(1 − fk)(∂iϕ− ∂iϕ∗) dvdv∗. (4.21)

Hence
∣∣∣∣
∫
∂tfkϕ dv

∣∣∣∣ � C‖ϕ‖W 2,∞

∫∫
Ψεk

(|v − v∗|)
|v − v∗|2 |v∗|2fkfk∗(1 − fk∗) dvdv∗

+ C‖ϕ‖W 2,∞‖fk‖2
L1

2
+ C‖ϕ‖H2

2+2γ
‖fk‖3/2

L1
2
+ εk‖ϕ‖W 2,∞‖fin‖L1 .

Since m � 4, we infer from lemma 4.11 and the continuous embedding of Hm(R3)
into W 2,∞(R3) that

(∂tfk)k�1 is bounded in L1(0, T ; (Hm2+2γ(R
3))′). (4.22)

By [27, corollary 4], we conclude from (4.20) and (4.22) that (fk)k�1 is rela-
tively compact in the space L2(0, T ;L1(R3)). Therefore, there exists a function
f ∈ L2(0, T ;L1(R3)) and a subsequence of (fk)k�1 (not relabelled) such that
(fk)k�1 converges towards f in L2(0, T ;L1(R3)) and a.e. on (0, T ) × R

3.
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Moreover, we deduce from (4.21) that, for ϕ ∈ C2
0(R

3) with compact support
included in BR for some R > 0, we have

∣∣∣∣
∫
fk(t)ϕ dv −

∫
fk(σ)ϕ dv

∣∣∣∣
� C‖ϕ‖W 2,∞

∫ t

σ

∫∫
|v|�R

Ψεk
(|v − v∗|)

|v − v∗|2 |v∗|2fkfk∗(1 − fk∗) dvdv∗dτ

+ C‖ϕ‖W 2,∞ |t− σ|[‖fk‖2
L∞(0,T ;L1

2)
+ ‖fk‖3/2

L∞(0,T ;L1
2)
+ ‖fin‖L1 ].

(4.23)

From lemma 4.11, we deduce that, for R′ > 0,
∫ T

0

∫∫
|v|�R′,|v∗|�R′

Ψεk
(|v − v∗|)

|v − v∗|2 |v∗|2s0fkfk∗(1 − fk∗) dvdv∗dτ � Γ (‖fin,k‖L1
2s0

)

� Γ (κ0).

We may then pass to the limit as k → +∞ thanks to the a.e. convergence of (fk)k�1
and (Ψεk

)k�1 and then, as R′ → +∞, by the Fatou lemma to obtain
∫ T

0

∫∫
|v − v∗|γ |v∗|2s0ff∗(1 − f∗) dvdv∗dτ � Γ (κ0). (4.24)

Next, it is easy to check, by means of the a.e. convergence and (4.24), that
(∫∫

|v|�R

Ψεk
(|v − v∗|)

|v − v∗|2 fkfk∗(1 − fk∗)|v∗|2 dvdv∗
)
k�1

converges towards
∫∫

|v|�R
|v − v∗|γ |v∗|2ff∗(1 − f∗) dvdv∗

in L1(0, T ). Therefore, the Vitali theorem implies that

lim
|t−σ|→0

sup
k�1

∫ t

σ

∫∫
|v|�R

fkfk∗(1 − fk∗)
Ψεk

(|v − v∗|)
|v − v∗|2 |v∗|2 dvdv∗dτ = 0.

We then deduce from (4.23) that the sequence (
∫
fkϕdv)k�1 is equicontinuous

and bounded in C([0, T ]). The Arzela–Ascoli theorem ensures that it is relatively
compact in C([0, T ]). From the convergence of (fk)k�1 towards f in L1((0, T )×R

3),
we deduce that

∫
fϕdv is the unique cluster point of (

∫
fkϕdv)k�1. Therefore,

(
∫
fkϕ dv)k�1 converges to

∫
fϕdv in C([0, T ]). Since the sequence (fk)k�1 and its

limit f are bounded in L∞(0, T ;L2(R3)), it follows that (fk)k�1 converges towards
f in Cw([0, T ];L2(R3)).

Lemma 4.16. The limit f of the sequence (fk)k�1 is a solution to the Landau–
Fermi–Dirac equation (2.1), (2.2) which satisfies (2.4) and (2.5).
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Proof.

Step 1 (conservation of mass and energy). Let t ∈ [0, T ]. Due to lemma 4.11 and
(4.19), we have

∫
|v|�R

fk(t, v)|v|2s0 dv �
∫
fk(t, v)|v|2s0 dv

� Γ (κ0)

for each k � 1. Thanks to lemma 4.15 and the Fatou lemma, we may let k → +∞,
and then R → +∞, and obtain

∫
f(t, v)|v|2s0 dv � Γ (κ0). (4.25)

Combining lemmas 4.11, 4.15 and (4.25), we see that (M2r(fk))k�1 converges
strongly towards M2r(f) in C([0, T ]) for r ∈ [0, s0). Since (fin,k)k�1 converges to
fin in L1

2s0(R
3) and s0 > 1, we deduce

lim
k→+∞

∫
fk(t, v) dv = lim

k→+∞

∫
fin,k(v) dv =

∫
fin(v) dv,

lim
k→+∞

∫
|v|2fk(t, v) dv = lim

k→+∞
(M2(fin,k) + 6εkM0(fin,k)t) =M2(fin).

We thus conclude that f conserves mass and energy.

Step 2 (passage to the limit in the weak formulation (4.11)). For all k � 1, ϕ ∈
C2
b (R

3) and t ∈ [0, T ], the functions fk satisfy
∫
fk(t, v)ϕ(v) dv −

∫
fin,k(v)ϕ(v) dv

=
∑
i,j

∫ t

0
dσ

∫∫
aεk
i,j(v − v∗)fkfk∗(1 − fk∗)∂

2
i,jϕdvdv∗

+ εk
∫ t

0
dσ

∫
fk∆ϕdv

+
∑
i

∫ t

0
dσ

∫∫
bεk
i (v − v∗)fkfk∗(2 − fk − fk∗)∂iϕdvdv∗. (4.26)

Our aim here is to pass to the limit as k → +∞ in (4.26). By lemma 4.15, it is
obvious for the left-hand side and the second integral in the right-hand side. We
thus have to consider the two remaining integrals. As (Ψεk

)k�1 converges point-
wise towards Ψ , the functions aεk

i,j and bεk
i defined at the beginning of § 4.1 con-

verge towards ai,j and bi, respectively. Consider ϕ ∈ C2(R3) with compact support
included in BR for some R > 0. Let R′ > 0. We first turn our attention to the
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integral involving the matrix aεk ,∣∣∣∣
∑
i,j

∫ t

0
dσ

∫∫
[aεk
i,j(v − v∗)fkfk∗(1 − fk∗) − ai,j(v − v∗)ff∗(1 − f∗)]∂2

i,jϕdvdv∗

∣∣∣∣

�
∣∣∣∣
∑
i,j

∫ t

0
dσ

∫∫
BR×BR′

[aεk
i,j(v − v∗)fkfk∗(1 − fk∗)

− ai,j(v − v∗)ff∗(1 − f∗)]∂2
i,jϕdvdv∗

∣∣∣∣
+ C‖ϕ‖W 2,∞

∫ t

0
dσ

∫∫
{|v|�R,|v∗|�R′}

Ψεk
(|v − v∗|)fkfk∗(1 − fk∗) dvdv∗

+ C‖ϕ‖W 2,∞

∫ t

0
dσ

∫∫
{|v|�R,|v∗|�R′}

|v − v∗|γ+2ff∗(1 − f∗) dvdv∗.

(4.27)

The a.e. convergence of aεk and fk, the bound on fk, the properties of Ψεk
and the

Lebesgue dominated convergence theorem imply that the first term of the right-
hand side of (4.27) converges to zero. For the two others, it follows from (4.16)
and (4.24) that∫ t

0
dσ

∫∫
{|v|�R,|v∗|�R′}

|v − v∗|γ+2ff∗(1 − f∗) dvdv∗

� 2[R2R′−2s0 +R′2−2s0 ]
∫ t

0
dσ

∫∫
|v − v∗|γ |v∗|2s0ff∗(1 − f∗) dvdv∗

� 2Γ (κ0)[R2R′−2s0 +R′2−2s0 ]

and ∫ t

0
dσ

∫∫
{|v|�R,|v∗|�R′}

Ψεk
(|v − v∗|)fkfk∗(1 − fk∗) dvdv∗

� 2Γ (κ0)[R2R′−2s0 +R′2−2s0 ].

We then substitute these estimates in equation (4.27) and let first k → +∞ and
then R′ → +∞ to obtain that the left-hand side converges to zero as k → +∞.
We proceed analogously for the integral of (4.26) which involves the function bεk ,∣∣∣∣
∑
i

∫ t

0
dσ

∫∫
[bεk
i (v − v∗)fkfk∗(2 − fk − fk∗)

− bi(v − v∗)ff∗(2 − f − f∗)]∂iϕdvdv∗

∣∣∣∣
�

∣∣∣∣
∑
i

∫ t

0
dσ

∫∫
BR×BR′

[bεk
i fkfk∗(2 − fk − fk∗) − biff∗(2 − f − f∗)]∂iϕdvdv∗

∣∣∣∣
+ C‖ϕ‖W 2,∞

∫ t

0
dσ

∫∫
{|v|�R,|v∗|�R′}

Ψεk
(v − v∗)

|v − v∗| fkfk∗ dvdv∗

+ C‖ϕ‖W 2,∞

∫ t

0
dσ

∫∫
{|v|�R,|v∗|�R′}

|v − v∗|1+γff∗ dvdv∗. (4.28)
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For the first term of the right-hand side, we use again the a.e. convergence of aεk and
fk, the bound on fk, the properties of Ψεk

and the Lebesgue dominated convergence
theorem, whereas for the other two, we have

∫ t

0
dσ

∫∫
{|v|�R,|v∗|�R′}

|v − v∗|1+γff∗ dvdv∗

� C
∫ t

0
dσ

∫∫
{|v|�R,|v∗|�R′}

(1 + |v|2)(1+γ)/2(1 + |v∗|2)(1+γ)/2ff∗ dvdv∗

� CT (1 +R′2)(1+γ−2s0)/2‖f‖L1
2
‖f‖L1

2s0

and∫ t

0
dσ

∫∫
{|v|�R,|v∗|�R′}

Ψεk
(v − v∗)

|v − v∗| fkfk∗ dvdv∗ � CT (1 +R′2)(1+γ−2s0)/2‖fk‖2
L1

2s0

� CT (1 +R′2)(1+γ−2s0)/2Γ (κ0)2,

by lemma 4.11. Inserting the estimates in (4.28) and letting first k → +∞ and then
R′ → +∞, we obtain that the left-hand side converges to zero as k → +∞.

Therefore, f is a weak solution to the Landau–Fermi–Dirac equation (2.1), (2.2),
which preserves mass and energy.

Moreover, we deduce from (4.24) and (4.25) that f satisfies

f(1 − f) ∈ L1
loc(R+;L1

2s0+γ(R
3)) and f ∈ L∞

loc(R+;L1
2s0(R

3)). (4.29)

Distinguishing the cases s0 < 1+ 1
2γ and s0 � 1+ 1

2γ, we infer from (4.17) and (4.18)
the existence of a constant C(T, κ0) such that, for all R > 0, k � 1

2R,

( 1
2 )

2+γ
∫ T

0

∫
|v|�R

|∇fk|2(1 + |v|2)s0 dvdτ � (1 + εk)C(T, κ0).

Letting first k → +∞, thanks to a weak compactness argument, and then R → +∞
by the Fatou lemma, we conclude that

∇f ∈ L2
loc(R+;L2

2s0(R
3)). (4.30)

Therefore, the proof of the first statement of theorem 2.2 is now complete.
We now verify that, when fin ∈ L1

2+γ(R
3), the entropy of f is a non-decreasing

function, which corresponds to the second statement of theorem 2.2. For this pur-
pose, we first need a smoothness result.

Lemma 4.17. Let fin ∈ L1
2+γ(R

3) satisfying (2.3). The weak solution f to (2.1),
(2.2) given by lemma 4.16 belongs to C([0, T ];L2(R3)).

Proof. Let us first show that

∂tf ∈ L2(0, T ; (H1
2+γ(R

3))′). (4.31)

Indeed, the function f satisfies, in the sense of distributions,

∂tf = ∇ · [Ā∇f − b̄f(1 − f)].
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Moreover, since the initial datum belongs to L1
2+γ(R

3), we have

f ∈ L∞(0, T ;L1
2+γ(R

3)) ∩ L2(0, T ;H1
2+γ(R

3)),

by (4.29) and (4.30). Consequently,

‖∇ · [Ā∇f ]‖(H1
2+γ)′ � C‖f‖L1

2+γ
‖f‖H1

2+γ
,

‖∇ · [b̄f(1 − f)]‖(H1
2+γ)′ � C‖f‖2

L1
2
,

whence (4.31). Since

H1
2+γ(R

3) ⊂ L2
2+γ(R

3) ⊂ (H1
2+γ(R

3))′,

with continuous and dense embeddings, and

f ∈ L2(0, T ;H1
2+γ(R

3)) and ∂tf ∈ L2(0, T ; (H1
2+γ(R

3))′),

we have f ∈ C([0, T ];L2
2+γ(R

3)) by [23, proposition 1.2.1 and theorem 1.3.1] (see
also [14, theorem 5.9.3]). Lemma 4.17 then follows, since L2

2+γ(R
3) ⊂ L2(R3).

Lemma 4.18. Let fin ∈ L1
2+γ(R

3) satisfying (2.3). Let f denote the weak solution
to (2.1), (2.2) given by lemma 4.16. The entropy S(f) is a continuous and non-
decreasing function such that, for t � 0,

S(fin) � S(f)(t) � Ein +
∫

e−|v|2 dv. (4.32)

Proof. We first show the continuity of S(f). Let t � 0 and (tn)n�1 be a sequence
converging to t. Lemma 4.17 implies that (f(tn))n�1 converges towards f(t) in
L2(R3). One can extract a subsequence f(tϕ(n))n�1 which converges a.e. in R

3

towards f(t).
From the inequality

s(r) � r|v|2 + e−|v|2 for 0 � r � 1, (4.33)

where s(r) = r| ln r| + (1 − r)| ln(1 − r)|, we deduce that

|S(f)(tϕ(n)) − S(f)(t)|

�
∣∣∣∣
∫

|v|�R
(s(f)(tϕ(n)) − s(f)(t)) dv

∣∣∣∣
+

∫
|v|�R

(f(tϕ(n)) + f(t))|v|2 dv + 2
∫

|v|�R
e−|v|2 dv

�
∣∣∣∣
∫

|v|�R
(s(f)(tϕ(n)) − s(f)(t)) dv

∣∣∣∣ + 2R−γΓ (κ0) + 2
∫

|v|�R
e−|v|2 dv,

and hence the convergence of (S(f)(tϕ(n)))n�1 towards S(f)(t). Since (S(f)(tn))n�1
is bounded by (2.5) and (4.33) and has a unique cluster point S(f)(t), we conclude
that (S(f)(tn))n�1 converges to S(f)(t).
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Let us now prove the monotonicity of S(f). Consider h � 0 and 0 � σ � t. We
deduce from (4.15) that

hS(fin,k) �
∫ σ+h

σ

S(fk)(τ) dτ �
∫ t+h

t

S(fk)(τ) dτ. (4.34)

As previously, inequality (4.33) implies that

∫ T

0
|S(fk) − S(f)|dt

�
∫ T

0

∣∣∣∣
∫
BR

(s(fk) − s(f)) dv
∣∣∣∣ dt+ 2TR−γΓ (κ0) + 2T

∫
|v|�R

e−|v|2 dv,

and thus that (S(fk))k�1 converges to S(f) in L1(0, T ). Similarly, (S(fin,k))k�1
converges to S(fin). We may then pass to the limit as k → +∞ in (4.34) to obtain

S(fin) � 1
h

∫ σ+h

σ

S(f)(τ) dτ � 1
h

∫ t+h

t

S(f)(τ) dτ.

Letting h → 0, thanks to the continuity of S(f), completes the proof of the mono-
tonicity of S(f) and the first inequality in (4.32). Finally, the second inequality
in (4.32) follows from (4.33).

5. Uniqueness

In this section, we are concerned with the uniqueness issue. As previously men-
tioned, we first need an embedding lemma for weighted Sobolev spaces because of
the non-quadratic nature of the LFD collision operator.

Lemma 5.1. For all r � 0, ε > 0, there exists a constant C > 0 such that, for every
function h ∈ H1

2r(R
3), we have

‖h‖L4
2r

� Cε−3/4‖h‖L2
2r
+ Cε1/4‖∇h‖L2

2r
.

The proof of lemma 5.1 is an easy extension of [26, lemma 3.6.7], where the above
inequality is established for r = 0.

Theorem 5.2. Let fin ∈ L1
2s(R

3), with 2s > 4γ + 11, satisfying (2.3). Then there
is a unique weak solution f to (2.1), (2.2) (in the sense of definition 2.1) such that

f ∈ L∞
loc(R+;L2

2s(R
3)) ∩ L2

loc(R+;H1
2s(R

3)).

Remark 5.3. Since 0 � fin � 1, fin belongs to L2
2s(R

3) as soon as it belongs to
L1

2s(R
3). Thus we do not need any extra assumption in a weighted L2-space as

in [10].

Proof. We only give formal computations in order to highlight the difference with
the proof for the classical Landau equation performed in [10, theorem 7]. Let f1 and
f2 be two solutions to (2.1), (2.2) satisfying the requirements of theorem 5.2. We set
u = f1 − f2 and w = f1 + f2. The function u satisfies, in the sense of distributions,

∂tu = 1
2∇·{Āu(1−w)∇w+(Āf1 + Āf2)∇u− b̄u[f1(1−f1)+f2(1−f2)]− b̄wu(1−w)}.
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Then, for every q > 0,

d
dt

∫
|u|2(1 + |v|2)q dv = −

∫
Āu(1−w)∇w∇[u(1 + |v|2)q] dv (5.1)

−
∫
[Āf1 + Āf2 ]∇u∇[u(1 + |v|2)q] dv (5.2)

+
∫
b̄u[f1(1 − f1) + f2(1 − f2)]∇[u(1 + |v|2)q] dv (5.3)

+
∫
b̄wu(1 − w)∇[u(1 + |v|2)q] dv. (5.4)

We first consider (5.2) and (5.4):

(5.2) + (5.4)

= −q
∫
[Āf1 + Āf2 ]∇(u2)(1 + |v|2)q−1v dv −

∫
[Āf1 + Āf2 ]∇u∇u(1 + |v|2)q dv

+ 1
2

∫
b̄w · ∇(u2)(1 + |v|2)q dv −

∫
uwb̄w · ∇u(1 + |v|2)q dv

+ 2q
∫
u2(1 − w)b̄w · v(1 + |v|2)q−1 dv.

With the ellipticity of the diffusion matrix and an integration by parts in the inte-
grals involving the term ∇(u2), we find

(5.2) + (5.4)

� −2K
∫

|∇u|2(1 + |v|2)q+γ/2 dv + q
∫
u2[B̄f1 + B̄f2 ] · v(1 + |v|2)q−1 dv

+ q
∫
u2[Āf1 + Āf2 ] : ∇[(1 + |v|2)q−1v] dv − 1

2

∫
u2c̄w(1 + |v|2)q dv

− q
∫
u2b̄w · v(1 + |v|2)q−1 dv −

∫
uwb̄w · ∇u(1 + |v|2)q dv

+ 2q
∫
u2b̄w · v(1 + |v|2)q−1 dv − 2q

∫
u2wb̄w · v(1 + |v|2)q−1 dv.

Hence

(5.2) + (5.4) � −2K
∫

|∇u|2(1 + |v|2)q+γ/2 dv

+
∫
u2E dv +

∣∣∣∣
∫
uwb̄w · ∇u(1 + |v|2)q dv

∣∣∣∣
+ 2q

∣∣∣∣
∫
u2wb̄w · v(1 + |v|2)q−1 dv

∣∣∣∣,
where

E = q[B̄f1 + B̄f2 + b̄w] · v(1 + |v|2)q−1

+ q[Āf1 + Āf2 ] : ∇[(1 + |v|2)q−1v] − 1
2 c̄
w(1 + |v|2)q.
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Now

E = q
∫
[f1∗(1 − f1∗) + f2∗(1 − f2∗)]|v − v∗|γ(1 + |v|2)q−2

× {−2|v|2(v · v∗) + 2q|v|2|v∗|2 − 2(q − 1)(v · v∗)2 − 2v · v∗ + 2|v∗|2}dv∗
+

∫
w∗|v − v∗|γ(1 + |v|2)q−1{(γ + 3 − 2q)|v|2 + 2q(v · v∗) + γ + 3}dv∗,

and choosing 2q > γ + 3, we deduce that E � C(1 + |v|2)q since
fi ∈ L∞

loc(R+;L1
γ+2(R

3)) for i = 1, 2.

Consequently,

(5.2) + (5.4) � −2K
∫

|∇u|2(1 + |v|2)q+γ/2 dv + C
∫
u2(1 + |v|2)q dv

+
∣∣∣∣
∫
uwb̄w · ∇u(1 + |v|2)q dv

∣∣∣∣ + 2q
∣∣∣∣
∫
u2wb̄w · v(1 + |v|2)q−1 dv

∣∣∣∣.
(5.5)

From Hölder’s inequality and lemma 5.1, we deduce that, for every ε > 0,∣∣∣∣
∫
uwb̄w · ∇u(1 + |v|2)q dv

∣∣∣∣ � C‖w‖1/2
L2

2q+2γ+4
‖∇u‖L2

2q+γ
‖u‖L4

2q

� Cε‖w‖4
L2

2q+2γ+4
‖u‖2

L2
2q
+ ε‖∇u‖2

L2
2q+γ

(5.6)

and ∣∣∣∣
∫
u2wb̄w · v(1 + |v|2)q−1 dv

∣∣∣∣ � C‖w‖L2
2q+2γ

‖u‖2
L4

2q

� Cε‖w‖4
L2

2q+2γ
‖u‖2

L2
2q
+ ε‖∇u‖2

L2
2q+γ

. (5.7)

Finally, substituting (5.6) and (5.7) in (5.5), we find

(5.2) + (5.4) � −2(K − ε)‖∇u‖2
L2

2q+γ
+ Cε‖u‖2

L2
2q
(1 + ‖w‖4

L2
2q+2γ+4

). (5.8)

It remains now to consider (5.1) and (5.3). In the sequel, we use the notation Π
for Π(v − v∗). We have

(5.1) + (5.3)

= −
∫∫

Π|v − v∗|γ+2u∗(1 − w∗)∇w∇u(1 + |v|2)q dvdv∗ (5.9)

− 2q
∫∫

Π|v − v∗|γ+2u∗(1 − w∗)∇wuv(1 + |v|2)q−1 dvdv∗ (5.10)

− 2
∫∫

(v − v∗) · ∇u|v − v∗|γu∗[f1(1 − f1) + f2(1 − f2)](1 + |v|2)q dvdv∗
(5.11)

− 4q
∫∫

(v − v∗) · v|v − v∗|γu∗[f1(1 − f1) + f2(1 − f2)]u(1 + |v|2)q−1 dvdv∗.

(5.12)
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Using successively the Cauchy–Schwarz inequality,

|v − v∗|2r � C(1 + |v|2)r(1 + |v∗|2)r

and the Fubini theorem, we find

(5.9) � C
{∫∫

|v − v∗|γ+2|u∗||∇u|2(1 + |v|2)q−1 dvdv∗

}1/2

×
{∫∫

|v − v∗|γ+2|u∗||∇w|2(1 + |v|2)q+1 dvdv∗

}1/2

� C‖u‖L1
γ+2

‖∇u‖L2
2q+γ

‖∇w‖L2
2q+γ+4

,

(5.10) � C
{∫∫

|v − v∗|γ+2|v|2|u∗||∇w|2(1 + |v|2)q−1+γ/2 dvdv∗

}1/2

×
{∫∫

|v − v∗|γ+2|u∗||u|2(1 + |v|2)q−1−γ/2 dvdv∗

}1/2

� C‖u‖L1
γ+2

‖u‖L2
2q

‖∇w‖L2
2q+2γ+2

,

(5.11) � C
{∫∫

|v − v∗|γ+2|u∗||w|2(1 + |v|2)q dvdv∗
}1/2

×
{∫∫

|v − v∗|γ |u∗||∇u|2(1 + |v|2)q dvdv∗
}1/2

� C‖u‖L1
γ+2

‖∇u‖L2
2q+γ

‖w‖L2
2q+γ+2

,

(5.12) � C
{∫∫

|v − v∗|γ+2|u∗||w|2(1 + |v|2)q−1+γ/2 dvdv∗

}1/2

×
{∫∫

|v − v∗|γ |v|2|u∗||u|2(1 + |v|2)q−1−γ/2 dvdv∗

}1/2

� C‖u‖L1
γ+2

‖u‖L2
2q

‖w‖L2
2q+2γ

.

Since γ � 1, we thus obtain

(5.1) + (5.3) � CB(t)‖u‖L1
γ+2

‖∇u‖L2
2q+γ

+ CB(t)‖u‖L1
γ+2

‖u‖L2
2q

+ CA‖u‖L1
γ+2

‖∇u‖L2
2q+γ

+ CA‖u‖L1
γ+2

‖u‖L2
2q

� C(A+B(t))‖u‖L1
γ+2

(‖∇u‖L2
2q+γ

+ ‖u‖L2
2q
),

where
A = sup

t∈[0,T ]
‖w(t)‖L2

2q+2γ+4
and B(t) = ‖∇w(t)‖L2

2q+γ+4
.

Now, for δ > 0, we have

‖u‖L1
γ+2

� Cδ‖u‖L2
2γ+7+δ

,

and thus, for 2q > 2γ + 7,

(5.1) + (5.3) � ε‖∇u‖2
L2

2q+γ
+ Cε(1 +A2 +B2(t))‖u‖2

L2
2q
. (5.13)
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From (5.8) and (5.13), we infer that

‖u‖2
L2

2q
(t) � C

∫ t

0
(1 +A2 +A4 +B2(τ))‖u‖2

L2
2q
(τ) dτ.

Since A is finite and B belongs to L2
loc(R+), we may use the Gronwall lemma

and conclude that u = 0 = f1 − f2.

Appendix A. Well-posedness of (4.4), (4.5)

We give here further details for the proof of the well-posedness statement of theo-
rem 4.3. In order to apply [17, theorem 5.8.1], we introduce the quasi-linear problem

∂tf = ∇ · ((Āg,ε + εI3)∇f) − (1 − 2f)b̄g,ε · ∇f − c̄g,εfθ(f), (A 1)
f(0, ·) = fin. (A 2)

where the function θ is defined on R by

θ(f) =



1 if f � 0,
1 − f if 0 � f � 1,
0 if f � 1.

Let δ ∈ (0, 1). Then fin ∈ H2+δ(R3). Owing to lemma 4.4 and the uniform
ellipticity (4.7), the functions αi and α defined by

αi(t, v, ξ) =
∑
j

(Āg,εi,j + εδi,j)ξj and α(t, v, f, ξ) = (1 − 2f)
∑
k

b̄g,εk ξk + c̄
g,εfθ(f)

satisfy the assumptions of [17, theorem 5.8.1], which implies the existence of a
solution fε to (A 1), (A 2) belonging to the Hölder space H2+δ,(2+δ)/2([0, T ] × R

3).
Moreover, there exists a constant Λ, depending only on fin, δ, T , ε and CL, such
that

‖fε‖H2+δ,(2+δ)/2 � Λ.
It remains to prove that 0 � fε(t, v) � 1. To this end, we consider the linear

operator L1 defined by

L1u = ∂tu−
∑
i,j

(Āg,εi,j + εδi,j)∂
2
i,ju−

∑
i

[B̄g,εi − b̄g,εi (1 − 2fε)]∂iu+ c̄g,εθ(fε)u.

Let R > 0. As soon as

C � 6Kε‖fin‖L1 + 6ε+ 12(1 + Λ)2K2
ε‖fin‖2

L1 and λ � 1 +Kε‖fin‖L1 ,

we deduce from the comparison principle [17, theorem 1.2.1] that

fε(t, v) � − Λ

R2 (|v|2 + Ct)eλt, (t, v) ∈ [0, T ] ×BR.

We let R → +∞ and obtain fε(t, v) � 0 for every (t, v) ∈ [0, T ] × R
3.

Next, we introduce the quasi-linear operator L2 defined by

L2u = ∂tu−
∑
i,j

(Āg,εi,j + εδi,j)∂
2
i,ju−

∑
i

[B̄g,εi − b̄g,εi (1 − 2fε)]∂iu+ c̄g,εfεθ(u).
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Let R > 0. For

C � 6Kε‖fin‖L1 + 6ε+ 12(1 + Λ)2K2
ε‖fin‖2

L1 ,

it follows from the comparison principle for quasi-linear equations [19, theorem 9.1]
that

fε(t, v) � 1 +
Λ

R2 (|v|2 + Ct)et, (t, v) ∈ [0, T ] ×BR.

Letting R go to infinity, we obtain that fε(t, v) � 1 for every (t, v) ∈ [0, T ] × R
3.

Consequently, there exists a solution to (4.4), (4.5) in H2+δ,(2+δ)/2([0, T ]×R
3).

The uniqueness of such a solution follows easily from the comparison principle [17,
theorem 1.2.5].
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